Provided for non-commercial research and education use.
Not for reproduction, distribution or commercial use.

Volume 388, issue 18 15 September 2009 ISSN 0378-4371

A
ELSEVIER

A

STATISTIGAL MECHANICS
AND ITS APPLIGATIONS

Editors:

K.A. DAWSON
J.0. INDEKEU
H.E. STANLEY
C. TSALLIS

Available online at

SSE )
=.” ScienceDirect

www.sciencedirect.com http:www.elsevier.comflocate/physa

This article appeared in a journal published by Elsevier. The attached

copy is furnished to the author for internal non-commercial research

and education use, including for instruction at the authors institution
and sharing with colleagues.

Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to personal, institutional or third party
websites are prohibited.

In most cases authors are permitted to post their version of the
article (e.g. in Word or Tex form) to their personal website or
institutional repository. Authors requiring further information

regarding Elsevier’s archiving and manuscript policies are
encouraged to visit:

http://www.elsevier.com/copyright


http://www.elsevier.com/copyright

Physica A 388 (2009) 3728-3736

Physica A

Contents lists available at ScienceDirect

journal homepage: www.elsevier.com/locate/physa o

The laws of establishing stationary composition in a droplet condensing
in a binary vapor-gas environment

Fedor M. Kuni, Alexandra A. Lezova, Alexander K. Shchekin *
Department of Statistical Physics, St Petersburg State University, Ulyanovskaya 1, Petrodvoretz, St Petersburg, 198504, Russian Federation

ARTICLE INFO ABSTRACT
Article history: It is shown that the mole fractions of components within a droplet growing in an
Received 12 March 2009 atmosphere of two condensing gases and a carrier gas approach their stationary values with

Received in revised form 9 May 2009

- ‘ a power-law behavior in time on a large scale and with exponential behavior on a small
Available online 11 June 2009

scale for both diffusion-controlled and free-molecular regimes of isothermal condensation.
The parameters of the power and the exponential laws are specified for each regime of

g/;'cosa‘oo binary cgndensation and are linl<eq to the thermodynamic and kinetic chargcteristics. of
05/65.+b condensing vapors and to the stationary mole fractions of the components in a growing
05.70.Fh binary droplet. The stationary composition of the solution within the droplet is shown to
64.60.Ej be established at a comparatively small relative increase of the droplet radius. A relaxation
64.60.Q equation for the droplet composition at arbitrary initial deviations of mole fractions from
Keywords: their stationary values has been solved, and the limitations on the initial deviations

. allowing monotonic establishment of stationary composition in solution within a growing
Aerosol formation droplet h b idered
Binary condensation roplet have been considered. ‘ .
Droplet growth © 2009 Elsevier B.V. All rights reserved.

Diffusion-controlled regime
Free-molecular regime

0. Introduction

The formation and growth of droplets in binary or multicomponent vapors is a common phenomenon, the understanding
of which is very important in the physics of phase transitions and environmental sciences as well as in many branches of
technological applications and chemical engineering. This paper proposes an analytical investigation of the regularities of
establishment of a stationary concentration in the binary solution within a supercritical droplet growing in an atmosphere
of two condensing vapors and a carrier gas. This investigation is a necessary step in establishing hierarchy of the time scales
of setting the regimes of droplet growth in the binary condensation process. To study the general case of the hierarchy
independently of initial conditions and specific properties of the vapor-gas system, one requires an analytical approach.

The subject of this paper has a direct relation to the problems of aerosol formation investigated earlier. It has a relevance
to kinetic theory of binary nucleation, which includes thermal effects and the effects of vapor inflow and has been developed
in Refs. [1,2]. It is close to the subject of Refs. [3-5], where several analytical and numerical models for the growth of a single
binary supercritical droplet under isothermal and non-isothermal conditions have been proposed (the generalization of
these models to droplet growth due to non-isothermal multicomponent condensation has been considered in Ref. [6]).

It was found in Refs. [3-5] that, if the vapor pressures of condensing species and the temperature far from the droplet
do not change in time, the mole fractions of the species within the droplet and the droplet temperature settle to stationary
values (independent of the droplet radius) after a short onset stage. When the final mole fractions of the condensing species
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within the droplet and the droplet temperature are settled, the well-known one-half power law for the diffusion-controlled
growth and the linear law for the free-molecular growth may be used for the dependence of the droplet radius on time in
the theory of binary condensation [7,8]. Finding the regularities and conditions for the above mentioned onset stage in both
regimes of droplet growth and revealing the laws for establishing a stationary composition in the droplet are the goals of
this paper. These goals have not previously been accomplished; however, the significance of this problem has recently been
brought up in Refs. [9,10], where a new self-similar scaling solution of non-stationary binary condensation onto a single
supercritical droplet was found. The approach developed in Refs. [9,10] assumes the presence of a constant composition of
a solution in a growing droplet, and the questions arise of what are the conditions of establishing this composition and how
fast it occurs.

