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¿àÕÔØáÛÞÒØÕ

¼Õ×ÞáÚÞßØçÕáÚÐï äØ×ØÚÐ ïÒÛïÕâáï ÞÔÝØÜ Ø× ÝÐØÑÞÛÕÕ ÑãàÝÞ àÐ×-
ÒØÒÐîéØåáï àÐ×ÔÕÛÞÒ áÞÒàÕÜÕÝÝÞÙ äØ×ØÚØ ÚÞÝÔÕÝáØàÞÒÐÝÝÞÓÞ áÞáâÞï-
ÝØï. ¿àÞÓàÕáá, ÔÞáâØÓÝãâëÙ Ò ßÞáÛÕÔÝØÕ ÔÕáïâØÛÕâØï Ò Ø×ÓÞâÞÒÛÕÝØØ ÞÑ-
àÐ×æÞÒ ÜØÚàÞÝÝëå Ø áãÑÜØÚàÞÝÝëå àÐ×ÜÕàÞÒ, ßÞ×ÒÞÛØÛ ÞâÚàëâì æÕÛëÙ
àïÔ ÝÞÒëå äØ×ØçÕáÚØå íääÕÚâÞÒ, ÞâáãâáâÒãîéØå Ò ÜÐÚàÞáÚÞßØçÕáÚØå âÕ-
ÛÐå, Ø ßÞáâÐÒØÛ ÝÐ ßÞÒÕáâÚã ÔÝï ÒÞ×ÜÞÖÝÞáâì áÞ×ÔÐÝØï âÒÕàÔÞâÕÛìÝëå
ãáâàÞÙáâÒ, ßàØÝæØß àÐÑÞâë ÚÞâÞàëå ÑÐ×ØàãÕâáï ÝÐ ÚÒÐÝâÞÒëå×ÐÚÞÝÐå.

½ÐáâÞïéÕÕ ãçÕÑÝÞÕ ßÞáÞÑØÕ áÞÔÕàÖØâ ÞáÝÞÒë âÕÞàØØ ÜÕ×ÞáÚÞßØçÕ-
áÚØå áØáâÕÜ. ¸×ÛÞÖÕÝÝÐï âÕÞàØï ßÞ×ÒÞÛïÕâ ÞßØáÐâì äØ×ØÚã ÞáÝÞÒÝëå ïÒ-
ÛÕÝØÙ Ø ãáÛÞÒØï Øå ÝÐÑÛîÔÕÝØï Ò âÐÚØå áØáâÕÜÐå. ¾âÛØçØâÕÛìÝÞÙ ÞáÞÑÕÝ-
ÝÞáâìî ÜÕ×ÞáÚÞßØçÕáÚÞÙ áØáâÕÜë ïÒÛïÕâáï âÞ, çâÞ ÕÕ áÒÞÙáâÒÐ ÞßàÕÔÕÛï-
îâáï ßÞÒÕÔÕÝØÕÜ ÞÔÝÞÙ ÚÒÐÝâÞÒÞÙ çÐáâØæë. ¿ÞíâÞÜã áÞåàÐÝÕÝØÕ äÐ×Þ-
ÒÞÙ ÚÞÓÕàÕÝâÝÞáâØ, ÚÒÐÝâÞÒÐÝØÕ áßÕÚâàÐ Ø ÚÒÐÝâÞÒÐÝØÕ ×ÐàïÔÐ ïÒÛïîâáï
âÕÜØ áÞáâÐÒÛïîéØÜØ, ÚÞâÞàëÕ ÞßàÕÔÕÛïîâ ÒÞ×ÝØÚÝÞÒÕÝØÕ ÜÕ×ÞáÚÞßØçÕ-
áÚØå íääÕÚâÞÒ.

ÃçÕÑÝÞÕ ßÞáÞÑØÕ ßàÕÔÝÐ×ÝÐçÕÝÞ ÔÛï áâãÔÕÝâÞÒ Ø ÐáßØàÐÝâÞÒ,áßÕæØ-
ÐÛØ×ØàãîéØåáï Ò ÞÑÛÐáâØ äØ×ØÚØ ÚÞÝÔÕÝáØàÞÒÐÝÝÞÓÞ áÞáâÞïÝØï, ÜØÚàÞ-
íÛÕÚâàÞÝØÚØ Ø ÝÐÝÞäØ×ØÚØ. ½ÕÞÑåÞÔØÜÞ ×ÝÐÝØÕ ÞáÝÞÒ ÚÒÐÝâÞÒÞÙ ÜÕåÐÝØ-
ÚØ Ø ×ÝÐÚÞÜáâÒÞ áÞ áâÐâØáâØçÕáÚÞÙ äØ×ØÚÞÙ.
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1. ²ÒÕÔÕÝØÕ

¼Õ×ÞáÚÞßØçÕáÚÐï äØ×ØÚÐ, ØÛØ áÞÚàÐéÕÝÝÞÜÕ×ÞáÚÞßØÚÐ, � íâÞ àÐ×-
ÔÕÛ äØ×ØÚØ ÚÞÝÔÕÝáØàÞÒÐÝÝÞÓÞ áÞáâÞïÝØï, Ø×ãçÐîéØÙ äØ×ØçÕáÚØÕ áÒÞÙ-
áâÒÐ ÞÑàÐ×æÞÒ ÜÐÛëå àÐ×ÜÕàÞÒ ßàØ ÝØ×ÚØå âÕÜßÕàÐâãàÐå.

½ØÖÕ Üë àÐááÜÞâàØÜ ÑÞÛÕÕ ßÞÔàÞÑÝÞ, ÝÐáÚÞÛìÚÞ ÜÐÛëÜØ ÔÞÛÖÝë
Ñëâì ÞÑàÐ×æë, Ø ÝÐáÚÞÛìÚÞ ÝØ×ÚØÜØ ÔÞÛÖÝë Ñëâì âÕÜßÕàÐâãàë.

1.1. ¿àÕÔÜÕâ ÜÕ×ÞáÚÞßØÚØ

¼Õ×ÞáÚÞßØÚÐ [1, 2] ØÜÕÕâ ÔÕÛÞ á ÞÑàÐ×æÐÜØ, àÐ×ÜÕà ÚÞâÞàëåL ÔÞáâÐ-
âÞçÝÞ ÜÐÛ Ò ÞÔÝÞÜ ØÛØ ÝÕáÚÞÛìÚØå ÝÐßàÐÒÛÕÝØïå, àØá.1.1.

ca b

l Fd ~ 

l F~
l F~

1L ~ 
1L ~ 

ÜÚÜ

ÜÚÜ

ÀØá. 1.1. ½ÕÚÞâÞàëÕ åÐàÐÚâÕàÝëÕ âØßë ÜÕ×ÞáÚÞßØçÕáÚØå ÞÑàÐ×æÞÒ: ÞÔÝÞáÒï×ÝëÕ
� ÝãÛìÜÕàÝëÕ (a), ÞÔÝÞÜÕàÝëÕ (b) Ø ÔÒãáÒï×ÝëÕ (c). � F � ÔÛØÝÐ ÒÞÛÝë íÛÕÚâàÞÝÐ
á íÝÕàÓØÕÙ ÄÕàÜØ. ÅÐàÐÚâÕàÝÐï ÔÛØÝÐL ßÞàïÔÚÐ ÞÔÝÞÓÞ ÜØÚàÞÝÐ
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²ÒÕÔÕÝØÕ

ºÐÚ Üë ãÒØÔØÜ ÝØÖÕ, åÐàÐÚâÕàÝÞÙ ÔÛØÝÞÙ ïÒÛïÕâáï ÔÛØÝÐ äÐ×ÞÒÞÙ
ÚÞÓÕàÕÝâÝÞáâØ,L ' , ÒÕÛØçØÝÐ ÚÞâÞàÞÙ ÜÞÖÕâ ÒÐàìØàÞÒÐâìáï Ò èØàÞÚØå ßàÕ-
ÔÕÛÐå. ¿àØ ÝØ×ÚØå âÕÜßÕàÐâãàÐå Ò ÚÐçÕáâÒÕ ÓàãÑÞÙ ÞæÕÝÚØ ÜÞÖÝÞ ßÞÛÞ-
ÖØâìL ' � 10� 6 Ü. µáÛØ ÝØ ÞÔØÝ Ø× àÐ×ÜÕàÞÒ ÞÑàÐ×æÐ ÝÕ ßàÕÒëèÐÕâ íâã
ÔÛØÝã,L . L ' , âÞ âÐÚÞÙ ÞÑàÐ×Õæ ïÒÛïÕâáï ßàÕÔÜÕâÞÜ ØááÛÕÔÞÒÐÝØï Ò ÜÕ-
×ÞáÚÞßØÚÕ. ÀÐ×ÜÕàÝÞáâì ÜÕ×ÞáÚÞßØçÕáÚÞÓÞ ßàÞÒÞÔïéÕÓÞ ÞÑàÐ×æÐ ÞßàÕÔÕ-
Ûïîâ ØáåÞÔï Ø× áÞÞâÝÞèÕÝØï ÜÕÖÔã ÔÛØÝÞÙ ÒÞÛÝë� F íÛÕÚâàÞÝÐ á íÝÕàÓØ-
ÕÙ ÄÕàÜØ Ø ÜØÝØÜÐÛìÝëÜ àÐ×ÜÕàÞÜ ÞÑàÐ×æÐ, àØá.1.1. ´Ûï áâÐÝÔÐàâÝÞÓÞ
ÜÕâÐÛÛÐ� F � 10� 10Ü. ² âÞ ÖÕ ÒàÕÜï ÔÛï ÔÒãÜÕàÝÞÓÞ íÛÕÚâàÞÝÝÞÓÞ ÓÐ×Ð
ßÞÛãßàÞÒÞÔÝØÚÞÒÞÙ ÓÕâÕàÞáâàãÚâãàë GaAs/AlGaAs íâÐ ÒÕÛØçØÝÐ ÝÐÜÝÞ-
ÓÞ ÑÞÛìèÕ,� F � 10� 7 Ü.

¼Õ×ÞáÚÞßØÚÐ Ø×ãçÐÕâ âÕ ÖÕ áÒÞÙáâÒÐ ÞÑàÐ×æÞÒ, ÚÞâÞàëÕ Ø×ãçÐÕâ, áÞÑ-
áâÒÕÝÝÞ, äØ×ØÚÐ ÚÞÝÔÕÝáØàÞÒÐÝÝÞÓÞ áÞáâÞïÝØï: ÚØÝÕâØçÕáÚØÕ, ÜÐÓÝØâÝëÕ
Ø ÔàãÓØÕ. ÁÛÕÔãÕâ ßÞÔçÕàÚÝãâì, çâÞ áÒÞÙáâÒÐ ÜÕ×ÞáÚÞßØçÕáÚØå Ø ÜÐÚàÞ-
áÚÞßØçÕáÚØå ÞÑàÐ×æÞÒ ÚÐçÕáâÒÕÝÝÞ ÞâÛØçÐîâáï ÔàãÓ Þâ ÔàãÓÐ.

² ÚÐçÕáâÒÕ ØÛÛîáâàÐæØØ âÐÚÞÓÞ àÐ×ÛØçØï àÐááÜÞâàØÜ ßàÞâÕÚÐÝØÕ íÛÕÚ-
âàØçÕáÚÞÓÞ âÞÚÐ çÕàÕ× ÞÑàÐ×Õæ, àØá.1.2. ÅÞàÞèÞ Ø×ÒÕáâÝÞ, çâÞ âÞÚ� íâÞ
ÝÐßàÐÒÛÕÝÝÞÕ ÔÒØÖÕÝØÕ ×ÐàïÖÕÝÝëå çÐáâØæ, ÝÐßàØÜÕà, íÛÕÚâàÞÝÞÒ. ¸×-
×Ð áâÞÛÚÝÞÒÕÝØÙ á ÔÕäÕÚâÐÜØ, äÞÝÞÝÐÜØ Ø ÔàãÓØÜØ ÚÒÐ×ØçÐáâØæÐÜØ ÝÐ-
ßàÐÒÛÕÝÝÞÕ ÔÒØÖÕÝØÕ íÛÕÚâàÞÝÞÒ ×ÐâãåÐÕâ. ´Ûï ßÞÔÔÕàÖÐÝØïâÞÚÐ ÝÕÞÑ-
åÞÔØÜÞ íÛÕÚâàØçÕáÚÞÕ ßÞÛÕ. ÂÐÚÞÕ ßÞÛÕ ÜÞÖÕâ Ñëâì áÞ×ÔÐÝÞ, ÝÐßàØÜÕà, á
ßÞÜÞéìî ÓÐÛìÒÐÝØçÕáÚÞÓÞ íÛÕÜÕÝâÐ, ßÞÔáÞÕÔØÝÕÝÝÞÓÞ Ú ÞÑàÐ×æã, , àØá.1.2a,
ØÛØ ßàØ ßÞÜÞéØ ßÕàÕÜÕÝÝÞÓÞ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ�( t) (×ÔÕáìt � ÒàÕÜï),
ßàÞÝØ×ëÒÐîéÕÓÞ ×ÐÜÚÝãâëÙ ÚÞÝâãà, àØá.1.2b. ¼Õ×ÞáÚÞßØçÕáÚØÕ ÖÕ ÞÑ-
àÐ×æë ßàØ ÝØ×ÚØå âÕÜßÕàÐâãàÐå ßàÞïÒÛïîâ ÚÐçÕáâÒÕÝÝÞ ØÝÞÕ áÒÞÙáâÒÞ. °
ØÜÕÝÝÞ, ÔÐÖÕ ßÞáâÞïÝÝëÙ ÒÞ ÒàÕÜÕÝØ ÜÐÓÝØâÝëÙ ßÞâÞÚ ÜÞÖÕâ ØÝÔãæØàÞ-
ÒÐâì ÝÕ×ÐâãåÐîéØÙ âÞÚ Ò ÜÕ×ÞáÚÞßØçÕáÚÞÜ ÚÞÛìæÕ, àØá.1.2c.

´àãÓÞÙ ßàØÜÕà. ÍÛÕÚâàÞßàÞÒÞÔÝÞáâìG = I=V (×ÔÕáìV � ßàØÛÞ-
ÖÕÝÝÞÕ ÝÐßàïÖÕÝØÕ,I � âÞÚ) ÜÐÚàÞáÚÞßØçÕáÚÞÓÞ àÕ×ØáâÞàÐ ßàÞßÞàæØÞ-
ÝÐÛìÝÐ ãÔÕÛìÝÞÙ íÛÕÚâàÞßàÞÒÞÔÝÞáâØ� Ø ×ÐÒØáØâ Þâ ÓÕÞÜÕâàØØ ÞÑàÐ×æÐ.
´Ûï ÞÑàÐ×æÐ Ò äÞàÜÕ ßÐàÐÛÛÕÛÕßØßÕÔÐ á ÔÛØÝÞÙL, èØàØÝÞÙw Ø âÞÛéØ-
ÝÞÙd íÛÕÚâàÞßàÞÒÞÔÝÞáâì ßàØ ßàÞâÕÚÐÝØØ âÞÚÐ ÒÔÞÛì áâÞàÞÝëL Õáâì:

G = �
dw
L

: (1.1)

8



²ÒÕÔÕÝØÕ

b ca

 F

 = const

I ~ sin(   )

 t t

V
R

I = 
R

F
dt

1 dI = - 

V

RR

F( )

R

F( )

ÀØá. 1.2. ÂÞÚI Ò ÜÐÚàÞáÚÞßØçÕáÚÞÜ ÚÞÛìæÕ á ÑÐâÐàÕÕÙ (a) ØÛØ á Ø×ÜÕÝïîéØÜ-
áï ÒÞ ÒàÕÜÕÝØ ÜÐÓÝØâÝëÜ ßÞâÞÚÞÜ�( t) (b). ² ÜÕ×ÞáÚÞßØçÕáÚÞÜ ÝÕ áÒÕàåßàÞÒÞ-
ÔïéÕÜ ÚÞÛìæÕ ßàØ ÝØ×ÚØå âÕÜßÕàÐâãàÐå ßÞáâÞïÝÝëÙ ÒÞ ÒàÕÜÕÝØÜÐÓÝØâÝëÙ ßÞâÞÚ
� = const ÜÞÖÕâ ØÝÔãæØàÞÒÐâì ÝÕ×ÐâãåÐîéØÙ âÞÚ (c)

¿ÞíâÞÜã, ×ÐÒØáØÜÞáâìG Þâ âÞÛéØÝëd ïÒÛïÕâáï ÛØÝÕÙÝÞÙ, àØá.1.3a.
¼Õ×ÞáÚÞßØçÕáÚØÙ ÖÕ àÕ×ØáâÞà âÐÚÞÙ ÖÕ äÞàÜë ÔÕÜÞÝáâàØàãÕâ áâã-

ßÕÝçÐâãî ×ÐÒØáØÜÞáâì íÛÕÚâàÞßàÞÒÞÔÝÞáâØ Þâ âÞÛéØÝë, àØá.1.3b. ²ÕÛØ-
çØÝÐ áÚÐçÚÐ:

G0 =
2e2

h
; (1.2)

ÝÐ×ëÒÐÕâáï ÚÒÐÝâÞÜ ßàÞÒÞÔØÜÞáâØ,G0 � (12:9 � 103 ¾Ü)� 1. ·ÔÕáì e =
� 1:6 � 10� 19 ºÛ � ×ÐàïÔ íÛÕÚâàÞÝÐ,h = 6:6 � 10� 34 ´Ö �c � ßÞáâÞïÝÝÐï
¿ÛÐÝÚÐ.

´ÐÛÕÕ Üë, Ò ÞáÝÞÒÝÞÜ, áÚÞÝæÕÝâàØàãÕÜáï ÝÐ ÞÑáãÖÔÕÝØØ íÛÕÚâàÞ-
ßàÞÒÞÔÝÞáâØ ÜÕ×ÞáÚÞßØçÕáÚØå ÞÑàÐ×æÞÒ ÚÐÚ ÝÐØÑÞÛÕÕ ßàÞáâÞÙ Ò Ø×ÜÕ-
àÕÝØØ Ø ÒÕáìÜÐ ØÝäÞàÜÐâØÒÝÞÙ åÐàÐÚâÕàØáâØÚØ. ¾áÞÑëÙ ØÝâÕàÕá Ú Ø×ã-
çÕÝØî íâÞÙ åÐàÐÚâÕàØáâØÚØ áÒï×ÐÝ á âÕÜ, çâÞ ÑÞÛìèØÝáâÒÞ áÒÞÙáâÒ ÜÕ-
×ÞáÚÞßØçÕáÚØå ÞÑàÐ×æÞÒ ÞÑãáÛÞÒÛÕÝÞ åÐàÐÚâÕàØáâØÚÐÜØ Øå íÛÕÚâàÞÝÝÞÙ
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G
a

b

G0

d

d
w

L Fl ~

ÀØá. 1.3. ·ÐÒØáØÜÞáâì ßàÞÒÞÔØÜÞáâØG Þâ âÞÛéØÝëw ÔÛï ÜÐÚàÞáÚÞßØçÕáÚÞÓÞ (a)
Ø ÜÕ×ÞáÚÞßØçÕáÚÞÓÞ (b) àÕ×ØáâÞàÞÒ

áØáâÕÜë. ° íÛÕÚâàÞßàÞÒÞÔÝÞáâì ÔÐÕâ ÝÕßÞáàÕÔáâÒÕÝÝãî ØÝäÞàÜÐæØî ÞÑ
íÛÕÚâàÞÝÝÞÙ áØáâÕÜÕ ÞÑàÐ×æÐ. Á ÔàãÓÞÙ áâÞàÞÝë, Ø×ãçÕÝØÕ íÛÕÚâàÞßàÞ-
ÒÞÔÝÞáâØ ØÜÕÕâ Ø ÑÞÛìèÞÕ ßàØÚÛÐÔÝÞÕ ×ÝÐçÕÝØÕ, ßÞáÚÞÛìÚã ÑãàÝÞÕ àÐ×-
ÒØâØÕ ÜÕ×ÞáÚÞßØÚØ Òë×ÒÐÝÞ ÔÞáâØÖÕÝØïÜØ âÕåÝÞÛÞÓØØ Ø×ÓÞâÞÒÛÕÝØï ÜØÚ-
àÞáÚÞßØçÕáÚØå (Ø, ãÖÕ ÜÞÖÝÞ áÚÐ×Ðâì, ÝÐÝÞáÚÞßØçÕáÚØå) ÞÑêÕÚâÞÒ, çâÞ
ÞÑãáÛÞÒÛÕÝÞ âàÕÑÞÒÐÝØïÜØ ÜØÝØÐâîàØ×ÐæØØ ßàØ Ø×ÓÞâÞÒÛÕÝØØ àÐ×ÛØçÝÞ-
ÓÞ àÞÔÐ íÛÕÚâàÞÝÝëå ãáâàÞÙáâÒ. ÍâÐ çØáâÞ âÕåÝØçÕáÚÐï ßàØçØÝÐ, äÐÚâØçÕ-
áÚØ, ßàØÒÕÛÐ Ú ßÞïÒÛÕÝØî ÝÞÒÞÓÞ ÝÐãçÝÞÓÞ ÝÐßàÐÒÛÕÝØï� ÜÕ×ÞáÚÞßØÚØ.
½ÐãçØÛØáì Ø×ÓÞâÐÒÛØÒÐâì ÞÑàÐ×æë ÞçÕÝì ÜÐÛëå àÐ×ÜÕàÞÒ Ø ÜÐÝØßãÛØàÞ-
ÒÐâì âÐÚØÜØ ÞÑêÕÚâÐÜØ, ÝÐßàØÜÕà, ßÞÔÒÞÔØâì íÛÕÚâàØçÕáÚØÕÚÞÝâÐÚâë Ú
ÞÑàÐ×æÐÜ ÜØÚàÞÝÝëå Ø ÝÐÝÞàÐ×ÜÕàÞÒ. ÍâÞ, Ò áÒÞî ÞçÕàÕÔì, ßÞ×ÒÞÛØÛÞ
ßàØÜÕÝØâì åÞàÞèÞ àÐ×ÒØâëÕ ÜÕâÞÔë äØ×ØçÕáÚØå ØááÛÕÔÞÒÐÝØÙ, ØáßÞÛì-
×ãîéØÕáï ÔÛï Ø×ãçÕÝØï ÜÐÚàÞáÚÞßØçÕáÚØå ÞÑàÐ×æÞÒ, ÚÐÚ ØáÚãááâÒÕÝÝÞ
áÞ×ÔÐÝÝëå ÞÑêÕÚâÞÒ, âÐÚ Ø áãéÕáâÒãîéØå, ÝÐßàØÜÕà, ÞâÔÕÛìÝëå ÜÞÛÕÚãÛ,
ÚÛÐáâÕàÞÒ. ¼ÞÖÝÞ áÚÐ×Ðâì, çâÞ ãÔÐÕâáï Ø×ÜÕàØâì ÒÞÛìâ-ÐÜßÕàÝãî åÐàÐÚ-
âÕàØáâØÚã ÞâÔÕÛìÝÞ Ò×ïâÞÙ ÜÞÛÕÚãÛë.

¸âÐÚ, àÕ×îÜÕ.
¼Õ×ÞáÚÞßØÚÐ Ø×ãçÐÕâ ÜÐÚàÞáÚÞßØçÕáÚØÕ åÐàÐÚâÕàØáâØÚØ ÜØÚàÞ-
áÚÞßØçÕáÚØå ÞÑêÕÚâÞÒ.

10



²ÒÕÔÕÝØÕ

1.2. ¿àÞÜÕÖãâÞçÝÞÕ ßÞÛÞÖÕÝØÕ ÜÕ×ÞáÚÞßØÚØ

ÁÛÞÒÞ� ÜÕ×ÞáÚÞßØÚÐ� , ÒÒÕÔÕÝÝÞÕ Ò äØ×ØçÕáÚØÙ ÞÑØåÞÔ ÒÐÝ ºíßÜÕÝÞÜ
Ò 1976 ÓÞÔã [3], áÞáâÞØâ Ø× ÔÒãå áÛÞÒ: ÓàÕçÕáÚÞÓÞ� mesos� � ßàÞÜÕÖãâÞç-
ÝëÙ Ø ÐÝÓÛØÙáÚÞÓÞ� scoàe� � áäÕàÐ ÔÕÙáâÒØï. ¿ÞíâÞÜã, áÛÕÔãï ÑãÚÒÐÛì-
ÝÞÜã ßÕàÕÒÞÔã, ÜÞÖÝÞ áÚÐ×Ðâì, çâÞ ÜÕ×ÞáÚÞßØÚÐ Ø×ãçÐÕâ ïÒÛÕÝØï, ×ÐÝØÜÐ-
îéØÕ ÝÕÚÞâÞàÞÕ ßàÞÜÕÖãâÞçÝÞÕ ßÞÛÞÖÕÝØÕ. ÁÐÜÞ ÝÐ×ÒÐÝØÕ ÝÐâÐÛÚØÒÐÕâ
ÝÐ ÜëáÛì áàÐÒÝØâì ÜÕ×ÞáÚÞßØçÕáÚØÕ ïÒÛÕÝØï á ÔàãÓØÜØ, ãÖÕ Ø×ÒÕáâÝëÜØ
Ø ÛãçèÕ Ø×ãçÕÝÝëÜØ ïÒÛÕÝØïÜØ. ºÐÚÞÒ ÖÕ ÞáÝÞÒÝÞÙ ÚàØâÕàØÙ, ÞâÛØçÐî-
éØÙ ÜÕ×ÞáÚÞßØçÕáÚØÕ ïÒÛÕÝØï Þâ ÔàãÓØå ïÒÛÕÝØÙ?

¾ßàÕÔÕÛïîéØÜ, ÝÞ ÔÐÛÕÚÞ ÝÕ ÕÔØÝáâÒÕÝÝëÜ, ßÐàÐÜÕâàÞÜ ïÒÛïÕâáï
àÐ×ÜÕà Ø×ãçÐÕÜÞÓÞ ÞÑàÐ×æÐ, Ð, áÛÕÔÞÒÐâÕÛìÝÞ, Ø ÚÞÛØçÕáâÒÞçÐáâØæ, áÞ-
áâÐÒÛïîéØå ÞÑàÐ×Õæ. ¿ÞíâÞÜã, Üë áàÐÒÝØÜÜÕ×ÞáÚÞßØÚã� äØ×ØÚã ßàÞ-
ÜÕÖãâÞçÝëå àÐ×ÜÕàÞÒ, áÜØÚàÞáÚÞßØÚÞÙ� äØ×ØÚÞÙ íÛÕÚâàÞÝÞÒ Ø ÐâÞ-
ÜÞÒ, ØÜÐÚàÞáÚÞßØÚÞÙ� äØ×ØÚÞÙ áØáâÕÜ á äÞàÜÐÛìÝÞ ÑÕáÚÞÝÕçÝëÜ çØá-
ÛÞÜ çÐáâØæ.

¼ØÚàÞáÚÞßØçÕáÚØÕ ÞÑêÕÚâë, ÝÐßàØÜÕà, íÛÕÚâàÞÝë Ò ÐâÞÜÕ ÒÞÔÞàÞÔÐ,
ÞßØáëÒÐîâáï ÚÒÐÝâÞÒÞÙ ÜÕåÐÝØÚÞÙ. ² ÚÒÐÝâÞÒÞÙ ÜÕåÐÝØÚÕ áÞáâÞïÝØÕ çÐ-
áâØæë åÐàÐÚâÕàØ×ãÕâáï ÒÞÛÝÞÒÞÙ äãÝÚæØÕÙ , ÞßàÕÔÕÛïÕÜÞÙ Ø× ãàÐÒÝÕÝØï
ÈàÕÔØÝÓÕàÐ. ² ÐâÞÜÕ ÒÞÔÞàÞÔÐ íÛÕÚâàÞÝ ÜÞÖÕâ ÝÐåÞÔØâáï âÞÛìÚÞ Ò ÝÕÚÞ-
âÞàëå äØÚáØàÞÒÐÝÝëå áÞáâÞïÝØïå N á ÒßÞÛÝÕ ÞßàÕÔÕÛÕÝÝÞÙ íÝÕàÓØÕÙ
EN . ² íâÞÜ áÛãçÐÕ ÓÞÒÞàïâ, çâÞ íÛÕÚâàÞÝÝëÙ áßÕÚâà ÔØáÚàÕâÕÝ, àØá.1.4,
ÛÕÒÐï çÐáâì. ¿ÞíâÞÜã ÔÛï æÕÛÕÙ áàÐÒÝÕÝØï, ÚÞâÞàÞÕ Üë áÕÙçÐáßàÞÒÞÔØÜ,
ÜÞÖÝÞ áçØâÐâì, çâÞ ÜØÚàÞáÚÞßØçÕáÚØÜ ÞÑêÕÚâÐÜ áÞÞâÒÕâáâÒãÕâ (i) åÐàÐÚ-
âÕàÝëÙ àÐ×ÜÕà ßÞàïÔÚÐ ÞÔÝÞÓÞ ÐÝÓáâàÕÜÐ,10� 10Ü (àÐ×ÜÕà ÐâÞÜÐ) , Ø (ii)
åÐàÐÚâÕàÝÐï íÝÕàÓØï ßÞàïÔÚÐ 1 eV ØÛØ104 K (àÐ×ÝÞáâì ÜÕÖÔã ãàÞÒÝïÜØ
íÝÕàÓØØ íÛÕÚâàÞÝÐ Ò ÐâÞÜÕ).

¼ÐÚàÞáÚÞßØçÕáÚØÕ ÖÕ âÕÛÐ åÐàÐÚâÕàØ×ãîâáï (i) ÑÞÛìèØÜ çØáÛÞÜ áÞ-
áâÐÒÛïîéØå Øå çÐáâØæ, ÐâÞÜÞÒ ØÛØ ÜÞÛÕÚãÛ, Ø (ii) ÝÕßàÕàëÒÝëÜ áßÕÚâàÞÜ,
ÝÐßàØÜÕà, ÔÛï íÛÕÚâàÞÝÞÒ Ò ÜÕâÐÛÛÕ, àØá.1.4, ßàÐÒÐï çÐáâì. ·ÐÜÕâØÜ, çâÞ
äØ×ØÚÐ ÚÞÝÔÕÝáØàÞÒÐÝÝÞÓÞ áÞáâÞïÝØï, Ò ÞâÛØçØÕ Þâ, ÝÐßàØÜÕà, äØ×ØÚØ
áßÛÞèÝëå áàÕÔ, ÓÕÞäØ×ØÚØ ØÛØ ÐáâàÞäØ×ØÚØ, Ø×ãçÐÕâ ÜÐÚàÞáÚÞßØçÕáÚØÕ
âÕÛÐ, ØÜÕîéØÕ àÐ×ÜÕà ßÞàïÔÚÐ1áÜ3 Ø çØáÛÞ çÐáâØæ ßÞàïÔÚÐ çØáÛÐ °ÒÞ-
ÓÐÔàÞ,NA � 6 � 1026 èâ/ÚÓ-ÜÞÛì.
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E3

E2

E1

E

ÀØá. 1.4. ´ØáÚàÕâÝëÙ (ÛÕÒÐï çÐáâì) Ø ÝÕßàÕàëÒÝëÙ (ßàÐÒÐï çÐáâì)
áßÕÚâàë

² ÔÞßÞÛÝÕÝØÕ Ú ÚÞÛØçÕáâÒÕÝÝÞÜã àÐ×ÛØçØî, ÝÐ ÜÐÚàÞáÚÞßØçÕáÚÞÜ
ãàÞÒÝÕ ßÞïÒÛïîâáï âÐÚÖÕ ßàØÝæØßØÐÛìÝÞ ÝÞÒëÕ åÐàÐÚâÕàØáâØÚØ, Þâáãâ-
áâÒãîéØÕ ÔÛï ÜØÚàÞÞÑêÕÚâÞÒ. ÍâÞ âÐÚ ÝÐ×ëÒÐÕÜëÕ âÕàÜÞÔØÝÐÜØçÕáÚØÕ
åÐàÐÚâÕàØáâØÚØ, ÝÐßàØÜÕà, âÕÜßÕàÐâãàÐ, ÚÞâÞàÐï åÐàÐÚâÕàØ×ãÕâ áàÕÔÝîî
íÝÕàÓØî, ßàØåÞÔïéãîáï ÝÐ ÞÔÝã çÐáâØæã ÒÕéÕáâÒÐ. ²Þ×ÜÞÖÝÞáâì ßàØÜÕ-
Ýïâì âÕàÜÞÔØÝÐÜØçÕáÚÞÕ ÞßØáÐÝØÕ ÞÑãáÛÞÒÛÕÝÞ âÕÜ, çâÞ ÜÐÚàÞáÚÞßØçÕ-
áÚØÕ âÕÛÐ áÞáâÞïâ Ø× ÑÞÛìèÞÓÞ çØáÛÐ çÐáâØæ. ·ÐÚÞÝÞÜÕàÝÞ ÒÞ×ÝØÚÐÕâ ÒÞ-
ßàÞá: ÕáÛØ Üë ÑãÔÕÜ Þâ ÜÐÚàÞáÚÞßØçÕáÚÞÓÞ âÕÛÐ ãÔÐÛïâì ßÞ ÞÔÝÞÜã ÐâÞ-
Üã, âÞ ÚÞÓÔÐ ÜÐÚàÞáÚÞßØçÕáÚÞÕ ÞßØáÐÝØÕ áÜÕÝØâáï ÜØÚàÞáÚÞßØçÕáÚØÜ? ¸
ÚÐÚ íâÞ ßàÞØ×ÞÙÔÕâ? ¾ÚÞÝçÐâÕÛìÝÞÓÞ ÞâÒÕâÐ ÝÐ íâÞâ ÒÞßàÞá ÝÕâ. ¾ÔÝÐ-
ÚÞ, ãÖÕ Ø×ÒÕáâÝÞ ÔÞáâÞÒÕàÝÞ, çâÞ âÐÚÞÙ ßÕàÕåÞÔ ÝÕ ïÒÛïÕâáï àÐÒÝÞÜÕà-
ÝëÙ, Ø áÒÞÙáâÒÐ ÒÕéÕáâÒÐ ÝÐ ßàÞÜÕÖãâÞçÝëå ÜÐáèâÐÑÐå ÞâÛØçÐîâáï ÚÐÚ
Þâ áÒÞÙáâÒ ÜÐÚàÞâÕÛ, âÐÚ Ø Þâ áÒÞÙáâÒ ÜØÚàÞçÐáâØæ.

²ëèÕáÚÐ×ÐÝÝÞÕ ÜÞÖÝÞ ßàÞØÛÛîáâàØàÞÒÐâì áÛÕÔãîéØÜ ßàØÜÕàÞÜ.
²Þ×ìÜÕÜ ÝÕáÚÞÛìÚÞ ÞÔØÝÐÚÞÒÞ ßàØÓÞâÞÒÛÕÝÝëå ÜÐÚàÞáÚÞßØçÕáÚØå ÞÑàÐ×-
æÞÒ. ÁçØâÐÕâáï, çâÞ Øå áÒÞÙáâÒÐ ÞÔØÝÐÚÞÒë. ÀÐááÜÞâàØÜ ÔÒÐ ßàÞÒÞÔÝØÚÐ
Ø áàÐÒÝØÜ Øå íÛÕÚâàÞáÞßàÞâØÒÛÕÝØïR1 ØR2. ÁâàÞÓÞ ÓÞÒÞàï, íâØ ÔÒÕ ÒÕ-
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ÛØçØÝë ÑãÔãâ ÞâÛØçÐâìáï. ¾ÔÝÐÚÞ, íâÞ ÞâÛØçØÕ� R = R1 � R2 ÑãÔÕâ ÜÐÛÞ:

� R
R

� 1; (1.3)

ÓÔÕR = ( R1 + R2)=2. µáÛØ ÖÕ àÐ×ÜÕàë ßàÞÒÞÔÝØÚÞÒ ÔÞáâÐâÞçÝÞ ÜÐÛë, âÞ
àÐ×ÛØçØÕ ÜÞÖÕâ ÔÞáâØÓÐâì100 %:

� R
R

� 1: (1.4)

²Þ ÒâÞàÞÜ áÛãçÐÕ ÜÐÚàÞäØ×ØÚÐ ãÖÕ ÝÕ àÐÑÞâÐÕâ, ßÞáÚÞÛìÚã áâÐÛØ áãéÕ-
áâÒÕÝÝëÜØ ãáÛÞÒØï, ÚÞâÞàëÕ ÝÕ ÜÞÓãâ Ñëâì ßàÞÚÞÝâàÞÛØàÞÒÐÝë ÝÐ ÜÐÚ-
àÞáÚÞßØçÕáÚÞÜ ãàÞÒÝÕ. ÅÞâï ÞÑÐ ÞÑàÐ×æÐ Ø×ÓÞâÐÒÛØÒÐÛØáì Ò ÞÔØÝÐÚÞÒëå
ãáÛÞÒØïå, ÞÔÝÐÚÞ Øå Ø×ÜÕàØÜëÕ ßÐàÐÜÕâàë ÞÚÐ×ÐÛØáì àÐ×ÛØçÝëÜØ. ´Ûï
âÐÚØå ÞÑàÐ×æÞÒ, ÚÞâÞàëÕ ÝÐ×ëÒÐîâÜÕ×ÞáÚÞßØçÕáÚØÜØ, Ø×ÜÕÝÕÝØÕ ßÞÛÞ-
ÖÕÝØï ÔÐÖÕ ÞÔÝÞÓÞ ÕÔØÝáâÒÕÝÝÞÓÞ ÐâÞÜÐ ÜÞÖÕâ ßàØÒÞÔØâì Ú Ø×ÜÕÝÕÝØî
åÐàÐÚâÕàØáâØÚ ÞÑàÐ×æÐ, ÝÐßàØÜÕà, ÕÓÞ áÞßàÞâØÒÛÕÝØï ÝÐ100%. ·ÐÜÕâØÜ,
çâÞ ÔÛï ÝÐÑÛîÔÕÝØï âÐÚØå� ÞÔÝÞçÐáâØçÝëå� íääÕÚâÞÒ ÝÕÞÑåÞÔØÜë ÔÞáâÐ-
âÞçÝÞ ÝØ×ÚØÕ âÕÜßÕàÐâãàë. ¼ë ÝÐ íâÞÜ ÞáâÐÝÞÒØÜáï çãâì ÝØÖÕ.