To simplify the problem, we will assume that condensational growth of the droplet is isothermal and of non-Stefan type
due to the presence of a large amount of carrier gas. Speaking about a supercritical droplet, we mean that the growth of
the droplet is regular one, and the fluctuation, the capillarity (Kelvin) and adsorption effects can be neglected for markedly
supercritical droplets. We will not consider here the transitional growth regime for a binary droplet, for which a simple
interpolation model in the Knudsen number [3,8] can be used, because the stationary composition of the droplet in this
regime depends on the droplet radius and is not a constant.

As a first step, we will find analytically the times between the moment of nucleation of a markedly supercritical droplet
and the moment of reaching the power-law-in-time behavior of the droplet radius under diffusion-controlled or free-
molecular regimes of isothermal binary vapor condensation. As a second step, we will derive the power laws of establishing
stationary composition in the binary solution within a growing droplet under the same regimes of binary condensation
on the large time scales allowing power-law growth of the droplet radius. As a third step, we consider the possibility
of an exponential law for establishing the stationary concentrations under both regimes of binary condensation on the
small time scales when the droplet radius is practically unchanged. It will be shown how the parameters of the power and
exponential laws are specified for each regime of binary condensation and how they are linked to the thermodynamic and
kinetic characteristics of the condensing components in the gas environment and to the stationary mole fractions of these
components in the binary droplet. To do that, we will extend the analytical results [3] related to finding the stationary
concentration of the binary solution within a supercritical growing droplet to the case of a free-molecular regime. These
results are important for setting links between the parameters of the laws of establishing the stationary concentrations in a
droplet in time, because the parameters themselves depend on these stationary concentrations.

1. General relations of binary condensation onto a droplet

Let n; and n, be the numbers of molecules of the first and the second components in the liquid solution within the droplet.
We denote the partial molecular volumes of these components in the solution as v; and v,. The mole fractions x; and x; of
the first and second components in the liquid solution can be written as

n n
Xi=———,  x=l-x=—"—" 0<x<10<x<1). (1.1)
ny + ny ny+n
Obtaining the equality (1 — x1)n; = xn, from Eq. (1.1) and differentiating this equality with respect to time t, we have
dn1 an
(n1+nz)——(1— 1)—— ar (1.2)

This equation will be the key one for the following analysis.
As the total volume of the solution in the droplet is the first order homogeneous function with respect to n; and n, and
the partial volumes v and v, are zero order homogeneous functions with respect to n; and n,, then

ving + vany = 47R3/3 (1.3)
where R is the droplet radius. As follows from Eqs. (1.1) and (1.3),
47 R3 1
n+n = . (14)

3 xivi+(1—=x) v

Let p; and p, be the number densities of molecules of the first and the second components in the vapor-gas environment
far away from the droplet. We denote as p1o (X1) and p,o (x2) the equilibrium (saturated over liquid solution with mole
fractions x; and x,) values of these densities near the droplet surface.

We consider the vapor mixture to be metastable with respect to each component. That means

P1 > Proo (X1), P2 > Prco (X2) - (1.5)

To provide condensation of both vapor components onto droplet, both conditions (1.5) are required.
According to the equations of an ideal solution,

P1oo (X1) = P10oX1, P200 (X2) = PaooXa (1.6)
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where p14 and p,4, are the number densities of molecules of saturated vapors over pure liquids of the first and the second
components. For non-ideal solutions, the right-hand sides of relations in Eq. (1.6) can be represented as the following series
in the mole fractions

Ploo (X1) = P1ooX1 + Z ,ﬁl)X’i, P00 (X2) = PoooXa + Za,ﬁz)xg‘ (1.7)

k=2 k=2

where the first terms correspond to the ideal approximation, a,ﬁl) and oz,(f) (k = 2, 3, ...) are the coefficients of the series

for the first and second components, respectively.

2. Diffusion-controlled regime of droplet growth

Let us first consider binary condensation in the continuum diffusion-controlled regime. The amounts of condensing
vapors are assumed to be much smaller than the amount of carrier gas. In this case one can consider droplet growth as
an isothermal process. Furthermore, the diffusion of condensing components may be regarded as binary diffusion through
the carrier gas, uncoupled from vapor-vapor interactions. The Stefan flow is also negligible under this assumption [7]. The
isothermal droplet growth runs in the diffusion-controlled regime if the strong inequality R/A > 1 is valid, where A is
the free path length of vapor molecules in the carrier gas. The corresponding Maxwell equations for numbers n; and n, of
molecules of the condensing components in a droplet have the form [7] (even in the case of a self-similar scaling solution of
the binary condensation [9,10])

dTl]

dn
T 47 D1 [p1 — P1oo X1)]R, d_tz =4nrD; [p2 — p2ce (X2)]R (2.1)

where D; and D, are the diffusion coefficients for molecules of vapors in the carrier gas.
Let x15 be the stationary mole fraction of the first component in the solution within a growing droplet. Taking into account
that dx;s;/dt = 0 and using Eqs. (1.2) and (2.1), we find

Di[p1 — P1oo (X15)] o Xxs
Dy[p2 = paco (1 = x15)] 1 —xy5
According to the thermodynamic stability conditions of solutions [11] one has 0pi. (X15) /0X;s > 0 and
00200 (1 — X15) /0x1s < 0. Then, in view of the conditions (1.5), Eq. (2.2) unambiguously determines x5 (because the left-
and the right-hand sides of Eq. (2.2) vary in opposite directions on changing x5) and provides 0 < x;5 < 1. Eq. (2.2) was
first derived in Ref. [3].
Let us differentiate both sides of Eq. (1.3) with respect to time t at x; = x5 and fixed v; and v,. Using Egs. (2.1) at x; = X5,
we find

dR?/dt = p? (2.3)

where

B* = 2D1v1 [01 — Prco X15)] + 2D203 [ 02 — Pace (1 — x15)]. (2.4)

Evidently, the positivity of parameter 82, that follows from Egs. (2.4) and (1.5), corresponds to the droplet growth.

We will count off time t from the moment t = 0 of nucleation of the markedly supercritical droplet. Let tp and Rp
be the values of time ¢ and droplet radius R, starting from which Eq. (2.3) practically holds. To provide this, one can take
Rp ~ (3-4) A. Let us next introduce t; as a value of time which satisfies the strong inequality t; >> tp. Integrating Eq. (2.3)
over time t from tp to to, we obtain R§ — R} = B2 (to — tp) where Ry = R|,_,. In view of to >> tp, we have Ry >> Rp and
can write RS = pB2ty. Because Rp ~ (3-4) 1, it is sufficient to take Ry ~ (10-20) A. Then the condition R/A >> 1 of the
continuum regime will be valid long before the moment of time ty, and, by integrating Eq. (2.3) with respect to time, we find
with a good accuracy that droplet radius satisfies the one-half power law growth in time,

(2.2)

R=Bt"? (t=>ty). (2.5)

The accuracy of Eq. (2.5) grows with increasing time t over tg.
As follows from Eq. (2.5) at t = to,

to = R/ B> (2.6)

The value tg is the time after nucleation of the markedly supercritical droplet, after which the power law (2.5) of droplet
radius growth comes into force. With the help of Eq. (2.6) we can rewrite Eq. (2.5) as

R/Ry = (t/t0)'*  (t > to). (2.7)

Now we consider establishing the stationary mole fractions x5 and x,, in the droplet. With the help of Eq. (1.2), we can
formulate an iteration method to find the deviation of fraction x; from the stationary fraction x;; within the droplet at an
arbitrary moment of time t. We will discuss first large time scales t > ty.
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As follows from Eqgs. (2.5) and (2.4) with account of Eq. (2.2) (which allows us to express D, [ 02 — 0200 (1 — X15)] through
D101 — P1oo (X15)]), we can rewrite Eq. (1.4) att > g as

8t D X1sV1 + (1 —x5) v
N+ 1y = —Rt— [p1 — proo (X15)] —— ( 1) 2 (2.8)
3 X1s X101+ (1 —Xx1) vy

Using Eqgs. (2.1) and taking into account Eq. (2.2), (1.6), (1.7), and equality x, — x5 = — (X1 — X15), one can find

A=) I 02 gy — i) R (x19)]
—X1) — — X1 — = —41 (X1 — X15) R— [P1 — P1oo (X1s
1 dar 1 ! 1 1 X1 P1— P 1
— 47 (%1 — X15) R[(1 = %1) D1 (D100 +f1 (1)) + %1D2 (200 + 2 (X1)) ] (2.9)
where
X1) — X xk — xk
fi () = Pico (X1) — P1oo (X15) e = Z“lﬁl)g’ (2.10)
X1 — X1 —2 X1 — X1
Xy) — P xk — xk
£ ) = P2co (X2) = P2oo (X25) Do = ZaIEZ)u (2.11)