ÁÛÕÔãÕâ ßÞÔçÕàÚÝãâì, çâÞ àÐááÜÐâàØÒÐÕÜëÕ ÞÑàÐ×æë ÒáÕ ÕéÕ ÔÐÛÕÚØ
Þâ ÐâÞÜÝëå ÜÐáèâÐÑÞÒ: çØáÛÞ çÐáâØæ Ò ÞÑàÐ×æÕ ÔÞáâÐâÞçÝÞ ÒÕÛØÚÞ. ÂÐÚ,
ÔÛï àÐ×ÜÕàÐ ÜÕ×ÞáÚÞßØçÕáÚÞÓÞ ÞÑàÐ×æÐ ßÞàïÔÚÐ10� 7 Ü çØáÛÞ çÐáâØæ Ò ÝÕÜ
áÞáâÐÒÛïÕâ ÞÚÞÛÞ108 èâ, çâÞ ßÞ×ÒÞÛïÕâ ßÞÔÒÕáâØ Ø×ÜÕàØâÕÛìÝëÕ ÚÞÝâÐÚ-
âë ÔÛï Ø×ãçÕÝØï áÒÞÙáâÒ âÐÚØå âÕÛ. ² âÞÖÕ ÒàÕÜï, áÒÞÙáâÒÐ ÜÕ×ÞáÚÞßØ-
çÕáÚØå ÞÑàÐ×æÞÒ ÞßàÕÔÕÛïîâáï ßÞÒÕÔÕÝØÕÜ ÞÔÝÞÙ ÜØÚàÞáÚÞßØçÕáÚÞÙ çÐ-
áâØæë Ø ßÞíâÞÜã ÞßØáëÒÐîâáï ÚÒÐÝâÞÒëÜØ ×ÐÚÞÝÐÜØ. ²ÐÖÝÞÙ ÞáÞÑÕÝÝÞ-
áâìî ïÒÛïÕâáï âÞ, çâÞ çÐáâØæë, áÞáâÐÒÛïîéØÕ ÜÕ×ÞáÚÞßØçÕáÚØÙ ÞÑàÐ×Õæ,
áØÛìÝÞ Ò×ÐØÜÞÔÕÙáâÒãîâ á ÞÚàãÖÕÝØÕÜ. ÂÐÚÞÕ Ò×ÐØÜÞÔÕÙáâÒØÕ ÞÚÐ×ëÒÐÕâ
áãéÕáâÒÕÝÝÞÕ, Ð ØÝÞÓÔÐ Ø ÞßàÕÔÕÛïîéÕÕ ÒÛØïÝØÕ ÝÐ áÒÞÙáâÒÐ çÐáâØæ. ÂÐÚ,
áßÕÚâà íÛÕÚâàÞÝÞÒ Ò ÜÕ×ÞáÚÞßØçÕáÚØå ÞÑàÐ×æÐå ÜÞÖÕâ Ñëâì ÔØáÚàÕâÝëÜ,
ÞÔÝÐÚÞ, ßÞÛÞÖÕÝØÕ Ø èØàØÝÐ ãàÞÒÝÕÙ íÝÕàÓØØ ÑãÔÕâ áØÛìÝÞ ßÞÔÒÕàÖÕÝÞ
ÒÛØïÝØî ÞÚàãÖÕÝØï.

·ÐÜÕâØÜ, çâÞ ÚÒÐÝâÞÒëÕ ×ÐÚÞÝë ßàÞïÒÛïîâáï ÝÐ ÜÐÚàÞáÚÞßØçÕáÚÞÜ
ãàÞÒÝÕ ÒÞ ÜÝÞÓØå ãÖÕ Ø×ÒÕáâÝëå, Ø, ÞâÝîÔì ÝÕ ÜÕ×ÞáÚÞßØçÕáÚØå, ïÒÛÕ-
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ÝØïå, ÝÐßàØÜÕà, áÒÕàåßàÞÒÞÔØÜÞáâì. ÍÛÕÚâàÞÝë Ò ÜÕâÐÛÛÕ âÞÖÕ ßàÕÔ-
áâÐÒÛïîâ áÞÑÞÙ ÚÒÐÝâÞÒãî áØáâÕÜã, ßÞÔçØÝïîéãîáï áâÐâØáâØÚÕ ÄÕàÜØ-
´ØàÐÚÐ. ¾ÔÝÐÚÞ, Ò ÜÕ×ÞáÚÞßØÚÕ, Ø íâÞ áÛÕÔãÕâ ßÞÔçÕàÚÝãâì, ÝÐ ÜÐÚàÞáÚÞ-
ßØçÕáÚÞÜ ãàÞÒÝÕ ßàÞïÒÛïÕâáï ÚÒÐÝâÞÒÞÕ ßÞÒÕÔÕÝØÕ ÕÔØÝØçÝÞÙ ÜØÚàÞçÐ-
áâØæë. ¾ÚÐ×ëÒÐîâáï áãéÕáâÒÕÝÝëÜØ âÐÚØÕ ïÒÛÕÝØï, ÚÐÚØÝâÕàäÕàÕÝ-
æØï, ÚÒÐÝâÞÒÐÝØÕ áßÕÚâàÐ, ÚÒÐÝâÞÒÐÝØÕ ×ÐàïÔÐ, Ø âÞÜã ßÞÔÞÑÝÞÕ.

ÍâÞ á ÞÔÝÞÙ áâÞàÞÝë. Á ÔàãÓÞÙ áâÞàÞÝë, ÝØÚÐÚØÕ ÔàãÓØÕ ×ÐÚÞÝë, ÚàÞ-
ÜÕ Ø×ÒÕáâÝëå Ø× ÚÒÐÝâÞÒÞÙ Ø ÚÛÐááØçÕáÚÞÙ äØ×ØÚØ Ò ÜÕ×ÞáÚÞßØçÕáÚØå áØ-
áâÕÜÐå ÝÕ ÔÕÙáâÒãîâ.

¿ÞÔÒÕÔÕÜ ØâÞÓ ÒëèÕáÚÐ×ÐÝÝÞÜã.
¼Õ×ÞáÚÞßØçÕáÚØÜØ ïÒÛïîâáï âÐÚØÕ ÜÐÚàÞáÚÞßØçÕáÚØÕ âÕÛÐ, áÒÞÙ-

áâÒÐ ÚÞâÞàëå ÞßàÕÔÕÛïîâáï ßÞÒÕÔÕÝØÕÜ ÞÔÝÞÙ ÜØÚàÞáÚÞßØçÕáÚÞÙ
çÐáâØæë.

² âÐÑÛØæÕ 1.1 ßàØÒÕÔÕÝë ×ÝÐçÕÝØï ÝÕÚÞâÞàëå äØ×ØçÕáÚØå ÒÕÛØçØÝ,
ØÛÛîáâàØàãîéØå àÐ×ÛØçØÕ ÜÕÖÔã ÜÐÚàÞ-, ÜÕ×Þ- Ø ÜØÚàÞâÕÛÐÜØ. � E �
àÐááâÞïÝØÕ ÜÕÖÔã ÔØáÚàÕâÝëÜØ ãàÞÒÝïÜØ íÝÕàÓØØ.

ÁÛÕÔãÕâ ÞâÜÕâØâì, çâÞ, áÞÑáâÒÕÝÝÞ, á çÐáâØæÐÜØ ÜØÚàÞÝÝëå àÐ×ÜÕ-
àÞÒ äØ×ØÚÐ ØÜÕÕâ ÔÕÛÞ ÔÐÒÝÞ. ½ÐßàØÜÕà, ßàØ Ø×ãçÕÝØØ ÜÕÛÚÞÔØáßÕàáÝëå
áàÕÔ ØÛØ ßàØ Ø×ãçÕÝØØ ÞáâàÞÒÚÞÒëå ßÛÕÝÞÚ. ¾ÔÝÐÚÞ, ÕáÛØ Üë àÐááÜÞâàØÜ
ÞÔØÝÞâÔÕÛìÝÞ Ò×ïâëÙ ÞÑàÐ×Õæ ÜØÚàÞÝÝëå àÐ×ÜÕàÞÒ (ÝÐßàØÜÕà, ÞÔÝã ÓàÐ-
ÝãÛã ØÛØ ÞÔØÝ ÞáâàÞÒÞÚ), âÞ âÞÓÔÐ íâÞ ÑãÔÕâ ßàÕÔÜÕâ ÜÕ×ÞáÚÞßØÚØ. ¾âáîÔÐ
ÒØÔÝÞ, çâÞ, ÒÞÞÑéÕ ÓÞÒÞàï, ÝÕÒÞ×ÜÞÖÝÞ áâàÞÓÞ àÐ×ÓàÐÝØçØâìÜÕ×ÞáÚÞßØ-
Úã Ø ÔàãÓØÕ ÞÑÛÐáâØ äØ×ØÚØ âÒÕàÔÞÓÞ âÕÛÐ, Ø×ãçÐîéØÕ áÒÞÙáâÒÐ ÞÑàÐ×æÞÒ

ÂÐÑÛØæÐ 1.1

ÇÐáâØæÐÀÐ×ÜÕàºÞÛ. çÐáâØæÂÕÜßÕàÐâãàÐ ÂØß áßÕÚâàÐ

¼ÐÚàÞ- 1 áÜ 1023 300 K ÝÕßàÕàëÒÝëÙ

¼Õ×Þ- < 1 � Ü 106 � 109 < 0.1 K ÔØáÚàÕâ.,� E � 1K

¼ØÚàÞ- 1 �A 1 � ÔØáÚàÕâ.,� E � 104 K
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ÜÐÛëå àÐ×ÜÕàÞÒ.
ÀÐ×ÒØâØÕ âÕåÝÞÛÞÓØØ Ø×ÓÞâÞÒÛÕÝØï âÒÕàÔÞâÕÛìÝëå ÝØ×ÚÞàÐ×ÜÕàÝëå

áØáâÕÜ (Ò çÐáâÝÞáâØ, ÞÔÝÞÜÕàÝëå (1D), ÔÒãÜÕàÝëå (2D) áØáâÕÜ, áÞ×ÔÐÝ-
Ýëå ÜÕâÞÔÞÜ íÛÕÚâàÞÝÝÞ-ÛãçÕÒÞÙ ÛØâÞÓàÐäØØ) ßàØÒÕÛÞ Ú ßÞïÒÛÕÝØî æÕ-
ÛÞÓÞ àïÔÐ ãÝØÚÐÛìÝëå ØáÚãááâÒÕÝÝÞ áÞ×ÔÐÝÝëå ÜÕ×ÞáÚÞßØçÕáÚØå ÞÑêÕÚ-
âÞÒ, àØá.1.1: 0D � ÚÒÐÝâÞÒëå âÞçÕÚ, 1D� ÚÒÐÝâÞÒëå ßàÞÒÞÛÞçÕÚ, 2D�
áâàãÚâãà á ÝÕâàØÒØÐÛìÝÞÙ âÞßÞÛÞÓØÕÙ (ÚÞÛÕæ) Ø âÞÜã ßÞÔÞÑÝÞÕ. Á ÞÔÝÞÙ
áâÞàÞÝë, ÝÕÞÑåÞÔØÜÞ ßÞÝØÜÐÝØÕ áÒÞÙáâÒ âÐÚØå ÞÑêÕÚâÞÒ, Ø íâÞ ÒÐÖÝÞ
á ßàÐÚâØçÕáÚÞÙ âÞçÚØ ×àÕÝØï ÔÛï àÐ×ÒØâØï ÜØÚàÞíÛÕÚâàÞÝØÚØØ áÞ×ÔÐ-
ÝØï ÝÞÒëå ÜØÚàÞíÛÕÚâàÞÝÝëå ãáâàÞÙáâÒ ÝÐ ÑÐ×Õ âÐÚØå áØáâÕÜ.Á ÔàãÓÞÙ
áâÞàÞÝë, ØáßÞÛì×ãï áßÕæØÐÛìÝÞ áÚÞÝáâàãØàÞÒÐÝÝëÕ ÞÑêÕÚâë, ÜÞÖÝÞ ÜÞ-
ÔÕÛØàÞÒÐâì áØâãÐæØØ, ÚÞÓÔÐ âÕ ØÛØ ØÝëÕ ÚÒÐÝâÞÒÞ-ÜÕåÐÝØçÕáÚØÕ ×ÐÚÞÝë
ßàÞïÒÛïîâáï ÝÐØÑÞÛÕÕ ïàÚÞ. ½ÐßàØÜÕà, ÞÑàÐ×æë Ò äÞàÜÕ ÚÞÛÕæÝÐØÑÞ-
ÛÕÕ ÕáâÕáâÒÕÝÝÞ ßÞÔåÞÔïâ ÔÛï Ø×ãçÕÝØï ïÒÛÕÝØï ØÝâÕàäÕàÕÝæØØ. ² íâÞÜ
áÛãçÐÕ ÜÕ×ÞáÚÞßØçÕáÚØÕ ÞÑêÕÚâë ØáßÞÛì×ãîâáï ÔÛï Ø×ãçÕÝØïáÞÑáâÒÕÝ-
ÝÞ ÚÒÐÝâÞÒëå ×ÐÚÞÝÞÒ, Ø íâÞ ÒáÕ ßàÞØáåÞÔØâ ÒÞ ÒßÞÛÝÕ ÜÐÚàÞáÚÞßØçÕáÚØå
ÜÐáèâÐÑÐå. ÍâÞ ×ÝÐçØâÕÛìÝÞ ÞâÛØçÐÕâáï Þâ áØâãÐæØØ á íÛÕÚâàÞÝÞÜ, ÚÞ-
âÞàëÙ, ÑÕ×ãáÛÞÒÝÞ, ßÞÔçØÝïÕâáï ÚÒÐÝâÞÒëÜ ×ÐÚÞÝÐÜ, ÝÞ, ÚÞâÞàëÙ ÝÕÒÞ×-
ÜÞÖÝÞ� ßÞâàÞÓÐâì àãÚÐÜØ� . ÂÐÚØÜ ÞÑàÐ×ÞÜ, ÜÕ×ÞáÚÞßØÚÐ ÝÕ ÞÓàÐÝØçØÒÐ-
Õâáï àÕèÕÝØÕÜ çØáâÞ ßàØÚÛÐÔÝëå ×ÐÔÐç, Ð ØÜÕÕâ ÔÕÛÞ âÐÚÖÕ á Ø×ãçÕÝØÕÜ
äãÝÔÐÜÕÝâÐÛìÝëå ßàÞÑÛÕÜ äØ×ØÚØ, Ò çÐáâÝÞáâØ, ÚÒÐÝâÞÒÞÙ äØ×ØÚØ.

½ØÖÕ Üë ßÞßëâÐÕÜáï ßÞÝïâì, ßÞçÕÜã ØÜÕÝÝÞ âÐÚØÕ ßÐàÐÜÕâàë, åÐ-
àÐÚâÕàØ×ãîéØÕ ÜÕ×ÞáÚÞßØÚã, ßàØÒÕÔÕÝë Ò âÐÑÛØæÕ 1.1 Ø ÚÐÚÞÓÞ àÞÔÐ ïÒ-
ÛÕÝØï ßàØáãéØ ÜÕ×ÞáÚÞßØçÕáÚØÜ âÕÛÐÜ. ÁÕÙçÐá ÖÕ Üë àÐááÜÞâàØÜ ßàÞ-
áâÞÙ ßàØÜÕà, ØÛÛîáâàØàãîéØÙ ßÕàÕåÞÔ Þâ ÜÐÚàÞáÚÞßØçÕáÚØå ÚÜÕ×ÞáÚÞ-
ßØçÕáÚØÜ âÕÛÐÜ.

1.3. ¿àØÜÕà: Þâ ÜÐÚàÞàÕ×ØáâÞàÐ Ú ÜÕ×ÞàÕ×ØáâÞàã

¼ë ÞÑàÐâØÜ ÒÝØÜÐÝØÕ ÝÐ ÔÒÐ ÐáßÕÚâÐ. ²Þ-ßÕàÒëå, ßÞçÕÜã ÒÞ×ÜÞÖÝÞ
Ø×ÜÕàØâì âÐÚãî ÜÐÚàÞáÚÞßØçÕáÚãî åÐàÐÚâÕàØáâØÚã, ÚÐÚ íÛÕÚâàÞßàÞÒÞÔ-
ÝÞáâì, ã ÜÕ×ÞáÚÞßØçÕáÚÞÓÞ ÞÑàÐ×æÐ. ¸, ÒÞ-ÒâÞàëå, ÚÐÚØÜØ ÝÞÒëÜØ ÞáÞ-
ÑÕÝÝÞáâïÜØ ÞÑÛÐÔÐÕâ íâÐ åÐàÐÚâÕàØáâØÚÐ ÜÕ×ÞáÚÞßØçÕáÚÞÓÞÞÑàÐ×æÐ ßÞ
áàÐÒÝÕÝØî á ÐÝÐÛÞÓØçÝÞÙ åÐàÐÚâÕàØáâØÚÞÙ ÜÐÚàÞáÚÞßØçÕáÚÞÓÞ ÞÑàÐ×æÐ.
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a b c

I

R1 R3 R2

I

R1
R3 R2

R2R1
R3

I

V
V V

ÀØá. 1.5. ¿àÞÒÞÔÝØÚ á ÞÔÝÞàÞÔÝëÜ (a) Ø ÝÕÞÔÝÞàÞÔÝëÜ (b) ßÞ ÔÛØÝÕ ßÞßÕàÕç-
ÝëÜ áÕçÕÝØÕÜ. ¼Õ×ÞáÚÞßØçÕáÚØÙ ßàÞÒÞÔÝØÚ Ø ßÞÔáÞÕÔØÝÕÝÝëÕÚ ÝÕÜã ÜÐÚàÞ-
áÚÞßØçÕáÚØÕ íÛÕÚâàØçÕáÚØÕ ÚÞÝâÐÚâë (c)

²Þ×ìÜÕÜ ÞÔÝÞàÞÔÝëÙ ßàÞÒÞÔÝØÚ, àØá.1.5a. ¿ÞÔáÞÕÔØÝØÜ Ú ÝÕÜã ÑÐ-
âÐàÕî c ÝÐßàïÖÕÝØÕÜV Ø Ø×ÜÕàØÜ ßàÞâÕÚÐîéØÙ âÞÚI . ÂÞÚ ÒÔÞÛì ÞÑàÐ×æÐ
ÑãÔÕâ ÞÔÝÞàÞÔÝëÜ Ø ÒÕÛØçØÝÐ âÞÚÐI = V=RÞßàÕÔÕÛïÕâáï ßÞÛÝëÜ áÞßàÞ-
âØÒÛÕÝØÕÜR ÞÑàÐ×æÐ:

R = �
L
S

: (1.5)

·ÔÕáìL � ÔÛØÝÐ ÞÑàÐ×æÐ,S � ßÛÞéÐÔì ßÞßÕàÕçÝÞÓÞ áÕçÕÝØï,� � ãÔÕÛìÝÐï
íÛÕÚâàÞßàÞÒÞÔÝÞáâì.

²ëÔÕÛØÜ áàÕÔÝîî çÐáâì ÞÑàÐ×æÐ Ø ÑãÔÕÜ ßÞÝÕÜÝÞÓã ãÜÕÝìèÐâì ÕÓÞ
àÐ×ÜÕà Ò íâÞÙ çÐáâØ, ãÔÐÛïï ÒÕéÕáâÒÞ. ÇâÞ ÑãÔÕâ ßàÞØáåÞÔØâì? ´Ûï ãÔÞÑ-
áâÒÐ ÑãÔÕÜ ßÞÛÐÓÐâì, çâÞ ÒáÕ âàØ çÐáâØ, áàÕÔÝïï ãÜÕÝìèÕÝÝÐïØ ÑÞÚÞ-
ÒëÕ ÝÕØ×ÜÕÝÝëÕ, ßÞ-ßàÕÖÝÕÜã ØÜÕîâ ßàïÜÞãÓÞÛìÝãî äÞàÜã, àØá. 1.5b.
¾ÔÝÐÚÞ, ßÞßÕàÕçÝÞÕ áÕçÕÝØÕ áàÕÔÝÕÙ çÐáâØ áâÐÛÞ ×ÝÐçØâÕÛìÝÞ ÜÕÝìèØÜ.
ÁàÐÒÝØÜ ÜÕÖÔã áÞÑÞÙ áÞßàÞâØÒÛÕÝØï àÐ×Ýëå çÐáâÕÙ ÞÑàÐ×æÐ. ¼ë ßÞ-
ÛÐÓÐÕÜ, çâÞ àÐ×ÜÕàë ÚÐÖÔÞÙ çÐáâØ ÒÞ ÒáÕå âàÕå ÝÐßàÐÒÛÕÝØïå ßàØÜÕàÝÞ
ÞÔØÝÐÚÞÒë:S � L2. ¾ÑÞ×ÝÐçØÜ áÞßàÞâØÒÛÕÝØï ÛÕÒÞÙ, ßàÐÒÞÙ Ø áàÕÔÝÕÙ
çÐáâÕÙ ßÞáàÕÔáâÒÞÜR1, R2 ØR3, áÞÞâÒÕâáâÒÕÝÝÞ:

R1 = R2 = � L 1
S1

� � 1
L 1

;

R3 = � L 3
S3

� � 1
L 3

:
(1.6)
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¿ÞáÚÞÛìÚãL3 � L1, âÞ ØR3 � R1. ÂÐÚØÜ ÞÑàÐ×ÞÜ, Üë ßÞÛãçØÛØ ÞçÕ-
ÒØÔÝëÙ äÐÚâ: áÞßàÞâØÒÛÕÝØÕ ÒáÕÓÞ ÞÑàÐ×æÐ ÞßàÕÔÕÛïÕâáï áÞßàÞâØÒÛÕÝØ-
ÕÜ ÕÓÞ ÝÐØÑÞÛÕÕ ã×ÚÞÙ çÐáâØ:

R = R1 + R2 + R3 � R3 : (1.7)

¸ íâÞ áÞÞâÝÞèÕÝØÕ ÒëÔÕàÖØÒÐÕâáï âÕÜ ÛãçèÕ, çÕÜ ÑÞÛÕÕ ã×ÚÞÙ ÑãÔÕâ áàÕÔ-
Ýïï çÐáâì. ·ÔÕáì ÕéÕ ÝÕâ ÝØçÕÓÞ Þâ ÜÕ×ÞáÚÞßØÚØ, ÝÞ ãÖÕ ÒØÔÝÞ,çâÞ ßàØ ×Ð-
ÔÐÝÝÞÜ ÝÐßàïÖÕÝØØ âÞÚ Ò æÕßØ ÞßàÕÔÕÛïÕâáï ßàÞßãáÚÝÞÙ áßÞáÞÑÝÞáâìî
ÕÓÞ ÝÐØÑÞÛÕÕ ã×ÚÞÙ çÐáâØ. ² ÔÐÛìÝÕÙèÕÜ íâÐ ã×ÚÐï çÐáâì� ßàÕÒàÐâØâáï�
Ò ØááÛÕÔãÕÜëÙ ÜÕ×ÞáÚÞßØçÕáÚØÙ ÞÑàÐ×Õæ, ÐR1 ØR2 ÑãÔãâ ßàÕÔáâÐÒÛïâì
áÞÑÞÙ áÞßàÞâØÒÛÕÝØï ÜÐÚàÞáÚÞßØçÕáÚØå íÛÕÚâàØçÕáÚØå ÚÞÝâÐÚâÞÒ, á ßÞ-
ÜÞéìî ÚÞâÞàëå Ú ÜÕ×ÞáÚÞßØçÕáÚÞÜã ÞÑàÐ×æã ßÞÔÒÞÔØâáï âÞÚ, àØá.1.5c.
´àãÓØÜØ áÛÞÒÐÜØ, âÞÚ Ò æÕßØ ÞßàÕÔÕÛïÕâáï äØ×ØçÕáÚØÜØ ßàÞæÕááÐÜØ, ßàÞ-
ØáåÞÔïéØÜØ Ò ØááÛÕÔãÕÜÞÜ ÞÑàÐ×æÕ, Ø ÝÕ ×ÐÒØáØâ Þâ ßÞÔÒÞÔïéØå ÚÞÝâÐÚ-
âÞÒ.

ÂÐÚÞÙ ÖÕ ÒëÒÞÔ áÛÕÔãÕâ Ø× àÐááÜÞâàÕÝØï âÞÓÞ, ÚÐÚ àÐáßàÕÔÕÛÕÝÞ ÝÐ-
ßàïÖÕÝØÕV = V1 + V2 + V3 Ò æÕßØ á ÝÕÞÔÝÞàÞÔÝëÜ ßÞ áÕçÕÝØî ÞÑàÐ×æÞÜ,
àØá.1.6. ÂÞÚ Ò ÚÐÖÔÞÙ çÐáâØ (I 1, I 2 ØI 3, áÞÞâÒÕâáâÒÕÝÝÞ) ÔÞÛÖÕÝ Ñëâì ÞÔØ-
ÝÐÚÞÒ. ÍâÞ áÛÕÔãÕâ Ø× ×ÐÚÞÝÐ áÞåàÐÝÕÝØï ×ÐàïÔÐ Ø âÞÓÞ äÐÚâÐ,çâÞ ×ÐàïÔ
ÝÕ ÝÐÚÐßÛØÒÐÕâáï ÒÝãâàØ ÞÑàÐ×æÐ:

I 1 = I 2 = I 3 � I ;

V1 = R1 I; V2 = R2 I; V3 = R3 I :
(1.8)

¿ÞáÚÞÛìÚãR3 � R1; R2, ÝÐßàïÖÕÝØÕ ÝÐ áàÕÔÝÕÙ çÐáâØ ÝÐÜÝÞÓÞ ßàÕÒë-
èÐÕâ ÝÐßàïÖÕÝØï ÝÐ ÜÐááØÒÝëå çÐáâïå. ¿ÞíâÞÜã, ÒáÕ ÝÐßàïÖÕÝØÕ Ò æÕßØ
ßàØÛÞÖÕÝÞ Ú ã×ÚÞÙ çÐáâØ ÞÑàÐ×æÐ:

V = V1 + V2 + V3 � V3 : (1.9)

ÂÞâ ÞçÕÒØÔÝëÙ äÐÚâ, çâÞ âÞÚ Ò æÕßØ ÞßàÕÔÕÛïÕâáï áÞßàÞâØÒÛÕÝØÕÜ
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ÀØá. 1.6. ÀÐáßàÕÔÕÛÕÝØÕ íÛÕÚâàØçÕáÚÞÓÞ ßÞâÕÝæØÐÛÐ' ßÞ ÔÛØÝÕ
ÞÑàÐ×æÐ á ÝÕÞÔÝÞàÞÔÝëÜ ßÞßÕàÕçÝëÜ áÕçÕÝØÕÜ

ØááÛÕÔãÕÜÞÓÞ ÞÑàÐ×æÐ ÜÐÛëå àÐ×ÜÕàÞÒ, ïÒÛïÕâáï ÞáÝÞÒÞÙ âÞÓÞ, çâÞ Üë
ÜÞÖÕÜ ØáßÞÛì×ÞÒÐâì íÛÕÚâàØçÕáÚØÕ Ø×ÜÕàÕÝØï ÔÛï Ø×ãçÕÝØï ÜÕ×ÞáÚÞßØ-
çÕáÚØå ÞÑàÐ×æÞÒ. ¸×ÜÕàïÕÜëÙ âÞÚI áÞÔÕàÖØâ ÝÕßÞáàÕÔáâÒÕÝÝãî ØÝäÞà-
ÜÐæØî Þ âÞÜ, çâÞ ßàÞØáåÞÔØâ ØÜÕÝÝÞ ÒÝãâàØ ØááÛÕÔãÕÜÞÓÞ ÞÑàÐ×æÐ, Ð ÝÕ Ò
ßÞÔÒÞÔïéØå ßàÞÒÞÔÐå. ¸×ÜÕÝïï ÝÐßàïÖÕÝØÕ Ò æÕßØ, Üë ÝÕßÞáàÕÔáâÒÕÝÝÞ
Ø×ÜÕÝïÕÜ ÝÐßàïÖÕÝØÕ ÝÐ ØááÛÕÔãÕÜÞÜ ÞÑàÐ×æÕ, ßÞáÚÞÛìÚã ßÐÔÕÝØÕ ÝÐ-
ßàïÖÕÝØï ÝÐ ßÞÔÒÞÔïéØå ßàÞÒÞÔÐå ßàÕÝÕÑàÕÖØÜÞ ÜÐÛÞ. ±ÛÐÓÞÔÐàï íâÞ-
Üã, Üë ÜÞÖÕÜ ØÝÖÕÚâØàÞÒÐâì Ò ØááÛÕÔãÕÜëÙ ÞÑàÐ×Õæ íÛÕÚâàÞÝëá äØÚáØ-
àÞÒÐÝÝÞÙ ÜÐÚáØÜÐÛìÝÞÙ Ø×ÑëâÞçÝÞÙ íÝÕàÓØÕÙ, àÐÒÝÞÙEmax = eV. ÁâÐÛ-
ÚØÒÐïáì á äÞÝÞÝÐÜØ Ø ÔàãÓØÜØ ÚÒÐ×ØçÐáâØæÐÜØ, íÛÕÚâàÞÝë âÕàïîâ íâã
íÝÕàÓØî, çâÞ ÒÛØïÕâ ÝÐ áÞßàÞâØÒÛÕÝØÕ ÞÑàÐ×æÐ. ¿ÞíâÞÜã, Ø×ãçÕÝØÕ ×ÐÒØ-
áØÜÞáâØR(V) ßÞ×ÒÞÛïÕâ, Ò çÐáâÝÞáâØ, Ø×ãçÐâì Ò×ÐØÜÞÔÕÙáâÒØÕ íÛÕÚâàÞ-
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ÀØá. 1.7. ¼Õ×ÞáÚÞßØçÕáÚÐï áØáâÕÜÐ á ÞÔÝØÜ (a) ØÛØ ÔÒãÜïL1 ØL2

ÐÛìâÕàÝÐâØÒÝëÜØ ßãâïÜØ ÔÛï ßàÞâÕÚÐÝØï âÞÚÐ (b)

ÝÞÒ á ÔàãÓØÜØ ÚÒÐ×ØçÐáâØæÐÜØ [4]. ¿àØ íâÞÜ ÝÐßàïÖÕÝØÕ Ò æÕßØ ØÓàÐÕâ
àÞÛì áÒÞÕÓÞ àÞÔÐ� íÝÕàÓÕâØçÕáÚÞÓÞ éãßÐ� , á ßÞÜÞéìî ÚÞâÞàÞÓÞ ÜÞÖÝÞ
ØááÛÕÔÞÒÐâì ÔÐÝÝëÙ ÞÑàÐ×Õæ [5].

ÁÛÕÔãÕâ ßÞÔçÕàÚÝãâì, çâÞ Ø×ÜÕàÕÝØÕ âÞÚÐI Ø ßàØÚÛÐÔëÒÐÝØÕ ÝÐßàï-
ÖÕÝØïV ßàÞØáåÞÔØâ ÒÔÐÛØ Þâ Ø×ãçÐÕÜÞÓÞ ÞÑàÐ×æÐ. ²áÕ íâÞ ßàÞØáåÞÔØâ
Ò ÜÐÚàÞáÚÞßØçÕáÚØå ÜÐáèâÐÑÐå Ø ßàØÑÞàë ØáßÞÛì×ãîâáï ÜÐÚàÞáÚÞßØçÕ-
áÚØÕ: ÞÑëçÝëÕ ÐÜßÕàÜÕâàë Ø ÒÞÛìâÜÕâàë. ² âÞ ÖÕ ÒàÕÜï, Ø×ãçÐÕâáï ÜÕ×Þ-
áÚÞßØçÕáÚØÙ ÞÑàÐ×Õæ, ÝÐßàØÜÕà, ÞâÔÕÛìÝÐï ÓàÐÝãÛÐ, ØÛØ ÔÐÖÕ ÜØÚàÞáÚÞ-
ßØçÕáÚØÙ� ÞâÔÕÛìÝÐï ÜÞÛÕÚãÛÐ. ºÞÝÕçÝÞ, ßàØ íâÞÜ Üë ÔÞÛÖÝë ÚÐÚØÜ-
âÞ ÞÑàÐ×ÞÜ ÞÑÕáßÕçØâì íÛÕÚâàØçÕáÚãî ×ÐÜÚÝãâÞáâì æÕßØ, âÞ Õáâì ßÞÔÒÕ-
áâØ íÛÕÚâàØçÕáÚØÕ ÚÞÝâÐÚâë Ú ØááÛÕÔãÕÜÞÜã ÞÑàÐ×æã. ¸ÜÕÝÝÞßÞáÛÕÔÝÕÕ
Ø áâÐÛÞ ÒÞ×ÜÞÖÝëÜ, ÑÛÐÓÞÔÐàï ÔÞáâØÖÕÝØïÜ áÞÒàÕÜÕÝÝÞÙ âÕåÝÞÛÞÓØØ.

¸âÐÚ, Üë àÐááÜÞâàÕÛØ, çâÞ áÞåàÐÝïÕâáï Ò ÔÐÝÝÞÜ ßàØÜÕàÕ Þâ ÜÐÚàÞ-
ÜØàÐ. ÂÕßÕàì ßàÞÐÝÐÛØ×ØàãÕÜ, ÚÐÚ ßàÞïÒÛïÕâáï ÜØÚàÞÜØà. ÀÐááÜÞâàØÜ
áØâãÐæØî, ÚÞÓÔÐ ÔÒÕ ÜÐÚàÞáÚÞßØçÕáÚØÕ çÐáâØ áÞÕÔØÝÕÝë ßÞáàÕÔáâÒÞÜ ÜÕ-
×ÞáÚÞßØçÕáÚÞÓÞ ÞÑàÐ×æÐ� ÓàÐÝãÛë, àØá.1.7a. ² íâÞÜ áÛãçÐÕ ßàÞâÕÚÐÝØÕ
âÞÚÐ ÑãÔÕâ ÞßàÕÔÕÛïâìáï ßàÞæÕááÐÜØ ßÕàÕåÞÔÐ íÛÕÚâàÞÝÐ á ÛÕÒÞÓÞ íÛÕÚ-
âàÞÔÐ ÝÐ ÓàÐÝãÛã Ø, ÔÐÛÕÕ, á ÓàÐÝãÛë Ò ßàÐÒëÙ íÛÕÚâàÞÔ, ØÛØ Ò ÞÑàÐâ-
ÝÞÜ ÝÐßàÐÒÛÕÝØØ. ÇâÞ ×ÔÕáì ÝÕÞÑëçÝÞÓÞ? ½ÕÞÑëçÝëÜ ×ÔÕáì ïÒÛïÕâáï âÞ,
çâÞ íÛÕÚâàÞÝ ßÞÔçØÝïÕâáï ÚÒÐÝâÞÒëÜ ×ÐÚÞÝÐÜ (ßàÞïÒÛïÕâ ÒÞÛÝÞÒëÕ áÒÞÙ-
áâÒÐ) Ø ÞÝØ ÑãÔãâ ÞßàÕÔÕÛïâì Ø×ÜÕàïÕÜÞÕ áÞßàÞâØÒÛÕÝØÕ. ½ÐØÑÞÛÕÕ ïàÚÞ
ÒÞÛÝÞÒëÕ áÒÞÙáâÒÐ íÛÕÚâàÞÝÐ ßàÞïÒÛïîâáï Ò âÞÜ áÛãçÐÕ, ÚÞÓÔÐ Üë ØÜÕ-
ÕÜ ÝÕ ÞÔÝã ßàÞÜÕÖãâÞçÝãî ÓàÐÝãÛã, Ð ÔÒÕ Ø ÑÞÛÕÕ. ² íâÞÜ áÛãçÐÕØÜÕÕâáï
ÝÕáÚÞÛìÚÞ ßãâÕÙ, ßÞ ÚÞâÞàëÜ íÛÕÚâàÞÝ ÜÞÖÕâ ßÕàÕÙâØ á ÛÕÒÞÓÞíÛÕÚâàÞÔÐ
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ÀØá. 1.8. ÂÞÚI , ßàÞâÕÚÐîéØÙ çÕàÕ× ÔÒÐ ßÐàÐÛÛÕÛìÝÞ áÞÕÔØÝÕÝÝëå ÜÐÚàÞáÚÞ-
ßØçÕáÚØå ßàÞÒÞÔÝØÚÐRa ØRb, (a) àÐÒÕÝ áãÜÜÕ âÞÚÞÒI a ØI b, ÚÞâÞàëÕ ßàÞâÕ-
ÚÐÛØ Ñë Ò âÞÙ ÖÕ áÐÜÞÙ áØáâÕÜÕ Ò ÞâáãâáâÒØÕ ÛØÑÞ ßàÞÒÞÔÝØÚÐRb (b), ÛØÑÞ
ßàÞÒÞÔÝØÚÐRa (c)

ÝÐ ßàÐÒëÙ, àØá.1.7b.
²ÝÐçÐÛÕ àÐááÜÞâàØÜ, çâÞ ÑëÛÞ Ñë, ÕáÛØ Ñë ÒÜÕáâÞ ÜÕ×ÞáÚÞßØçÕáÚÞ-

ÓÞ ÑëÛØ ÜÐÚàÞáÚÞßØçÕáÚØÕ ßàÞÒÞÔÝØÚØ. ¿ãáâìRa ØRb � áÞßàÞâØÒÛÕÝØï
íâØå ßàÞÒÞÔÝØÚÞÒ, àØá.1.8. ² íâÞÜ áÛãçÐÕ âÞÚI (macro) Ò æÕßØ àÐÒÕÝ áãÜÜÕ
âÞÚÞÒ, ßàÞâÕÚÐîéØå çÕàÕ× ÚÐÖÔëÙ Ø× ßàÞÒÞÔÝØÚÞÒ:

I (macro) = I a + I b : (1.10)

¿àÕÝÕÑàÕÓÐï áÞßàÞâØÒÛÕÝØïÜØ íÛÕÚâàÞÔÞÒ, Üë ßÞÛãçÐÕÜ, çâÞÝÐßàïÖÕ-
ÝØÕ ßàØÛÞÖÕÝÞ âÞÛìÚÞ Ú ßàÞÒÞÔÝØÚÐ, Ø ÜÞÖÕÜ ×ÐßØáÐâìI a = V=Ra,
I b = V=Rb. ÁÛÕÔÞÒÐâÕÛìÝÞ:

I (macro) =
V
Ra

+
V
Rb

: (1.11)

¾ÑàÐâØÜ ÒÝØÜÐÝØÕ ÝÐ âÞ, çâÞ ÚÐÖÔÞÕ Ø× áÛÐÓÐÕÜëå Ò ßàÐÒÞÙ çÐáâØ Õáâì
âÞÚ, ÚÞâÞàëÙ ßàÞâÕÚÐÛ Ñë çÕàÕ× áØáâÕÜã, áÞÔÕàÖÐéãî âÞÛìÚÞ ÞÔØÝ (ÛØÑÞ
� a� , ÛØÑÞ� b� ) ßàÞÒÞÔÝØÚ. ² âÕàÜØÝÐå ßÞÛÝÞÓÞ áÞßàÞâØÒÛÕÝØïR = V=I
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ÀØá. 1.9. ÂÞÚI (meso) , ßàÞâÕÚÐîéØÙ çÕàÕ× ÔÒÕ ßÐàÐÛÛÕÛìÝÞ áÞÕÔØÝÕÝÝëÕ ÓàÐÝãÛë (a), ÝÕ
àÐÒÕÝ áãÜÜÕ âÞÚÞÒI a ØI b, ÚÞâÞàëÕ ßàÞâÕÚÐÛØ Ñë Ò âÞÙ ÖÕ áÐÜÞÙ áØáâÕÜÕ Ò ÞâáãâáâÒØÕ
ÛØÑÞ ÞÔÝÞÙ (b), ÛØÑÞ ÔàãÓÞÙ (c) ÓàÐÝãÛë