X2 — Xos X2 — Xos

k=2

are the non-ideal contributions to the ratios 2 ‘“(X)ll):fllo"(x“) and 2 zw(xiz):f 22"0("25).
S S
Substituting Egs. (2.8) and (2.9) in Eq. (1.2) and canceling common factors from both sides leads to the following
relaxation differential equation for the mole fraction x; (t) in the solution within a growing binary droplet in the diffusion-

controlled regime

A 31 —Xp) {1 n (1 = x1) X15D1 (P10c + f1 (¥1)) + X1X15D2 (D200 + fo (%1)) } X1+ (1 =X v,
dt 2t D1[p1 — p1oo (x15)] xX1501 + (1 —x15) vz

The fact that Eq. (2.12) contains the factor x; — X5, is the principal one for the iteration method of solution of Eq. (1.2) with
respect to deviation x; — x15. Indeed, the smallness of derivative dx;/dt when x; is close to x5 allowed us to use Eq. (2.5)
at x; = xys in the sum ny + n, on the left-hand side of Eq. (1.2). Along with that, Eq. (2.5) does not needed to specify the
right-hand side of Eq. (1.2). The right-hand side of Eq. (1.2) has been found in Eq. (2.9) rigorously.

When x; is close to x5, we can substitute with a good accuracy x; by x;, in the factors after x; — x5 on the right-hand
side of Eq. (2.12). Then, solving Eq. (2.12) with the initial condition

(2.12)

X1lt=ty = X105 (2.13)

we obtain on large time scales

0 3(1+n)/2
X1 — X15 = (X10 — X15) <?> (t = to) (2.14)
where
n= X1s [(1 = X15) D1 (P1oo + f1 (%15)) + X15D2 (Paso + f (Xls))]. (2.15)

D1 [p1 — p1oo (X15)]

According to Eq. (2.15), the parameter n depends not only on the thermodynamic (p100, P200) and kinetic (Dq, D,)
characteristics of condensing vapors, but also on the stationary mole fraction x+ itself and the characteristics of the solution
non-ideality (fi (x15), f>(x15)). With the help of Eq. (2.2), one can rewrite Eq. (2.15) in the form that shows the symmetry of
the parameter n with respect to the first and the second condensing components. As follows from Eq. (2.15), (2.10), (2.11),
and from the thermodynamic stability conditions of solutions [11] and the conditions (1.5), > 0. The smallness of the
parameter n with respect to unity is not required.

Formula (2.14) expresses the establishment of the stationary composition in the binary solution within a growing droplet
with a power law in time. One can see that not only the power law (2.5) of droplet radius growth comes in force after time
to, but also the power law (2.14) of the stationary composition establishing in the droplet. Taking into account Eq. (2.7), we
can rewrite Eq. (2.14) as

R\ 30+
X1 — X15 = (X10 — X15) (E) (t >to). (2.16)
Since > 0, formula (2.16) shows that the stationary composition is established at a comparatively small relative increase
of droplet radius (and at a very small relative increase of droplet radius, if inequality n > 1 holds).
Taking Ry/A ~ 10-20,A ~ 3 x 107> cm,D; & D, ~ 2 x 107 em? s, v; & v; ~ 3 x 10723 cm?, p1 — p1oo (X15) &
P2 — Paco (X25) ~ 10 cm~3, we obtain with the help of Egs. (2.6) and (2.4) an estimate for the important time t, in the



3732 F.M. Kuni et al. / Physica A 388 (2009) 3728-3736

diffusion-controlled regime of droplet growth,
to ~ (107°-107?) s. (2.17)

Let us consider now the situation when establishment of the stationary composition is so fast that the droplet radius R
has no time to grow significantly. Correspondingly, we need to replace Eq. (2.8) in the vicinity of x; = x;; by equation
+ 8w R3 D]
n+n,=—
! ’ 3 .Bles
which follows from Eqs. (1.4) and (2.4) with account of Eq. (2.2). Consequently, Eq. (2.12) can be rewritten in the vicinity of
X1 = x15 with the help of Egs. (2.15) and (2.18) as

dx; 3 (x1 — x15) B2
—_— = (1 . 2.19
i R (1+mn) (2.19)

Integrating Eq. (2.19) with initial condition X1 |, = X1p, we obtain

[o1 — P1e (X15)], (2.18)

_t=tp
X1 — X5 = (Xip —X;5)e & (t >1tp) (2.20)

where time t,,
2R}
b= P, (2.21)
32 (1+m)
represents the characteristic time of exponential relaxation at fixed droplet radius. Because tp and Rp are the values of time
t and droplet radius R, starting from which Eq. (2.3) practically holds, the validity condition of the exponential law (2.20)
requires, in view of Eq. (2.3), consistency of two limitations of time t — tp. One of them is a limitation from below,

t—tp

ek K1, (2.22)
which means that the relaxation ends for time t — tp. The second is a limitation on the that time from above,
2
t—t
B ( : D) <1, (2.23)
RD

which means that R? does not grow significantly for time t — tp. Both limitations can be joined, with the help of Eq. (2.21),
in the form of a double inequality

t—t
(1-2) < b

3
< 5 1+n. (2.24)

X
As one can see, condition (2.24) is fulfilled at n > 2.
It follows from condition (2.23), with account of inequalities Ry > Rp, ty >> tp and Eq. (2.6), that

t—tp Lty — tp. (2.25)

Thus the exponential law (2.20) is valid on time scales which are considerably smaller than the time scales for the power
law (2.14).

3. Free-molecular regime of droplet growth

Let us now consider binary condensation in a free-molecular regime of droplet growth, which is realized at R/A < 1.
As before, the relative amount of carrier gas in the vapor-gas environment is assumed to be sufficiently large to provide
isothermal droplet growth and to fix A as the free molecular path for vapor molecules in the carrier gas. The path A now
determines the width of the Knudsen layer around the markedly supercritical droplet, i.e., the droplet with radius R satisfying
inequality R > (3-4) R, where R, is the critical droplet radius, R, < A.

Instead of the diffusion equations (2.1), we now have the free-molecular equations [7] of droplet growth,

dn, 5 dn, 2
a = majwi [p1 — p1ce X1)]IR7, = e [P2 — P20 (X2)]R (3.1)

where o7 and o5 (@7 < 1, ap < 1) are the accommodation coefficients for molecules of the first and second components of
the vapor mixture and w; and w, are the average thermal velocities of these molecules. As follows from the Gibbs-Kelvin
equation, the dependence of saturation vapor concentrations pio (X1) and pz.0 (x2) in Egs. (3.1) on R can be neglected
starting from R > (3-4) R.. Notice, that the Gibbs-Kelvin equation also justifies neglecting the dependence of p;» (1) and
P2co (X2) on Rin Eqgs. (2.1) for the diffusion-controlled regime of droplet growth.

As follows from Egs. (3.1) and (1.2), the stationary mole fraction x;; now satisfies the equation

w [p1 — proe X15)] X
w2 [p2 — P2 (T —X15)] 1 —Xs5
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Differentiating both sides of Eq. (1.3) with respect to time t at x; = x5 and fixed v; and v,, using Eqgs. (3.1) and integrating
with respect to time, we obtain instead of Eq. (2.5) a linear-in-time law of the droplet radius growth,

R=yt (10 =t <41) (3.3)

where

1 1
Y = Zoawivy [P1 — P10 (Xas)] + 202W2v2 [P2 — P20 (1 — Xx15)], (3.4)

and we set with a good accuracy
7o = 15R. /Y. (3.5)

Usually, R. ~ 1077 cm and A ~ 3 x 10> cm. In this case, the linear law (3.3) is valid with a high accuracy at t; < t < 4ty
Indeed, according to Egs. (3.3) and (3.5), we have 15R. < R < 60R., where the lower limit is approximately five times larger
than the initial radius of markedly supercritical droplets and the upper limit stays approximately five times smaller than A.
Thus the droplet is markedly supercritical long before establishing the linear law (3.3) (this explains the lower limitation
t > 1o for t), and the condition R/A < 1 of a free-molecular regime of growth is still fulfilled after establishing the linear
law (this explains the upper limitation t < 4t for t). The positivity of the parameter y, which follows from Egs. (3.4) and
(1.5), corresponds to the droplet growth. Evidently one can rewrite Eq. (3.3) also as

R/Ry =t/19 (19 <t < 419) (3.6)
where
Ro = Rli—, (3.7)

(in the previous section radius Ry was interpreted according to the condition Ry = R|;—, ).

Let us formulate with the help of Eq. (1.2) an iterative method for finding how the mole fraction x; within the growing
droplet depends on time t at the free-molecular regime of droplet growth. As in the previous section, we will discuss first
large time scales 7y < t < 41.