ßÞÛãçØÜ:

1
R

=
1

Ra
+

1
Rb

: (1.12)

²ÕÛØçØÝÐ, ÞÑàÐâÝÐï áÞßàÞâØÒÛÕÝØî ÝÐ×ëÒÐÕâáï ßàÞÒÞÔØÜÞáâìî Ø ÞÑÞ-
×ÝÐçÐÕâáïG = 1=R. ¸âÐÚ, Üë ßÞÛãçØÛØ åÞàÞèÞ Ø×ÒÕáâÝëÙ Ø× íÛÕÚâàÞâÕå-
ÝØÚØ äÐÚâ, çâÞ ßàÞÒÞÔØÜÞáâì ßÐàÐÛÛÕÛìÝÞ áÞÕÔØÝÕÝÝëå àÕ×ØáâÞàÞÒ àÐÒÝÐ
áãÜÜÕ Øå ßàÞÒÞÔØÜÞáâÕÙ:

G = Ga + Gb: (1.13)

¾ÔÝÐÚÞ, ÔÛï ÜÕ×ÞáÚÞßØçÕáÚÞÓÞ ßàÞÒÞÔÝØÚÐ ÒëèÕßàØÒÕÔÕÝÝëÕáÞÞâ-
ÝÞèÕÝØï ÔÛï âÞÚÞÒ Ø ßàÞÒÞÔØÜÞáâÕÙ ÝÕ ÑãÔãâ ÒëßÞÛÝïâìáï, àØá. 1.9. ÂÞÚ
I (meso) Ò æÕßØ á ÔÒãÜï ßàÞÒÞÔÝØÚÐÜØ, àØá.1.9a, ÝÕ àÐÒÕÝ áãÜÜÕ âÞÚÞÒI a

ØI b, ÚÞâÞàëÕ ßàÞâÕÚÐÛØ Ñë Ò íâÞÙ ÖÕ æÕßØ, ÕáÛØ Ñë ßàÞÒÞÔØÜÞáâì Þáã-
éÕáâÒÛïÛÐáì ÛØÑÞ çÕàÕ× ÞÔØÝ, àØá.1.9b, ÛØÑÞ çÕàÕ× ÔàãÓÞÙ, àØá.1.9cßàÞ-
ÒÞÔÝØÚ:

I (meso) 6= I a + I b : (1.14)
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ÀØá. 1.10. ÍÛÕÚâàÞÝ Ø× âÞçÚØ A Ò âÞçÚã B ÜÞÖÕâ ßÕàÕÙâØ ÛØÑÞ
çÕàÕ× ÞÔÝã, ÛØÑÞ çÕàÕ× ÔàãÓãî ÓàÐÝãÛã

¿ÞçÕÜã ÝÐàãèÐÕâáï àÐÒÕÝáâÒÞ ÔÛï âÞÚÞÒ, áßàÐÒÕÔÛØÒÞÕ Ò ÜÐÚàÞáÚÞ-
ßØçÕáÚÞÜ áÛãçÐÕ? ÍâÞ ßàÞØáåÞÔØâ ÒáÛÕÔáâÒØÕ ïÒÛÕÝØï ØÝâÕàäÕàÕÝæØØ,
ÚÞâÞàÞÕ ßàØÒÞÔØâ Ú âÞÜã, çâÞ ÒÕàÞïâÝÞáâì ßÕàÕåÞÔÐ ÚÒÐÝâÞÒÞÙ çÐáâØæë Ø×
âÞçÚØ ° Ò âÞçÚã B, ßàØ ÝÐÛØçØØ ÝÕáÚÞÛìÚØå ßãâÕÙ ßÕàÕåÞÔÐ, ÝÕ àÐÒÝÐ áãÜ-
ÜÕ ÒÕàÞïâÝÞáâÕÙ ßÕàÕåÞÔÐ ßÞ ÚÐÖÔÞÜã Ø× ßãâÕÙ Ò ÞâÔÕÛìÝÞáâØ.¿ÞíâÞÜã
ÒëèÕßàØÒÕÔÕÝÝÞÕ ÝÕàÐÒÕÝáâÒÞ ÔÛï âÞÚÞÒ, ×ÐßØáÐÝÝÞÕ Ò âÕàÜØÝÐå ßàÞÒÞ-
ÔØÜÞáâØ:

G 6= Ga + Gb ; (1.15)

ßàÞáâÞ ÒëàÐÖÐÕâ Ø×ÒÕáâÝëÙ äÐÚâ, çâÞ ÒÕàÞïâÝÞáâØ Ò ÚÒÐÝâÞÒÞÙ ÜÕåÐÝØÚÕ
ÝÕ áÚÛÐÔëÒÐîâáï. ² ÚÒÐÝâÞÒÞÙ ÜÕåÐÝØÚÕ áÚÛÐÔëÒÐîâáï ÚÞÜßÛÕÚáÝÞ×ÝÐç-
ÝëÕ ÐÜßÛØâãÔë ßÕàÕåÞÔÐ. ²ÕàÞïâÝÞáâì ÖÕ ßÕàÕåÞÔÐ, ÚÞâÞàÐï ÞßàÕÔÕÛïÕâ
ßàÞÒÞÔØÜÞáâì àÐááÜÐâàØÒÐÕÜÞÙ áØáâÕÜë, âÞ Õáâì âã ÔÕÙáâÒØâÕÛìÝÞ×ÝÐç-
Ýãî ÒÕÛØçØÝã, ÚÞâÞàÐï ÜÞÖÕâ Ñëâì Ø×ÜÕàÕÝÐ Ò íÚáßÕàØÜÕÝâÕ, ÞßàÕÔÕÛï-
Õâáï ÚÐÚ ÚÒÐÔàÐâ ÐÜßÛØâãÔë.

´ÐÒÐÙâÕ ÒÒÕÔÕÜ ÔÒÕ ÐÜßÛØâãÔëA a ØA b, áÞÞâÒÕâáâÒãîéØÕ ßÕàÕåÞÔÐÜ
çÕàÕ× ÚÐÖÔãî Ø× ÓàÐÝãÛ, àØá.1.10. ÂÞÓÔÐ ßÞÛÝÐï ÐÜßÛØâãÔÐ ßÕàÕåÞÔÐA Ø×
âÞçÚØ A Ò âÞçÚã B Õáâì:

A = A a + A b : (1.16)
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L << le-ph

ÀØá. 1.11. ÍÛÕÚâàÞÝ ßàÞåÞÔØâ çÕàÕ× ÜÕ×ÞáÚÞßØçÕáÚØÙ ÞÑàÐ×Õæ,
ÞáâÐÒÐïáì Ò äÐ×ÞÒÞ-ÚÞÓÕàÕÝâÝÞÜ áÞáâÞïÝØØ, ÕáÛØ àÐ×ÜÕà ÞÑàÐ×æÐ
L ÝÕ ßàÕÒëèÐÕâ ÔÛØÝã, ÝÐ ÚÞâÞàÞÙ íÛÕÚâàÞÝ ØáßëâëÒÐÕâ ÝÕãßàãÓØÕ
áâÞÛÚÝÞÒÕÝØï, ÝÐßàØÜÕà íÛÕÚâàÞÝ-äÞÝÞÝÝãî ÔÛØÝãle� ph

ÁÞÞâÒÕâáâÒÕÝÝÞ, ßàÞÒÞÔØÜÞáâì ÞßàÕÔÕÛïÕâáï áÛÕÔãîéØÜ ÒëàÐÖÕÝØÕÜ:

G = gjAj 2 = gjA aj2 + gjA bj2 + 2gRe[A aA �
b] ;

Ga = gjA aj2 ; Gb = gjA bj2 ; Gint = 2gRe[A aA �
b] :

(1.17)

·ÔÕáìg � ÚÞíääØæØÕÝâ ßàÞßÞàæØÞÝÐÛìÝÞáâØ. ÂÐÚØÜ ÞÑàÐ×ÞÜ, ÜÞÖÝÞ ×Ð-
ßØáÐâì:

G = Ga + Gb + Gint : (1.18)

¸× ßàØÒÕÔÕÝÝÞÓÞ ÒëàÐÖÕÝØï ÒØÔÝÞ, çâÞ ßàØáãâáâÒãÕâ ØÝâÕàäÕàÕÝæØÞÝ-
ÝëÙ ÒÚÛÐÔGint Ò Ø×ÜÕàïÕÜãî ÒÕÛØçØÝã. ÂÐÚØÜ ÞÑàÐ×ÞÜ, ÜÐÚàÞáÚÞßØçÕ-
áÚÐï Ø×ÜÕàïÕÜÐï ÒÕÛØçØÝÐ, ßàÞÒÞÔØÜÞáâì, ÞßàÕÔÕÛïÕâáï ÚÒÐÝâÞÒëÜ íä-
äÕÚâÞÜ ØÝâÕàäÕàÕÝæØØ. µáÛØ ØÝâÕàäÕàÕÝæØÞÝÝëÙ ÒÚÛÐÔ ÞÚÐ×ëÒÐÕâáï ÝÕáã-
éÕáâÒÕÝÝëÜ,Gint � 0, âÞ Üë ÒÞ×ÒàÐéÐÕâáï Ú ÜÐÚàÞáÚÞßØçÕáÚÞÙ áØâãÐ-
æØØ, ÚÞÓÔÐ ßàÞÒÞÔØÜÞáâØ áÚÛÐÔëÒÐîâáï.

ºÞÓÔÐ ÖÕ ÝÐçØÝÐîâ áÚÐ×ëÒÐâìáï ÚÒÐÝâÞÒëÕ íääÕÚâë? ´Ûï íâÞÓÞÝãÖ-
Ýë ÔÞáâÐâÞçÝÞ ÝØ×ÚØÕ âÕÜßÕàÐâãàë Ø ÔÞáâÐâÞçÝÞ ÜÐÛëÕ àÐ×ÜÕàë, ßÞâÞÜã
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çâÞ ïÒÛÕÝØÕ ØÝâÕàäÕàÕÝæØØ ÑãÔÕâ áãéÕáâÒÕÝÝëÜ âÞÛìÚÞ Ò âÞÜ áÛãçÐÕ, ÚÞ-
ÓÔÐ íÛÕÚâàÞÝ, ßàÞåÞÔïéØÙ çÕàÕ× áØáâÕÜã, ÞßØáëÒÐÕâáï ÒÞÛÝÞÒÞÙ äãÝÚæØ-
ÕÙ á åÞàÞèÞ ÞßàÕÔÕÛÕÝÝÞÙ äÐ×ÞÙ. ÄÐ×ÞÒÞ-ÚÞÓÕàÕÝâÝÞÕ áÞáâÞïÝØÕ àÐ×àã-
èÐÕâáï ßàØ Ò×ÐØÜÞÔÕÙáâÒØØ íÛÕÚâàÞÝÐ á ÔàãÓØÜØ ÚÒÐ×ØçÐáâØæÐÜØ Ò âÒÕà-
ÔÞÜ âÕÛÕ, ÝÐßàØÜÕà, á ÚÞÛÕÑÐÝØïÜØ ÚàØáâÐÛÛØçÕáÚÞÙ àÕèÕâÚØ� äÞÝÞÝÐ-
ÜØ, àØá.1.11. ¿àØ ßÞÝØÖÕÝØØ âÕÜßÕàÐâãàë ãÜÕÝìèÐÕâáï ÚÞÛØçÕáâÒÞ äÞ-
ÝÞÝÞÒ Ø, áÞÞâÒÕâáâÒÕÝÝÞ, ãÜÕÝìèÐÕâáï ÒÕàÞïâÝÞáâì áâÞÛÚÝÞÒÕÝØï íÛÕÚ-
âàÞÝÞÒ á ÝØÜØ. ¿àØ íâÞÜ ãÒÕÛØçØÒÐÕâáï ÔÛØÝÐ ßàÞÑÕÓÐ íÛÕÚâàÞÝÐ, ÝÐ ÚÞ-
âÞàÞÙ ÞÝ áÞåàÐÝïÕâ äÐ×ÞÒãî ÚÞÓÕàÕÝâÝÞáâì. µáÛØ àÐ×ÜÕà ÞÑàÐ×æÐ ÝÕ ßàÕ-
ÒëèÐÕâ íâã ÔÛØÝã, âÞ ÚÒÐÝâÞÒëÕ íääÕÚâë ÑãÔãâ ßàÞïÒÛïâìáï.

²ÞßàÞáë ÔÛï áÐÜÞßàÞÒÕàÚØ

1) ÇâÞ Ø×ãçÐÕâ ÜÕ×ÞáÚÞßØÚÐ?
2) ºÐÚØÕ ÞÑàÐ×æë áçØâÐîâáï ÜÕ×ÞáÚÞßØçÕáÚØÜØ?
3) ² çÕÜ ÞáÞÑÕÝÝÞáâì ßàÞâÕÚÐÝØï âÞÚÐ çÕàÕ× ÜÕ×ÞáÚÞßØçÕáÚØÙÞÑàÐ×Õæ?
4) ÁßàÐÒÕÔÛØÒ ÛØ ×ÐÚÞÝ ¾ÜÐ ÔÛï ÜÕ×ÞáÚÞßØçÕáÚØå ÞÑàÐ×æÞÒ?
5) ¿àØ ÚÐÚØå ãáÛÞÒØïå ïÒÛÕÝØÕ ØÝâÕàäÕàÕÝæØØ ÒÛØïÕâ ÝÐ íÛÕÚâàÞßàÞÒÞÔ-
ÝÞáâì?
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2. ¼Õ×ÞáÚÞßØçÕáÚÐï áØáâÕÜÐ Ø ÒÝÕèÝïï áàÕÔÐ

¾ÔÝØÜ Ø× áãéÕáâÒÕÝÝëå ÒÞßàÞáÞÒ ïÒÛïÕâáï ÒÞßàÞá Þ âÞÜ, çâÞ, ØÚÐ-
ÚØÜ ÞÑàÐ×ÞÜ ×ÐÔÐÕâ âÕ ÒÝÕèÝØÕ ãáÛÞÒØï, Ò ÚÞâÞàëå ÝÐåÞÔØâáï ÜÕ×ÞáÚÞßØ-
çÕáÚØÙ ÞÑàÐ×Õæ.

2.1. ¾ÑàÐ×Õæ Ø Ø×ÜÕàØâÕÛìÝëÙ ßàØÑÞà

´Ûï Ø×ãçÕÝØï áÒÞÙáâÒ ÜÕ×ÞáÚÞßØçÕáÚÞÓÞ ÞÑàÐ×æÐ (ÔÐÛÕÕ ÑãÔÕÜ ÝÐ-
×ëÒÐâì ÕÓÞÜÕ×ÞáÚÞßØçÕáÚÞÙ áØáâÕÜÞÙ(¼Á) ØÛØ ßàÞáâÞ� áØáâÕÜÞÙ� )
ÝÕÞÑåÞÔØÜÞ âÕÜ ØÛØ ØÝëÜ áßÞáÞÑÞÜ áÞÕÔØÝØâì ÕÓÞ á ÞÔÝÞÙ ØÛØ ÝÕáÚÞÛì-
ÚØÜØ ÜÐÚàÞáÚÞßØçÕáÚØÜØ áØáâÕÜÐÜØ. ½ÐßàØÜÕà, ßàØ Ø×ÜÕàÕÝØØ íÛÕÚâàØ-
çÕáÚØå áÒÞÙáâÒ íÛÕÚâàØçÕáÚØÕ ÚÞÝâÐÚâë ïÒÛïîâáï âÐÚØÜØ ÜÐÚàÞáÚÞßØçÕ-
áÚØÜØ áØáâÕÜÐÜØ, àØá.2.1.

´ÐÝÝÐï ßàÞÑÛÕÜÐ ßÞÛÝÞáâìî ÐÝÐÛÞÓØçÝÐ ßàÞÑÛÕÜÕ� ÚÛÐááØçÕáÚÞÓÞ
ÝÐÑÛîÔÐâÕÛï� Ò ÚÒÐÝâÞÒÞÙ ÜÕåÐÝØÚÕ. ÇâÞÑë ßÞÛãçØâì ÚÐÚãî-ÛØÑÞ ØÝ-
äÞàÜÐæØî Þ ÚÒÐÝâÞÒÞÙ áØáâÕÜÕ, ÝÕÞÑåÞÔØÜÞ, çâÞÑë ÚÒÐÝâÞÒÐïáØáâÕÜÐ
ßàÞÒ×ÐØÜÞÔÕÙáâÒÞÒÐÛÐ á ÚÛÐááØçÕáÚÞÙ áØáâÕÜÞÙ, ïÒÛïîéÕÙáï Ø×ÜÕàØâÕÛì-
ÝëÜ ßàØÑÞàÞÜ. ²ÞÞÑéÕ ÓÞÒÞàï, âÐÚÞÕ Ò×ÐØÜÞÔÕÙáâÒØÕ ×ÝÐçØâÕÛìÝÞ Ø×ÜÕ-
ÝïÕâ áÞáâÞïÝØÕ ÚÒÐÝâÞÒÞÙ áØáâÕÜë.

² çÕÜ ÞáÞÑÕÝÝÞáâì âÐÚÞÙ áØâãÐæØØ Ò ÜÕ×ÞáÚÞßØÚÕ ßÞ áàÐÒÝÕÝØîá
ÜØÚàÞáÚÞßØÚÞÙ? ¾áÞÑÕÝÝÞáâì áÞáâÞØâ Ò âÞÜ, çâÞ ¼ÁßÞáâÞïÝÝÞáÞÕÔØ-
ÝÕÝÐ á ÞÔÝÞÙ ØÛØ ÝÕáÚÞÛìÚØÜØ ÜÐÚàÞáÚÞßØçÕáÚØÜØ áØáâÕÜÐÜØ,ÚÞâÞàëÕ
ØÓàÐîâ àÞÛì ÒÝÕèÝÕÙ áàÕÔë ÔÛï ØááÛÕÔãÕÜÞÓÞ ÞÑàÐ×æÐ. ¼ÐÚàÞáÚÞßØçÕ-
áÚØÕ áØáâÕÜë, Ú ÚÞâÞàëÜ ßÞÔáÞÕÔØÝÕÝ ÞÑàÐ×Õæ, ÝÐÜÝÞÓÞ ßàÕÒÞáåÞÔïâ ßÞ
àÐ×ÜÕàã ØááÛÕÔãÕÜãî áØáâÕÜã. ² ÜÕ×ÞáÚÞßØÚÕ ßàØÝïâÞ ÝÐ×ëÒÐâì íâØ ÜÐÚ-
àÞáÚÞßØçÕáÚØÕ áØáâÕÜë:àÕ×ÕàÒãÐàÐÜØ, ÑÕàÕÓÐÜØØÛØÚÞÝâÐÚâÐÜØ. ÍâØ
àÕ×ÕàÒãÐàë áÛãÖÐâ ØáâÞçÝØÚÞÜ Ø/ØÛØ áâÞÚÞÜ çÐáâØæ Ø íÝÕàÓØØ. ÀÕ×ÕàÒã-
Ðàë ßÞÛÐÓÐîâáï ÝÐáâÞÛìÚÞ ÑÞÛìèØÜØ, çâÞÑë ÞÑÜÕÝ íÝÕàÓØÕÙ Ø/ØÛØ çÐ-
áâØæÐÜØ á ¼Á ÝÕ ÒÛØïÛ ÝÐ Øå áÞáâÞïÝØÕ: Ò ÛîÑÞÙ áØâãÐæØØ íÛÕÚâàÞÝÝëÕ
áØáâÕÜë Ò àÕ×ÕàÒãÐàÐå ÞáâÐîâáï Ò àÐÒÝÞÒÕáÝÞÜ áÞáâÞïÝØØ, åÐàÐÚâÕàØ×ã-
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¼Õ×ÞáÚÞßØçÕáÚÐï áØáâÕÜÐ Ø ÒÝÕèÝïï áàÕÔÐ

T,

T, m

T, m

m MC

ÀØá. 2.1. MC ÒáÕÓÔÐ áÒï×ÐÝÐ á ÞÚàãÖÕÝØÕÜ. ¿ÞÚÐ×ÐÝÞ âàØ ÜÐááØÒ-
Ýëå ßàÞÒÞÔÝØÚÐ, ØÜÕîéØå âÕÜßÕàÐâãàã T Ø íÛÕÚâàÞåØÜØçÕáÚØÙ
ßÞâÕÝæØÐÛ� . ÍâØ ßàÞÒÞÔÝØÚØ ØÓàÐîâ àÞÛì íÛÕÚâàÞÝÝëå àÕ×ÕàÒãÐ-
àÞÒ. ²ÞÛÝØáâëÕ ÛØÝØØ ãáÛÞÒÝÞ ÞÑÞ×ÝÐçÐîâ âÞ, çâÞ MC ÜÞÖÕâ ÞÑ-
ÜÕÝØÒÐâìáï íÝÕàÓØÕÙ Ø íÛÕÚâàÞÝÐÜØ á àÕ×ÕàÒãÐàÐÜØ

ÕÜÞÜ ÞßàÕÔÕÛÕÝÝëÜ ×ÝÐçÕÝØÕÜ âÕÜßÕàÐâãàëT Ø åØÜØçÕáÚÞÓÞ ßÞâÕÝæØÐÛÐ
� . ² çÐáâÝÞáâØ, íÛÕÚâàÞÝë Ò ÑÕàÕÓÐå ÞßØáëÒÐîâáï äÕàÜØÕÒáÚÞÙäãÝÚæØÕÙ
àÐáßàÕÔÕÛÕÝØï, àØá.2.2:

f 0(� p) =
1

1 + e
� p� �
kB T

: (2.1)

·ÔÕáì � p = p2=(2me) � ÚØÝÕâØçÕáÚÐï íÝÕàÓØï íÛÕÚâàÞÝÐ,p � ØÜßãÛìá
íÛÕÚâàÞÝÐ,me = 9:08 � 10� 31ÚÓ� ÜÐááÐ íÛÕÚâàÞÝÐ,kB = 1:38 � 10� 23

´Ö/º � ßÞáâÞïÝÝÐï ±ÞÛìæÜÐÝÐ.
ÄãÝÚæØï àÐáßàÕÔÕÛÕÝØïf 0(� p) ßÞÚÐ×ëÒÐÕâ, ÚÐÚÞÒÐ ÒÕàÞïâÝÞáâì âÞÓÞ,

çâÞ áÞáâÞïÝØÕ á íÝÕàÓØÕÙ� p ÑãÔÕâ ×ÐÝïâ íÛÕÚâàÞÝÞÜ. ¿àØ ÝãÛÕÒÞÙ âÕÜ-
ßÕàÐâãàÕ,T = 0, ÒáÕ áÞáâÞïÝØï á íÝÕàÓØÕÙ ÜÕÝìèÕÙ, çÕÜ� ×ÐßÞÛÝÕÝë,
f 0 = 1, Ð ÒáÕ áÞáâÞïÝØï á íÝÕàÓØÕÙ ÑÞÛìèÕÙ, çÕÜ� áÒÞÑÞÔÝë,f 0 = 0, ßÞ-
íâÞÜã åØÜßÞâÕÝæØÐÛ� � íâÞ ÜÐÚáØÜÐÛìÝÐï íÝÕàÓØï, ÚÞâÞàãî ÜÞÖÕâ ØÜÕâì
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¼Õ×ÞáÚÞßØçÕáÚÐï áØáâÕÜÐ Ø ÒÝÕèÝïï áàÕÔÐ

ep

ep

1

m

1

m

= 0T

T = 0

T4

0

f0

f

ÀØá. 2.2. ÄÕàÜØÕÒáÚÐï äãÝÚæØï àÐáßàÕÔÕÛÕÝØïf 0 ÔÛï íÛÕÚâàÞ-
ÝÞÒ á âÕÜßÕàÐâãàÞÙT Ø åØÜßÞâÕÝæØÐÛÞÜ� . � p � ÚØÝÕâØçÕáÚÐï
íÝÕàÓØï íÛÕÚâàÞÝÐ

íÛÕÚâàÞÝ ßàØ ÝãÛÕÒÞÙ âÕÜßÕàÐâãàÕ. Íâã íÝÕàÓØî ÝÐ×ëÒÐîâ íÝÕàÓØÕÙ ÄÕà-
ÜØ.

² àÐÒÝÞÒÕáÝÞÙ áØâãÐæØØ, ÚÞÓÔÐ ÒáÕ ÑÕàÕÓÐ ØÜÕîâ ÞÔØÝÐÚÞÒãî âÕÜßÕ-
àÐâãàãT Ø åØÜßÞâÕÝæØÐÛ� , Ò áØáâÕÜÕ ÞâáãâáâÒãîâ íÛÕÚâàØçÕáÚØÙ âÞÚ Ø
ßÞâÞÚØ âÕßÛÐ, Ø ÜÕ×ÞáÚÞßØçÕáÚØÙ ÞÑàÐ×Õæ ØÜÕÕâ âÐÚãî ÖÕ âÕÜßÕàÐâãàã Ø
åØÜßÞâÕÝæØÐÛ, ÚÐÚ Ø ÑÕàÕÓÐ:

TC = T ; � C = � : (2.2)

² íâÞÜ áÛãçÐÕ ÒÛØïÝØÕ ÑÕàÕÓÞÒ áÞáâÞØâ Ò âÞÜ, çâÞ Ò ÜÕ×ÞáÚÞßØçÕáÚÞÜ ÞÑ-
àÐ×æÕ ÑãÔãâ ×ÐßÞÛÝÕÝë âÞÛìÚÞ âÕ ãàÞÒÝØ, íÝÕàÓØï ÚÞâÞàëå ÝÕ ßàÕÒëèÐÕâ
ÒÕÛØçØÝã åØÜØçÕáÚÞÓÞ ßÞâÕÝæØÐÛÐ� , àØá.2.3. ÂÐÚÞÕ ×ÐßÞÛÝÕÝØÕ ïÒÛïÕâ-
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¼Õ×ÞáÚÞßØçÕáÚÐï áØáâÕÜÐ Ø ÒÝÕèÝïï áàÕÔÐ

MC

m m

E

1

3

4E

E

5E

E2

E

ÀØá. 2.3. ¿ÞÚÐ×ÐÝÞ ×ÐßÞÛÝÕÝØÕ ãàÞÒÝÕÙ íÝÕàÓØØ Ò MC, áÞÕÔØÝÕÝÝÞÙ á
àÕ×ÕàÒãÐàÐÜØ. ÂÕÜßÕàÐâãàÐ ßÞÛÐÓÐÕâáï àÐÒÝÞÙ ÝãÛî.� � åØÜØçÕáÚØÙ
ßÞâÕÝæØÐÛ íÛÕÚâàÞÝÞÒ Ò àÕ×ÕàÒãÐàÐå. ÃàÞÒÝØE1, E2 ØE3 ×ÐßÞÛÝÕÝë
(çÕàÝëÕ ÚàãÖÞçÚØ), Ð ãàÞÒÝØE4 ØE5 � áÒÞÑÞÔÝë (áÒÕâÛëÕ ÚàãÖÞç-
ÚØ). ´ÒãÚàÐâÝÞÕ ÒëàÞÖÔÕÝØÕ ãàÞÒÝÕÙ íÝÕàÓØØ ÞÑãáÛÞÒÛÕÝÞ ÝÐÛØçØÕÜ ã
íÛÕÚâàÞÝÐ áßØÝÐ

áï áÛÕÔáâÒØÕÜ ÞÑéÕäØ×ØçÕáÚÞÓÞ ßàØÝæØßÐ, áÞÓÛÐáÝÞ ÚÞâÞàÞÜã ×ÐÜÚÝãâÐï
áØáâÕÜÐ, Ò ÝÐèÕÜ áÛãçÐÕ, àÕ×ÕàÒãÐàë ßÛîá ¼Á, áâàÕÜØâáï ßÕàÕÙâØ Ò áÞ-
áâÞïÝØÕ á ÜØÝØÜÐÛìÝÞÙ ßÞÛÝÞÙ íÝÕàÓØÕÙ. ¿ÞíâÞÜã Ò àÐÒÝÞÒÕáÝÞÙ áØâãÐ-
æØØ äãÝÚæØï àÐáßàÕÔÕÛÕÝØï ÔÛï íÛÕÚâàÞÝÞÒ Ò ¼Á ïÒÛïÕâáï äÕàÜØÕÒáÚÞÙ
äãÝÚæØÕÙ àÐáßàÕÔÕÛÕÝØï á âÕÜßÕàÐâãàÞÙ Ø åØÜßÞâÕÝæØÐÛÞÜ àÐÒÝëÜØ, áÞ-
ÞâÒÕâáâÒÕÝÝÞ, âÕÜßÕàÐâãàÕ Ø åØÜßÞâÕÝæØÐÛã ÑÕàÕÓÞÒ.

µáÛØ Ú ÑÕàÕÓÐÜ ßàØÛÞÖÕÝÐ àÐ×ÝÞáâì ßÞâÕÝæØÐÛÞÒ,� ' = ' 1 � ' 2, âÞ
íÛÕÚâàÞåØÜØçÕáÚØÕ ßÞâÕÝæØÐÛë íÛÕÚâàÞÝÞÒ Ò ÑÕàÕÓÐå,� 1 Ø� 2, àÐ×ÛØçÝë:

� 1 6= � 2 ;

� 1 = � + e' 1; � 2 = � + e' 2 :
(2.3)
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m  = m

m  = m+   j m  = m+   j 

I

 21

1 2e e
1 2MC

ÀØá. 2.4. µáÛØ íÛÕÚâàÞåØÜØçÕáÚØÕ ßÞâÕÝæØÐÛë� 1 Ø� 2 ÑÕàÕÓÞÒ
àÐ×ÛØçÝë, âÞ çÕàÕ× ÞÑàÐ×Õæ ßÞâÕçÕâ âÞÚI . ' 1, ' 2 � íÛÕÚâàØçÕáÚØÕ
ßÞâÕÝæØÐÛë, ßàØÛÞÖÕÝÝëÕ Ú ÛÕÒÞÜã Ø ßàÐÒÞÜã ÑÕàÕÓã, áÞÞâÒÕâ-
áâÒÕÝÝÞ

ÁÛÕÔáâÒØÕÜ íâÞÓÞ ïÒÛïÕâáï âÞÚ, âÕÚãéØÙ çÕàÕ× ÞÑàÐ×Õæ, àØá.2.4. ¿àØ íâÞÜ
äãÝÚæØï àÐáßàÕÔÕÛÕÝØï Ò ¼Á ÝÕ ïÒÛïÕâáï àÐÒÝÞÒÕáÝÞÙ Ø, ÒÞÞÑéÕ ÓÞÒÞ-
àï, åØÜßÞâÕÝæØÐÛ ÜÕ×ÞáÚÞßØçÕáÚÞÓÞ ÞÑàÐ×æÐ ÝÕ ÞßàÕÔÕÛÕÝ. °ÝÐÛÞÓØçÝÐï
áØâãÐæØï ØÜÕÕâ ÜÕáâÞ, ÚÞÓÔÐ âÕÜßÕàÐâãàë ÑÕàÕÓÞÒ àÐ×ÛØçÝë,Ø çÕàÕ× ÞÑ-
àÐ×Õæ âÕçÕâ âÕßÛÞÒÞÙ ßÞâÞÚ. ² íâÞÜ áÛãçÐÕ âÕÜßÕàÐâãàÐ íÛÕÚâàÞÝÞÒ Ò ÜÕ-
×ÞáÚÞßØçÕáÚÞÜ ÞÑàÐ×æÕ ÝÕ ÞßàÕÔÕÛÕÝÐ.

½ÕáÜÞâàï ÝÐ âÞ, çâÞ Ò âÞÚÞÒÞÜ áÞáâÞïÝØØ ÜÕ×ÞáÚÞßØçÕáÚÐï áØáâÕÜÐ
áØÛìÝÞ ÝÕàÐÒÝÞÒÕáÝÐ, ÑÕàÕÓÐ Ø Ò íâÞÜ áÛãçÐÕ ÝÐåÞÔïâáï Ò àÐÒÝÞÒÕáØØ. ²
çÐáâÝÞáâØ, íâÞ áÛÕÔãÕâ Ø× âÞÓÞ äÐÚâÐ, çâÞ ÒáÕ ÝÐßàïÖÕÝØÕ ßàØÛÞÖÕÝÞ Ú
¼Á. »ÕÒëÙ ÚÞÝâÐÚâ ØÜÕÕâ ßÞâÕÝæØÐÛ' 1, Ð ßàÐÒëÙ ÚÞÝâÐÚâ ØÜÕÕâ ßÞâÕÝ-
æØÐÛ' 2. ÂÕÜ ÝÕ ÜÕÝÕÕ, ÕáÛØ ÑÕàÕÓÐ áÞÕÔØÝØâì ÜÕÖÔã áÞÑÞÙ, âÞ ßÞâÕçÕâ
âÞÚ, àØá.2.5. ½ÕàÐÒÝÞÒÕáÝÞáâì áÞáàÕÔÞâÞçÕÝÐ Ò ÞçÕÝì ÜÐÛÞÙ ÞÑÛÐáâØ, Ð
ØÜÕÝÝÞ, Ò ßàÕÔÕÛÐå ØááÛÕÔãÕÜÞÓÞ ÜÕ×ÞáÚÞßØçÕáÚÞÓÞ ÞÑàÐ×æÐ, ÓÔÕ ßàÞØá-
åÞÔØâ Ø×ÜÕÝÕÝØÕ ßÞâÕÝæØÐÛÐ Þâ' 1 ÔÞ' 2. ² áØÛã áÞåàÐÝÕÝØï ×ÐàïÔÐ, çÕàÕ×
ÞÑàÐ×Õæ Ø çÕàÕ× ÑÕàÕÓÐ âÕçÕâ ÞÔØÝÐÚÞÒëÙ âÞÚ. ¾ÔÝÐÚÞ, ßÛÞâÝÞáâì âÞÚÐ Ò
ÞÑàÐ×æÕ ÝÐÜÝÞÓÞ ßàÕÒÞáåÞÔØâ ßÛÞâÝÞáâì âÞÚÐ Ò ÑÕàÕÓÐå ÒáÛÕÔáâÒØÕ áãéÕ-
áâÒÕÝÝÞÓÞ àÐ×ÛØçØï Ò ÓÕÞÜÕâàØçÕáÚØå àÐ×ÜÕàÐå. ¸ÜÕÝÝÞ ßÛÞâÝÞáâì âÞÚÐ
åÐàÐÚâÕàØ×ãÕâ áâÕßÕÝì ÝÕàÐÒÝÞÒÕáÝÞáâØ.

½ÕàÐÒÝÞÒÕáÝÞáâì íÛÕÚâàÞÝÞÒ ÜÕ×ÞáÚÞßØçÕáÚÞÓÞ ÞÑàÐ×æÐ åÞàÞèÞ ÒØÔ-
ÝÐ, ÕáÛØ àÐááÜÞâàÕâì äãÝÚæØî àÐáßàÕÔÕÛÕÝØï ßÞ íÝÕàÓØØ. ² ÑÕàÕÓÐå� íâÞ
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m +      /2eV

V

MC

E =      + ej

m -      /2eV

ep

ÀØá. 2.5. ·ÐßÞÛÝÕÝØÕ ãàÞÒÝÕÙ íÝÕàÓØØ Ò áÛãçÐÕ, ÚÞÓÔÐ Ú ÑÕàÕÓÐÜ
ßàØÛÞÖÕÝÐ àÐ×ÝÞáâì ßÞâÕÝæØÐÛÞÒ V. ÁâàÕÛÚÐÜØ ßÞÚÐ×ÐÝÞ ÔÒØÖÕ-
ÝØÕ íÛÕÚâàÞÝÞÒ Þâ ÞÔÝÞÓÞ àÕ×ÕàÒãÐàÐ çÕàÕ× ÜÕ×ÞáÚÞßØçÕáÚãîáØ-
áâÕÜã Ú ÔàãÓÞÜã àÕ×ÕàÒãÐàã

àÐÒÝÞÒÕáÝÐï, äÕàÜØÕÒáÚÐï äãÝÚæØï àÐáßàÕÔÕÛÕÝØï, áÞÞâÒÕâáâÒãîéÐï ÔÐÝ-
ÝÞÜã íÛÕÚâàÞåØÜØçÕáÚÞÜã ßÞâÕÝæØÐÛã:

f i (E) � f 0(E � ' i ) =
1

1 + e
E � � ( ' i )

kB T

;

� (' i ) = � + e' i ; i = 1 ; 2:

(2.4)

·ÔÕáì i = 1 áÞÞâÒÕâáâÒãÕâ ÛÕÒÞÜã ÑÕàÕÓã, Ði = 2 áÞÞâÒÕâáâÒãÕâ ßàÐÒÞÜã
ÑÕàÕÓã,E = � p + e' i � ßÞÛÝÐï íÝÕàÓØï íÛÕÚâàÞÝÐ, ÒÚÛîçÐîéÐï ÚÐÚ ÚØ-
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ÀØá. 2.6. ÄãÝÚæØï àÐáßàÕÔÕÛÕÝØï ÔÛï íÛÕÚâàÞÝÞÒ ÛÕÒÞÓÞf 1 Ø ßàÐ-
ÒÞÓÞf 2 àÕ×ÕàÒãÐàÞÒ, ØÜÕîéØå àÐ×ÛØçÝëÕ íÛÕÚâàØçÕáÚØÕ ßÞâÕÝæØ-
ÐÛë' 1 6= ' 2. ÄãÝÚæØï àÐáßàÕÔÕÛÕÝØï ÔÛï íÛÕÚâàÞÝÞÒ ¼Áf MC Ò
ÞâáãâáâÒØÕ ÝÕãßàãÓÞÙ àÕÛÐÚáÐæØØ.� (� ) � ÒÕàÞïâÝÞáâì âÞÓÞ, çâÞ
íÛÕÚâàÞÝ ßàØèÕÛ Ò ¼Á Ø× ÛÕÒÞÓÞ (ßàÐÒÞÓÞ) àÕ×ÕàÒãÐàÐ. ÂÕÜßÕàÐ-
âãàÐ ßÞÛÐÓÐÕâáï àÐÒÝÞÙ ÝãÛî

ÝÕâØçÕáÚãî íÝÕàÓØî� p, âÐÚ Ø ßÞâÕÝæØÐÛìÝãî íÝÕàÓØîe' . ¾âÜÕâØÜ, çâÞ Ò
âÞÜ áÛãçÐÕ, ÚÞÓÔÐ ßÞâÕÝæØÐÛ' (~r) ÝÕÞÔÝÞàÞÔÝÞ àÐáßàÕÔÕÛÕÝ Ò ßàÞáâàÐÝ-
áâÒÕ, ãÔÞÑÝÕÕ àÐááÜÐâàØÒÐâì Ò ÚÐçÕáâÒÕ ÝÕ×ÐÒØáØÜÞÙ ßÕàÕÜÕÝÝÞÙ ßÞÛÝãî
íÝÕàÓØîE, Ð ÝÕ ÚØÝÕâØçÕáÚãî íÝÕàÓØî� p, ÚÐÚ íâÞ ßàØÝïâÞ ÔÛï ×ÐÜÚÝãâÞÙ
áØáâÕÜë.

² ÞÑàÐ×æÕ ÝÕàÐÒÝÞÒÕáÝÐï äãÝÚæØï àÐáßàÕÔÕÛÕÝØïf MC ÒëàÐÖÐÕâáï
çÕàÕ× äãÝÚæØØf i áÛÕÔãîéØÜ ÞÑàÐ×ÞÜ, àØá.2.6:

f MC (E) = �f 1(E) + �f 2(E) ;

� + � = 1 :
(2.5)

31



¼Õ×ÞáÚÞßØçÕáÚÐï áØáâÕÜÐ Ø ÒÝÕèÝïï áàÕÔÐ

x

j

x

j

V

R
MC

V

/2V/2V

/2 /2/2 /2-V -V

ÀØá. 2.7. ¸×ÜÕÝÕÝØÕ íÛÕÚâàÞáâÐâØçÕáÚÞÓÞ ßÞâÕÝæØÐÛÐ ßàØ ßàÞâÕÚÐÝØØ âÞÚÐ
çÕàÕ× MC (ÛÕÒÐï çÐáâì) Ø çÕàÕ× ÜÐÚàÞáÚÞßØçÕáÚØÙ àÕ×ØáâÞà (ßàÐÒÐï çÐáâì)

·ÔÕáì � (� ) � ÒÕàÞïâÝÞáâì âÞÓÞ, çâÞ íÛÕÚâàÞÝ ßàØèÕÛ Ò ÞÑàÐ×Õæ Ø× ÛÕÒÞ-
ÓÞ (ßàÐÒÞÓÞ) ÑÕàÕÓÐ. ¸× àØáãÝÚÐ2.6ÒØÔÝÞ, çâÞf MC ÝÕ ïÒÛïÕâáï äãÝÚæØÕÙ
àÐáßàÕÔÕÛÕÝØï ÄÕàÜØ. ÂÐÚÞÙ ÒØÔ äãÝÚæØØ àÐáßàÕÔÕÛÕÝØï ÞÑãáÛÞÒÛÕÝ Þâ-
áãâáâÒØÕÜ ÝÕãßàãÓØå ßàÞæÕááÞÒ. ² àÕ×ãÛìâÐâÕ íâÞÓÞ íÛÕÚâàÞÝ, ßàØ ÔÒØÖÕ-
ÝØØ Ø× ÞÔÝÞÓÞ ÑÕàÕÓÐ çÕàÕ× MC Ò ÔàãÓÞÙ ÑÕàÕÓ, áÞåàÐÝïÕâ ßÞÛÝãî íÝÕàÓØî
E.

ÀÐááÜÞâàÕÝÝÞÕ âÞÚÞÒÞÕ áÞáâÞïÝØÕ áãéÕáâÒÕÝÝÞ ÞâÛØçÐÕâáï Þâ ÜÐÚ-
àÞáÚÞßØçÕáÚÞÓÞ âÞÚÞÒÞÓÞ áÞáâÞïÝØï. ² ÜÕ×ÞáÚÞßØçÕáÚÞÜ ÞÑàÐ×æÕ âÞÚÞ-
ÒÞÕ áÞáâÞïÝØÕ ïÒÛïÕâáï áØÛìÝÞ ÝÕàÐÒÝÞÒÕáÝëÜ, ÞÔÝÐÚÞ íâÐ ÝÕàÐÒÝÞÒÕá-
ÝÞáâì áÞáàÕÔÞâÞçÕÝÐ Ò ÝÕÑÞÛìèÞÙ ÞÑÛÐáâØ ßàÞáâàÐÝáâÒÐ� Ò ßàÕÔÕÛÐå ÜÕ-
×ÞáÚÞßØçÕáÚÞÙ áØáâÕÜë. ² ÜÐÚàÞáÚÞßØçÕáÚÞÜ ÖÕ àÕ×ØáâÞàÕ âÞÚÞÒÞÕ áÞ-
áâÞïÝØÕ åÐàÐÚâÕàØ×ãÕâáï ×ÝÐçØâÕÛìÝÞ ÜÕÝìèÕÙ ÝÕàÐÒÝÞÒÕáÝÞáâìî, Ò áØ-
Ûã ÜÕÝìèØå ßÛÞâÝÞáâÕÙ âÞÚÐ, ÚÞâÞàÐï, ÞÔÝÐÚÞ, ×ÐåÒÐâëÒÐÕâ ÜÐÚàÞáÚÞßØ-
çÕáÚØÕ ÞÑÛÐáâØ. ½ÕàÐÒÝÞÒÕáÝÞáâì ßàØáãâáâÒãÕâ âÐÜ, ÓÔÕ Õáâì Ø×ÜÕÝÕÝØÕ
íÛÕÚâàÞáâÐâØçÕáÚÞÓÞ ßÞâÕÝæØÐÛÐ. ÍâÞ ßàÞØÛÛîáâàØàÞÒÐÝÞ ÝÐ àØá.2.7, ÓÔÕ
áåÕÜÐâØçÕáÚØ ßÞÚÐ×ÐÝÞ Ø×ÜÕÝÕÝØÕ íÛÕÚâàÞáâÐâØçÕáÚÞÓÞ ßÞâÕÝæØÐÛÐ: áÚÐç-
ÚÞÞÑàÐ×ÝÞÕ� ßàØ ßàÞâÕÚÐÝØØ âÞÚÐ çÕàÕ× ÜÕ×ÞáÚÞßØçÕáÚãî áØáâÕÜã (ÛÕ-
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ÒÐï çÐáâì) Ø ÝÕßàÕàëÒÝÞÕ� ßàØ ßàÞâÕÚÐÝØØ âÞÚÐ çÕàÕ× ÜÐÚàÞáÚÞßØçÕáÚØÙ
àÕ×ØáâÞà (ßàÐÒÐï çÐáâì).

ÀÕ×îÜØàãï ÒëèÕáÚÐ×ÐÝÝÞÕ, ÜÞÖÝÞ áÚÐ×Ðâì, çâÞ àÕ×ÕàÒãÐàë ×ÐÔÐîâ
âÕ ÒÝÕèÝØÕ ãáÛÞÒØï, Ò ÚÞâÞàëå ÝÐåÞÔØâáï ÜÕ×ÞáÚÞßØçÕáÚØÙ ÞÑàÐ×Õæ. ¼ÐÚ-
àÞáÚÞßØçÕáÚØÕ ÑÕàÕÓÐ, ÞáâÐÒÐïáì Ò àÐÒÝÞÒÕáØØ, ØÝÖÕÚâØàãîâ Ò ÜÕ×ÞáÚÞ-
ßØçÕáÚØÙ ÞÑàÐ×Õæ ßÞâÞÚ çÐáâØæ á äØÚáØàÞÒÐÝÝëÜ, àÐÒÝÞÒÕáÝëÜ ÔÛï ÔÐÝ-
ÝÞÓÞ ÑÕàÕÓÐ àÐáßàÕÔÕÛÕÝØÕÜ ßÞ íÝÕàÓØØ. ² íâÞÜ áÛãçÐÕ ÓÞÒÞàïâ Þ ßàÞâÕ-
ÚÐÝØØ âÞÚÐ ßàØ ×ÐÔÐÝÝëå ÒÝÕèÝØå ãáÛÞÒØïå, âÞ Õáâì ßàØ ×ÐÔÐÝÝëå ßÞâÕÝ-
æØÐÛÐå Ø âÕÜßÕàÐâãàÐå ÝÐåÞÔïéØåáï Ò àÐÒÝÞÒÕáØØ ÑÕàÕÓÞÒ.

2.2. ÄÛãÚâãÐæØØ âÕàÜÞÔØÝÐÜØçÕáÚØå ÒÕÛØçØÝ

¼Õ×ÞáÚÞßØçÕáÚÐï áØáâÕÜÐ ÜÞÖÕâ àÐááÜÐâàØÒÐâìáï ÚÐÚ ßÞÔáØáâÕÜÐ
ÑÞÛìèÞÙ ×ÐÜÚÝãâÞÙ áØáâÕÜë, ÒÚÛîçÐîéÕÙ ÔÐÝÝëÙ ÜÕ×ÞáÚÞßØçÕáÚØÙ ÞÑ-
àÐ×Õæ Ø ÕÓÞ ÑÕàÕÓÐ. ÅÞàÞèÞ Ø×ÒÕáâÝÞ, çâÞ äØ×ØçÕáÚØÕ ÒÕÛØçØÝë, åÐàÐÚ-
âÕàØ×ãîéØÕ ßÞÔáØáâÕÜã, äÛãÚâãØàãîâ. ¿àØçØÝÐ íâÞÓÞ áÞáâÞØâ Ò ÞÑÜÕÝÕ á
ÞÚàãÖÕÝØÕÜ íÝÕàÓØÕÙ Ø çÐáâØæÐÜØ. ½ÐßÞÜÝØÜ, çâÞ ßÞÔ âÕàÜØÝÞÜ � äÛãÚ-
âãØàÞÒÐÝØÕ� ßÞÝØÜÐîâ áÐÜÞßàÞØ×ÒÞÛìÝÞÕ, åÐÞâØçÕáÚÞÕ Ø×ÜÕÝÕÝØÕ ÒÞ ÒàÕ-
ÜÕÝØ ×ÝÐçÕÝØï ÝÕÚÞâÞàÞÙ äØ×ØçÕáÚÞÙ ÒÕÛØçØÝë. ¾ÑãáÛÞÒÛÕÝÞâÐÚÞÕ Ø×-
ÜÕÝÕÝØÕ ÚÐÚ åÐÞâØçÕáÚØÜ ÔÒØÖÕÝØÕÜ çÐáâØæ, áÞáâÐÒÛïîéØå ÞÑàÐ×Õæ, âÐÚ
Ø Ò×ÐØÜÞÔÕÙáâÒØÕÜ á åÐÞâØçÕáÚØ ÔÒØÖãéØÜØáï çÐáâØæÐÜØ ÞÚàãÖÐîéÕÙ
áàÕÔë. ÁÛÕÔãÕâ áÚÐ×Ðâì, çâÞ ßÞÝïâØÕ äÛãÚâãÐæØØ ÔÐÕâ ÚÛîç Ú ßÞÝØÜÐÝØî
âÞÓÞ, ßÞçÕÜã ßàØ ãÜÕÝìèÕÝØØ àÐ×ÜÕàÞÒ âÕÛ ÚÐçÕáâÒÕÝÝÞ Ø×ÜÕÝïîâáï Øå
áÒÞÙáâÒÐ ÕéÕ ×ÐÔÞÛÓÞ ÔÞ âÞÓÞ, ÚÐÚ ÑãÔãâ ÔÞáâØÓÝãâë ÜØÚàÞáÚÞßØçÕáÚØÕ
ÜÐáèâÐÑë.

2.2.1. ÄÛãÚâãÐæØØ çØáÛÐ íÛÕÚâàÞÝÞÒ

ÀÐááÜÞâàØÜ äÛãÚâãÐæØØ çØáÛÐ íÛÕÚâàÞÝÞÒ Ò ßàÞÒÞÔÝØÚÕ á ÝÕÑÞÛì-
èØÜØ àÐ×ÜÕàÐÜØ, áÞÕÔØÝÕÝÝÞÜ á ÜÐÚàÞáÚÞßØçÕáÚØÜ àÕ×ÕàÒãÐàÞÜ. ÍÛÕÚ-
âàÞÝë ÜÞÓãâ ßÕàÕåÞÔØâì Ø× ßàÞÒÞÔÝØÚÐ Ò àÕ×ÕàÒãÐà Ø ÞÑàÐâÝÞ ÒáÛÕÔáâÒØÕ
çÕÓÞ çØáÛÞ çÐáâØæ Ò ÞÑàÐ×æÕN äÛãÚâãØàãÕâ áÞ ÒàÕÜÕÝÕÜ, àØá.2.8. ´Ûï
åÐàÐÚâÕàØáâØÚØ ÞâÚÛÞÝÕÝØï çØáÛÐ çÐáâØæN (t) Ò ÞÑàÐ×æÕ Þâ áÒÞÕÓÞ áàÕÔ-
ÝÕÓÞ ×ÝÐçÕÝØï�N ÒÒÞÔïâ áàÕÔÝØÙ ÚÒÐÔàÐâ äÛãÚâãÐæØÙ çØáÛÐ çÐáâØæh�N 2i ,

33



¼Õ×ÞáÚÞßØçÕáÚÐï áØáâÕÜÐ Ø ÒÝÕèÝïï áàÕÔÐ

t

N

N

ÀØá. 2.8. ÄÛãÚâãÐæØØ çØáÛÐ çÐáâØæN Ò ¼Á, áÒï×ÐÝÝÞÙ á àÕ×ÕàÒã-
ÐàÞÜ. t� ÒàÕÜï,�N � áàÕÔÝÕÕ çØáÛÞ çÐáâØæ Ò ÞÑàÐ×æÕ

ÚÞâÞàëÙ ÞßàÕÔÕÛïÕâáï áÛÕÔãîéØÜ ÒëàÐÖÕÝØÕÜ:

h�N 2i = lim
� t !1

1
� t

� t
�

0

dt[N (t) � �N ]2 : (2.6)

´Ûï ÜÐÛÞÓÞ, ÝÞ, ÒáÕ ÖÕ, ÜÐÚàÞáÚÞßØçÕáÚÞÓÞ ÞÑàÐ×æÐ ÒÕÛØçØÝÐh�N 2i
ÜÞÖÕâ Ñëâì ÒëàÐÖÕÝÐ çÕàÕ×�N Ø ×ÝÐçÕÝØÕ åØÜØçÕáÚÞÓÞ ßÞâÕÝæØÐÛÐ� ÞÑ-
àÐ×æÐ, áÞÒßÐÔÐîéÕÓÞ á åØÜßÞâÕÝæØÐÛÞÜ àÕ×ÕàÒãÐàÐ, áÛÕÔãîéØÜ ÞÑàÐ×ÞÜ
(áÜ. [6]):

h�N 2i = kB T
�

@�N
@�

�

T
: (2.7)

·ÐÒØáØÜÞáâì çØáÛÐ íÛÕÚâàÞÝÞÒ�N Þâ åØÜßÞâÕÝæØÐÛÐ� ÔÛï âàÕåÜÕà-
ÝÞÙ áØáâÕÜë á ÝÕßàÕàëÒÝëÜ áßÕÚâàÞÜ Õáâì:

�N =
(2me� )3=2

3� 2~3 V : (2.8)

·ÔÕáì ~ = h=(2� ), V � ÞÑêÕÜ ÞÑàÐ×æÐ. ¿ÞÛÐÓÐï íÝÕàÓØî ÄÕàÜØ� �
104 K, Ø×ÜÕàïï âÕÜßÕàÐâãàã Ò ÓàÐÔãáÐå, Ð àÐÔØãáR Ò ÐÝÓáâàÕÜÐå (�A), ßÞ-
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ÛãçØÜ áÛÕÔãîéãî ÞæÕÝÚã ÔÛï äÛãÚâãÐæØÙ çØáÛÐ çÐáâØæ Ò ÞÑàÐ×æÕ Ò ÒØÔÕ
èÐàÐ á àÐÔØãáÞÜR:

h�N 2i � 3 � 10� 7 TR3 : (2.9)

² ÜÐÚàÞáÚÞßØçÕáÚÞÙ áØâãÐæØØ äÛãÚâãÐæØØ ÜÐÛë ßÞ áàÐÒÝÕÝØî áÞ
áàÕÔÝØÜ çØáÛÞÜ çÐáâØæ, ÝÞ ÒÕÛØÚØ ßÞ áàÐÒÝÕÝØî á ÕÔØÝØæÕÙ:

1 �
p

h�N 2i � N : (2.10)

¿àÐÒÞÕ ÝÕàÐÒÕÝáâÒÞ ßÞ×ÒÞÛïÕâ ÓÞÒÞàØâì Þ åÞàÞèÞ ÞßàÕÔÕÛÕÝÝÞÜ çØáÛÕ
çÐáâØæ Ò ÞÑàÐ×æÕ, Ð ÛÕÒÞÕ ÝÕàÐÒÕÝáâÒÞ ßÞ×ÒÞÛïÕâ ßàÕÝÕÑàÕÓÐâì ÔØáÚàÕâ-
ÝÞÙ ßàØàÞÔÞÙ ×ÐàïÔÐ.

² ÜÕ×ÞáÚÞßØçÕáÚØå ÞÑàÐ×æÐå ßàÐÒÞÕ ÝÕàÐÒÕÝáâÒÞ ÝÕ ÝÐàãèÐÕâáï, çâÞ
ßÞ×ÒÞÛïÕâ àÐááÜÐâàØÒÐâì Øå ÚÐÚ ÜÐÚàÞáÚÞßØçÕáÚØÕ âÕÛÐ. ¾ÔÝÐÚÞ ÛÕÒÞÕ
ÝÕàÐÒÕÝáâÒÞ ÝÐàãèÐÕâáï:

1 �
p

h�N 2i � N : (2.11)

ÄÛãÚâãÐæØØ çØáÛÐ çÐáâØæ ÝÕ ÜÞÓãâ Ñëâì ÜÕÝìèÕ ÕÔØÝØæë, çÐáâØæÐ ÛØÑÞ
ßÞÚØÝãÛÐ ÞÑàÐ×Õæ, ÛØÑÞ ÝÕâ. ¿ÞíâÞÜã, ÕáÛØh�N 2i , ÒëçØáÛÕÝÝÞÕ á ØáßÞÛì-
×ÞÒÐÝØÕÜ ÜÐÚàÞáÚÞßØçÕáÚØå áÞÞâÝÞèÕÝØÙ, ßàØÑÛØÖÐÕâáï Ú ÕÔØÝØæÕ, âÞ
íâÞ áØÓÝÐÛØ×ØàãÕâ Þ âÞÜ, çâÞ Üë ßÞÔÞèÛØ Ú ÓàÐÝØæÕ ßàØÜÕÝØÜÞáâØ ÜÐÚ-
àÞáÚÞßØçÕáÚÞÓÞ ßÞÔåÞÔÐ Ø ÔÞÛÖÝë ßàØÝØÜÐâì ÒÞ ÒÝØÜÐÝØÕ ÔØáÚàÕâÝãî
ßàØàÞÔã ÒÕéÕáâÒÐ, Ð, áÛÕÔÞÒÐâÕÛìÝÞ, Ø ÚÒÐÝâÞÒëÕ ×ÐÚÞÝë, ÚÞâÞàëÕ ÞßØ-
áëÒÐîâ ßÞÒÕÔÕÝØÕ çÐáâØæ, áÞáâÐÒÛïîéØå ÒÕéÕáâÒÞ.

¸× ÒëàÐÖÕÝØï (2.9) áÛÕÔãÕâ, çâÞ áàÕÔÝØÙ ÚÒÐÔàÐâ äÛãÚâãÐæØÙ áâÐ-
ÝÞÒØâáï áàÐÒÝØÜëÜ á ÕÔØÝØæÕÙ,h�N 2i � 1, ßàØ ÒëßÞÛÝÕÝØØ áÛÕÔãîéÕÓÞ
ãáÛÞÒØï:

h�N 2i � 1 ) TR3 � 3 � 106 K �A3 : (2.12)

¿àØçÕÜ, çÕÜ ÝØÖÕ âÕÜßÕàÐâãàÐ, âÕÜ ÔÛï ÑÞÛÕÕ ÚàãßÝëå ÞÑàÐ×æÞÒ ÔØá-
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ÚàÕâÝÞáâì áâÐÝÞÒØâáï áãéÕáâÒÕÝÝÞÙ. ¿ÞÔçÕàÚÝÕÜ, çâÞ àÕçì ÝÕ ØÔÕâ Þ ÜØÚ-
àÞáÚÞßØçÕáÚØå áØáâÕÜÐå, ÔÛï ÚÞâÞàëå�N � 1Ø ãçÕâ ÔØáÚàÕâÝÞáâØ ïÒÛïÕâ-
áï ßàØÒëçÝëÜ, Ð àÕçì ØÔÕâ Þ, ÚÐ×ÐÛÞáì Ñë, ÜÐÚàÞáÚÞßØçÕáÚØå ÞÑàÐ×æÐå,
Ò ÚÞâÞàëå çØáÛÞ çÐáâØæ ÒáÕ ÕéÕ ÒÕÛØÚÞ�N � 1. ÂÐÚ, ßÞÛÐÓÐï,T � 0:1K ,
ÝÐåÞÔØÜ, çâÞ ãáÛÞÒØÕh�N 2i � 1 ÒëßÞÛÝïÕâáï ÔÛï àÐ×ÜÕàÞÒ

R � 300�A : (2.13)

² âÐÚÞÜ ÞÑàÐ×æÕ áàÕÔÝÕÕ çØáÛÞ íÛÕÚâàÞÝÞÒ ÒÕÛØÚÞ,�N � 1 � 107.
ÁÛÕÔãÕâ áÚÐ×Ðâì, çâÞ íâØ ÞæÕÝÚØ ßàØÒÕÔÕÝë ÔÛï áÛãçÐï áâÐÝÔÐàâÝÞ-

ÓÞ ÜÕâÐÛÛÐ, á ÒëáÞÚÞÙ ßÛÞâÝÞáâìî íÛÕÚâàÞÝÞÒ. ² ÔÕÙáâÒØâÕÛìÝÞáâØ ÖÕ
ÑÞÛìèØÝáâÒÞ ÜÕ×ÞáÚÞßØçÕáÚØå íääÕÚâÞÒ ÝÐÑÛîÔÐÕâáï Ò ßÞÛãßàÞÒÞÔÝØ-
ÚÞÒëå áâàãÚâãàÐå á ÜÐÛÞÙ ßÛÞâÝÞáâìî Ø á ÜÐÛÞÙ íääÕÚâØÒÝÞÙ ÜÐááÞÙ
íÛÕÚâàÞÝÞÒ. ² íâÞÜ áÛãçÐÕ ÔÛØÝÐ ÒÞÛÝë ÔÛï íÛÕÚâàÞÝÞÒ á íÝÕàÓØÕÙ ÒÑÛØ-
×Ø ãàÞÒÝï ÄÕàÜØ áâÐÝÞÒØâáï ÔÞáâÐâÞçÝÞ ÑÞÛìèÞÙ. µáÛØ Ò ÜÕâÐÛÛÕ ÔÛØÝÐ
ÒÞÛÝë äÕàÜØÕÒáÚÞÓÞ íÛÕÚâàÞÝÐ ßÞàïÔÚÐ ÞÔÝÞÓÞ ÐÝÓáâàÕÜÐ, âÞÒ ÔÒãÜÕà-
ÝÞÜ íÛÕÚâàÞÝÝÞÜ ÓÐ×Õ ßÞÛãßàÞÒÞÔÝØÚÞÒëå ÓÕâÕàÞáâàãÚâãà ÔÛØÝÐ ÒÞÛÝë
äÕàÜØÕÒáÚÞÓÞ íÛÕÚâàÞÝÐ ßÞàïÔÚÐ ÔÕáïâÚÞÒ ÝÐÝÞÜÕâàÞÒ, çâÞ ×ÝÐçØâÕÛìÝÞ
ÞÑÛÕÓçÐÕâ ÝÐÑÛîÔÕÝØÕ àÐ×ÛØçÝÞÓÞ àÞÔÐ ØÝâÕàäÕàÕÝæØÞÝÝëå íääÕÚâÞÒ. ²
âÐÚÞÜ ÓÐ×Õ íääÕÚâØÒÝÐï ÜÐááÐ íÛÕÚâàÞÝÐ ÜÐÛÐ,m� = 0:067me. ºÐÚ áÛÕÔ-
áâÒØÕ, ÚàØâØçÕáÚØÙ àÐ×ÜÕà ÞÑàÐ×æÐ ßàØT � 0:1º áâÐÝÞÒØâáï ×ÝÐçØâÕÛì-
ÝÞ ÑÞÛìèØÜ Ø ãÖÕ ÜÞÖÕâ áÞáâÐÒÛïâì0:1ÜÚÜ.

´ÐÛÕÕ, ÝÐ ßàØÜÕàÕ âÕÜßÕàÐâãàë, Üë ßÞÚÐÖÕÜ, çâÞ á ãÜÕÝìèÕÝØÕÜ
àÐ×ÜÕàÞÒ ÞÑàÐ×æÐ ÒÞ×ÝØÚÐÕâ áØâãÐæØï, ÚÞÓÔÐ áàÕÔÝÕÚÒÐÔàÐâØçÝÞÕ ÞâÚÛÞ-
ÝÕÝØÕ áàÐÒÝØÒÐÕâáï áÞ ×ÝÐçÕÝØÕÜ áÐÜÞÙ äÛãÚâãØàãîéÕÙ äØ×ØçÕáÚÞÙ ÒÕ-
ÛØçØÝë. ² íâÞÜ áÛãçÐÕ âÐÚÐï ÒÕÛØçØÝÐ ãÖÕ ÝÕ ÜÞÖÕâ Ñëâì ØáßÞÛì×ÞÒÐÝÐ
ÔÛï åÐàÐÚâÕàØáâØÚØ áÒÞÙáâÒ ÜÕ×ÞáÚÞßØçÕáÚÞÙ áØáâÕÜë.

2.2.2. ÄÛãÚâãÐæØØ âÕÜßÕàÐâãàë

ÁàÕÔÝØÙ ÚÒÐÔàÐâ äÛãÚâãÐæØÙ âÕÜßÕàÐâãàëh� T2i íÛÕÚâàÞÝÞÒ á ÝÕßàÕ-
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àëÒÝëÜ áßÕÚâàÞÜ ÞßàÕÔÕÛïÕâáï ÒëàÐÖÕÝØÕÜ (áÜ. [1], [6]):

h� T2i =
kB T2

Cv
; (2.14)

ÓÔÕCv � âÕßÛÞÕÜÚÞáâì íÛÕÚâàÞÝÝÞÓÞ ÓÐ×Ð ßàØ ßÞáâÞïÝÝÞÜ ÞÑêÕÜÕ. ¼ë
àÐááÜÐâàØÒÐÕÜ âÞÛìÚÞ íÛÕÚâàÞÝÝëÙ ÒÚÛÐÔ Ò âÕßÛÞÕÜÚÞáâì, ßÞáÚÞÛìÚã ßàØ
ÝØ×ÚØå âÕÜßÕàÐâãàÐå àÕèÕâÞçÝëÜ ÒÚÛÐÔÞÜ ÜÞÖÝÞ ßàÕÝÕÑàÕçì.½ÐßÞÜ-
ÝØÜ, çâÞ íÛÕÚâàÞÝÝÐï âÕßÛÞÕÜÚÞáâì ßàÞßÞàæØÞÝÐÛìÝÐ ßÕàÒÞÙáâÕßÕÝØ âÕÜ-
ßÕàÐâãàë, Ð àÕèÕâÞçÝÐï� T3.

ÃçØâëÒÐï, çâÞ íÛÕÚâàÞÝÝÐï âÕßÛÞÕÜÚÞáâì Õáâì:

Cv =
� 2

3
k2

B T
@�N
@�

; (2.15)

ßÞÛãçØÜ:

h� T2i
T2 =

1
T

3kB

� 2@�N=@�
: (2.16)

¿ÞÔáâÐÒÛïï�N Ø× ãàÐÒÝÕÝØï (2.8) ÝÐÙÔÕÜ, çâÞ ãáÛÞÒØÕ

p
h� T2i � T ; (2.17)

ÔÞáâØÓÐÕâáï ßàØ áÛÕÔãîéÕÜ áÞÞâÝÞèÕÝØØ ÜÕÖÔã âÕÜßÕàÐâãàÞÙT Ø àÐ×-
ÜÕàÞÜR áäÕàØçÕáÚÞÓÞ ÞÑàÐ×æÐ:

TR3 � 1 � 105K �A3 : (2.18)

·ÔÕáì àÐÔØãá ÞÑàÐ×æÐ ÒëàÐÖÕÝ Ò ÐÝÓáâàÕÜÐå�A, � � 104 K. ¿àØ âÕÜßÕ-
àÐâãàÕT � 0:1K Ø× ãáÛÞÒØï (2.18) Üë ßÞÛãçÐÕÜ ÚàØâØçÕáÚØÙ àÐ×ÜÕà,
R � 100 �A, çâÞ ßÞ ßÞàïÔÚã ÒÕÛØçØÝë áÞÒßÐÔÐÕâ áÞ ×ÝÐçÕÝØÕÜ, ßàØÒÕÔÕÝ-
ÝëÜ Ò ÒëàÐÖÕÝØØ (2.13).

ÂÐÚØÜ ÞÑàÐ×ÞÜ, ÝÐ ßàØÜÕàÕ âÕàÜÞÔØÝÐÜØçÕáÚØå äÛãÚâãÐæØÙ ÜëßÞ-
ÚÐ×ÐÛØ, çâÞ ßàØ ßÞÝØÖÕÝØØ âÕÜßÕàÐâãàë Ø ãÜÕÝìèÕÝØØ àÐ×ÜÕàÞÒ ÞÑàÐ×æÐ
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Üë áâÐÛÚØÒÐÕÜáï á ÝÞÒëÜ àÕÖØÜÞÜ. ÍâÞâ, ÜÕ×ÞáÚÞßØçÕáÚØÙ àÕÖØÜ åÐ-
àÐÚâÕàØ×ãÕâáï âÕÜ, çâÞ ßàØ ÞßØáÐÝØØ áÒÞÙáâÒ ÕéÕ ÒßÞÛÝÕ ÜÐÚàÞáÚÞßØçÕ-
áÚØå ÞÑàÐ×æÞÒ ÝÕÞÑåÞÔØÜÞ ãÖÕ ßàØÜÕÝïâì ÚÒÐÝâÞÒÞ-ÜÕåÐÝØçÕáÚØÙ ßÞÔ-
åÞÔ.

½ØÖÕ Üë àÐááÜÞâàØÜ âÐÚØÕ ÐáßÕÚâë ÚÒÐÝâÞÒÞ-ÜÕåÐÝØçÕáÚÞÓÞ ßÞÒÕ-
ÔÕÝØï, ÚÐÚ äÐ×ÞÒÐï ÚÞÓÕàÕÝâÝÞáâì, ÚÒÐÝâÞÒÐÝØÕ áßÕÚâàÐ Ø ÚÒÐÝâÞÒÐÝØÕ
×ÐàïÔÐ, ÚÞâÞàëÕ ïÒÛïîâáï ÝÐØÑÞÛÕÕ áãéÕáâÒÕÝÝëÜØ ÔÛï ÑÞÛìèØÝáâÒÐ ÜÕ-
×ÞáÚÞßØçÕáÚØå ïÒÛÕÝØÙ.

²ÞßàÞáë ÔÛï áÐÜÞßàÞÒÕàÚØ

1) ºÐÚÞÒÐ àÞÛì íÛÕÚâàÞÝÝëå àÕ×ÕàÒãÐàÞÒ?
2) ÇâÞ âÐÚÞÕ äãÝÚæØï àÐáßàÕÔÕÛÕÝØï? ºÐÚÞÒÐ äãÝÚæØï àÐáßàÕÔÕÛÕÝØï
íÛÕÚâàÞÝÞÒ Ò ÜÕ×ÞáÚÞßØçÕáÚØÜ ÞÑàÐ×æÕ, áÞÕÔØÝÕÝÝÞÜ á àÕ×ÕàÒãÐàÐÜØ?
3) ¾åÐàÐÚâÕàØ×ÞÒÐâì ×ÐßÞÛÝÕÝØÕ ãàÞÒÝÕÙ Ò ÜÕ×ÞáÚÞßØçÕáÚØÜÞÑàÐ×æÕ ßàØ
ÝãÛÕÒÞÙ âÕÜßÕàÐâãàÕ.
4) ÇÕÜ ÞâÛØçÐÕâáï âÞÚÞÒÞÕ áÞáâÞïÝØÕ Ò ÜÕ×ÞáÚÞßØçÕáÚÞÜ ÞÑàÐ×æÕ Þâ âÞ-
ÚÞÒÞÓÞ áÞáâÞïÝØï Ò ÜÐÚàÞáÚÞßØçÕáÚÞÜ ÞÑàÐ×æÕ?
5) ² çÕÜ ÞáÞÑÕÝÝÞáâì äÛãÚâãÐæØÙ âÕàÜÞÔØÝÐÜØçÕáÚØå ÒÕÛØçØÝÜÕ×ÞáÚÞ-
ßØçÕáÚØå ÞÑàÐ×æÞÒ?
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3. ÄÐ×ÞÒÐï ÚÞÓÕàÕÝâÝÞáâì Ø ßàÞÒÞÔØÜÞáâì

½ØÖÕ Üë ÞáâÐÝÞÒØÜáï ÝÐ âÕå ãáÛÞÒØïå, ÚÞâÞàëÕ ÝÕÞÑåÞÔØÜë ÔÛïâÞ-
ÓÞ, çâÞÑë ÚÒÐÝâÞÒëÕ áÒÞÙáâÒÐ ÝÞáØâÕÛÕÙ âÞÚÐ ßàÞïÒØÛØáì Ò íÛÕÚâàÞßàÞ-
ÒÞÔÝÞáâØ ÜÕ×ÞáÚÞßØçÕáÚÞÓÞ ÞÑàÐ×æÐ.

3.1. ÃàÐÒÝÕÝØÕ ÈàÕÔØÝÓÕàÐ Ø ÞÔÝÞçÐáâØçÝÞÕ
ßàØÑÛØÖÕÝØÕ

¾ÔÝØÜ Ø× ÓÛÐÒÝëå ÐáßÕÚâÞÒ ÚÒÐÝâÞÒÞ-ÜÕåÐÝØçÕáÚÞÓÞ ßÞÒÕÔÕÝØï çÐ-
áâØæ ïÒÛïÕâáï ÒÞÛÝÞÒÞÙ åÐàÐÚâÕà ÔÒØÖÕÝØï. ÍâÞ ÞâàÐÖÕÝÞ Ò ÞáÝÞÒÝÞÜ
ãàÐÒÝÕÝØØ (ÝÕàÕÛïâØÒØáâáÚÞÙ) ÚÒÐÝâÞÒÞÙ ÜÕåÐÝØÚØ� ãàÐÒÝÕÝØØ ÈàÕ-
ÔØÝÓÕàÐ:

i~
@ (t; r )

@t
= H (t; r ) : (3.1)

·ÔÕáì  (t; r ) � ÒÞÛÝÞÒÐï äãÝÚæØï, ÞßØáëÒÐîéÐï áÞáâÞïÝØÕ ÚÒÐÝâÞÒÞÙ
çÐáâØæë,r = ( x; ; y; z) � àÐÔØãá-ÒÕÚâÞà,H � ÞßÕàÐâÞà íÝÕàÓØØ (ÓÐÜØÛì-
âÞÝØÐÝ):

H = H 0 + U(t; r ) ; (3.2)

áÞáâÞïéØÙ Ø× ÚØÝÕâØçÕáÚÞÙ çÐáâØ:

H 0 = � ~2

2me
� ;

� = @2

@x2 + @2

@y2 + @2

@z2 ;
(3.3)

áÞÞâÒÕâáâÒãîéÕÙ ÔÒØÖÕÝØî íÛÕÚâàÞÝÐ, Ø ßÞâÕÝæØÐÛìÝÞÙ çÐáâØ U(t,r), ÞßØ-
áëÒÐîéÕÙ Ò×ÐØÜÞÔÕÙáâÒØÕ íÛÕÚâàÞÝÐ á ÞÚàãÖÕÝØÕÜ.
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² áâÐæØÞÝÐàÝëå ãáÛÞÒØïå, ÚÞÓÔÐ ßÞâÕÝæØÐÛìÝÐï íÝÕàÓØï ÝÕ ×ÐÒØáØâ
Þâ ÒàÕÜÕÝØ,

U = U(r ) ; (3.4)

íÝÕàÓØïE íÛÕÚâàÞÝÐ áÞåàÐÝïÕâáï âÐÚ ÖÕ, ÚÐÚ Ø Ò áÛãçÐÕ áÒÞÑÞÔÝÞÓÞ ÔÒØ-
ÖÕÝØï, Ø ÒÞÛÝÞÒãî äãÝÚæØî ÜÞÖÝÞ ßàÕÔáâÐÒØâì Ò áÛÕÔãîéÕÜ ÒØÔÕ:

 (t; r ) = e� iEt= ~ (r ) ; (3.5)

ÓÔÕ (r ) ãÔÞÒÛÕâÒÞàïÕâ áÛÕÔãîéÕÜã ãàÐÒÝÕÝØî ÈàÕÔØÝÓÕàÐ:

�
�

~2

2m
� + U(r )

�
 (r ) = E (r ) : (3.6)

´Ûï íÛÕÚâàÞÝÐ, áÒÞÑÞÔÝÞ ÔÒØÖãéÕÓÞáï Ò ßãáâÞÜ ßàÞáâàÐÝáâÒÕU = 0,
ÒÞÛÝÞÒÐï äãÝÚæØØ Õáâì:

 (t; r ) = e� iEt= ~+ ipr =~ : (3.7)

·ÔÕáì p � ÒÕÚâÞà ØÜßãÛìáÐ íÛÕÚâàÞÝÐ. ÍâÐ ÒÞÛÝÞÒÐï äãÝÚæØï áÞÞâÒÕâ-
áâÒãÕâ çÐáâØæÕ, ÔÒØÖãéÕÙáï ÒÔÞÛì ÝÐßàÐÒÛÕÝØï, ×ÐÔÐÒÐÕÜÞÓÞ ÒÕÚâÞàÞÜ
p, áÞ áÚÞàÞáâìîv = p=me.