As follows from Egs. (3.3) and (3.4) with account of Eq. (3.2) (which allows us to express ayw; [02 — 0200 (1 — X15)]
through a;wq [p1 — P10 (X15)]), We can rewrite Eq. (1.4) at 7p < t < 47p as

T, 0wy x1501 + (1 — X15) v2
n 4+ n, = —R%t - X . 3.8
1 2 3 s [p1 — P1o (X15)] X1 + (1 — x1) 13 (3.8)
Using Egs. (3.1) and taking into account Eq. (3.2), (1.6), (1.7), and equality x, — xs = — (x; — X15), one can find
dn dn o w
(1=x) — — X1 —> = =70 (% — %1) R —— [p1 — 1o (x15)] — 7 (1 — X15) R?

dt dt X1s

x [(1=x1) aqwy (Proo + f1 (X1)) + X102w3 (P2oe + o (x1))] (3.9)

where f; and f, are determined by Eq. (2.10) and (2.11).
Substituting Egs. (3.8) and (3.9) in Eq. (1.2) and canceling common factors from both sides lead to the relaxation
differential equation for mole fraction x; (t) in the solution within a growing droplet in the free-molecular regime

dx; 3 (x1 —x1)
de t

. (3.10)
a1wq [p1 — P1oo (X15)] X1501 + (1 — Xq5) v2
This equation is an analog of Eq. (2.12). The factor x; — x5 on the right-hand side of Eq. (3.10) allowed us to apply the iteration
method of solution of Eq. (1.2) with respect to the deviation x; — x1s.

When x; is close to x;5, we can substitute with a good accuracy x; by x;, in the factors after x; — x5 on the right-hand
side of Eq. (3.10). Then, solving Eq. (3.10) with the initial condition

y {1 + (1 = x1) xis@1w1 (P1oo + f1 (X1)) + X1X1502W2 (D200 + f2 (X1)) } X1 + (1 —x1) v2

X1lt=ry = X10, (3.11)

we obtain a power law for establishing the stationary droplet composition in time on large time scales in the free-molecular
regime of droplet growth

To 3(1+x)
) (o <t <41). (3.12)

X1 — X15 = (X10 — X15) (?
The parameter yx is determined here by the right-hand side of Eq. (2.15) with substitution of D; and D, by oyw; and ayw»,
ie.

X1 [(1 = X15) aywy (Proo + Fi (%15)) + X523 (B2oo + 2 (X15)) ]

a1wq [p1 — Proo (X15)]

X . (3.13)
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According to (3.13), the parameter xy depends not only on thermodynamic (P10, 0200) and Kkinetic (qwi, aaw;)
characteristics of condensing vapors but also on the stationary mole fraction x1; itself and the characteristics of the solution
non-ideality (fi (x15), f> (X15s)) at the stationary composition. As follows from Egs. (2.10), (2.11) and (3.13), and from the
thermodynamic stability conditions of solutions [11] and the conditions (1.5), x > 0. The smallness of the parameter yx
with respect to unity is not required.

It is clear that the power law (3.3) of droplet radius growth and the power law (3.12) for establishing stationary
composition in the solution within the droplet are valid in the same range 1y < t < 4ty of times t (counted off from
the moment of nucleation of a markedly supercritical droplet in a vapor-gas environment). Taking into account Eq. (3.6),
we can rewrite Eq. (3.12) as

0 3(1+x)
X1 — X15 = (X10 — X15) (E) (to <t <471). (3.14)
Since x > 0, formula (3.14) shows that the stationary concentration of the solution within the droplet is established at
comparatively small relative increase of droplet radius (and even at very small relative increase of droplet radius, if inequality
x > 1 takes place).

Let us estimate the important time 7, with the help of Eqgs. (3.4) and (3.5). Taking R. ~ 1077 cm, oy ~ ay ~ 1,
w1 X w; ~5x 10 ems™!, vy & vy ~ 3 x 10722 cm?, p1 — P1oo (X15) & P2 — Pace (X25) ~ 108 cm~3, we obtain

79~ 1077 s. (3.15)

Comparing the estimate (3.15) with the estimate (2.17), we conclude thatty < t,.

Let us now consider the situation when establishing the stationary composition is so fast that the droplet radius R has
no time to grow significantly in the free-molecular regime. Correspondingly, we need to replace Eq. (3.8) in the vicinity of
X1 = X15 by equation
T R3 @1W1
3 Y X1s
which follows from Eq. (1.4) and (3.4) with account of Eq. (3.2). Consequently, Eq. (3.10) can be rewritten in the vicinity of
X1 = X1 with the help of Egs. (3.13) and (3.16) as

ny+n; = [P1 — P1oo Xis)], (3.16)

% _ 3 =Xy

de R
Integrating Eq. (3.17) with initial condition X1 |;—;, = x1, where the time 7, is determined by the condition R|;—,, = 3R,
we obtain

1+ x). (3.17)

t—rt,

_tn
Xp—Xis =X —X)e x (T >717). (3.18)