² ÞÑéÕÜ áÛãçÐÕ ÔÛï ÞßàÕÔÕÛÕÝØï ÒÞÛÝÞÒÞÙ äãÝÚæØØ ÝÕÞÑåÞÔØÜÞãàÐÒ-
ÝÕÝØÕ ÈàÕÔØÝÓÕàÐ ÔÞßÞÛÝØâì ÓàÐÝØçÝëÜØ ãáÛÞÒØïÜØ. ½ÐßàØÜÕà, ÕáÛØ ÓàÐ-
ÝØæë ÞÑàÐ×æÐ ÝÕßàÞÝØæÐÕÜëÕ ÔÛï íÛÕÚâàÞÝÐ, âÞ ÒÞÛÝÞÒÐï äãÝÚæØï ÔÞÛÖ-
ÝÐ ÞÑàÐéÐâìáï Ò ÝãÛì ÝÐ ÓàÐÝØçÝÞÙ ßÞÒÕàåÝÞáâØ� :

 (r 2 �) = 0 : (3.8)

ºàÞÜÕ âÞÓÞ, ÒÞÛÝÞÒÐï äãÝÚæØï ÔÞÛÖÝÐ Ñëâì áÞÞâÒÕâáâÒãîéØÜ ÞÑàÐ×ÞÜ
ÝÞàÜØàÞÒÐÝÐ. ºÒÐÔàÐâ ÒÞÛÝÞÒÞÙ äãÝÚæØØ ÞßàÕÔÕÛïÕâ ßÛÞâÝÞáâì ÒÕàÞïâ-
ÝÞáâØ ÞÑÝÐàãÖÕÝØï çÐáâØæë Ò ×ÐÔÐÝÝÞÙ âÞçÚÕ ßàÞáâàÐÝáâÒÐ, ßÞíâÞÜã áÞ-
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ÞâÒÕâáâÒãîéØÙ ØÝâÕÓàÐÛ ßÞ ÒáÕÙ ÔÞáâãßÝÞÙ ÔÛï çÐáâØæë çÐáâØßàÞáâàÐÝ-
áâÒÐV ÔÞÛÖÕÝ Ñëâì àÐÒÕÝ ÕÔØÝØæÕ:

�

V
dVj (r )j2 = 1 : (3.9)

¸áßÞÛì×ãï ãàÐÒÝÕÝØï (3.6), (3.8) Ø (3.9), ÜÞÖÝÞ ÞßàÕÔÕÛØâì áßÕÚâà
àÐ×àÕèÕÝÝëå áÞáâÞïÝØÙ i , i=1,2,... ÔÛï íÛÕÚâàÞÝÐ Ò àÐááÜÐâàØÒÐÕÜÞÙ áØ-
áâÕÜÕ Ø áÞÞâÒÕâáâÒãîéØÕ ØÜ íÝÕàÓØØE i . ½ÕÚÞâÞàëÕ ßàØÜÕàë ÑãÔãâ àÐá-
áÜÞâàÕÝë ÝØÖÕ. ¾ÔÝÐÚÞ, ×ÝÐÝØÕ âÞÛìÚÞ áßÕÚâàÐ ÝÕ ÔÞáâÐâÞçÝÞÔÛï ÞßØáÐ-
ÝØï áÒÞÙáâÒ áØáâÕÜë.

¼Õ×ÞáÚÞßØçÕáÚÐï áØáâÕÜÐ ÞÑëçÝÞ áÞÔÕàÖØâ ÜÝÞÓÞ íÛÕÚâàÞÝÞÒ. ÍÛÕÚ-
âàÞÝë ïÒÛïîâáï ÄÕàÜØ-çÐáâØæÐÜØ, ßÞíâÞÜã Ò ÞÔÝÞÜ ÚÒÐÝâÞÒÞÜáÞáâÞï-
ÝØØ ÜÞÖÕâ ÝÐåÞÔØâáï ÝÕ ÑÞÛÕÕ ÞÔÝÞÙ çÐáâØæë. ² áÒï×Ø á íâØÜ ÝÕÞÑåÞÔØ-
ÜÞ âÐÚÖÕ ×ÝÐâì, ÚÐÚØÕ Ø× ãàÞÒÝÕÙ íÝÕàÓØØ ×ÐÝïâë íÛÕÚâàÞÝÐÜØ, Ð ÚÐÚØÕ
áÒÞÑÞÔÝë. ¾âÒÕâ ÝÐ íâÞâ ÒÞßàÞá ÔÐÕâ äãÝÚæØï àÐáßàÕÔÕÛÕÝØï,f (E). ÍâÐ
äãÝÚæØï ßÞÚÐ×ëÒÐÕâ, ÚÐÚÞÒÐ ÒÕàÞïâÝÞáâì âÞÓÞ, çâÞ ÔÐÝÝëÙ ãàÞÒÕÝì íÝÕà-
ÓØØE ×ÐÝïâ.

² áÞáâÞïÝØØ âÕàÜÞÔØÝÐÜØçÕáÚÞÓÞ àÐÒÝÞÒÕáØï, ÕáÛØ ÜÕ×ÞáÚÞßØçÕáÚÐï
áØáâÕÜÐ ÜÞÖÕâ ÞÑÜÕÝØÒÐâìáï íÝÕàÓØÕÙ Ø çÐáâØæÐÜØ á àÕ×ÕàÒãÐàÞÜ, âÞ äãÝÚ-
æØï àÐáßàÕÔÕÛÕÝØï ÔÛï íÛÕÚâàÞÝÞÒ ÜÕ×ÞáÚÞßØçÕáÚÞÓÞ ÞÑàÐ×æÐ ïÒÛïÕâáï
äãÝÚæØï àÐáßàÕÔÕÛÕÝØï ÄÕàÜØ, àØá.2.2. ¿àØ ÝãÛÕÒÞÙ âÕÜßÕàÐâãàÕ àÐÒ-
ÝÞÒÕáÝÞÕ ×ÐßÞÛÝÕÝØÕ íÝÕàÓÕâØçÕáÚØå áÞáâÞïÝØÙ Ò ÜÕ×ÞáÚÞßØçÕáÚÞÜ ÞÑ-
àÐ×æÕ, ÚÞÝâÐÚâØàãîéÕÜ á àÕ×ÕàÒãÐàÐÜØ, Ø×ÞÑàÐÖÕÝÞ ÝÐ àØá.2.3.

¿àØÑÛØÖÕÝØÕ, ÞáÝÞÒÐÝÝÞÕ ÝÐ ØáßÞÛì×ÞÒÐÝØØ ÞÔÝÞçÐáâØçÝÞÓÞãàÐÒ-
ÝÕÝØï ÈàÕÔØÝÓÕàÐ Ø äÕàÜØÕÒáÚÞÙ äãÝÚæØØ àÐáßàÕÔÕÛÕÝØï, ÑãÔÕÜ ÝÐ×ë-
ÒÐâì ßàØÑÛØÖÕÝØÕÜ ÝÕÒ×ÐØÜÞÔÕÙáâÒãîéØå íÛÕÚâàÞÝÞÒ. ²Þ ÜÝÞÓØå áÛã-
çÐïå âÐÚÞÕ ßàØÑÛØÖÕÝØÕ ßÞ×ÒÞÛïÕâ ßàÐÒØÛìÝÞ ÞßØáÐâì ÝÐÑÛîÔÐÕÜëÕ íä-
äÕÚâë ØÛØ, ßÞ ÚàÐÙÝÕÙ ÜÕàÕ, ßÞ×ÒÞÛïÕâ ÔÐâì ÝÐÓÛïÔÝãî äØ×ØçÕáÚãî ÚÐà-
âØÝã Ø ÞßØáÐâì ïÒÛÕÝØÕ ÝÐ ÚÐçÕáâÒÕÝÝÞÜ ãàÞÒÝÕ.

¿àØÑÛØÖÕÝØÕ ÝÕÒ×ÐØÜÞÔÕÙáâÒãîéØå íÛÕÚâàÞÝÞÒ ÔÞÒÞÛìÝÞ åÞàÞèÞ
àÐÑÞâÐÕâ Ò ÜÐÚàÞáÚÞßØçÕáÚØå âÒÕàÔëå âÕÛÐå, ÝÕáÜÞâàï ÝÐ âÞ,çâÞ ÚÞÝ-
æÕÝâàÐæØï íÛÕÚâàÞÝÞÒ ÔÞÒÞÛìÝÞ ÒëáÞÚÐ Ø, ÚÐ×ÐÛÞáì Ñë, Ò×ÐØÜÞÔÕÙáâÒØÕ
ÜÕÖÔã çÐáâØæÐÜØ ÔÞÛÖÝÞ áãéÕáâÒÕÝÝÞ ÒÛØïâì ÝÐ áÒÞÙáâÒÐ áØáâÕÜë. ¾Ñê-
ïáÝÕÝØÕ íâÞÜã ÔÐÕâ âÕÞàØï ÄÕàÜØ-ÖØÔÚÞáâØ »ÐÝÔÐã [8]. ´ÕÙáâÒØâÕÛìÝÞ,
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Ò×ÐØÜÞÔÕÙáâÒØÕ ÜÕÖÔã íÛÕÚâàÞÝÐÜØ ÒÐÖÝÞ Ø âÐÚÞÕ Ò×ÐØÜÞÔÕÙáâÒØÕ ßàØ-
ÒÞÔØâ Ú âÞÜã, çâÞ íÛÕÚâàÞÝë Ò ÜÕâÐÛÛÕ áÞáâÐÒÛïîâ Ò×ÐØÜÞÔÕÙáâÒãîéãî
áØáâÕÜã çÐáâØæ ØÛØ ÚÒÐÝâÞÒãî ÄÕàÜØ-ÖØÔÚÞáâì. ¾ÔÝÐÚÞ, áãéÕáâÒÕÝÝÞÕ
ãßàÞéÕÝØÕ áÞáâÞØâ Ò âÞÜ, çâÞ ßàØ ÜÐÛëå ßÞ áàÐÒÝÕÝØî á âÕÜßÕàÐâãàÞÙ
ÒëàÞÖÔÕÝØï ÄÕàÜØ-áØáâÕÜë íÝÕàÓØïå, Ð ÔÛï ÜÕâÐÛÛÞÒ âÕÜßÕàÐâãàÐ Òë-
àÞÖÔÕÝØï ßÞàïÔÚÐ íÝÕàÓØØ ÄÕàÜØ Ø áÞáâÐÒÛïÕâ104 K , ÜÝÞÓÞçÐáâØçÝëÙ
áßÕÚâà áØáâÕÜë ÜÞÖÕâ Ñëâì ßàÕÔáâÐÒÛÕÝ ÚÐÚ ÞÔÝÞçÐáâØçÝëÙ áßÕÚâà ÝÕÚÞ-
âÞàëå ÒÞ×ÑãÖÔÕÝØÙ, ÚÞâÞàëÕ ÝÕ Ò×ÐØÜÞÔÕÙáâÒãîâ ÜÕÖÔã áÞÑÞÙ. ÂÐÚØÕ ÒÞ×-
ÑãÖÔÕÝØï ÝÐ×ëÒÐîâ� ÚÒÐ×ØçÐáâØæÐÜØ� . ºÒÐ×ØçÐáâØæë ØÜÕîâ áßØÝ1=2,
ÚÐÚ Ø àÕÐÛìÝëÕ íÛÕÚâàÞÝë. ¾ÔÝÐÚÞ, ÞÝØ ÜÞÓãâ ØÜÕâì ×ÐàïÔ ÛØÑÞe, âÞ-
ÓÔÐ Øå ÝÐ×ëÒÐîâ ÚÒÐ×ØíÛÕÚâàÞÝÐÜØ, ÛØÑÞ� e, âÞÓÔÐ Øå ÝÐ×ëÒÐîâ ÚÒÐ×Ø-
ÔëàÚÐÜØ (ØÛØ ßàÞáâÞ ÔëàÚÐÜØ). ¼ÐááÐ ÚÒÐ×ØçÐáâØæm� ÜÞÖÕâ ÞâÛØçÐâì-
áï Þâ ÜÐááë áÒÞÑÞÔÝÞÓÞ íÛÕÚâàÞÝÐme. ½ÐßàØÜÕà, Ò ÔÒãÜÕàÝÞÜ íÛÕÚâàÞÝ-
ÝÞÜ ÓÐ×Õ, áãéÕáâÒãîéÕÜ ÝÐ ÓàÐÝØæÕ àÐ×ÔÕÛÐ GaAs/AlGaAs, íääÕÚâØÒÝÐï
ÜÐááÐ íÛÕÚâàÞÝÐm� = 0:067me. Á ãçÕâÞÜ íâÞÓÞ, Üë ÜÞÖÕÜ ØáßÞÛì×ÞÒÐâì
ãàÐÒÝÕÝØÕ ÈàÕÔØÝÓÕàÐ (3.6), ÕáÛØ ÜÐááã íÛÕÚâàÞÝÐme ×ÐÜÕÝØÜ ÝÐ íä-
äÕÚâØÒÝãî ÜÐááãm� .

3.2. ´ÛØÝÐ áÑÞï äÐ×ë íÛÕÚâàÞÝÐ

ÁÕÙçÐá Üë ßÕàÕåÞÔØÜ Ú àÐááÜÞâàÕÝØî ÞÔÝÞÓÞ Ø× ÚÛîçÕÒëå ãáÛÞÒØÙ
ÝÐÑÛîÔÕÝØï ÜÕ×ÞáÚÞßØçÕáÚØå íääÕÚâÞÒ. ÍâÞ ãáÛÞÒØÕ áÞáâÞØâÒ áÞåàÐÝÕ-
ÝØØ äÐ×ÞÒÞÙ ÚÞÓÕàÕÝâÝÞáâØ íÛÕÚâàÞÝÞÜ, àÐáßàÞáâàÐÝïîéØÜáï çÕàÕ× ÜÕ-
×ÞáÚÞßØçÕáÚØÙ ÞÑàÐ×Õæ. ³ÞÒÞàïâ, çâÞ íÛÕÚâàÞÝ áÞåàÐÝïÕâ äÐ×ÞÒãî ÚÞÓÕ-
àÕÝâÝÞáâì, ÕáÛØ ÕÓÞ áÞáâÞïÝØÕ ÜÞÖÕâ Ñëâì ÞßØáÐÝÞ á ßÞÜÞéìî ÒÞÛÝÞ-
ÒÞÙ äãÝÚæØØ. ÂÞÓÔÐ, ×ÐÔÐÒ äÐ×ã ÒÞÛÝÞÒÞÙ äãÝÚæØØ Ò ÚÐÚÞÙ-ÛØÑÞ âÞçÚÕ
ßàÞáâàÐÝáâÒÐ, Ø, ØáßÞÛì×ãï ãàÐÒÝÕÝØÕ ÈàÕÔØÝÓÕàÐ, ÒÞ×ÜÞÖÝÞ ÞÔÝÞ×ÝÐç-
ÝÞ ÞßàÕÔÕÛØâì äÐ×ã ÒÞÛÝÞÒÞÙ äãÝÚæØØ íÛÕÚâàÞÝÐ ÒÞ ÒáÕÜ ÔÞáâãßÝÞÜ ÔÛï
ÝÕÓÞ ßàÞáâàÐÝáâÒÕ.

3.2.1. ¿ÞçÕÜã ÒÐÖÝÐ äÐ×Ð ÒÞÛÝÞÒÞÙ äãÝÚæØØ?

ÀÐááÜÞâàØÜ ÞÑàÐ×Õæ Ò äÞàÜÕ ÚÞÛìæÐ àØá.3.1. ´Ûï àÐáßàÞáâàÐÝÕÝØï
íÛÕÚâàÞÝÐ Ø× âÞçÚØ A Ò âÞçÚã B ØÜÕÕâáï ÔÒÐ ßãâØ,L1 ØL2. ´ÒØÓÐïáì Ø× ÛÕ-
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A B

L1

L2

ÀØá. 3.1. ¿àÞåÞÖÔÕÝØÕ íÛÕÚâàÞÝÝÞÙ ÒÞÛÝë çÕàÕ× ÔÒãáÒï×ÝëÙ ÞÑàÐ×Õæ
� ÚÞÛìæÞ. ÁâàÕÛÚÐÜØ ßÞÚÐ×ÐÝÞ ÝÐßàÐÒÛÕÝØÕ ÔÒØÖÕÝØï íÛÕÚâàÞÝÐ. ² â.
A íÛÕÚâàÞÝÝÐï ÒÞÛÝÐ àÐáéÕßÛïÕâáï ÝÐ ÔÒÕ ÒÞÛÝë, àÐáßàÞáâàÐÝïîéØÕáï
ßÞ ÒÕàåÝÕÙL1 Ø ßÞ ÝØÖÝÕÙL2 ÒÕâÒïÜ ÚÞÛìæÐ, áÞÞâÒÕâáâÒÕÝÝÞ. ² â.B íâØ
ÒÞÛÝë ØÝâÕàäÕàØàãîâ

ÒÞÓÞ ßàÞÒÞÔÝØÚÐ, íÛÕÚâàÞÝÝÐï ÒÞÛÝÐ àÐáéÕßÛïÕâáï Ò âÞçÚÕ A ÝÐ ÔÒÕ ÒÞÛ-
Ýë, ÚÞâÞàëÕ áÞÕÔØÝïîâáï Ø ØÝâÕàäÕàØàãîâ Ò âÞçÚÕ B. ÀÕ×ãÛìâÐâ ØÝâÕà-
äÕàÕÝæØØ ÜÞÖÕâ Ñëâì ÞßàÕÔÕÛÕÝ ßãâÕÜ Ø×ÜÕàÕÝØï áÞßàÞâØÒÛÕÝØï âÐÚÞÓÞ
ÜÕ×ÞáÚÞßØçÕáÚÞÓÞ ÚÞÛìæÐ.

¿ãáâì A 1 ØA 2 ÐÜßÛØâãÔë ÔÛï àÐáßàÞáâàÐÝÕÝØï íÛÕÚâàÞÝÐ Ø× âÞçÚØ
° Ò âÞçÚã B ÒÔÞÛì ÒÕàåÝÕÓÞ Ø ÝØÖÝÕÓÞ ßãâØ, áÞÞâÒÕâáâÒÕÝÝÞ:

A 1 = A1ei' 1 ;

A 2 = A2ei' 2 :
(3.10)

·ÔÕáìA1(2) Ø' 1(2) � áÞÞâÒÕâáâÒãîéØÕ ÜÞÔãÛì Ø äÐ×Ð ÐÜßÛØâãÔë ßÕàÕåÞ-
ÔÐ. ¿ÞÛÝÐï ÐÜßÛØâãÔÐ ßÕàÕåÞÔÐA Ø× âÞçÚØA Ò âÞçÚãB Õáâì áãÜÜÐ ÐÜ-
ßÛØâãÔA 1 ØA 2. ¿àØ íâÞÜ ÒÕàÞïâÝÞáâì ßàÞåÞÖÔÕÝØï íÛÕÚâàÞÝÐ Ø× âÞç-
ÚØ ° Ò âÞçÚã B àÐÒÝÐ ÚÒÐÔàÐâã ßÞÛÝÞÙ ÐÜßÛØâãÔë ßÕàÕåÞÔÐ. ºÐÚ Üë ãÖÕ
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ÓÞÒÞàØÛØ, ÒÕàÞïâÝÞáâì ßàÞåÞÖÔÕÝØï ÞßàÕÔÕÛïÕâ ßàÞÒÞÔØÜÞáâì áØáâÕÜë,
G = gjA 1 + A 2j2, ÚÞâÞàÐï áÞáâÞØâ Ø× âàÕå çÐáâÕÙ:

G = G1 + G2 + Gint ;

G1 = g A2
1 ; G2 = g A2

2 ;

Gint = 2 g A1A2 cos(' 1 � ' 2) :

(3.11)

·ÔÕáìG1(2) � ßàÞÒÞÔØÜÞáâØ ÚÐÖÔÞÙ Ø× ÒÕâÒÕÙ ÚÞÛìæÐ, ÐGint � ØÝâÕàäÕ-
àÕÝæØÞÝÝëÙ ÒÚÛÐÔ Ò ßàÞÒÞÔØÜÞáâì, ÞÑãáÛÞÒÛÕÝÝëÙ ÔÒãáÒï×ÝÞÙ ÓÕÞÜÕâàØ-
ÕÙ.

¿àØÚÛÐÔëÒÐï ÜÐÓÝØâÝÞÕ ßÞÛÕH ßÕàßÕÝÔØÚãÛïàÝÞ ßÛÞáÚÞáâØ ÚÞÛìæÐ,
ÜÞÖÝÞ Ø×ÜÕÝïâì àÐ×ÝÞáâì äÐ× ÜÕÖÔã ÐÜßÛØâãÔÐÜØ ßÕàÕåÞÔÐ ÒÔÞÛì ßãâÕÙ
L1 ØL2:

� ' � ' 1 � ' 2 = 2�
�
� 0

+ � ' 0 ; (3.12)

ÓÔÕ� = HS � ÜÐÓÝØâÝëÙ ßÞâÞÚ,S � ßÛÞéÐÔì ÚÞÛìæÐ,� 0 = h=e �
4:14� 10� 15 ²Ñ � ÚÒÐÝâ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ,� ' 0 � àÐ×ÝÞáâì äÐ× Ò Þâáãâ-
áâÒØÕ ÜÐÓÝØâÝÞÓÞ ßÞÛï. ÁÛÕÔÞÒÐâÕÛìÝÞ, Ø×ÜÕÝïï ÜÐÓÝØâÝëÙ ßÞâÞÚ, ÜÞÖÝÞ
Ø×ÜÕÝïâì ØÝâÕàäÕàÕÝæØÞÝÝëÙ ÒÚÛÐÔ Ò ßàÞÒÞÔØÜÞáâì:

Gint = 2 g A1A2 cos
�

2�
�
� 0

+ � ' 0

�
: (3.13)

·ÐÒØáØÜÞáâì ßàÞÒÞÔØÜÞáâØ Þâ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ� ßàØÒÕÔÕÝÐ ÝÐ àØá.3.2.
¿àØ � ' = � ÝÐÑÛîÔÐÕâáï ÔÕáâàãÚâØÒÝÐï ØÝâÕàäÕàÕÝæØï, ÔÒÕ ÒÞÛÝë ÓÐ-
áïâ ÔàãÓ ÔàãÓÐ, Ø ÒÕàÞïâÝÞáâì íÛÕÚâàÞÝã ßÞßÐáâì Ò ßàÐÒëÙ ßàÞÒÞÔÝØÚ ÜÐ-
ÛÐ. ² íâÞÜ áÛãçÐÕ ßàÞÒÞÔØÜÞáâì áØáâÕÜë, ÞßàÕÔÕÛïÕÜÐï ÒÞ×ÜÞÖÝÞáâìî
ßàÞåÞÖÔÕÝØï íÛÕÚâàÞÝÐ Ø× ÛÕÒÞÓÞ ßàÞÒÞÔÝØÚÐ Ò ßàÐÒëÙ ßàÞÒÞÔÝØÚ, ÜÐÛÐ:

Gmin = g(A1 � A2)2 : (3.14)

¿àØ� ' = 2 � ÝÐÑÛîÔÐÕâáï ÚÞÝáâàãÚâØÒÝÐï ØÝâÕàäÕàÕÝæØï, ÔÒÕ ÒÞÛ-
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0

G/g

1 

0

0 0,5    1     1,5    2     2,5    3    3,5

0,5    1     1,5    2     2,5    3    3,5

G/g

1 

a

b

F/F

F/F 0

0

1 

A

A

2(    )

4(    )

2

2

2

(A  + A  )2

2(A  - A  )

2

1 

ÀØá. 3.2. ·ÐÒØáØÜÞáâì ßàÞÒÞÔØÜÞáâØG ÚÞÛìæÐ Þâ ÜÐÓÝØâÝÞÓÞ ßÞ-
âÞÚÐ� . ²ÕàåÝØÙ àØáãÝÞÚ áÞÞâÒÕâáâÒãÕâ ÝÕáØÜÜÕâàØçÝÞÜã ÚÞÛìæã
A1 6= A2. ½ØÖÝØÙ àØáãÝÞÚ áÞÞâÒÕâáâÒãÕâ áØÜÜÕâàØçÝÞÜã ÚÞÛìæã
A1 = A2

Ýë ãáØÛØÒÐîâ ÔàãÓ ÔàãÓÐ, çâÞ ßàØÒÞÔØâ Ú ãÒÕÛØçÕÝØî ßàÞÒÞÔØÜÞáâØ áØ-
áâÕÜë:

Gmax = g(A1 + A2)2 : (3.15)

½ÐØÑÞÛÕÕ ïàÚÞ íâÞâ íääÕÚâ ßàÞïÒÛïÕâáï ÔÛï áØÜÜÕâàØçÝÞÓÞ ÚÞÛìæÐ,
àØá.3.2, ÝØÖÝØÙ àØáãÝÞÚ, ÚÞÓÔÐ ÐÜßÛØâãÔë ßàÞåÞÖÔÕÝØï çÕàÕ× ÞÑÕ ÒÕâ-
ÒØ ÞÔØÝÐÚÞÒë,A1 = A2 = A. ² íâÞÜ áÛãçÐÕ ÞâÝÞèÕÝØÕ ÜØÝØÜÐÛìÝÞÙ Ø
ÜÐÚáØÜÐÛìÝÞÙ ßàÞÒÞÔØÜÞáâØ Ú ÚÛÐááØçÕáÚÞÜã ×ÝÐçÕÝØîGcl = 2gA2 =
G1 + G2, ÚÞâÞàÞÕ ÑëÛÞ Ñë Ò ÜÐÚàÞáÚÞßØçÕáÚÞÜ áÛãçÐÕ, ÚÞÓÔÐ ØÝâÕàäÕ-
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àÕÝæØÞÝÝëÕ íääÕÚâë ÞâáãâáâÒãîâ, Õáâì:

Gmin

Gcl
= 0 ;

Gmax

Gcl
= 2 : (3.16)

ÂÐÚØÜ ÞÑàÐ×ÞÜ, ïÒÛÕÝØÕ ØÝâÕàäÕàÕÝæØØ ÝÕßÞáàÕÔáâÒÕÝÝÞ ÒÛØïÕâ ÝÐ
âÐÚãî ÜÐÚàÞáÚÞßØçÕáÚãî åÐàÐÚâÕàØáâØÚã, ÚÐÚ ßàÞÒÞÔØÜÞáâì, Ø ßÞíâÞÜã
ÜÞÖÕâ Ñëâì ßàÕÔÜÕâÞÜ ØááÛÕÔÞÒÐÝØï Ò ÜÕ×ÞáÚÞßØÚÕ.

3.2.2. ÇâÞ ÝÐàãèÐÕâ äÐ×ÞÒãî ÚÞÓÕàÕÝâÝÞáâì?

½ÐàãèÐîâ äÐ×ÞÒãî ÚÞÓÕàÕÝâÝÞáâì Ø, âÕÜ áÐÜëÜ, ßàÕßïâáâÒãîâßàÞ-
ïÒÛÕÝØî ØÝâÕàäÕàÕÝæØÞÝÝëå íääÕÚâÞÒ, ÝÕãßàãÓØÕ áâÞÛÚÝÞÒÕÝØï íÛÕÚ-
âàÞÝÞÒ á ÔàãÓØÜØ ÚÒÐ×ØçÐáâØæÐÜØ, ÝÐßàØÜÕà, äÞÝÞÝÐÜØ, ÜÐÓÝÞÝÐÜØ, Ð âÐÚ-
ÖÕ ÜÕÖÔã áÞÑÞÙ. ½ÕãßàãÓØÕ áâÞÛÚÝÞÒÕÝØï Ø×ÜÕÝïîâ íÝÕàÓØî íÛÕÚâàÞÝÐ Ø
ÝÐàãèÐîâ íÒÞÛîæØî ÒÞÛÝÞÒÞÙ äãÝÚæØØ, ÞßØáëÒÐÕÜãî ãàÐÒÝÕÝØÕÜ ÈàÕ-
ÔØÝÓÕàÐ, ÒÝÞáï áÛãçÐÙÝëÙ ÒÚÛÐÔ Ò äÐ×ã íÛÕÚâàÞÝÐ. ºÐÚ áÛÕÔáâÒØÕ, àÐ×-
ÝÞáâì äÐ× áâÐÝÞÒØâáï äÛãÚâãØàãîéÕÙ ÒÞ ÒàÕÜÕÝØ, çâÞ ßàØÒÞÔØâ Ú ßÞÔÐÒ-
ÛÕÝØî ØÝâÕàäÕàÕÝæØÞÝÝÞÓÞ ÒÚÛÐÔÐ Ò Ø×ÜÕàïÕÜãî äØ×ØçÕáÚãî ÒÕÛØçØÝã.
ÁÛÕÔãÕâ ßÞÔçÕàÚÝãâì, çâÞ ãßàãÓØÕ ßàÞæÕááë ÜÞÓãâ Ñëâì ÞßØáÐÝë ãàÐÒÝÕ-
ÝØÕÜ ÈàÕÔØÝÓÕàÐ, ßÞíâÞÜã ÞÝØ ÝÕ ãÝØçâÞÖÐîâ ØÝâÕàäÕàÕÝæØÞÝÝãî ÚÐà-
âØÝã. ²ÛØïÝØÕ ãßàãÓÞÓÞ àÐááÕïÝØï ÞßØáëÒÐÕâáï ßÞâÕÝæØÐÛìÝÞÙ íÝÕàÓØÕÙ
U(r ) Ò ãàÐÒÝÕÝØØ (3.6).

²ÕàÞïâÝÞáâì ßàÞæÕááÐ àÐááÕïÝØï, Ò âÞÜ çØáÛÕ ÝÕãßàãÓÞÓÞ, ÜÞÖÕâ Ñëâì
ÞåÐàÐÚâÕàØ×ÞÒÐÝÐ áàÕÔÝØÜ ÒàÕÜÕÝÕÜ ÜÕÖÔã ßÞáÛÕÔÞÒÐâÕÛìÝëÜØ àÐááÕï-
ÝØïÜØ ÔÐÝÝÞÓÞ àÞÔÐ. ² áÛãçÐÕ ÝÕãßàãÓØå àÐááÕïÝØÙ íÛÕÚâàÞÝÞÒ íâÞ ÒàÕÜï
ÞÑÞ×ÝÐçÐîâ ßÞáàÕÔáâÒÞÜ� ' . ·Ð ÒàÕÜï� ' íÛÕÚâàÞÝ á íÝÕàÓØÕÙ ÄÕàÜØ Ø
áÚÞàÞáâìîvF =

p
2�=m e ßÕàÕÜÕáâØâáï ÝÐ àÐááâÞïÝØÕ

L ' = vF � ' ; (3.17)

ÚÞâÞàÞÕ ÝÐ×ëÒÐîâ ÔÛØÝÞÙ áÑÞï äÐ×ë ØÛØ ÔÛØÝÞÙ äÐ×ÞÒÞÙ ÚÞÓÕàÕÝâÝÞáâØ.
¼ë àÐááÜÐâàØÒÐÕÜ íÛÕÚâàÞÝë á íÝÕàÓØÕÙ ÑÛØ×ÚÞÙ Ú íÝÕàÓØØ ÄÕàÜØ ßÞ-
âÞÜã, çâÞ ßàØ ÝØ×ÚØå âÕÜßÕàÐâãàÐå ØÜÕÝÝÞ âÐÚØÕ íÛÕÚâàÞÝë ãçÐáâÒãîâ Ò
ßàÞæÕááÐå ßÕàÕÝÞáÐ.
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¿ãáâì ÛØÝÕÙÝëÙ àÐ×ÜÕà ÞÑàÐ×æÐ ÕáâìL. ÂÞÓÔÐ, ßàÕÝÕÑàÕçì ÒÛØïÝØ-
ÕÜ ÝÕãßàãÓØå ßàÞæÕááÞÒ ÝÐ ÔÒØÖÕÝØÕ íÛÕÚâàÞÝÐ çÕàÕ× ÜÕ×ÞáÚÞßØçÕáÚØÙ
ÞÑàÐ×Õæ ÜÞÖÝÞ Ò âÞÜ áÛãçÐÕ, ÕáÛØ àÐ×ÜÕà ÞÑàÐ×æÐ ÝÕ ßàÕÒÞáåÞÔØâ ÔÛØÝã
äÐ×ÞÒÞÙ ÚÞÓÕàÕÝâÝÞáâØ:

L � L ' (T) : (3.18)

ÍâÞ ãáÛÞÒØÕ ïÒÛïÕâáï ÞáÝÞÒÝëÜ ÔÛï ÝÐÑÛîÔÕÝØï ÜÕ×ÞáÚÞßØçÕáÚØå íä-
äÕÚâÞÒ.

¾æÕÝØÜ ÒÕÛØçØÝãL ' ÔÛï ÜÕâÐÛÛØçÕáÚØå ÞÑàÐ×æÞÒ. ¾áÝÞÒÝëÜØ Øá-
âÞçÝØÚÐÜØ ÝÕãßàãÓÞÙ àÕÛÐÚáÐæØØ ßàØ ÝØ×ÚØå âÕÜßÕàÐâãàÐå ïÒÛïîâáï íÛÕÚâàÞÝ-
íÛÕÚâàÞÝÝÞÕ� e� e Ø íÛÕÚâàÞÝ-äÞÝÞÝÝÞÕ� e� ph àÐááÕïÝØÕ. ÁàÐÒÝØÜ áÞÞâ-
ÒÕâáâÒãîéØÕ ØÜ ÒàÕÜÕÝÐ àÐááÕïÝØï. ´Ûï âàÕåÜÕàÝÞÓÞ ÞÑàÐ×æÐØÜÕÕÜ ßÞ
ßÞàïÔÚã ÒÕÛØçØÝë (áÜ. ÝÐßà. [8]):

� e� e �
~ �

(kB T)2
; � e� ph �

~3 ! 2
D

(kB T)3
: (3.19)

·ÔÕáì ! D � ÔÕÑÐÕÒáÚÐï çÐáâÞâÐ (ßàÕÔÕÛìÝÐï çÐáâÞâÐ äÞÝÞÝÞÒ). ¿ÞÛÞÖØÒ
� � 104 K Ø! D � 100K , ßÞÛãçØÜ, çâÞ íÛÕÚâàÞÝ-íÛÕÚâàÞÝÝÞÕ Ò×ÐØÜÞ-
ÔÕÙáâÒØÕ áâÐÝÞÒØâáï ÞßàÕÔÕÛïîéØÜ,� ' � � e� e < � e� ph, ßàØ áÛÕÔãîéØå
âÕÜßÕàÐâãàÐå:

T <
(~! D )2

kB �
� 1K : (3.20)

¿àØ T � 1K ÒàÕÜï ÝÕãßàãÓÞÙ àÕÛÐÚáÐæØØ áÞáâÐÒÛïÕâ,� ' � 10� 7 á. Á
ãçÕâÞÜ åÐàÐÚâÕàÝÞÓÞ ×ÝÐçÕÝØï,vF � 105 Ü/á, ÝÐåÞÔØÜ ÔÛØÝã áÑÞï äÐ×ë,
L ' (T � 1K ) � 10� 2 Ü. ² àÕÐÛìÝëå ÜÕâÐÛÛØçÕáÚØå ÞÑàÐ×æÐå, á ãçÕâÞÜ
ÔØääã×ØÞÝÝÞÓÞ åÐàÐÚâÕàÐ ÔÒØÖÕÝØï íÛÕÚâàÞÝÞÒ, ×ÝÐçÕÝØÕL ' ÝÕáÚÞÛìÚÞ
ÜÕÝìèÕ. ¾ÑëçÝÞ ßàØT � 1K ØÜÕÕÜ,L ' � 10� 6 Ü.
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²ÞßàÞáë ÔÛï áÐÜÞßàÞÒÕàÚØ

1) ÁäÞàÜãÛØàÞÒÐâì ßÞáâÐÝÞÒÚã ×ÐÔÐçØ ÔÛï ÞßàÕÔÕÛÕÝØï áßÕÚâàÐ íÛÕÚâàÞ-
ÝÞÒ Ò ÜÕ×ÞáÚÞßØçÕáÚØÜ ÞÑàÐ×æÕ.
2) ¾åÐàÐÚâÕàØ×ÞÒÐâì ÞÔÝÞçÐáâØçÝÞÕ ßàØÑÛØÖÕÝØÕ. ² çÕÜ ×ÐÚÛîçÐîâáï
ÕÓÞ ÔÞáâÞØÝáâÒÐ Ø ÝÕÔÞáâÐâÚØ?
3) ÇâÞ âÐÚÞÕ ÔÛØÝÐ áÑÞï äÐ×ë Ø ÚÐÚÞÒÐ ÕÕ àÞÛì ÔÛï íÛÕÚâàÞßàÞÒÞÔÝÞáâØ?
4) ºÐÚØÕ äØ×ØçÕáÚØÕ ßàÞæÕááë ÝÐàãèÐîâ äÐ×ÞÒãî ÚÞÓÕàÕÝâÝÞáâì?
5) ºÐÚ ×ÐÒØáïâ Þâ âÕÜßÕàÐâãàë åÐàÐÚâÕàÝëÕ ÒàÕÜÕÝÐ àÐááÕïÝØï íÛÕÚâàÞ-
ÝÞÒ ÝÐ íÛÕÚâàÞÝÐå Ø ÝÐ äÞÝÞÝÐå?
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4. ÄÞàÜãÛÐ »ÐÝÔÐãíàÐ

²ëçØáÛØÜ ßàÞÒÞÔØÜÞáâì ÞÔÝÞÜÕàÝÞÓÞ ÑÐÛÛØáâØçÕáÚÞÓÞ ßàÞÒÞÔÝØÚÐ,
áÞÔÕàÖÐéÕÓÞ ÕÔØÝØçÝëÙ àÐááÕØÒÐâÕÛì, àØá.4.1. ÄÞàÜãÛÐ »ÐÝÔÐãíàÐ [9]:

G =
2e2

h
T ; (4.1)

áÒÞÔØâ ÞßàÕÔÕÛÕÝØÕ ßàÞÒÞÔØÜÞáâØ,G = lim V ! 0 I=V , ßàÞÒÞÔÝØÚÐ Ú ÞßàÕ-
ÔÕÛÕÝØî ÚÒÐÝâÞÒÞÜÕåÐÝØçÕáÚÞÙ ÒÕàÞïâÝÞáâØ ßàÞåÞÖÔÕÝØïT íÛÕÚâàÞÝÐ
çÕàÕ× ßÞâÕÝæØÐÛìÝëÙ ÑÐàìÕà, áÞÞâÒÕâáâÒãîéØÙ àÐááÕØÒÐâÕÛî, ßàØáãâáâÒã-
îéÕÜã Ò ßàÞÒÞÔÝØÚÕ. ¼ÞÖÝÞ áÚÐ×Ðâì, çâÞ ×ÐÔÐçÐ ÚØÝÕâØÚØ� ÞßàÕÔÕÛÕÝØÕ
âÞÚÐ, ßàÞâÕÚÐîéÕÓÞ çÕàÕ× äÐ×ÞÒÞ-ÚÞÓÕàÕÝâÝëÙ ÞÑàÐ×Õæ, áÒÕÔÕÝÐ Ú ÚÒÐÝ-
âÞÒÞÜÕåÐÝØçÕáÚÞÙ ×ÐÔÐçÕ àÐááÕïÝØï.

x

V

j

L << L    j

j

x = x  0=
 +

   
/2

V V
=

 -
   

 /2
21

ÀØá. 4.1. ¾ÔÝÞÜÕàÝëÙ ÑÐÛÛØáâØçÕáÚØÙ ßàÞÒÞÔÝØÚ á ÕÔØÝØçÝëÜ
àÐááÕØÒÐâÕÛÕÜ, àÐáßÞÛÞÖÕÝÝëÜ Ò âÞçÚÕ á ÚÞÞàÔØÝÐâÞÙx = x0, áÞ-
ÕÔØÝïÕâ ÔÒÐ ÜÐÚàÞáÚÞßØçÕáÚØå àÕ×ÕàÒãÐàÐ íÛÕÚâàÞÝÞÒ, ØÜÕîéØå
àÐ×ÛØçÝëÕ ßÞâÕÝæØÐÛë,' 1 6= ' 2
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ÄÞàÜãÛÐ »ÐÝÔÐãíàÐ

´Ûï âÞÓÞ, çâÞÑë ßÞÛãçØâì äÞàÜãÛã »ÐÝÔÐãíàÐ, ÒëçØáÛØÜ âÞÚI , ßàÞ-
âÕÚÐîéØÙ ßàÞÒÞÔÝØÚ, ÕáÛØ Ú ÑÕàÕÓÐÜ ßàØÛÞÖÕÝÐ àÐ×ÝÞáâì ßÞâÕÝæØÐÛÞÒ
V (áÜ. àØá.4.1). »ÕÒëÙ ÑÕàÕÓ ØÜÕÕâ ßÞâÕÝæØÐÛ' 1 = V=2, Ø ßàÐÒëÙ ÑÕàÕÓ
ØÜÕÕâ ßÞâÕÝæØÐÛ' 2 = � V=2.

²ÝÐçÐÛÕ ãÚÐÖÕÜ, ÚÐÚØÜ ÞÑàÐ×ÞÜ ÜÞÖÝÞ ÒëçØáÛØâì âÞÚI , ßÕàÕÝÞáØ-
ÜëÙ íÛÕÚâàÞÝÐÜØ Ò ÑÐÛÛØáâØçÕáÚÞÜ ÞÑàÐ×æÕ. ÀÕæÕßâ áÛÕÔãîéØÙ: ÝÕÞÑåÞ-
ÔØÜÞ ÒëçØáÛØâì âÞÚI p, ßÕàÕÝÞáØÜëÙ íÛÕÚâàÞÝÞÜ, ÝÐåÞÔïéØÜáï Ò ÚÐÚÞÜ-
âÞ ÚÒÐÝâÞÒÞÜ áÞáâÞïÝØØ p, Ð ×ÐâÕÜ ßàÞáãÜÜØàÞÒÐâì ßÞ ÒáÕÜ áÞáâÞïÝØïÜ
á ãçÕâÞÜ Øå ×ÐßÞÛÝÕÝØï:

I =
X

p

I p f (p) : (4.2)

·ÔÕáì ØÝÔÕÚáp ÝãÜÕàãÕâ àÐ×àÕèÕÝÝëÕ ÚÒÐÝâÞÒëÕ áÞáâÞïÝØï, Ð äãÝÚæØï
àÐáßàÕÔÕÛÕÝØïf (p) ãçØâëÒÐÕâ ÒÚÛÐÔ âÞÛìÚÞ ×ÐÝïâëå áÞáâÞïÝØÙ.

² ÞÔÝÞÜÕàÝÞÜ ÑÐÛÛØáâØçÕáÚÞÜ ßàÞÒÞÔÝØÚÕ ÒÞÛÝÞÒÐï äãÝÚæØï ãÔÞ-
ÒÛÕâÒÞàïÕâ ãàÐÒÝÕÝØî ÈàÕÔØÝÓÕàÐ ÔÛï áÒÞÑÞÔÝÞÙ çÐáâØæë:

i~
@ (t; x )

@t
= �

~2

2me

@2 (t; x )
@x2

: (4.3)

ÀÕèÕÝØÕ íâÞÓÞ ãàÐÒÝÕÝØï ØÜÕÕâ áÛÕÔãîéØÙ ÒØÔ:

 p(t; x ) =
1

p
L

e� i� pt=~+ p x=~ ; (4.4)

ÓÔÕp � ØÜßãÛìá íÛÕÚâàÞÝÐ, Ð� p = p2=(2me) � íÝÕàÓØï íÛÕÚâàÞÝÐ.
¸ÜßãÛìá íÛÕÚâàÞÝÐ,p, ÝãÜÕàãÕâ ÚÒÐÝâÞÒëÕ áÞáâÞïÝØï. ¼ë ßÞÛÐÓÐÕÜ,

çâÞ ßàÞÒÞÔÝØÚ ØÜÕÕâ ÑÕáÚÞÝÕçÝãî ÔÛØÝã, Ø ßÞíâÞÜã ÝÕ ÝÐÚÛÐÔëÒÐÕÜ ÝØ-
ÚÐÚØå ÓàÐÝØçÝëå ãáÛÞÒØÙ. ²áÛÕÔáâÒØÕ íâÞÓÞ ØÜßãÛìáp Ø, áÞÞâÒÕâáâÒÕÝÝÞ,
íÝÕàÓØï� p ÜÞÓãâ ßàØÝØÜÐâì ÛîÑëÕ ×ÝÐçÕÝØï. ² âÐÚÞÜ áÛãçÐÕ ÓÞÒÞàïâ, çâÞ
áßÕÚâà ÝÕßàÕàëÒÕÝ. ¿àØ ÝÐÛØçØØ ÝÕßàÕàëÒÝÞÓÞ áßÕÚâàÐ áãÜÜØàÞÒÐÝØÕ ßÞ
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ÚÒÐÝâÞÒëÜ áÞáâÞïÝØïÜ ×ÐÜÕÝïÕâáï ÝÐ ØÝâÕÓàØàÞÒÐÝØÕ:

X

p

!
L
h

1
�

�1

dp : (4.5)

4.1. ¾ÑéÕÕ ÒëàÐÖÕÝØÕ ÔÛï âÞÚÐ

¿ÞÔáâÐÒÛïï Ò ÚÒÐÝâÞÒÞÜÕåÐÝØçÕáÚÞÕ ÒëàÐÖÕÝØÕ ÔÛï âÞÚÐ

I [ ] = i
e~

2me

�
 

@ �

@x
�  

@ �

@x

�
� �

e~
me

Im
�
 

@ �

@x

�
; (4.6)

ÒëàÐÖÕÝØÕ (4.4), ßÞÛãçØÜ ÔÛï ÒÕÛØçØÝëI p � I [ p] áÛÕÔãîéÕÕ:

I p =
ev
L

; (4.7)

ÓÔÕv = p=me � áÚÞàÞáâì íÛÕÚâàÞÝÐ, ÝÐåÞÔïéÕÓÞáï Ò áÞáâÞïÝØØ p. ¾âÜÕ-
âØÜ, çâÞ Ò ÚÐçÕáâÒÕ ßÞÛÞÖØâÕÛìÝÞÓÞ ÝÐßàÐÒÛÕÝØï ÔÛï âÞÚÐ ÒëÑàÐÝÞ ÝÐ-
ßàÐÒÛÕÝØÕ ÞáØx.

¿ÞÛÝëÙ âÞÚ, ßàÞâÕÚÐîéØÙ çÕàÕ× ÞÔÝÞÜÕàÝëÙ ÝÕÞÓàÐÝØçÕÝÝëÙ ÑÐÛ-
ÛØáâØçÕáÚØÙ ßàÞÒÞÔÝØÚ, ÒëçØáÛïÕâáï ßÞ áÛÕÔãîéÕÙ äÞàÜãÛÕ:

I =
2e
h

1
�

�1

dpv f (p) : (4.8)

·ÔÕáì ÚÞíääØæØÕÝâ "2"ãçØâëÒÐÕâ ÔÒÐ ÝÐßàÐÒÛÕÝØï áßØÝÐ íÛÕÚâàÞÝÐ.
ÃÔÞÑÝÞ ßÕàÕÙâØ Þâ ØÝâÕÓàØàÞÒÐÝØï ßÞ ØÜßãÛìáÐÜ Ú ØÝâÕÓàØàÞÒÐÝØî

ßÞ ÚØÝÕâØçÕáÚÞÙ íÝÕàÓØØ. ´Ûï íâÞÓÞ ×ÐßØèÕÜ (p > 0):

dp = d�p
1

d�p=dp
= d�p

1
v

; (4.9)
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ÓÔÕv = jvj � ÜÞÔãÛì áÚÞàÞáâØ íÛÕÚâàÞÝÐ. ¿ÞÔáâÐÒÛïï (4.9) Ò (4.8), ßÞÛã-
çØÜ ÒëàÐÖÕÝØÕ ÔÛï âÞÚÐ Ò áÛÕÔãîéÕÜ ÒØÔÕ:

I =
2e
h

1
�

0

d�p[f (� p; p > 0) � f (� p; p < 0)] : (4.10)

·ÔÕáìf (� p; p > 0) � äãÝÚæØï àÐáßàÕÔÕÛÕÝØï ÔÛï íÛÕÚâàÞÝÞÒ, ÔÒØÖãéØåáï
ÝÐßàÐÒÞ, Ðf (� p; p < 0) � äãÝÚæØï àÐáßàÕÔÕÛÕÝØï ÔÛï íÛÕÚâàÞÝÞÒ, ÔÒØÖã-
éØåáï ÝÐÛÕÒÞ.

ÃßàÞéÕÝØÕ, ÔÞáâØÓÝãâÞÕ ßÕàÕåÞÔÞÜ Ú ØÝâÕÓàØàÞÒÐÝØî ßÞ íÝÕàÓØØ,
áÞáâÞØâ Ò âÞÜ, çâÞ Ò ÞÔÝÞÜÕàÝÞÜ áÛãçÐÕ áÚÞàÞáâì íÛÕÚâàÞÝÐ ÒëßÐÔÐÕâ Ø×
ÒëàÐÖÕÝØï ÔÛï âÞÚÐ.

4.2. ÄãÝÚæØï àÐáßàÕÔÕÛÕÝØï íÛÕÚâàÞÝÞÒ

¿àÕÖÔÕ çÕÜ ßàØáâãßÐâì Ú ÝÐåÞÖÔÕÝØî äãÝÚæØØ àÐáßàÕÔÕÛÕÝØï,áÔÕ-
ÛÐÕÜ áÛÕÔãîéÕÕ ×ÐÜÕçÐÝØÕ. µáÛØ Ò ×ÐÔÐçÕ ßàØáãâáâÒãÕâ ÝÕÞÔÝÞàÞÔÝÞ àÐá-
ßàÕÔÕÛÕÝÝëÙ íÛÕÚâàØçÕáÚØÙ ßÞâÕÝæØÐÛ, âÞ, ÚÐÚ ãÖÕ ÞâÜÕçÐÛÞáì, ÒëçØá-
ÛÕÝØï ãÔÞÑÝÞ ßàÞØ×ÒÞÔØâì, ÒëÑàÐÒ Ò ÚÐçÕáâÒÕ ÝÕ×ÐÒØáØÜÞÙ ßÕàÕÜÕÝÝÞÙ
ßÞÛÝãî íÝÕàÓØîE = � p + e' (x). ÍâÞ áÒï×ÐÝÞ á âÕÜ, çâÞ ßàØ ÔÒØÖÕÝØØ
íÛÕÚâàÞÝÐ áÞåàÐÝïÕâáï ÕÓÞ ßÞÛÝÐï íÝÕàÓØïE, Ð ÚØÝÕâØçÕáÚÐï íÝÕàÓØï� p

Ø×ÜÕÝïÕâáï. ² ÝÐèÕÜ áÛãçÐÕ âÐÚÞÕ Ø×ÜÕÝÕÝØÕ ßàÞØáåÞÔØâ âÞÛìÚÞ Ò ÜÕ-
áâÕ ÚÞÝâÐÚâÐ ßàÞÒÞÔÝØÚÐ á àÕ×ÕàÒãÐàÐÜØ. ² áÐÜÞÜ ÖÕ ßàÞÒÞÔÝØÚÕ, ÚÐÚ
Üë ãÒØÔØÜ ÝØÖÕ, íÛÕÚâàØçÕáÚØÙ ßÞâÕÝæØÐÛ' ßÞáâÞïÝÕÝ Ø ÝÕ ×ÐÒØáØâ Þâ
ÚÞÞàÔØÝÐâëx ÒÔÞÛì ÚÐÝÐÛÐ, ßÞíâÞÜã Üë ÝÕ ãçØâëÒÐÛØ ÕÓÞ ßàØ àÕèÕÝØØ
ãàÐÒÝÕÝØï ÈàÕÔØÝÓÕàÐ.

²ëçØáÛØÜ äãÝÚæØî àÐáßàÕÔÕÛÕÝØï íÛÕÚâàÞÝÞÒ áßàÐÒÐ Þâ ÑÐàìÕàÐ,
x > x 0, ÞÑÞ×ÝÐçØÒ ÕÕ çÕàÕ×f R . ¿Þ ÝÐßàÐÒÛÕÝØî Ú àÐááÕØÒÐâÕÛî,p < 0,
ÔÒØÖãâáï íÛÕÚâàÞÝë, ßàØèÕÔèØÕ Ø× ßàÐÒÞÓÞ àÕ×ÕàÒãÐàÐ, àØá.4.3. ÂÐÚØÕ
íÛÕÚâàÞÝë ÞßØáëÒÐîâáï äãÝÚæØÕÙ àÐáßàÕÔÕÛÕÝØï ÔÛï ßàÐÒÞÓÞàÕ×ÕàÒãÐ-
àÐ,f 2. ÍÛÕÚâàÞÝë ÖÕ, ÔÒØÖãéØÕáï Þâ àÐááÕØÒÐâÕÛï,p > 0, ÜÞÖÝÞ àÐ×-
ÑØâì ÝÐ ÔÒÕ Óàãßßë. ² ßÕàÒãî Óàãßßã ÒåÞÔïâ íÛÕÚâàÞÝë, ßÕàÒÞÝÐçÐÛìÝÞ
ÔÒØÓÐÒèØÕáï Ø× ßàÐÒÞÓÞ àÕ×ÕàÒãÐàÐ Ø ÞâàÐÖÕÝÝëÕ Þâ àÐááÕØÒÐâÕÛï. ÂÐÚØÕ
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R + T = 1

R

1
T

x

ÀØá. 4.2. ÍÛÕÚâàÞÝÝëÙ ßÞâÞÚ á ÕÔØÝØçÝÞÙ ØÝâÕÝáØÒÝÞáâìî ÝÐÛÕ-
âÐÕâ ÝÐ ßÞâÕÝæØÐÛìÝëÙ ÑÐàìÕà. ¿ÞâÞÚ á ØÝâÕÝáØÒÝÞáâìîT âãÝÝÕ-
ÛØàãÕâ áÚÒÞ×ì ÑÐàìÕà. ¿ÞâÞÚ á ØÝâÕÝáØÒÝÞáâìîR ÞâàÐÖÐÕâáï Þâ
ÑÐàìÕàÐ. ² áØÛã ×ÐÚÞÝÐ áÞåàÐÝÕÝØï çØáÛÐ çÐáâØæ,1 = T + R

íÛÕÚâàÞÝë ÞßØáëÒÐîâáï äãÝÚæØÕÙ àÐáßàÕÔÕÛÕÝØïR f 2, ÓÔÕR = 1 � T �
ÒÕàÞïâÝÞáâì ÞâàÐÖÕÝØï íÛÕÚâàÞÝÐ Þâ ßÞâÕÝæØÐÛìÝÞÓÞ ÑÐàìÕàÐ. ²Þ ÒâÞàãî
Óàãßßã ÒåÞÔïâ íÛÕÚâàÞÝë, ÔÒØÓÐÒèØÕáï Ø× ÛÕÒÞÓÞ àÕ×ÕàÒãÐàÐØ ßàÞâãÝÝÕ-
ÛØàÞÒÐÒèØÕ çÕàÕ× ßÞâÕÝæØÐÛìÝëÙ ÑÐàìÕà. ÂÐÚØÕ íÛÕÚâàÞÝë ÞßØáëÒÐîâáï
äãÝÚæØÕÙ àÐáßàÕÔÕÛÕÝØïT f 1, ÓÔÕf 1 � äãÝÚæØï àÐáßàÕÔÕÛÕÝØï íÛÕÚâàÞ-
ÝÞÒ Ò ÛÕÒÞÜ àÕ×ÕàÒãÐàÕ. ÁÛÕÔÞÒÐâÕÛìÝÞ, äãÝÚæØï àÐáßàÕÔÕÛÕÝØï Ò ßàÞ-
ÒÞÔÝØÚÕ áßàÐÒÐ Þâ àÐááÕØÒÐâÕÛï Õáâì:

f R (E) =

8
<

:

f 2(E) ; p < 0;

Rf 2(E) + T f 1(E) ; p > 0:
(4.11)

´Ûï ÒëçØáÛÕÝØï âÞÚÐ ÝÕÞÑåÞÔØÜÞ ßÞÔáâÐÒØâì Ò ÒëàÐÖÕÝØÕ (4.10) äãÝÚ-
æØî àÐáßàÕÔÕÛÕÝØïf � f R , ÒëàÐÖÕÝÝãî çÕàÕ× ÚØÝÕâØçÕáÚãî íÝÕàÓØî
íÛÕÚâàÞÝÐ� p Ò âÞÙ âÞçÚÕx = x2 > x 0, ÓÔÕ ÒëçØáÛïÕâáï âÞÚ. ¿ãáâì' R �
íÛÕÚâàØçÕáÚØÙ ßÞâÕÝæØÐÛ Ò âÞçÚÕx = x2, âÞÓÔÐ, ßÞÔáâÐÒÛïï� p = E � e' R

Ò (4.11) Ø ãçØâëÒÐï ÒëàÐÖÕÝØÕ (2.4) ÔÛï äãÝÚæØÙ àÐáßàÕÔÕÛÕÝØï íÛÕÚâàÞ-
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f2
Rf2

Tf1

x = x0

ÀØá. 4.3. ÁâàÕÛÚÐÜØ ßÞÚÐ×ÐÝë ÝÐßàÐÒÛÕÝØï íÛÕÚâàÞÝÝëå ßÞâÞÚÞÒ.
¿Þ ÝÐßàÐÒÛÕÝØî Ú àÐááÕØÒÐâÕÛî ÔÒØÖãâáï íÛÕÚâàÞÝë Ø× ßàÐÒÞÓÞ
àÕ×ÕàÒãÐàÐ á äãÝÚæØÕÙ àÐáßàÕÔÕÛÕÝØïf 2. ¿Þ ÝÐßàÐÒÛÕÝØî Þâ àÐá-
áÕØÒÐâÕÛï ÔÒØÖãâáï ÞâàÐÖÕÝÝëÕ íÛÕÚâàÞÝë á äãÝÚæØÕÙ àÐáßàÕÔÕ-
ÛÕÝØïRf 2 Ø ßàÞâãÝÝÕÛØàÞÒÐÒèØÕ íÛÕÚâàÞÝë á äãÝÚæØÕÙ àÐáßàÕ-
ÔÕÛÕÝØïT f 1

ÝÞÒ Ò àÕ×ÕàÒãÐàÐå, ßÞÛãçØÜ:

f R (� p) =

8
<

:

f 0(� p + e[' R � ' 2]) ; p < 0;

Rf 0(� p + e[' R � ' 2]) + T f 0(� p + e[' R � ' 1]) ; p > 0:
(4.12)

¿àÞÐÝÐÛØ×ØàãÕÜ ßàØÒÕÔÕÝÝÞÕ ÒëàÐÖÕÝØÕ. »ÕÓÚÞ ßÞÝïâì, çâÞ äÕàÜØ-
ÕÒáÚØÕ äãÝÚæØØ àÐáßàÕÔÕÛÕÝØïf 0 á àÐ×ÛØçÝëÜØ ÐàÓãÜÕÝâÐÜØ ÞßØáëÒÐîâ
àÐáßàÕÔÕÛÕÝØÕ ßÞ íÝÕàÓØØf i (� p; ' ) çÐáâØæ, ßàØèÕÔèØå Ø× àÕ×ÕàÒãÐàÞÒ á

54



ÄÞàÜãÛÐ »ÐÝÔÐãíàÐ

ßÞâÕÝæØÐÛÐÜØ' i (i = 1; 2) Ò âÞçÚã á ßÞâÕÝæØÐÛÞÜ' :

f i (� p; ' ) =
1

1 + exp
�

� p + e[' � ' i ) � �
kB T

� :
(4.13)

² áÞÞâÒÕâáâÒãîéÕÜ àÕ×ÕàÒãÐàÕ, ÓÔÕ' = ' i , ßàØÒÕÔÕÝÝÞÕ ÒëàÐÖÕÝØÕ áÒÞ-
ÔØâáï Ú àÐÒÝÞÒÕáÝÞÙ äãÝÚæØØ àÐáßàÕÔÕÛÕÝØï. ² âÞçÚã á ÑÞÛìèØÜ (ÜÕÝì-
èØÜ) ßÞâÕÝæØÐÛÞÜ,' > ' i (' < ' i ), íÛÕÚâàÞÝë ßàØåÞÔïâ ãáÚÞàÕÝÝëÜØ
(×ÐÜÕÔÛÕÝÝëÜØ). ÁÛÕÔÞÒÐâÕÛìÝÞ, ßàØ ÝãÛÕÒÞÙ âÕÜßÕàÐâãàÕ ÜÐÚáØÜÐÛìÝÐï
ÚØÝÕâØçÕáÚÐï íÝÕàÓØï íÛÕÚâàÞÝÞÒ

� (max)
p = � + jej(' � ' i ) ; (4.14)

Ò âÞçÚÕ á ßÞâÕÝæØÐÛÞÜ' ÑãÔÕâ ÑÞÛìèÕ (ÜÕÝìèÕ), çÕÜ Ò áÞÞâÒÕâáâÒãîéÕÜ
àÕ×ÕàÒãÐàÕ, ÓÔÕ ÜÐÚáØÜÐÛìÝÐï ÚØÝÕâØçÕáÚÐï íÝÕàÓØï íÛÕÚâàÞÝÞÒ ßàØ Ýã-
ÛÕÒÞÙ âÕÜßÕàÐâãàÕ àÐÒÝÐ íÝÕàÓØØ ÄÕàÜØ� .

4.3. ¿àÞÒÞÔØÜÞáâì ÚÐÝÐÛÐ á àÐááÕØÒÐâÕÛÕÜ

¿àØ ÒëçØáÛÕÝØØ ßàÞÒÞÔØÜÞáâØG Üë ßÞÛÐÓÐÕÜ, çâÞ àÐ×ÝÞáâì ßÞâÕÝ-
æØÐÛÞÒ ÜÐÛÐ,V ! 0, ßÞíâÞÜã Ò ÓÛÐÒÝÞÜ ßàØÑÛØÖÕÝØØ ÜÞÖÝÞ ßàÕÝÕÑàÕçì
ÒÛØïÝØÕÜ íÛÕÚâàØçÕáÚÞÓÞ ßÞÛï ÝÐ ÒÞÛÝÞÒãî äãÝÚæØî íÛÕÚâàÞÝÐ Ø Øá-
ßÞÛì×ÞÒÐâì ÒëàÐÖÕÝØÕ ÔÛï âÞÚÐ (4.10), ßÞÛãçÕÝÝÞÕ Ò áÛãçÐÕ áÒÞÑÞÔÝëå
íÛÕÚâàÞÝÞÒ. ¿ÞÔáâÐÒÛïï ÒëàÐÖÕÝØï (4.12) Ò ÒëàÐÖÕÝØÕ ÔÛï âÞÚÐ (4.10),
ßÞÛãçØÜ:

I =
2e
h

1
�

0

d�pT (� p)[f 1(� p; ' R ) � f 2(� p; ' R )] : (4.15)

·ÔÕáì äãÝÚæØØf 1(2)(� p; ' ) ÞßàÕÔÕÛÕÝë Ò ãàÐÒÝÕÝØØ (4.13).
ÍâÞ ÞáÝÞÒÝÞÕ ÒëàÐÖÕÝØÕ, áÒï×ëÒÐîéÕÕ Ò ÞÔÝÞÜÕàÝÞÜ áÛãçÐÕ âÞÚ,

ßàÞâÕÚÐîéØÙ çÕàÕ× ÞÑàÐ×Õæ, á ÒÕàÞïâÝÞáâìî ßàÞåÞÖÔÕÝØïT íÛÕÚâàÞÝÐ
çÕàÕ× ÞÑàÐ×Õæ.
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ÃßàÞáâØÜ ßÞÛãçÕÝÝÞÕ ÒëàÐÖÕÝØÕ ßàÕÔßÞÛÞÖØÒ, çâÞ ßàØÛÞÖÕÝÝÞÕ ÝÐ-
ßàïÖÕÝØÕ ÜÐÛÞ ßÞ áàÐÒÝÕÝØî á âÕÜßÕàÐâãàÞÙ Ø íÝÕàÓØÕÙ ÄÕàÜØ:

jeVj � kB T ; � : (4.16)

² íâÞÜ áÛãçÐÕ äãÝÚæØî àÐáßàÕÔÕÛÕÝØï (4.13) ÜÞÖÝÞ àÐ×ÛÞÖØâì Ò àïÔ
ÂíÙÛÞàÐ ßÞ áâÕßÕÝïÜ ÜÐÛÞÙ àÐ×ÝÞáâØ ßÞâÕÝæØÐÛÞÒ' R � ' i . ¾ÓàÐÝØçØ-
ÒÐïáì çÛÕÝÐÜØ ßÕàÒÞÓÞ ßÞàïÔÚÐ, ßÞÛãçØÜ:

f i (� p; ' R ) � f 0(� p) +
@f0(� p)

@�p
e(' R � ' i ) : (4.17)

¿ÞÔáâÐÒÛïï íâÞ ÒëàÐÖÕÝØÕ Ò (4.15) Ø ãçØâëÒÐï, çâÞ' 1 � ' 2 = V,
ÝÐÙÔÕÜ âÞÚ:

I =
2e2

h
V

1
�

0

d�p T (� p)
�

�
@f0
@�p

�
: (4.18)

¾ÑàÐâØÜ ÒÝØÜÐÝØÕ ÝÐ âÞ, çâÞ âÞÚ ×ÐÒØáØâ âÞÛìÚÞ Þâ ßàØÛÞÖÕÝÝÞÓÞ ÝÐßàï-
ÖÕÝØÕV Ø ÝÕ ×ÐÒØáØâ Þâ ßÞâÕÝæØÐÛÐ' Ò âÞÙ âÞçÚÕ, Ò ÚÞâÞàÞÙ ÒëçØáÛïÛáï
âÞÚ. ¿àÞÒÞÔØÜÞáâìG = I=V Õáâì:

G = G0

1
�

0

d�p T (� p)
�

�
@f0
@�p

�
; (4.19)

ÓÔÕG0 � ÚÒÐÝâ ßàÞÒÞÔØÜÞáâØ, (1.2),
¿àÞÒÞÔØÜÞáâìG ×ÐÒØáØâ Þâ ÒÕàÞïâÝÞáâØ âãÝÝÕÛØàÞÒÐÝØï ÔÛï íÛÕÚ-

âàÞÝÞÒ á íÝÕàÓØÕÙ ÒÑÛØ×Ø íÝÕàÓØØ ÄÕàÜØ. ÍâÞ áÛÕÔãÕâ Ø× âÞÓÞ,çâÞ ßàÞØ×-
ÒÞÔÝÐï Þâ äÕàÜØÕÒáÚÞÙ äãÝÚæØØ àÐáßàÕÔÕÛÕÝØï ßÞ íÝÕàÓØØ

@f0
@�p

= �
1

4kB T
1

cosh2
�

� p � �
2kB T

� ; (4.20)
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m

dep
-

1

ep

T
T4

4

df0

ÀØá. 4.4. ·ÐÒØáØÜÞáâì Þâ íÝÕàÓØØ ßàÞØ×ÒÞÔÝÞÙ äÕàÜØÕÒáÚÞÙ
äãÝÚæØØ àÐáßàÕÔÕÛÕÝØï

ÞâÛØçÝÐ Þâ ÝãÛï âÞÛìÚÞ Ò ØÝâÕàÒÐÛÕ íÝÕàÓØÙ á èØàØÝÞÙ ßÞàïÔÚÐ4kB T
ÒÑÛØ×Ø� p = � , àØá.4.4. ÁÛÕÔÞÒÐâÕÛìÝÞ, ÔÛï ßàÐÒØÛìÝÞÓÞ ÒëçØáÛÕÝØï
ßàÞÒÞÔØÜÞáâØ ÜÕ×ÞáÚÞßØçÕáÚÞÓÞ ßàÞÒÞÔÝØÚÐ ÒÐÖÝëÜ ïÒÛïÕâáï áÞÞâÝÞ-
èÕÝØÕ ÜÕÖÔã åÐàÐÚâÕàÝëÜ ØÝâÕàÒÐÛÞÜ íÝÕàÓØÙ, ÝÐ ÚÞâÞàÞÜ áãéÕáâÒÕÝÝÞ
Ø×ÜÕÝïÕâáï ÒÕàÞïâÝÞáâì âãÝÝÕÛØàÞÒÐÝØï, Ø âÕÜßÕàÐâãàÞÙ.

¿àØ ÝãÛÕÒÞÙ âÕÜßÕàÐâãàÕ,T = 0, ×ÐÒØáØÜÞáâì (4.20) ÒëàÞÖÔÐÕâáï Ò
� -äãÝÚæØî ´ØàÐÚÐ:

@f0
@�p

= � � (� p � � ) ; (4.21)

Ø ÒëàÐÖÕÝØÕ (4.19) ßÕàÕåÞÔØâ Ò ÒëàÐÖÕÝØÕ (4.1) á T � T (� ).
¿ÞÛãçÕÝÝÞÕ ÒëàÐÖÕÝØÕ ÜÞÖÕâ Ñëâì ßàØÜÕÝÕÝÞ âÐÚÖÕ Ú áÛãçÐî, ÚÞ-

ÓÔÐ ßàÞØ×ÒÞÛìÝëÙ ÜÕ×ÞáÚÞßØçÕáÚØÙ ÞÑàÐ×Õæ áÞÕÔØÝÕÝ ÔÒãÜï ÞÔÝÞÜÕàÝë-
ÜØ ÑÐÛÛØáâØçÕáÚØÜØ ßàÞÒÞÔÝØÚÐÜØ á àÕ×ÕàÒãÐàÐÜØ. ² íâÞÜ áÛãçÐÕ ßàÞÒÞ-
ÔØÜÞáâì ÜÕ×ÞáÚÞßØçÕáÚÞÓÞ ÞÑàÐ×æÐ ÞßàÕÔÕÛïÕâáï ØáÚÛîçØâÕÛìÝÞ ÒÕàÞïâ-
ÝÞáâìî T ßàÞåÞÖÔÕÝØï íÛÕÚâàÞÝÐ çÕàÕ× ÞÑàÐ×Õæ. ºÞíääØæØÕÝâ ßàÞßÞà-
æØÞÝÐÛìÝÞáâØ, ÚÞâÞàëÙ Üë ÒëèÕ ÞÑÞ×ÝÐçÐÛØ ÑãÚÒÞÙg, Õáâì ÚÒÐÝâ ßàÞÒÞ-
ÔØÜÞáâØG0.

½ÕÞÑåÞÔØÜÞ áÔÕÛÐâì ÔÒÐ ×ÐÜÕçÐÝØï Ò áÒï×Ø á ßàØÒÕÔÕÝÝëÜØ ÒëçØá-
ÛÕÝØïÜØ. ²Þ-ßÕàÒëå, Ø× ÒëàÐÖÕÝØï (4.1) áÛÕÔãÕâ, çâÞ ÔÐÖÕ Ò ÞâáãâáâÒØÕ
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a b

V

G = G  T T 0G   = G  T/R0

V0

I

V

I

V0

ÀØá. 4.5. ÁåÕÜÐ Ø×ÜÕàÕÝØï ßàÞÒÞÔØÜÞáâØ,G = I=V0, ÓÔÕI � âÞÚ, ßàÞâÕÚÐîéØÙ çÕ-
àÕ× ÞÑàÐ×Õæ,V0 � ÝÐßàïÖÕÝØÕ, Ø×ÜÕàïÕÜÞÕ ÒÞÛìâÜÕâàÞÜ. ²ÞÛìâÜÕâà, ÞÑÞ×ÝÐçÕÝÝëÙ
ÚàãÖÞçÚÞÜ, ÜÞÖÕâ Ñëâì ßÞÔáÞÕÔØÝÕÝ, ÛØÑÞ ÒÔÐÛØ Þâ àÐááÕØÒÐâÕÛï (a), Ò íâÞÜ áÛã-
çÐÕ ÞÝ Ø×ÜÕàïÕâ àÐ×ÝÞáâì ßÞâÕÝæØÐÛÞÒ ÜÕÖÔã ãÔÐÛÕÝÝëÜØ àÕ×ÕàÒãÐàÐÜØ,V0 = V,
ÛØÑÞ Ò ÝÕßÞáàÕÔáâÒÕÝÝÞÙ ÑÛØ×ÞáâØ Þâ àÐááÕØÒÐâÕÛï (b), Ò íâÞÜ áÛãçÐÕ ÒÞÛìâÜÕâà
Ø×ÜÕàïÕâ Ø×ÜÕÝÕÝØÕ ßÞâÕÝæØÐÛÐ ÝÐ àÐááÕØÒÐâÕÛÕ,V0 = � '

ÒáïÚÞÓÞ àÐááÕïÝØï,T = 1, ßàÞÒÞÔØÜÞáâì ÚÞÝÕçÝÐ,G = G0. ÂÐÚØÜ ÞÑ-
àÐ×ÞÜ, ÞÔÝÞÜÕàÝëÙ ÑÐÛÛØáâØçÕáÚØÙ ÚÐÝÐÛ, áÞÕÔØÝïîéØÙ ÔÒÐ àÕ×ÕàÒãÐàÐ,
áÐÜ ßÞ áÕÑÕ ÞÚÐ×ëÒÐÕâ áÞßàÞâØÒÛÕÝØÕ ßàÞâÕÚÐÝØî âÞÚÐ. ÍâÞ áÞßàÞâØÒÛÕ-
ÝØÕ àÐÒÝÞ,R0 � 1=G0 = h=2e2 � 12:9 � 103 ¾Ü.

²Þ-ÒâÞàëå, ÞÑàÐâØÜ ÒÝØÜÐÝØÕ ÝÐ âÞ, çâÞ ßàÞÒÞÔØÜÞáâì ÞßàÕÔÕÛÕÝÐ
ÚÐÚ ÞâÝÞèÕÝØÕ âÞÚÐI , ßàÞâÕÚÐîéÕÓÞ çÕàÕ× ÞÑàÐ×Õæ, Ú àÐ×ÝÞáâØ ßÞâÕÝæØ-
ÐÛÞÒV ãÔÐÛÕÝÝëå àÕ×ÕàÒãÐàÞÒ, àØá.4.5a. ÍâÞ ÞâÛØçÐÕâáï Þâ ßàØÝïâÞÓÞ Ò
ÜÐÚàÞáÚÞßØçÕáÚÞÙ äØ×ØÚÕ ÞßàÕÔÕÛÕÝØï, ÚÞÓÔÐ ßàÞÒÞÔØÜÞáâìÞßàÕÔÕÛïÕâ-
áï ÚÐÚ ÞâÝÞèÕÝØÕ âÞÚÐ Ú àÐ×ÝÞáâØ ßÞâÕÝæØÐÛÞÒ� ' ÜÕÖÔã ÞÔÝØÜ Ø ÔàãÓØÜ
ÚàÐÕÜ ÞÑàÐ×æÐ, àØá.4.5b.

ÁâàÞÓÞ ÓÞÒÞàï, Ø Ò ÜÕ×ÞáÚÞßØÚÕ ÜÞÖÝÞ ØáßÞÛì×ÞÒÐâì ßÞáÛÕÔÝÕÕ ÞßàÕ-
ÔÕÛÕÝØÕ ßàÞÒÞÔØÜÞáâØ, ÞÔÝÐÚÞ ßàØ íâÞÜ ÑãÔÕâ ßÞÛãçÕÝ áÞÒÕàèÕÝÝÞ Ôàã-
ÓÞÙ ÞâÒÕâ ÔÛï ÒÕÛØçØÝë ßàÞÒÞÔØÜÞáâØ, ÚÞâÞàãî Ò íâÞÜ áÛãçÐÕ ÞÑÞ×ÝÐçØÜ
çÕàÕ×GT . ¿ÞíâÞÜã, çâÞÑë áàÐÒÝØÒÐâì àÕ×ãÛìâÐâë ÒëçØáÛÕÝØÙ á àÕ×ãÛìâÐ-
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âÐÜØ Ø×ÜÕàÕÝØÙ, ÝÕÞÑåÞÔØÜÞ ×ÝÐâì, ÚÐÚ ØÜÕÝÝÞ ßàÞØ×ÒÞÔØâáïØ×ÜÕàÕÝØÕ.
´Ûï ÞßàÕÔÕÛÕÝØïGT ÝÕÞÑåÞÔØÜÞ ÒëçØáÛØâì Ø×ÜÕÝÕÝØÕ ßÞâÕÝæØÐÛÐ,

� ' , Ò ÝÕßÞáàÕÔáâÒÕÝÝÞÙ ÑÛØ×ÞáâØ Þâ àÐááÕØÒÐâÕÛï.