The characteristic time t, of exponential relaxation at fixed droplet radius for the free-molecular regime is determined here

as

Sy (40

Because 7, and 3R, are the values of time ¢ and droplet radius R, starting from which equation dR/dt = y practically holds,

the validity condition of the exponential law (3.18) requires, in view of equation dR/dt = y, consistency of two limitations
of time t — 7,. One of them is a limitation from below,

(3.19)

Tx

t—1
e w1, (3.20)
which means that the relaxation ends to the moment for time t — 7;. The second is a limitation on the that time from above,
y({t—1)
— K1, 3.21
3R, (3.21)

which means that radius R does not significantly grow for time t — t;. Both limitations can be joined, with the help of Eq.
(3.19), in the form of a double inequality

t—1,

(1-2) < L3+ x). (3.22)

X

As one can see, condition (3.22) is fulfilled at x > 1.
It follows from condition (3.21) with account of Eq. (3.7) and inequalities Ry > 3R, 79 > 1) and Eq. (3.3) that

t—17 <17 — Ta. (3.23)

Thus the exponential law (3.18) is valid on time scales which are considerably smaller than the time scales for the power
law (3.12).
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4. Total time dependence of mole fractions within a growing droplet of ideal solution

Whether the establishment of a stationary composition in solution within a growing droplet would be possible at any
initial mole fraction x;¢ in the initial conditions (2.13) or (3.11) on the large time scalest > ty ort > 1o and at any values
of the thermodynamic and kinetic characteristics of condensing components, and would occur for a sufficiently short time
allowing us to consider the droplet growth to be stationary, is an interesting question. An answer to this question cannot
be obtained within the frameworks of the theory considered in Sections 3 and 4 where the relaxation equations have been
solved under a priori assumption that the value of the fraction x; is close to x;. However, solving the general relaxation
equations (2.12) and (3.10) without the assumption of smallness of the deviation of x; from x5, we may find the limitations
on the initial molar fraction x1¢ in the initial conditions (2.13) and (3.11) and the limitations on the values of thermodynamic
and kinetic characteristics of condensing components, at which the conclusions made in Sections 2 and 3 are confirmed or
violated. In this way we will find an answer to the question posed above.

General relaxation equations (2.12) and (3.10) may be strictly rewritten at ideality of solution (when Eq. (1.6) holds) at
t > tgort > 1 in the form

d(SX] Y
T = —?8)(1 1+ a8x1) 1+ b5X1) (41)
where
X1 = X1 — Xys, 3X10 = X10 — X155 (4.2)
3 oo .
i (14+n) (diffusion-controlled regime), Y =0, (4.3)
3(1+ x) (free-molecular regime),
X D1p10o — D2
_ b 10100 20200 (diffusion-controlled regime),
a= ] 1T nDilor = pios (5] (4.4)
Xis  1W1P100 — A2W2 0200 . '
— (free-molecular regime),
1+ x cqwi [p1 — P1oo (X15)]
b= v v (4.5)

X15v1 + (1 — X15) v2
The values of 6x; and coefficients a and b can be of any sign.
An analytical solution of Eq. (4.1) with initial conditions (2.13) and (3.11) can be found by separating variables and
decomposition in partial fractions. This solution has the form

t ox1 (t 1 8xq1 (t b 14 bdxq (t
yin (L) = (@) f 0, (1EenO) In (1L 0o%1 © (4.6)
t; 6X10 a—>b 1+G(SX]() a—b>b 1+b5X10

where we denoted for brevity t; and 7y as a single time t;. The solution exists (within the real-valued domain) only when
the following conditions are fulfilled

8x 1+ adx 1+ béx
L N ol L B e . B (4.7)
5X10 14+ G(SXH) 14+ b(SX]O

The solution (4.6) can be rewritten equivalently with account of Eq. (4.3) as
_a_ _b_
X1 —Xxi5 [ 1+a(xp —Xls)]““’ |: 14+ b (X1 — x15) ]”‘b
X0 —X1s [ 1+ a1 —xq5) 1+ b (10 — x15)
3(1+n)/2

t;
2 (t > to, diffusion-controlled regime) ,
= t (4.8)

7o\ 30+
(?) (¢

Below we will suppose that §x;9 > 0, and, in view of Eq. (4.7), also §x; > 0. In the case when dx; < 0, we have from
Eq. (4.1) an equation for |§x;| = —&x, which differs from Eq. (4.1) only in replacement of §x;, 1 4+ adxq, and 1 4 béx; by
|6x1], 1 — a|dxq|, and 1 — b |6x4|, respectively, i.e. it is equivalent to the replacement of the values of coefficients a and b
by values —a and —b. As is clearly seen, solution (4.8) transforms into solutions (2.14) and (3.12) when X9 and, in view of
Eq. (4.1), x; are close to x5, or when |a|] << 1and |b| < 1. Moreover, we may ascertain from Egs. (4.7) and (4.8) with the help
of Eq. (4.1) that the positive ratio (x; — x15) / (X10 — X15) decreases monotonically to zero withincreasing t at|a| < 1,|b| < 1,
and at any value of initial concentration x5 < x19 < 1. The same behavior will be at any positive values of coefficients a and
b. Thus we have in both the latter cases positive answer to the question posed at the beginning of this section.