4.4. ÀÐáßàÕÔÕÛÕÝØÕ íÛÕÚâàØçÕáÚÞÓÞ ßÞâÕÝæØÐÛÐ

±ãÔÕÜ ßÞ-ßàÕÖÝÕÜã ßÞÛÐÓÐâì, çâÞ ÜÕÖÔã àÕ×ÕàÒãÐàÐÜØ ßàØÛÞÖÕÝÞ
ÝÐßàïÖÕÝØÕV. ¾ßàÕÔÕÛØÜ ßÞâÕÝæØÐÛë ÝÕßÞáàÕÔáâÒÕÝÝÞ áÛÕÒÐ,' L , Ø ÝÕßÞ-
áàÕÔáâÒÕÝÝÞ áßàÐÒÐ,' R , Þâ àÐááÕØÒÐâÕÛï, ßàÕÔßÞÛÞÖØÒ, çâÞ ÒëßÞÛÝïÕâ-
áï ãáÛÞÒØÕ íÛÕÚâàÞÝÕÙâàÐÛìÝÞáâØ. ´Ûï íâÞÓÞ ÒëçØáÛØÜ ßÛÞâÝÞáâì n(V)
íÛÕÚâàÞÝÞÒ Ò ÚÐÝÐÛÕ, ÚÞÓÔÐ ßàØÛÞÖÕÝÞ ÝÐßàïÖÕÝØÕV, Ø ßÞâàÕÑãÕÜ, çâÞ-
Ñë íâÐ ÒÕÛØçØÝÐ àÐÒÝïÛÐáì ßÛÞâÝÞáâØn(0) íÛÕÚâàÞÝÞÒ Ò ÞâáãâáâÒØÕ ÝÐ-
ßàïÖÕÝØï,V = 0:

n(V = 0) = nL (V) = nR (V) : (4.22)

¿ÛÞâÝÞáâì íÛÕÚâàÞÝÞÒ Ò ÞÔÝÞÜÕàÝÞÜ ßàÞÒÞÔÝØÚÕ ÒëàÐÖÐÕâáï çÕàÕ×
äãÝÚæØî àÐáßàÕÔÕÛÕÝØï áÛÕÔãîéØÜ ÞÑàÐ×ÞÜ:

ni =
2
h

1
�

�1

dp f i (p) ; i = L ; R : (4.23)

ÄãÝÚæØï àÐáßàÕÔÕÛÕÝØïf R ÞßàÕÔÕÛÕÝÐ Ò ãàÐÒÝÕÝØØ (4.12). °ÝÐÛÞ-
ÓØçÝÞ ÒëçØáÛïÕâáï äãÝÚæØï àÐáßàÕÔÕÛÕÝØïf L áÛÕÒÐ Þâ àÐááÕØÒÐâÕÛï:

f L (� p) =

8
<

:

f 0(� p + e[' L � ' 1]) ; p > 0;

Rf 0(� p + e[' L � ' 1]) + T f 0(� p + e[' L � ' 2]) ; p < 0;
(4.24)

ÓÔÕ' L � ßÞâÕÝæØÐÛ áÛÕÒÐ Þâ àÐááÕØÒÐâÕÛï. ¾âÜÕâØÜ, çâÞ ßàØV = 0 ØÜÕ-
ÕÜ,f R = f L = f 0.
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¿ÞÔáâÐÒÛïï (4.12) Ø (4.24) Ò ãàÐÒÝÕÝØÕ (4.23) Ø ×ÐâÕÜ Ò (4.22) Ø àÐá-
ÚÛÐÔëÒÐï Ò àïÔ ßÞ áâÕßÕÝïÜ ÜÐÛÞÙ àÐ×ÝÞáâØ ßÞâÕÝæØÐÛÞÒ, ßÞÛãçÐÕÜ:

' R = � R V
2 ; ' L = R V

2 ;

� ' = ' L � ' R = R V :
(4.25)

ÁÛÕÔÞÒÐâÕÛìÝÞ, ßàÞÒÞÔØÜÞáâì,GT = I=� ' , Õáâì:

GT = G0
T
R

: (4.26)

Á ãÜÕÝìèÕÝØÕÜ ÒÕàÞïâÝÞáâØ ÞâàÐÖÕÝØï,R ! 0, ßàÞÒÞÔØÜÞáâì, ÞßàÕ-
ÔÕÛÕÝÝÐï áÞÓÛÐáÝÞ ßÞáÛÕÔÝÕÜã ÒëàÐÖÕÝØî, ÝÕÞÓàÐÝØçÕÝÝÞ ÒÞ×àÐáâÐÕâ,GT !
1 . ÍâÞ ÞÑãáÛÞÒÛÕÝÞ âÕÜ, çâÞ Ò ÞâáãâáâÒØÕ àÐááÕïÝØï íÛÕÚâàÞáâÐâØçÕáÚØÙ
ßÞâÕÝæØÐÛ ßÞáâÞïÝÕÝ ÒÔÞÛì ÚÐÝÐÛÐ, Ø ßÞíâÞÜã� ' = 0.

ÁÛÕÔãÕâ ÞâÜÕâØâì, çâÞ Ò ßÕàÒÞÝÐçÐÛìÝÞÜ ÒÐàØÐÝâÕ äÞàÜãÛÐ »ÐÝÔÐã-
íàÐ ØÜÕÛÐ ÒØÔ (4.26). ¾ÔÝÐÚÞ, ßÞáÛÕ ÜÝÞÓÞçØáÛÕÝÝëå ÔØáÚãááØÙ áâÐÛÞ ßÞ-
ÝïâÝÞ [1], çâÞ ØÜÕÝÝÞ ÒëàÐÖÕÝØÕ (4.1) áÞÞâÒÕâáâÒãÕâ ÞÑëçÝÞÙ áØâãÐæØØ Ò
íÚáßÕàØÜÕÝâÕ, ÚÞÓÔÐ Ø×ÜÕàïÕâáï àÐ×ÝÞáâì ßÞâÕÝæØÐÛÞÒ ÜÕÖÔã àÕ×ÕàÒãÐ-
àÐÜØ, Ð ÝÕ ÝÐßàïÖÕÝØÕ ÝÐ ÞÑàÐ×æÕ.

²ÞßàÞáë ÔÛï áÐÜÞßàÞÒÕàÚØ

1) ·ÐßØáÐâì äÞàÜãÛã »ÐÝÔÐãíàÐ ÔÛï íÛÕÚâàÞßàÞÒÞÔÝÞáâØ Ø ÞÑêïáÝØâì ÕÕ
áâàãÚâãàã.
2) ÇâÞ âÐÚÞÕ ÚÒÐÝâ ßàÞÒÞÔØÜÞáâØ? ºÐÚÞÒÐ ÕÓÞ ÒÕÛØçØÝÐ?
3) ¾åÐàÐÚâÕàØ×ÞÒÐâì äãÝÚæØî àÐáßàÕÔÕÛÕÝØï íÛÕÚâàÞÝÞÒ Ò ÞÔÝÞÜÕàÝÞÜ
ÑÐÛÛØáâØçÕáÚÞÜ ÚÐÝÐÛÕ á àÐááÕØÒÐâÕÛÕÜ.
4) ²ëÒÕáâØ ÒëàÐÖÕÝØÕ ÔÛï âÞÚÐ Ò ÞÔÝÞÜÕàÝÞÜ ÑÐÛÛØáâØçÕáÚÞÜ ÚÐÝÐÛÕ á
àÐááÕØÒÐâÕÛÕÜ.
5) ÀÐááÜÞâàÕâì àÐáßàÕÔÕÛÕÝØÕ íÛÕÚâàØçÕáÚÞÓÞ ßÞâÕÝæØÐÛÐ ÒÑÛØ×Ø àÐááÕ-
ØÒÐâÕÛï Ø ÞÑêïáÝØâì àÐ×ÝØæã ÜÕÖÔã ßàÞÒÞÔØÜÞáâìî ßàØÜÕáØ Ò ÑÐÛÛØáâØ-
çÕáÚÞÜ ÚÐÝÐÛÕ Ø ßàÞÒÞÔØÜÞáâìî ÑÐÛÛØáâØçÕáÚÞÓÞ ÚÐÝÐÛÐ á ßàØÜÕáìî.
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ÁÞåàÐÝÕÝØÕ äÐ×ÞÒÞÙ ÚÞÓÕàÕÝâÝÞáâØ ßàØ àÐáßàÞáâàÐÝÕÝØØ íÛÕÚâàÞ-
ÝÞÒ Ò ÜÕ×ÞáÚÞßØçÕáÚØå ÞÑàÐ×æÐå ßàØ ÝØ×ÚØå âÕÜßÕàÐâãàÐå ÞÑãáÛÞÒÛØÒÐÕâ
çãÒáâÒØâÕÛìÝÞáâì âàÐÝáßÞàâÝëå áÒÞÙáâÒ âÐÚØå ÞÑêÕÚâÞÒ Ú äÐ×Õ ÒÞÛÝÞ-
ÒÞÙ äãÝÚæØØ íÛÕÚâàÞÝÐ. ÍâÞ, á ÞÔÝÞÙ áâÞàÞÝë, ÞÑÕáßÕçØÒÐÕâ ÒÞ×ÜÞÖÝÞáâì
Ø×ãçÐâì äãÝÔÐÜÕÝâÐÛìÝëÕ ßàÞÑÛÕÜë ÚÒÐÝâÞÒÞÙ äØ×ØÚØ á ßÞÜÞéìî åÞàÞ-
èÞ àÐ×ÒØâëå ÜÕâÞÔÞÒ ØááÛÕÔÞÒÐÝØï âàÐÝáßÞàâÝëå áÒÞÙáâÒ âÒÕàÔëå âÕÛ, á
ÔàãÓÞÙ ÖÕ áâÞàÞÝë, ßàÕÔÞáâÐÒÛïÕâ ÔÞßÞÛÝØâÕÛìÝãî ÒÞ×ÜÞÖÝÞáâì ãßàÐÒ-
Ûïâì áÒÞÙáâÒÐÜØ ÞÑàÐ×æÞÒ, çâÞ ÜÞÖÕâ Ñëâì ØáßÞÛì×ÞÒÐÝÞ ßàØ áÞ×ÔÐÝØØ
íÛÕÚâàÞÝÝëå ãáâàÞÙáâÒ ÝÞÒÞÓÞ ßÞÚÞÛÕÝØï.

´ÐÛÕÕ Üë àÐááÜÞâàØÜ ÞÔÝã Ø× ÒÞ×ÜÞÖÝÞáâÕÙ ÒÛØïâì ÝÐ äÐ×ã ÒÞÛÝÞ-
ÒÞÙ äãÝÚæØØ íÛÕÚâàÞÝÐ, áÒï×ÐÝÝãî á íääÕÚâÞÜ °ÐàÞÝÞÒÐ-±ÞÜÐ[10].

5.1. ¿àØàÞÔÐ íääÕÚâÐ

² 1959 ÓÞÔã °ÐàÞÝÞÒ Ø ±ÞÜ [10] ßÞÚÐ×ÐÛØ, çâÞ Ò ÚÒÐÝâÞÒÞÙ ÜÕåÐÝØÚÕ
íÛÕÚâàÞÜÐÓÝØâÝëÕ ßÞâÕÝæØÐÛë, ÒÕÚâÞàÝëÙA Ø áÚÐÛïàÝëÙ' , ßàØÞÑàÕâÐ-
îâ ÝÕßÞáàÕÔáâÒÕÝÝëÙ äØ×ØçÕáÚØÙ áÜëáÛ Ø ÜÞÓãâ Ñëâì Ø×ÜÕàÕÝëíÚáßÕ-
àØÜÕÝâÐÛìÝÞ.

² íâÞÙ áÒï×Ø ÝÕÞÑåÞÔØÜÞ áÚÐ×Ðâì, çâÞ Ò ÚÛÐááØçÕáÚÞÙ äØ×ØÚÕ ØÜÕ-
îâ áÜëáÛ âÞÛìÚÞ íÛÕÚâàØçÕáÚÞÕ Ø ÜÐÓÝØâÝÞÕ ßÞÛï, ÞßàÕÔÕÛïîéØÕ áØÛã,
ÔÕÙáâÒãîéãî ÝÐ íÛÕÚâàØçÕáÚØÙ ×ÐàïÔ, àØá.5.1. ½ÐßàïÖÕÝÝÞáâì íÛÕÚâàØ-
çÕáÚÞÓÞ ßÞÛïE Ø ØÝÔãÚæØï ÜÐÓÝØâÝÞÓÞ ßÞÛïB ÒëàÐÖÐîâáï çÕàÕ× ßàÞØ×-
ÒÞÔÝëÕ íÛÕÚâàÞÜÐÓÝØâÝëå ßÞâÕÝæØÐÛÞÒ áÛÕÔãîéØÜ ÞÑàÐ×ÞÜ:

B = rot A ;

E = � grad' � @A
@t :

(5.1)

²ÒÕÔÕÝØÕ ÒÕÚâÞàÝÞÓÞA Ø áÚÐÛïàÝÞÓÞ' ßÞâÕÝæØÐÛÞÒ ÜÞÖÕâ àÐááÜÐâ-
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E

b

B

F = qvB

v 

a

F = qE

ÀØá. 5.1. ½ÐßàïÖÕÝÝÞáâìE íÛÕÚâàØçÕáÚÞÓÞ Ø ØÝÔãÚæØïB ÜÐÓ-
ÝØâÝÞÓÞ ßÞÛÕÙ ÞßàÕÔÕÛïîâ áØÛëF , ÔÕÙáâÒãîéØÕ ÝÐ ÔÒØÖãéØÙáï
áÞ áÚÞàÞáâìîv ×ÐàïÔq: íÛÕÚâàØçÕáÚãî� F = qE (a) Ø ÜÐÓÝØâÝãî
� F = qvB (b). ½ÐßàÐÒÛÕÝØÕ áØÛ ßÞÚÐ×ÐÝÞ ÔÛïq > 0

àØÒÐâìáï ÚÐÚ ãÔÞÑÝÐï ßÐàÐÜÕâàØ×ÐæØï, ßÞáÚÞÛìÚã ÒëàÐÖÕÝØï(5.1) ÐÒâÞ-
ÜÐâØçÕáÚØ ãÔÞÒÛÕâÒÞàïîâ ãàÐÒÝÕÝØïÜ ¼ÐÚáÒÕÛÛÐ ÔÛï íÛÕÚâàÞÜÐÓÝØâÝÞÓÞ
ßÞÛï Ò ÒÐÚããÜÕ:

rotE = � @B
@t ;

divB = 0 :
(5.2)

ºàÞÜÕ âÞÓÞ, ßàØÒÕÔÕÝÝëÕ ÒëàÐÖÕÝØï Eq.(5.1) ÝÕ ÞßàÕÔÕÛïîâ ÞÔÝÞ-
×ÝÐçÝÞ ÒÕÚâÞàÝëÙ Ø áÚÐÛïàÝëÙ ßÞâÕÝæØÐÛë. µáÛØ áÔÕÛÐâì âÐÚØÕ ×ÐÜÕÝë:

A ! A + grad� ;

' ! ' � @�
@t;

(5.3)

ÓÔÕ� � ßàÞØ×ÒÞÛìÝÐï ÔØääÕàÕÝæØàãÕÜÐï äãÝÚæØï ÚÞÞàÔØÝÐâ Ø ÒàÕÜÕÝØ,
âÞ ÝØ ÝÐßàïÖÕÝÝÞáâì íÛÕÚâàØçÕáÚÞÓÞ ßÞÛï, ÝØ ØÝÔãÚæØï ÜÐÓÝØâÝÞÓÞ ßÞ-
Ûï ÝÕ Ø×ÜÕÝïâáï, ßÞíâÞÜã íÛÕÚâàÞÜÐÓÝØâÝëÕ ßÞâÕÝæØÐÛë ÝÕ ÞßàÕÔÕÛÕÝë
ÞÔÝÞ×ÝÐçÝÞ Ø, á âÞçÚØ ×àÕÝØï ÚÛÐááØçÕáÚÞÙ äØ×ØÚØ, ÔÞÛÖÝë àÐááÜÐâàØ-
ÒÐâìáï ÛØèì ÚÐÚ ÜÐâÕÜÐâØçÕáÚØÕ ÞÑêÕÚâë, ÝÕ ØÜÕîéØÕ ÝØÚÐÚÞÓÞ ÞâÝÞ-
èÕÝØï Ú äØ×ØçÕáÚÞÜã ÜØàã. ² àÐÜÚÐå ÚÛÐááØçÕáÚÞÙ äØ×ØÚØ âÞÛìÚÞ áØÛë,
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×ÐÒØáïéØÕ ÞâE ØB, ÜÞÓã Ñëâì Ø×ÜÕàÕÝë.
² ÚÒÐÝâÞÒÞÙ âÕÞàØØ ÔÕÛÞ ÞÑáâÞØâ ØÝÐçÕ. °ÐàÞÝÞÒ Ø ±ÞÜ ßÞÚÐ×ÐÛØ,

çâÞ äÐ×Ð ÒÞÛÝÞÒÞÙ äãÝÚæØØ çÐáâØæë ÝÕßÞáàÕÔáâÒÕÝÝÞ ×ÐÒØáØâÞâ íÛÕÚ-
âàÞÜÐÓÝØâÝëå ßÞâÕÝæØÐÛÞÒ Ø ÒÞ×ÜÞÖÝÐ ßÞáâÐÝÞÒÚÐ íÚáßÕàØÜÕÝâÐ, ÚÞÓÔÐ
âÐÚÐï ×ÐÒØáØÜÞáâì ÑãÔÕâ ÝÐÑÛîÔÐâìáï.

ÍääÕÚâ °ÐàÞÝÞÒÐ-±ÞÜÐ (°±) áÞáâÞØâ Ò âÞÜ, çâÞ íÛÕÚâàÞ-
ÜÐÓÝØâÝëÕ ßÞâÕÝæØÐÛë ÝÕßÞáàÕÔáâÒÕÝÝÞ ÒÛØïîâ ÝÐ ØÝâÕàäÕàÕÝ-
æØÞÝÝãî ÚÐàâØÝã, ÞÑàÐ×ãÕÜãî ×ÐàïÖÕÝÝëÜØ çÐáâØæÐÜØ (íÛÕÚâàÞ-
ÝÐÜØ) ÔÒØÖãéØÜØáï Ò âÞÙ ÞÑÛÐáâØ ßàÞáâàÐÝáâÒÐ, ÓÔÕ ßàØáãâáâÒã-
îâ ÒÕÚâÞàÝëÙ Ø/ØÛØ áÚÐÛïàÝëÙ ßÞâÕÝæØÐÛë, ÞÔÝÐÚÞ, ÝÐßàïÖÕÝ-
ÝÞáâØ íÛÕÚâàØçÕáÚÞÓÞ Ø/ØÛØ ÜÐÓÝØâÝÞÓÞ ßÞÛÕÙ àÐÒÝë ÝãÛî.

5.2. ÍääÕÚâ °ÐàÞÝÞÒÐ-±ÞÜÐ Ò ÒÐÚããÜÕ

¿ÞïáÝØÜ áãâì íääÕÚâÐ °± ÝÐ ßàØÜÕàÕ áÒÞÑÞÔÝÞÓÞ íÛÕÚâàÞÝÐ, ÔÒØ-
ÖãéÕÓÞáï Ò ßÞÛÕ ÒÕÚâÞàÝÞÓÞ ßÞâÕÝæØÐÛÐ. ² ÞâáãâáâÒØÕ íÛÕÚâàÞÜÐÓÝØâÝëå
ßÞÛÕÙ,A = 0, ' = 0, ÒÞÛÝÞÒÐï äãÝÚæØï áÒÞÑÞÔÝÞÓÞ íÛÕÚâàÞÝÐ ßàÕÔ-
áâÐÒÛïÕâ áÞÑÞÙ ßÛÞáÚãî ÒÞÛÝã (çâÞÑë ÝÕ ×ÐÓàÞÜÞÖÔÐâì äÞàÜãÛë, Üë àÐá-
áÜÐâàØÒÐÕÜ âÞÛìÚÞ ÚÞÞàÔØÝÐâÝãî çÐáâì ÒÞÛÝÞÒÞÙ äãÝÚæØØ):

 p(r ) = ei pr =~ ; (5.4)

ºÞÓÔÐ Ò ßàÞáâàÐÝáâÒÕ ßàØáãâáâÒãÕâ íÛÕÚâàÞÜÐÓÝØâÝÞÕ ßÞÛÕ,ÞßØáëÒÐÕÜÞÕ
ÒÕÚâÞàÝëÜ ßÞâÕÝæØÐÛÞÜA (r ), âÞ ÒÞÛÝÞÒÐï äãÝÚæØï áÒÞÑÞÔÝÞÓÞ íÛÕÚâàÞ-
ÝÐ ßàØÞÑàÕâÐÕâ áÛÕÔãîéØÙ ÒØÔ:

 p(r ; A ) = e
i
~

�

[p� eA (r )]dr ; (5.5)

ÓÔÕ ØÝâÕÓàØàÞÒÐÝØÕ ßàÞØ×ÒÞÔØâáï ÒÔÞÛì âàÐÕÚâÞàØØ ÔÒØÖÕÝØï çÐáâØæë. ²
âÞÜ áÛãçÐÕ, ÕáÛØ ÝÐ íÛÕÚâàÞÝ ÝÕ ÔÕÙáâÒãîâ ÝØ íÛÕÚâàØçÕáÚÐï,ÝØ ÜÐÓÝØâ-
ÝÐï áØÛë, âÞ ÕÓÞ âàÐÕÚâÞàØï ÞáâÐÕâáï âÐÚÞÙ ÖÕ, ÚÐÚ Ø Ò ÞâáãâáâÒØÕ ÒÕÚ-
âÞàÝÞÓÞ ßÞâÕÝæØÐÛÐ. ¾ÔÝÐÚÞ, äÐ×Ð ÒÞÛÝÞÒÞÙ äãÝÚæØØ Ø×ÜÕÝïÕâáï, çâÞ Ø
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1

2

F
O'O

ÀØá. 5.2. ÁåÕÜÐ íÛÕÚâàÞÝÝÞÓÞ ØÝâÕàäÕàÞÜÕâàÐ °ÐàÞÝÞÒÐ-±ÞÜÐ. ¿ãçÞÚ íÛÕÚ-
âàÞÝÞÒ àÐáéÕßÛïÕâáï ÝÐ ÔÒÐ ßãçÚÐ Ò âÞçÚÕ O. ·ÕàÚÐÛÐ 1 Ø 2 ÝÐßàÐÒÛïîâ
ßãçÚØ Ò ÔÕâÕÚâÞà O', ÓÔÕ ÞÝØ ØÝâÕàäÕàØàãîâ. ÁâàÕÛÚÐÜØ ßÞÚÐ×ÐÝÞ ÝÐßàÐÒÛÕ-
ÝØÕ ÔÒØÖÕÝØï íÛÕÚâàÞÝÞÒ. ÁÞÛÕÝÞØÔ (ßÞÚÐ×ÐÝÞ èâàØåÞÒÚÞÙ) áÞ×ÔÐÕâ ÜÐÓÝØâ-
ÝëÙ ßÞâÞÚ� , ßàÞÝØ×ëÒÐîéØÙ ßÛÞáÚÞáâì ØÝâÕàäÕàÞÜÕâàÐ. ÁÞÛÕÝÞØÔ ÔÞÛÖÕÝ
Ñëâì ÔÞáâÐâÞçÝÞ ÔÛØÝÝëÜ, çâÞÑë ÜÐÓÝØâÝÞÕ ßÞÛÕ ÑëÛÞ ßàÕÝÕÑàÕÖØÜÞ áÛÐ-
ÑëÜ ÝÐ âàÐÕÚâÞàØØ ÔÒØÖÕÝØï íÛÕÚâàÞÝÞÒ. ½ÐßàÐÒÛÕÝØÕ ÒÕÚâÞàÝÞÓÞ ßÞâÕÝæØ-
ÐÛÐA ßÞÚÐ×ÐÝÞ ßãÝÚâØàÝÞÙ ÞÚàãÖÝÞáâìî áÞ áâàÕÛÚÐÜØ

ÑëÛÞ ×ÐàÕÓØáâàØàÞÒÐÝÞ Ò íÚáßÕàØÜÕÝâÕ ßÞ ØÝâÕàäÕàÕÝæØØ ßãçÚÞÒ íÛÕÚ-
âàÞÝÞÒ [11].

ÁåÕÜÐ íÚáßÕàØÜÕÝâÐ ßÞ ØÝâÕàäÕàÕÝæØØ íÛÕÚâàÞÝÝëå ßãçÚÞÒ Ò ÒÐÚã-
ãÜÕ ßàÕÔáâÐÒÛÕÝÐ ÝÐ àØá.5.2. ² âÐÚÞÜ íÚáßÕàØÜÕÝâÕ íÛÕÚâàÞÝÝëÙ ßãçÞÚ
àÐáéÕßÛïÕâáï ÝÐ ÔÒÐ ßãçÚÐ, ÚÐÖÔëÙ Ø× ÚÞâÞàëå ßàÞåÞÔØâ ßãâìO01O, ØÜÕ-
îéØÙ ÔÛØÝãL1, ØÛØO02O, ØÜÕîéØÙ ÔÛØÝãL2, áÞÞâÒÕâáâÒÕÝÝÞ. ·ÐâÕÜ íâØ
ßãçÚØ ÔÞÛÖÝë áÞÙâØáì Ò ÞÔÝÞÙ âÞçÚÕ Ø ßàÞØÝâÕàäÕàØàÞÒÐâì. ´ÛØÝÝëÙ
âÞÝÚØÙ áÞÛÕÝÞØÔ á ÜÐÓÝØâÝëÜ ßÞâÞÚÞÜ� áÞ×ÔÐÕâ ÒÕÚâÞàÝëÙ ßÞâÕÝæØÐÛ,
ÒÕÛØçØÝÐ ÚÞâÞàÞÓÞA ÒÝÕ áÞÛÕÝÞØÔÐ ×ÐÒØáØâ âÞÛìÚÞ Þâ àÐááâÞïÝØïR ÔÞ
ÞáØ áÞÛÕÝÞØÔÐ:

A =
�

2�R
: (5.6)

½ÐßàÐÒÛÕÝ ÒÕÚâÞàÝëÙ ßÞâÕÝæØÐÛ ßÞ ÚÐáÐâÕÛìÝÞÙ Ú ÞÚàãÖÝÞáâØàÐÔØãáÐ
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R. ¸ÝÔãÚæØï ÜÐÓÝØâÝÞÓÞ ßÞÛï, áÞÞâÒÕâáâÒãîéÐï ßÞâÕÝæØÐÛã (5.6), àÐÒÝÐ
ÝãÛî:

B = rot A = 0 : (5.7)

¸ÝâÕàäÕàÕÝæØÞÝÝÐï ÚÐàâØÝÐ, âÞ Õáâì, àÕÓØáâàØàãÕÜÐï ÔÕâÕÚâÞàÞÜ ØÝ-
âÕÝáØÒÝÞáâìJO0 íÛÕÚâàÞÝÝÞÓÞ ßãçÚÐ Ò âÞçÚÕ ßàØÕÜÝØÚÐO0×ÐÒØáØâ Þâ àÐ×-
ÝÞáâØ äÐ×� ' = ' 1 - ' 2, ÓÔÕ' i , i = 1 ; 2, � äÐ×Ð, ßàØÞÑàÕâÐÕÜÐï íÛÕÚ-
âàÞÝÞÜ ßàØ ÔÒØÖÕÝØØ ÒÔÞÛì âàÐÕÚâÞàØØ ÔÛØÝÞÙL i . ¾ßàÕÔÕÛØÜ íâã ×ÐÒØ-
áØÜÞáâì. ´Ûï íâÞÓÞ ÑãÔÕÜ ØáåÞÔØâì Ø× âÞÓÞ, çâÞ ÒÕÛØçØÝÐJO0 ßàÞßÞàæØ-
ÞÝÐÛìÝÐ ÒÕàÞïâÝÞáâØW(O0; O) ßÕàÕåÞÔÐ Þâ ØáâÞçÝØÚÐO Ú ÔÕâÕÚâÞàãO0,
ÚÞâÞàÐï, Ò áÒÞî ÞçÕàÕÔì, Õáâì:

W(O0; O) = jA (O0; O)j2 ; (5.8)

ÓÔÕA(O0; O) � ÐÜßÛØâãÔÐ ßÕàÕåÞÔÐ. ÁÞÓÛÐáÝÞ ÞáÝÞÒÝëÜ ßàØÝæØßÐÜ ÚÒÐÝ-
âÞÒÞÙ ÜÕåÐÝØÚØ, ßÞÛÝÐï ÐÜßÛØâãÔÐ ßÕàÕåÞÔÐ ÜÕÖÔã ÝÕÚÞâÞàëÜØ ÔÒãÜï
âÞçÚÐÜØ Õáâì áãÜÜÐ çÐáâØçÝëå ÐÜßÛØâãÔ ßÕàÕåÞÔÐ, áÞÞâÒÕâáâÒãîéØå àÐ×-
ÛØçÝëÜ ÒÞ×ÜÞÖÝëÜ ßãâïÜ ßÕàÕåÞÔÐ ÜÕÖÔã àÐááÜÐâàØÒÐÕÜëÜØ âÞçÚÐÜØ.
² àÐááÜÐâàØÒÐÕÜÞÜ áÛãçÐÕ Õáâì ÒáÕÓÞ ÔÒÕ âÐÚØÕ ÐÜßÛØâãÔë:A 1, áÞÞâÒÕâ-
áâÒãîéÐï ßãâØO01O, ØA 2, áÞÞâÒÕâáâÒãîéÐï ßãâØO02O, ßÞíâÞÜã ØÜÕÕÜ:

A(O0; O) = A 1 + A 2 : (5.9)

°ÜßÛØâãÔÐ ßÕàÕåÞÔÐ ÜÕÖÔã âÞçÚÐÜØ á ÚÞÞàÔØÝÐâÐÜØr Ør 0áÒï×ëÒÐÕâ ×ÝÐ-
çÕÝØï ÒÞÛÝÞÒÞÙ äãÝÚæØØ Ò íâØå âÞçÚÐå:

 (r 0) = A(r 0; r ) (r ) : (5.10)

¿ÞÔáâÐÒÛïï ÒëàÐÖÕÝØÕ (5.10) Ò (5.5), ßÞÛãçØÜ ÒëàÐÖÕÝØÕ ÔÛï ÐÜ-
ßÛØâãÔë ßÕàÕåÞÔÐ Ò áÛÕÔãîéÕÜ ÒØÔÕ:

A(r 0; r ) = e
i
~

r 0
�

r
[p� eA (r 00)]dr 00

; (5.11)
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ÓÔÕ ØÝâÕÓàØàÞÒÐÝØÕ ßàÞØ×ÒÞÔØâáï ÒÔÞÛì âàÐÕÚâÞàØØ ÔÒØÖÕÝØï çÐáâØæë. Á
ãçÕâÞÜ ßÞÛãçÕÝÝÞÓÞ ÒëàÐÖÕÝØï ßàÕÔáâÐÒØÜ ÒÒÕÔÕÝÝëÕ ÒëèÕ ÐÜßÛØâãÔë
A 1 ØA 2 Ò áÛÕÔãîéÕÜ ÒØÔÕ,A i = ei' i , i = 1 ; 2, ÓÔÕ áÞÞâÒÕâáâÒãîéØÕ äÐ×ë
Õáâì:

' 1 = 1
~

�

O01O
dr (p � eA ) ;

' 2 = 1
~

�

O02O
dr (p � eA ) :

(5.12)

¿ÞÔáâÐÒÛïï ßàØÒÕÔÕÝÝëÕ ÒëàÐÖÕÝØï Ò (5.9) Ø ÔÐÛÕÕ Ò (5.8), ÒëçØá-
ÛØÜ ÒÕàÞïâÝÞáâì ÝÐÙâØ çÐáâØæã Ò ÜÕáâÕ àÕÓØáâàÐæØØ:

W(r ) = jA 1 + A 2j2 = 2 f 1 + cos (� ' )g ; (5.13)

ÓÔÕ

� ' = 1
~

�

O01O
dr (p � eA ) � 1

~

�

O02O
dr (p � eA )

= p
~(L1 � L2) � e

~

�

O01O2O0

drA :
(5.14)

·ÔÕáì Üë ãçÛØ, çâÞ ØÜßãÛìápÞáâÐÕâáï ßÞáâÞïÝÝëÜ ßÞ ÒÕÛØçØÝÕ, ßÞáÚÞÛì-
Úã, ßÞ ßàÕÔßÞÛÞÖÕÝØî, ÞâáãâáâÒãîâ áØÛë, ÔÕÙáâÒãîéØÕ ÝÐ íÛÕÚâàÞÝ. ¸Ý-
âÕÓàÐÛ ßÞ ×ÐÜÚÝãâÞÜã ÚÞÝâãàã,

�

drA , ßàÕÞÑàÐ×ãÕÜ Ò ØÝâÕÓàÐÛ ßÞ ßÛÞéÐÔØ
S, ÞåÒÐâëÒÐÕÜÞÙ íâØÜ ÚÞÝâãàÞÜ, Ø ßÞÛãçØÜ:

�

drA =
�

S

dSrotA : (5.15)

ÁÞÓÛÐáÝÞ ãàÐÒÝÕÝØî (5.1), àÞâÞà ÒÕÚâÞàÝÞÓÞ ßÞâÕÝæØÐÛÐ ÞßàÕÔÕÛïÕâ ØÝ-
ÔãÚæØîB ÜÐÓÝØâÝÞÓÞ ßÞÛï. ´ÒÞÙÝÞÙ ØÝâÕÓàÐÛ Ò ãàÐÒÝÕÝØØ (5.15) Õáâì
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ÜÐÓÝØâÝëÙ ßÞâÞÚ� , ßàÞÝØ×ëÒÐîéØÙ ×ÐÜÚÝãâëÙ ÚÞÝâãàO01O2O0:

� =
�

S

dS B : (5.16)

·ÐÜÕâØÜ, çâÞ Ò áÛãçÐÕ ÞÔÝÞàÞÔÝÞÓÞ ÜÐÓÝØâÝÞÓÞ ßÞÛï ÒÕÛØçØÝÐÜÐÓ-
ÝØâÝÞÓÞ ßÞâÞÚÐ àÐÒÝÐ,� = B S. µáÛØ ÖÕ ÜÐÓÝØâÝëÙ ßÞâÞÚ áÞ×ÔÐÕâáï âÞÝ-
ÚØÜ áÞÛÕÝÞØÔÞÜ, ÚÐÚ Ò àÐááÜÐâàØÒÐÕÜÞÜ íÚáßÕàØÜÕÝâÕ, âÞ� = B S0, ÓÔÕ
S0 � S � ßÛÞéÐÔì ßÞßÕàÕçÝÞÓÞ áÕçÕÝØï áÞÛÕÝÞØÔÐ.

¿ÞÔáâÐÒÛïï ÒëàÐÖÕÝØï (5.14) - ( 5.16) Ò (5.13), ßÞÛãçØÜ:

W(O0; O) = 2
�

1 + cos
�

p
~

[L1 � L2] � 2�
�
� 0

��
: (5.17)

ÂÐÚØÜ ÞÑàÐ×ÞÜ, ØÝâÕÝáØÒÝÞáâìJO0 � W(O0; O) àÕÓØáâàØàãÕÜÞÓÞ íÛÕÚ-
âàÞÝÝÞÓÞ ßãçÚÐ ßÕàØÞÔØçÝÐ ßÞ ÜÐÓÝØâÝÞÜã ßÞâÞÚã á ßÕàØÞÔÞÜ,àÐÒÝëÜ
ÚÒÐÝâã ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ.

¿àÞÐÝÐÛØ×ØàãÕÜ ßÞÛãçÕÝÝÞÕ ÒëàÐÖÕÝØÕ. ½Ð ßÕàÒëÙ Ò×ÓÛïÔ, ÝÕâ ÝØ-
çÕÓÞ ÝÕÞÑëçÝÞÓÞ. ²áÕ ÒëàÐÖÕÝÞ çÕàÕ× ÜÐÓÝØâÝëÙ ßÞâÞÚ, ÚÞâÞàëÙ Õáâì ßàÞ-
Ø×ÒÕÔÕÝØÕ ÜÐÓÝØâÝÞÙ ØÝÔãÚæØØ ÝÐ ßÛÞéÐÔì. ¼ÐÓÝØâÝÐï ØÝÔãÚæØï áÞ×ÔÐÕâ
áØÛã, ÔÕÙáâÒãîéãî ÝÐ ÔÒØÖãéØÙáï íÛÕÚâàÞÝ, çâÞ, ÚÐ×ÐÛÞáì Ñë, Ø Ø×ÜÕ-
ÝïÕâ ØÝâÕàäÕàÕÝæØÞÝÝãî ÚÐàâØÝã. ¾ÔÝÐÚÞ, ÝÕÞÑëçÝëÜ ×ÔÕáì ïÒÛïÕâáï âÞ,
çâÞ íääÕÚâ ßàØáãâáâÒãÕâ Ø Ò âÞÜ áÛãçÐÕ, ÚÞÓÔÐ íÛÕÚâàÞÝë ÔÒØÖãâáï Ò ßàÞ-
áâàÐÝáâÒÕ áÒÞÑÞÔÝÞÜ Þâ áØÛÞÒëå ßÞÛÕÙ: ÝÐ âàÐÕÚâÞàØØ ÔÒØÖÕÝØï B = 0
ØE = 0, Ð ÜÐÓÝØâÝëÙ ßÞâÞÚ áãéÕáâÒãÕâ Ò ÜÐÛÞÙ ÞÑÛÐáâØ, ÞåÒÐâëÒÐÕÜÞÙ
âàÐÕÚâÞàØïÜØO01O ØO02O, àØá.5.2.

ÁÛÕÔãÕâ, ÞÔÝÐÚÞ, ×ÐÜÕâØâì, çâÞ íÛÕÚâàØçÕáÚÐï Ø ÜÐÓÝØâÝÐï áØÛë âÐÚ-
ÖÕ ÒÛØïîâ ÝÐ ØÝâÕàäÕàÕÝæØÞÝÝãî ÚÐàâØÝã. ÁØÛë Ø×ÜÕÝïîâ âàÐÕÚâÞàØî
ÔÒØÖÕÝØï, çâÞ ßàØÒÞÔØâ Ú Ø×ÜÕÝÕÝØî âÐÚ ÝÐ×ëÒÐÕÜÞÓÞ ÔØÝÐÜØçÕáÚÞÓÞ ÒÚÛÐ-
ÔÐ Ò äÐ×ã, ÚÞâÞàëÙ ÞßàÕÔÕÛïÕâáï ØÝâÕÓàÐÛÞÜ~� 1

�

dr p Ò ÒëàÐÖÕÝØØ (5.14).

5.3. ÍääÕÚâ °ÐàÞÝÞÒÐ-±ÞÜÐ Ò âÒÕàÔÞÜ âÕÛÕ

¿Þ-ÒØÔØÜÞÜã, ßÕàÒëÜ ÝÐÑÛîÔÕÝØÕÜ íääÕÚâÐ °ÐàÞÝÞÒÐ-±ÞÜÐ Ò âÒÕà-
ÔÞÜ âÕÛÕ ÑëÛÞ ÝÐÑÛîÔÕÝØÕ ÚÒÐÝâÞÒÐÝØï ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ Ò áÒÕàåßàÞÒÞ-
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ÔïéØå æØÛØÝÔàÐå »ØââÛÞÜ Ø ¿ÐàÚáÞÜ Ò 1962 ÓÞÔã [12]. ¿àÕÔáÚÐ×ÐÝÞ ÖÕ
âÐÚÞÕ ÚÒÐÝâÞÒÐÝØÕ ÑëÛÞ Ä. »ÞÝÔÞÝÞÜ Ò 1950 ÓÞÔã [13], âÞ Õáâì, ÕéÕ ÔÞ
àÐÑÞâë °ÐàÞÝÞÒÐ Ø ±ÞÜÐ 1959 ÓÞÔÐ.