However, it follows from Eq. (4.1) that there is no monotonic decrease to zero for solution (4.8) with increasing time ¢t at
a > 0,b < 0, |b| > 1, if the initial concentration satisfies inequality x;s + 1/ |b| < x10 < 1. Note, at this d(Sx]/dtlt:ti > 0.

v

A%

Tp, free-molecular regime) .
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Such an initial concentration may be realized in practice only when 0 < x5 < 1 or |b| > 1. It also follows from Eq. (4.1)
that a monotonic decrease to zero for solution (4.8) with increasing time ¢ is impossible ata < 0,b < 0, |a] < 1, and
|b] > 1,aswellasata < 0,b < 0, |al] > 1,|b| > 1,and |b| < |a|, if the initial concentration satisfies the previous
inequality x1s + 1/ |b] < X190 < 1. Note here that the first situation corresponds to d3x1/dt|t=q > 0, while the second
situation corresponds to ddx;/dt|,_, < Owith dx; — 1/|b|ast — oo. All that was said above in this paragraph is true if
we exchange the values of parameters a and b.

Thus we see that some initial values x1¢ should be excluded at negative values of coefficients a and b. In this way, we give
a full answer to the question posed at the beginning of this section.

5. Discussion and conclusions

We have considered establishing the power-law-in-time growth of the droplet radius and the stationary compositionina
binary solution on large time scales within a growing droplet at two characteristic regimes of isothermal binary condensation
in a vapor-gas environment. In fact, the regimes of droplet growth can gradually change from free-molecular to diffusion-
controlled with an increase in droplet size. Evidently, the transition from Eq. (2.2) for the stationary mole fraction x; in
the solution in a droplet under the diffusion-controlled growth regime to Eq. (3.2) for a stationary mole fraction x; in the
solution in a droplet under the free-molecular growth regime formally requires a replacement of the ratio D /D, by the ratio
oqw1/aaw;. At a typical proximity of the order of magnitude of the ratios D1/D, and «qw1/a;w>, Eqs. (2.2) and (3.2) are
almost equivalent. Hence, the stationary mole fractions in the two considered regimes should be of the same magnitude also.

Similarly, the transition from Eq. (2.15) for the parameter 7 in the case of the diffusion-controlled regime to Eq. (3.13)
for the parameter y in the case of the free-molecular regime requires formally a replacement of the ratio D /D, by the ratio
w1 /aaw;. At a typical proximity of the order of magnitude of the relations D, /D, and a;w/a;w-,, the parameters 1 and
x in the two considered regimes would be then approximately of the same magnitude.

As the droplet grows in the diffusion-controlled regime, the condition R/A > 1 of this regime holds better and better.
Vice versa, as the droplet grows in the free-molecular regime, the condition R/X < 1 of that regime holds worse and worse.
This fact results in a large difference in the time intervals available for the theory in both cases considered.

The number densities p14, and p,4, of the molecules of saturated vapors of pure liquids can strongly differ (for instance,
this is true for the vapors of water and sulfuric acid). The analytical formula obtained in [3] for the binary solution stationary
concentration can give very different particular values of the stationary mole fraction xys. Since the parameters n and x
depend, according to Egs. (2.15) and (3.13), on both densities p1o, and poo and on the stationary fraction x5, then the
values of the positive parameters  and x can lie in a very wide range. In particular, if the relations » > 2 and y > 1 hold,
then, according to Egs. (2.16), (2.20) and (3.14), (3.18), the stationary composition of the droplet solution will be established
at very small relative increase of the droplet radius. This means that the droplet would grow in the diffusion-controlled and
free-molecular regimes at stationary composition of the droplet solution for a major part of time. Then the simple formulae
(2.5) and (3.3) are valid for the time dependence of droplet radius.

The results obtained in Section 4 at arbitrary deviation of x; from x5 confirm the results of Sections 2 and 3 concerned
with the monotonic establishment of the stationary composition in a droplet on large time scales which have been found
by solving relaxation equations (2.12) and (3.10) with a priori assumption of proximity of the droplet composition to the
stationary composition.
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