´àãÓÞÕ ßàÞïÒÛÕÝØÕ íääÕÚâÐ °± áÒï×ÐÝÞ á âÐÚ ÝÐ×ëÒÐÕÜëÜ íääÕÚ-
âÞÜ áÛÐÑÞÙ ÛÞÚÐÛØ×ÐæØØ, Ð ØÜÕÝÝÞ, á ßàÞïÒÛÕÝØÕÜ ØÝâÕàäÕàÕÝæØÞÝÝëå
ïÒÛÕÝØÙ Ò ßàÞÒÞÔØÜÞáâØ ÞÑàÐ×æÞÒ ÝÞàÜÐÛìÝÞÓÞ ÜÕâÐÛÛÐ ßàØ ÝØ×ÚØå âÕÜ-
ßÕàÐâãàÐå. ² àÐÑÞâÕ °ÛìâèãÛÕàÐ, °àÞÝÞÒÐ Ø ÁßØÒÐÚÐ 1981 ÓÞÔÐ[14] ÑëÛ
ßàÕÔáÚÐ×ÐÝ íääÕÚâ ÞáæØÛÛïæØØ Ò ÜÐÓÝØâÝÞÜ ßÞÛÕ áÞßàÞâØÒÛÕÝØï ßÞÛÞÓÞ
æØÛØÝÔàÐ ÝÞàÜÐÛìÝÞÓÞ ÜÕâÐÛÛÐ ßàØ ÝØ×ÚØå âÕÜßÕàÐâãàÐå. ² âÞÜ ÖÕ ÓÞÔã
íâÞâ íääÕÚâ ÑëÛ íÚáßÕàØÜÕÝâÐÛìÝÞ ÞÑÝÐàãÖÕÝ Ò àÐÑÞâÕ ÈÐàÒØÝÐ ´.Î.
Ø ÈÐàÒØÝÐ Î.². [15].

¾ÑÐ íâØ íääÕÚâÐ, ßÞ áÞÒÕàèÕÝÝÞ àÐ×ÝëÜ ßàØçØÝÐÜ, ßÕàØÞÔØçÝëßÞ
ÜÐÓÝØâÝÞÜã ßÞâÞÚã á ßÕàØÞÔÞÜ, àÐÒÝëÜ âÐÚ ÝÐ×ëÒÐÕÜÞÜã áÒÕàåßàÞÒÞÔï-
éÕÜã ÚÒÐÝâã ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ� 0s:

� 0s =
h
2e

: (5.18)

² áÛãçÐÕ áÒÕàåßàÞÒÞÔÝØÚÞÒ íâÞ áÒï×ÐÝÞ á âÕÜ, çâÞ ÝÞáØâÕÛïÜØâÞÚÐ
ïÒÛïîâáï ßÐàë íÛÕÚâàÞÝÞÒ (ÚãßÕàÞÒáÚØÕ ßÐàë), ØÜÕîéØÕ ×ÐàïÔq = 2e,
çâÞ ßàØÒÞÔØâ Ú ãÒÕÛØçÕÝØî Ò ÔÒÐ àÐ×Ð ÒÚÛÐÔÐ, ßàÞßÞàæØÞÝÐÛìÝÞÓÞ ÒÕÚ-
âÞàÝÞÜã ßÞâÕÝæØÐÛã, Ò äÐ×ã ÒÞÛÝÞÒÞÙ äãÝÚæØØ Ò ÒëàÐÖÕÝØØ (5.12). ÍâÞ,
Ò áÒÞî ÞçÕàÕÔì, ßàØÒÞÔØâ Ú ãÜÕÝìèÕÝØî Ò ÔÒÐ àÐ×Ð ßÕàØÞÔÐ ÞáæØÛÛïæØÙ
ßÞ ÜÐÓÝØâÝÞÜã ßÞâÞÚã Ò ÒëàÐÖÕÝØØ (5.17).

² áÛãçÐÕ áÞ áÛÐÑÞÙ ÛÞÚÐÛØ×ÐæØÕÙ ãÜÕÝìèÕÝØï ßÕàØÞÔÐ Ò ÔÒÐ àÐ×Ð
áÒï×ÐÝÞ á âÕÜ, çâÞ àÐááÜÐâàØÒÐÕÜëÙ íääÕÚâ ÞÑãáÛÞÒÛÕÝ ØÝâÕàäÕàÕÝæØÕÙ
ÝÐ áÐÜÞßÕàÕáÕÚÐîéØåáï âàÐÕÚâÞàØïå, ßàÞåÞÔØÜëå íÛÕÚâàÞÝÞÜ, ÚÐÚ ßÞ-
ÚÐ×ÐÝÞ ÝÐ àØá.5.3. ² íâÞÜ áÛãçÐÕ äÐ×Ð, ßàØÞÑàÕâÐÕÜÐï íÛÕÚâàÞÝÞÜ ßàØ
ÔÒØÖÕÝØØ Ò ßÞÛÕ ÒÕÚâÞàÝÞÓÞ ßÞâÕÝæØÐÛÐ, ãçØâëÒÐÕâáï ÔÒÐÖÔë.

¾áæØÛÛïæØØ ÖÕ á ßÕàØÞÔÞÜ ßÞ ÜÐÓÝØâÝÞÜã ßÞÛî, àÐÒÝëÜ� 0 = h=e,
ÝÐÑÛîÔÐîâáï âÞÛìÚÞ ÔÛï ÜÕ×ÞáÚÞßØçÕáÚØå ÞÑàÐ×æÞÒ. ÍâÐ ØáâÞàØï ÔÞÒÞÛì-
ÝÞ ÔÐÒÝïï Ø ÝÐçØÝÐÕâáï ×ÐÔÞÛÓÞ ÔÞ àÐÑÞâë °ÐàÞÝÞÒÐ Ø ±ÞÜÐ. ÂÐÚ, ÅãÝÔ Ò
1938 ÓÞÔã [16] Ø ´ØÝÓÛ Ò 1952 ÓÞÔã [17] ßàÕÔáÚÐ×ëÒÐÛØ, çâÞ íÝÕàÓÕâØçÕáÚØÙ
áßÕÚâà Ø âÕàÜÞÔØÝÐÜØçÕáÚØÕ àÐÒÝÞÒÕáÝëÕ áÒÞÙáâÒÐ, ÝÐßàØÜÕà, ÝÐÜÐÓÝØ-
çÕÝÝÞáâì, ÜÐÛëå íÛÕÚâàÞÝÝëå áØáâÕÜ ÔÞÛÖÝë ÞáæØÛÛØàÞÒÐâì ÒäãÝÚæØØ
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ÀØá. 5.3. ´ÒÕ áÐÜÞßÕàÕáÕÚÐîéØÕáï íÛÕÚâàÞÝÝëÕ âàÐÕÚâÞàØØ,
áßÛÞèÝÐï Ø ßãÝÚâØàÝÐï ÛØÝØØ, ÞßàÕÔÕÛïîâ ÔÞÑÐÒÚã Ú íÛÕÚâàÞßàÞ-
ÒÞÔÝÞáâØ ÜÐÚàÞáÚÞßØçÕáÚÞÓÞ ßàÞÒÞÔÝØÚÐ, ÞÑãáÛÞÒÛÕÝÝãî íääÕÚ-
âÞÜ áÛÐÑÞÙ ÛÞÚÐÛØ×ÐæØØ. ½ÐßàÐÒÛÕÝØÕ ÔÒØÖÕÝØï íÛÕÚâàÞÝÐ ßÞÚÐ-
×ÐÝÞ áâàÕÛÚÐÜØ. ²ÝÕèÝÕÕ ÜÐÓÝØâÝÞÕ ßÞÛÕ áÞ×ÔÐÕâ ÜÐÓÝØâÝëÙ ßÞ-
âÞÚ� , ßàÞÝØ×ëÒÐîéØÙ âàÐÕÚâÞàØî ÔÒØÖÕÝØï

ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ á ßÕàØÞÔÞÜ� 0. ¾ÔÝÐÚÞ, áÞÑáâÒÕÝÝÞ, ÜÕ×ÞáÚÞßØçÕáÚØÙ
íâÐß Ò äØ×ØÚÕ íääÕÚâÐ °ÐàÞÝÞÒÐ-±ÞÜÐ Ò âÒÕàÔÞÜ âÕÛÕ ÝÐçØÝÐÕâáï Ò 80-
Õ ÓÞÔë ÔÒÐÔæÐâÞÓÞ ÒÕÚÐ. ÂÐÚ, Ò àÐÑÞâÕ ±ìîââØÚÕàÐ, ¸ÜàØ Ø °×ÑÕÛï 1984
ÓÞÔÐ [18] ÑëÛÞ ßàÕÔáÚÐ×ÐÝÞ, çâÞ áÞßàÞâØÒÛÕÝØÕ ÞÔÝÞÜÕàÝÞÓÞ ÜÕ×ÞáÚÞßØ-
çÕáÚÞÓÞ ÚÞÛìæÐ á ßàØáÞÕÔØÝÕÝÝëÜØ Ú ÝÕÜã ÔÒãÜï ÚÞÝâÐÚâÐÜØ ßàØ ÝØ×ÚØå
âÕÜßÕàÐâãàÐå ÔÞÛÖÝÞ ÞáæØÛÛØàÞÒÐâì ßàØ Ø×ÜÕÝÕÝØØ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ,
ßàÞÝØ×ëÒÐîéÕÓÞ âÐÚÞÕ ÚÞÛìæÞ, á ßÕàØÞÔÞÜ� 0. ÍâÞâ íääÕÚâ ÝÕÞÔÝÞÚàÐâ-
ÝÞ ÝÐÑÛîÔÐÛáï íÚáßÕàØÜÕÝâÐÛìÝÞ, ÝÐçØÝÐï á 1985 ÓÞÔÐ, áÜÞâàØ, ÝÐßàØ-
ÜÕà, [19], [20].

5.3.1. ¾áÞÑÕÝÝÞáâØ ÝÐÑÛîÔÕÝØï íääÕÚâÐ °ÐàÞÝÞÒÐ-±ÞÜÐ Ò âÒÕàÔÞÜ
âÕÛÕ

²ÛØïÝØÕ íääÕÚâÐ °ÐàÞÝÞÒÐ-±ÞÜÐ ÝÐ ÔÒØÖÕÝØÕ íÛÕÚâàÞÝÞÒ Ò âÒÕà-
ÔÞÜ âÕÛÕ ÞâÛØçÐÕâáï Þâ ÐÝÐÛÞÓØçÝÞÓÞ ÒÛØïÝØï ÝÐ ÔÒØÖÕÝØÕ íÛÕÚâàÞÝÞÒ Ò
ÒÐÚããÜÕ. ²Þ-ßÕàÒëå, âÐÚÞÕ ÞâÛØçØÕ ÞÑãáÛÞÒÛÕÝÞ âÕÜ, çâÞ Ò âÒÕàÔÞÜ âÕ-
ÛÕ ØáâÞçÝØÚÞÜ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ ÒáÕÓÔÐ ïÒÛïÕâáï ÜÐÓÝØâÝÞÕßÞÛÕ, ßàØ-
áãâáâÒãîéÕÕ âÐÚÖÕ ÝÐ âàÐÕÚâÞàØØ ÔÒØÖÕÝØï íÛÕÚâàÞÝÞÒ. ²Þ-ÒâÞàëå, Þâ-
ÛØçØÕ ÞÑãáÛÞÒÛÕÝÞ âÕÜ, çâÞ Ò âÒÕàÔÞÜ âÕÛÕ íÛÕÚâàÞÝë ÝÕ ÔÕâÕÚâØàãîâáï
ÝÕßÞáàÕÔáâÒÕÝÝÞ ßÞáÛÕ ØÝâÕàäÕàÕÝæØØ, Ð ßàÞÔÞÛÖÐîâ ÔÒØÖÕÝØÕ.
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´Ûï ßÞïáÝÕÝØï ßÞáÛÕÔÝÕÓÞ ÞâÛØçØï ÔÐÒÐÙâÕ àÐááÜÞâàØÜ ÔÒÕ áåÕÜë,
áÞÞâÒÕâáâÒãîéØÕ íÚáßÕàØÜÕÝâÐÜ ßÞ ØÝâÕàäÕàÕÝæØØ íÛÕÚâàÞÝÝëå ßãçÚÞÒ
Ò ÒÐÚããÜÕ, àØá.5.2Ø íÛÕÚâàÞßàÞÒÞÔÝÞáâØ ÜÕ×ÞáÚÞßØçÕáÚÞÓÞ ÚÞÛìæÐ, àØá.6.1.
² ÞÑÞØå áÛãçÐïå ÝÐÛØçØÕ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ ßàØÒÞÔØâ Ú Ø×ÜÕÝÕÝØî çÐ-
áâØçÝëå ÐÜßÛØâãÔ ßÕàÕåÞÔÐ íÛÕÚâàÞÝÐ ÜÕÖÔã ÝÐçÐÛìÝÞÙ Ø ÚÞÝÕçÝÞÙ âÞç-
ÚÐÜØ. ² ßÕàÒÞÜ áÛãçÐÕ ØÜÕîâáï ÒáÕÓÞ ÔÒÕ âÐÚØÕ ÐÜßÛØâãÔë, ÞßàÕÔÕÛï-
îéØÕ ßÞÛÝãî ÐÜßÛØâãÔã ßÕàÕåÞÔÐ (5.9). ÍâÞ ÞÑãáÛÞÒÛÕÝÞ âÕÜ, çâÞ, ßÞáÛÕ
ØÝâÕàäÕàÕÝæØØ Ò ÚÞÝÕçÝÞÙ âÞçÚÕO0, íÛÕÚâàÞÝë ßÞÓÛÞéÐîâáï ÔÕâÕÚâÞàÞÜ.
²Þ ÒâÞàÞÜ ÖÕ áÛãçÐÕ íÛÕÚâàÞÝë ÝÕ ßÞÓÛÞéÐîâáï Ò ÚÞÝÕçÝÞÙ âÞçÚÕR, Ð
ÜÞÓãâ ßàÞÔÞÛÖÐâì ÔÒØÖÕÝØÕ ßÞ ÚÞÛìæã Ò ßàïÜÞÜ ØÛØ ÞÑàÐâÝÞÜ ÝÐßàÐÒÛÕ-
ÝØØ, ßÞíâÞÜã ßÞÛÝÐï ÐÜßÛØâãÔÐ ßÕàÕåÞÔÐA(R; L ) àÐÒÝÐ áãÜÜÕ ÑÕáÚÞÝÕç-
ÝÞÙ ßÞáÛÕÔÞÒÐâÕÛìÝÞáâØ çÐáâØçÝëå ÐÜßÛØâãÔ:

A(R; L ) = A R1L + A R1L2R1L + ::: + A R2L + A R2L1R2L + ::: : (5.19)

ÁãÜÜØàÞÒÐÝØÕ ÑÕáÚÞÝÕçÝÞÙ ßÞáÛÕÔÞÒÐâÕÛìÝÞáâØ ÐÜßÛØâãÔ íÚÒØÒÐ-
ÛÕÝâÝÞ àÕèÕÝØî ãàÐÒÝÕÝØï ÈàÕÔØÝÓÕàÐ á ÓàÐÝØçÝëÜØ ãáÛÞÒØïÜØ, ãçØ-
âëÒÐîéØÜØ ÓÕÞÜÕâàØî ÞÑàÐ×æÐ.

²ÞßàÞáë ÔÛï áÐÜÞßàÞÒÕàÚØ

1) ÇâÞ âÐÚÞÕ íääÕÚâ °ÐàÞÝÞÒÐ-±ÞÜÐ?
2) ¿àØ ÒëßÞÛÝÕÝØØ ÚÐÚØå ãáÛÞÒØÙ ÝÐÑÛîÔÐÕâáï íääÕÚâ °ÐàÞÝÞÒÐ-±ÞÜÐ?
3) ¾ÑêïáÝØâì ßàØÝæØß àÐÑÞâë ØÝâÕàäÕàÞÜÕâàÐ °ÐàÞÝÞÒÐ-±ÞÜÐ.
4) ² çÕÜ ÞáÞÑÕÝÝÞáâì ßàÞïÒÛÕÝØï íääÕÚâÐ °ÐàÞÝÞÒÐ-±ÞÜÐ Ò âÒÕàÔÞÜ âÕ-
ÛÕ?
5) ºÐÚÞÒÐ ßÕàØÞÔØçÝÞáâì íÛÕÚâàÞßàÞÒÞÔÝÞáâØ ßÞ ÜÐÓÝØâÝÞÜãßÞâÞÚã, ÞÑã-
áÛÞÒÛÕÝÝÐï íääÕÚâÞÜ °ÐàÞÝÞÒÐ-±ÞÜÐ?
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6. ¿àÞÒÞÔØÜÞáâì ÑÐÛÛØáâØçÕáÚÞÓÞ ÚÞÛìæÐ

²ëçØáÛØÜ ßàÞÒÞÔØÜÞáâì ÞÔÝÞÜÕàÝÞÓÞ ÑÐÛÛØáâØçÕáÚÞÓÞ ÚÞÛìæÐ, áÞ-
ÕÔØÝÕÝÝÞÓÞ ÞÔÝÞÜÕàÝëÜØ ßàÞÒÞÔÝØÚÐÜØ á ÔÒãÜï àÕ×ÕàÒãÐàÐÜØØ ßàÞÝØ-
×ÐÝÝÞÓÞ ÜÐÓÝØâÝëÜ ßÞâÞÚÞÜ� , àØá.6.1.

ÁÞÓÛÐáÝÞ äÞàÜãÛÕ »ÐÝÔÐãíàÐ (4.1), ßàÞÒÞÔØÜÞáâìG ÞÑàÐ×æÐ ßàÞ-
ßÞàæØÞÝÐÛìÝÐ ÚÒÐÝâÞÒÞÜÕåÐÝØçÕáÚÞÙ ÒÕàÞïâÝÞáâØT ÔÛï íÛÕÚâàÞÝÞÒ á íÝÕà-
ÓØÕÙ ÄÕàÜØ,E = � , ßàÞåÞÖÔÕÝØï çÕàÕ× ÞÑàÐ×Õæ Ø× ÞÔÝÞÓÞ ßÞÔÒÞÔïéÕÓÞ
ÚÞÝâÐÚâÐ Ò ÔàãÓÞÙ.

´Ûï âÞÓÞ, çâÞÑë ÒëçØáÛØâì ÒÕàÞïâÝÞáâì ßàÞåÞÖÔÕÝØïT , àÐááÜÞâàØÜ
×ÐÔÐçã Þ ßàÞåÞÖÔÕÝØØ çÕàÕ× ÚÞÛìæÞ íÛÕÚâàÞÝÝÞÙ ÒÞÛÝë á ÕÔØÝØçÝÞÙ ÐÜ-
ßÛØâãÔÞÙ, ÔÒØÖãéÕÙáï ßÞ ÛÕÒÞÜã ßàÞÒÞÔÝØÚã, àØá.6.1.

eikx

ikx'etre-ikx

��
��
��
��

��
��
��
�� F

2

z

x

1

x'x O'   LO R

ÀØá. 6.1. ÍÛÕÚâàÞÝÝÐï ÒÞÛÝÐeikx , ÔÒØÓÐïáì Ø× ÛÕÒÞÓÞ àÕ×ÕàÒãÐàÐ çÕàÕ× ÚÞÛìæÞ,
ßàÞÝØ×ÐÝÝÞÕ ÜÐÓÝØâÝëÜ ßÞâÞÚÞÜ� , çÐáâØçÝÞ ÞâàÐÖÐÕâáï á ÐÜßÛØâãÔÞÙre� ikx Ø
çÐáâØçÝÞ ßàÞåÞÔØâ á ÐÜßÛØâãÔÞÙ�e ikx 0

. ²ÕàÞïâÝÞáâì ßàÞåÞÖÔÕÝØï çÕàÕ× ÚÞÛìæÞ
àÐÒÝÐT = j� j2. ½ÐßàÐÒÛÕÝØÕ ÒÕÚâÞàÝÞÓÞ ßÞâÕÝæØÐÛÐ ßÞÚÐ×ÐÝÞ ßãÝÚâØàÝÞÙ ÞÚàãÖ-
ÝÞáâìî. ÆØäàë 1 Ø 2 ÝãÜÕàãîâ ÒÕâÒØ ÚÞÛìæÐ. ½ÐßàÐÒÛÕÝØï ÚÞÞàÔØÝÐâÝëå ÞáÕÙ
x; �; � ; x 0 ßÞÚÐ×ÐÝë áâàÕÛÚÐÜØ. ½ÐçÐÛÞ ÞâáçÕâÐ ÚÞÞàÔØÝÐâÝëå ÞáÕÙx; �; � ÝÐåÞ-
ÔØâáï Ò âÞçÚÕL, Ð ÚÞÞàÔØÝÐâÝÐï Þáìx0ÝÐçØÝÐÕâáï Ò âÞçÚÕR
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6.1. ¾ÑéÕÕ àÕèÕÝØÕ ãàÐÒÝÕÝØï ÈàÕÔØÝÓÕàÐ

·ÐßØèÕÜ ãàÐÒÝÕÝØÕ ÈàÕÔØÝÓÕàÐ ÔÛï ÒÞÛÝÞÒÞÙ äãÝÚæØØ íÛÕÚâàÞÝÐ 
ßàØ ÝÐÛØçØØ ÜÐÓÝØâÝÞÓÞ ßÞÛï (ãçâÕÜ, çâÞ ×ÐàïÔ íÛÕÚâàÞÝÐ ÞâàØæÐâÕÛÕÝ:
e = �j ej):

1
2me

(� i~r + jejA )2  = E : (6.1)

·ÔÕáìA � ÒÕÚâÞàÝëÙ ßÞâÕÝæØÐÛ, áÞÞâÒÕâáâÒãîéØÙ ÜÐÓÝØâÝÞÜã ßÞâÞÚã� ,
áÞ×ÔÐÒÐÕÜÞÜã áÞÛÕÝÞØÔÞÜ, ßàÞåÞÔïéØÜ çÕàÕ× ÚÞÛìæÞ. ²ëÑÕàÕÜ ÒÕÚâÞà-
ÝëÙ ßÞâÕÝæØÐÛ ÐÚáØÐÛìÝÞ áØÜÜÕâàØçÝëÜ á Þáìî áØÜÜÕâàØØ, ßàÞåÞÔïéÕÙ
çÕàÕ× æÕÝâà ÚÞÛìæÐ ßÕàßÕÝÔØÚãÛïàÝÞ ßÛÞáÚÞáâØ ÚÞÛìæÐ. ½Ð àØáãÝÚÕ6.1
ÝÐßàÐÒÛÕÝØÕ ÒÕÚâÞàÝÞÓÞ ßÞâÕÝæØÐÛÐ ßÞÚÐ×ÐÝÞ ßãÝÚâØàÝÞÙ ÞÚàãÖÝÞáâìî
áÞ áâàÕÛÚÐÜØ. ² âÐÚÞÙ ÚÐÛØÑàÞÒÚÕ ÒÕÛØçØÝÐ ÒÕÚâÞàÝÞÓÞ ßÞâÕÝæØÐÛÐ ×Ð-
ÒØáØâ âÞÛìÚÞ Þâ àÐÔØãáÐ ÞÚàãÖÝÞáâØR:

A =
�

2�R
: (6.2)

ÀÐááÜÞâàØÜ, ÚÐÚ ÒÕÚâÞàÝëÙ ßÞâÕÝæØÐÛ ÒÛØïÕâ ÝÐ ÒÞÛÝÞÒãî äãÝÚæØî
íÛÕÚâàÞÝÐ Ò àÐ×ÛØçÝëå ãçÐáâÚÐå ÝÐèÕÓÞ ÞÑàÐ×æÐ. ²ëÔÕÛØÜ çÕâëàÕ ÞÔÝÞ-
ÜÕàÝëå ãçÐáâÚÐ OL, L1R, L2R Ø RO'. ² ÚÐÖÔÞÜ Ø× ÝØå ÒÒÕÔÕÜ áÒÞî ÚÞÞà-
ÔØÝÐâÝãî Þáì,x, � , � , Øx0, áÞÞâÒÕâáâÒÕÝÝÞ. ¿ÞÛÞÖØâÕÛìÝÞÕ ÝÐßàÐÒÛÕÝØÕ
ÞáÕÙ ßÞÚÐ×ÐÝÞ áâàÕÛÚÐÜØ ÝÐ àØáãÝÚÕ6.1. ¾ÑÞ×ÝÐçØÜ ÒÞÛÝÞÒãî äãÝÚæØî
ÔÛï íÛÕÚâàÞÝÐ Ò ÚÐÖÔÞÜ ãçÐáâÚÕ çÕàÕ× L ,  1,  2 Ø R, áÞÞâÒÕâáâÒÕÝÝÞ. ½Ð
ÚÐÖÔÞÜ Ø× ãçÐáâÚÞÒ ÒÞÛÝÞÒÐï äãÝÚæØï ×ÐÒØáØâ âÞÛìÚÞ Þâ ÞÔÝÞÙÚÞÞàÔØ-
ÝÐâë.

½Ð ãçÐáâÚÐå OL Ø RO' ÒÕÚâÞàÝëÙ ßÞâÕÝæØÐÛ ÝÐßàÐÒÛÕÝ ßÕàßÕÝÔØÚã-
ÛïàÝÞ ÞáïÜ ÚÞÞàÔØÝÐâ, ßÞíâÞÜã ÞÝ ÒëßÐÔÐÕâ Ø× áÞÞâÒÕâáâÒãîéÕÓÞ ãàÐÒ-
ÝÕÝØï ÈàÕÔØÝÓÕàÐ Ø, âÐÚØÜ ÞÑàÐ×ÞÜ, ÝÕ ÞÚÐ×ëÒÐÕâ ÒÛØïÝØï ÝÐ ÔÒØÖÕÝØÕ
íÛÕÚâàÞÝÞÒ. ÃàÐÒÝÕÝØÕ ÈàÕÔØÝÓÕàÐ ÝÐ ãçÐáâÚÐå OL Ø RO' ØÜÕÕâáÛÕÔã-
îéØÙ ÒØÔ:

�
~2

2me

d2 �

dx2
= E � ; � = L; R; (6.3)
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½Ð ãçÐáâÚÐå ÚÞÛìæÐ L1R Ø L2R ÒÕÚâÞàÝëÙ ßÞâÕÝæØÐÛ ÝÐßàÐÒÛÕÝ ÒÔÞÛì
ÚÞÞàÔØÝÐâÝëå ÞáÕÙ (Ò ÞâàØæÐâÕÛìÝÞÜ Ø ßÞÛÞÖØâÕÛìÝÞÜ ÝÐßàÐÒÛÕÝØØ áÞ-
ÞâÒÕâáâÒãîéØå ÚÞÞàÔØÝÐâÝëå ÞáÕÙ� Ø� ), Ø ßÞíâÞÜã áÞåàÐÝïÕâáï Ò ãàÐÒ-
ÝÕÝØØ ÈàÕÔØÝÓÕàÐ:

L1R : � ~2

2me

�
d
d� � i 2�

L
�
� 0

� 2
 1 = E 1 :

L2R : � ~2

2me

�
d
d� + i 2�

L
�
� 0

� 2
 2 = E 2 :

(6.4)

·ÔÕáì Üë ÒÒÕÛØ ÔÛØÝã ÚÞÛìæÐL = 2�R .
¸áÚÛîçØÜ ÒÕÚâÞàÝëÙ ßÞâÕÝæØÐÛ Ø× ßàØÒÕÔÕÝÝëå ãàÐÒÝÕÝØÙ. ´Ûï íâÞ-

ÓÞ ßàÕÔáâÐÒØÜ ÒÞÛÝÞÒãî äãÝÚæØî Ò áÛÕÔãîéÕÜ ÒØÔÕ:

L1R :  1 = ei� 2�
L

�
� 0  (� ) ;

L2R :  2 = e� i� 2�
L

�
� 0  (� ) :

(6.5)

´ÐÛÕÕ ßàÞÒÕÔÕÜ ÒëçØáÛÕÝØï âÞÛìÚÞ ÔÛï ÒÕâÒØ L1R. ´Ûï ÔàãÓÞÙ ÒÕâÒØ Òë-
çØáÛÕÝØï ßàÞÒÞÔïâáï ÐÝÐÛÞÓØçÝÞ.

¿ÞÔáâÐÒØÜ (6.5) Ò ãàÐÒÝÕÝØÕ (6.4) Ø ßÞÛãçØÜ:

�
~2

2me

�
d
d�

� i
2�
L

�
� 0

� 2

ei� 2�
L

�
� 0  (� ) = Eei� 2�

L
�

� 0  (� ) :

´ÐÛÕÕ ÒÞ×ÒÕÔÕÜ Ò ÚÒÐÔàÐâ:

�
~2

2me

 
d2

d� 2 � 2i
2�
L

�
� 0

d
d�

�
�

2�
L

�
� 0

� 2
!

ei� 2�
L

�
� 0  (� ) = Eei� 2�

L
�

� 0  (� ) ;

Ø ÒëßÞÛÝØÜ ÔØääÕàÕÝæØàÞÒÐÝØÕ ßÞ� :
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� ~2

2me

�
ei� 2�

L
�

� 0
d2

d� 2  (� ) + 2 i 2�
L

�
� 0

ei� 2�
L

�
� 0

d
d�  (� ) �

h
2�
L

�
� 0

i 2
ei� 2�

L
�

� 0  (� )

� 2i 2�
L

�
� 0

ei� 2�
L

�
� 0

d
d�  (� ) + 2

h
2�
L

�
� 0

i 2
ei� 2�

L
�

� 0  (� )

�
h

2�
L

�
� 0

i 2
ei� 2�

L
�

� 0  (� )
�

= Eei� 2�
L

�
� 0  (� ) :

²ØÔÝÞ, çâÞ Ò ÚàãÓÛëå áÚÞÑÚÐå ãÝØçâÞÖÐîâáï ÒáÕ áÛÐÓÐÕÜëÕ, ÚàÞÜÕ ßÕàÒÞ-
ÓÞ: ÒâÞàÞÕ á çÕâÒÕàâëÜ, âàÕâìÕ Ø ßïâÞÕ á èÕáâëÜ. ´ÐÛÕÕ àÐ×ÔÕÛØÜ ÛÕÒãî Ø
ßàÐÒãî çÐáâØ àÐÒÕÝáâÒÐ ÝÐ ÝÕÝãÛÕÒÞÙ ÜÝÞÖØâÕÛìei� 2�

L
�

� 0 Ø ßÞÛãçØÜ ãàÐÒ-
ÝÕÝØÕ, ÚÞâÞàÞÜã ãÔÞÒÛÕâÒÞàïÕâ ÒÒÕÔÕÝÝÐï ÝÐÜØ äãÝÚæØï (� ):

�
~2

2me

d2 (� )
d� 2 = E (� ) :

ÍâÞ ãàÐÒÝÕÝØÕ Ò âÞçÝÞáâØ âÐÚÞÕ ÖÕ, ÚÐÚ Ø ÔÛï ßàïÜÞÛØÝÕÙÝëå ãçÐáâÚÞÒ,
áÜ. (6.3). ¾âÜÕâØÜ, çâÞ ßÞÛÝÐï ÒÞÛÝÞÒÐï äãÝÚæØï ÔÛï íÛÕÚâàÞÝÞÒ, ÔÒØ-
ÖãéØåáï ßÞ ÚàØÒÞÛØÝÕÙÝëÜ ãçÐáâÚÐÜ, ÞßàÕÔÕÛïÕâáï ÒëàÐÖÕÝØÕÜ (6.5),
ÚÞâÞàÞÕ ÒÚÛîçÐÕâ âÐÚÖÕ äÐ×ÞÒëÙ ÜÝÞÖØâÕÛì, ×ÐÒØáïéØÙ Þâ ÜÐÓÝØâÝÞÓÞ
ßÞâÞÚÐ.

ÀÐááÜÞâàØÜ àÕèÕÝØÕ ãàÐÒÝÕÝØï (6.3). ÍâÞ ãàÐÒÝÕÝØÕ ØÜÕÕâ ÔÒÐ äãÝ-
ÔÐÜÕÝâÐÛìÝëå àÕèÕÝØï, (� ) = e� ikx , ßàÕÔáâÐÒÛïîéØå áÞÑÞÙ ßÛÞáÚØÕ
ÒÞÛÝë, ÑÕÓãéØÕ Ò ßÞÛÞÖØâÕÛìÝÞÜ Ø ÞâàØæÐâÕÛìÝÞÜ ÝÐßàÐÒÛÕÝØØ ÞáØx.
k =

p
2meE=~ � ÒÞÛÝÞÒÞÙ ÒÕÚâÞà íÛÕÚâàÞÝÐ, ×ÐÒØáïéØÙ Þâ ÕÓÞ íÝÕàÓØØ

E > 0. ÇÐáâÝÞÕ àÕèÕÝØÕ àÐááÜÐâàØÒÐÕÜÞÓÞ ãàÐÒÝÕÝØï ×ÐßØáëÒÐÕâáï Ò
ÒØÔÕ áãÜÜë äãÝÔÐÜÕÝâÐÛìÝëå àÕèÕÝØÙ á ÝÕÞßàÕÔÕÛÕÝÝëÜØ ÚÞíääØæØÕÝ-
âÐÜØ, ÚÞâÞàëÕ ÝÕÞÑåÞÔØÜÞ ÑãÔÕâ ÞßàÕÔÕÛØâì, ØáåÞÔï Ø× ÓàÐÝØçÝëå ãáÛÞ-
ÒØÙ.

¸âÐÚ, Üë ÜÞÖÕÜ ×ÐßØáÐâì àÕèÕÝØÕ ãàÐÒÝÕÝØï ÈàÕÔØÝÓÕàÐ Ò ÚÐÖÔÞÜ
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Ø× ÒëÔÕÛÕÝÝëå ãçÐáâÚÞÒ Ò áÛÕÔãîéÕÜ ÒØÔÕ:

 L = eikx + re� ikx ;

 1 =
�
A1eik� + B1e� ik�

�
ei 2� �

� 0
�
L ;

 2 =
�
A2eik� + B2e� ik�

�
e� i 2� �

� 0
�
L ;

 R = �e ikx 0
:

(6.6)

ÁÛÐÓÐÕÜëÕ Ò ßàÐÒëå çÐáâïå ØÜÕîâ ßàÞáâÞÙ äØ×ØçÕáÚØÙ áÜëáÛ.
eikx � ßÐÔÐîéÐï ÒÞÛÝÐ, â.Õ., ßÛÞáÚÐï ÒÞÛÝÐ, áÞÞâÒÕâáâÒãîéÐï íÛÕÚ-

âàÞÝã ÔÒØÖãéÕÜãáï Ø× ÛÕÒÞÓÞ àÕ×ÕàÒãÐàÐ.
re� ikx � ÞâàÐÖÕÝÝÐï ÒÞÛÝÐ, â.Õ., ßÛÞáÚÐï ÒÞÛÝÐ, ÔÒØÖãéÐïáï ßÞ ÝÐ-

ßàÐÒÛÕÝØî Þâ ÚÞÛìæÐ Ú ÛÕÒÞÜã àÕ×ÕàÒãÐàã. ²ÕÛØçØÝÐr ÝÐ×ëÒÐÕâáï ÐÜ-
ßÛØâãÔÞÙ ÞâàÐÖÕÝØï. ºÒÐÔàÐâ íâÞÙ ÒÕÛØçØÝë ÞßàÕÔÕÛïÕâÒÕàÞïâÝÞáâì
ÞâàÐÖÕÝØï:

R = jr j2 : (6.7)

A1eik� ei 2� �
� 0

�
L ØA2eik� e� i 2� �

� 0
�
L � ÒÞÛÝë, àÐáßàÞáâàÐÝïîéØÕáï Þâ âÞç-

ÚØ L Ú âÞçÚÕ R ßÞ áÞÞâÒÕâáâÒãîéØÜ ßÛÕçÐÜ ÚÞÛìæÐ.

B1e� ik� ei 2� �
� 0

�
L ØB2e� ik� e� i 2� �

� 0

�
L � ÒÞÛÝë, àÐáßàÞáâàÐÝïîéØÕáï Þâ âÞç-

ÚØ R Ú âÞçÚÕ L ßÞ áÞÞâÒÕâáâÒãîéØÜ ßÛÕçÐÜ ÚÞÛìæÐ.
�e ikx 0

� ßàÞèÕÔèÐï ÒÞÛÝÐ, â.Õ., ßÛÞáÚÐï ÒÞÛÝÐ, ÔÒØÖãéÐïáï ßÞ ÝÐ-
ßàÐÒÛÕÝØî Þâ ÚÞÛìæÐ Ú ßàÐÒÞÜã àÕ×ÕàÒãÐàã. ¾ÑàÐâØÜ ÒÝØÜÐÝØÕÝÐ âÞ, çâÞ
Ò àÐááÜÐâàØÒÐÕÜÞÙ ×ÐÔÐçÕ ÝÕâ ÒÞÛÝë, ÔÒØÖãéÕÙáï Þâ ßàÐÒÞÓÞ àÕ×ÕàÒãÐàÐ
Ú ÚÞÛìæã. ²ÕÛØçØÝÐ� ÝÐ×ëÒÐÕâáï ÐÜßÛØâãÔÞÙ ßàÞåÞÖÔÕÝØï, Ð ÕÕ ÚÒÐÔàÐâ,

T = j� j2 ; (6.8)

ÝÐ×ëÒÐÕâáïÒÕàÞïâÝÞáâìî ßàÞåÞÖÔÕÝØï.
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6.2. ³àÐÝØçÝëÕ ãáÛÞÒØï Ú ãàÐÒÝÕÝØî ÈàÕÔØÝÓÕàÐ

²ÞÛÝÞÒÐï äãÝÚæØï (6.6) áÞÔÕàÖØâ èÕáâì ÝÕØ×ÒÕáâÝëå ÒÕÛØçØÝë:r ,
A1, B1, A2, B2 Ø� . ´Ûï âÞÓÞ, çâÞÑë Øå ÞßàÕÔÕÛØâì, ÝÕÞÑåÞÔØÜÞ ØáßÞÛì×Þ-
ÒÐâì ÓàÐÝØçÝëÕ ãáÛÞÒØï Ú ãàÐÒÝÕÝØïÜ (6.3) Ø (6.4). ÂÐÚØÜØ ãáÛÞÒØïÜØ ïÒ-
Ûïîâáï ãáÛÞÒØï áèØÒÚØ àÕèÕÝØÙ Ò âÞçÚÐåL ØR. ² íâØå âÞçÚÐå ÒÞÛÝÞÒÐï
äãÝÚæØï ÔÞÛÖÝÐ Ñëâì ÝÕßàÕàëÒÝÞÙ Ø ÔÞÛÖÕÝ áÞåàÐÝïâìáï âÞÚ. ÂÐÚØÜ ÞÑ-
àÐ×ÞÜ, ÔÛï ÞßàÕÔÕÛÕÝØï ãÚÐ×ÐÝÝëå èÕáâØ ÝÕØ×ÒÕáâÝëå ØÜÕÕÜ èÕáâì ÓàÐ-
ÝØçÝëå ãáÛÞÒØÙ:

(i)  L (L) =  1(L) ;

(ii)  L (L) =  2(L) ;

(iii)  1(R) =  R(R) ;

(iv)  2(R) =  R(R) ;

(v) ( I L � I 1 � I 2)
�
�
�
L

= 0 ;

(vi) ( I 1 + I 2 � I R)
�
�
�
R

= 0 :

(6.9)

·ÔÕáìI i � ßàÞÕÚæØï âÞÚÐ Ò ÒÕâÒØi = L; 1; 2; R ÝÐ ßÞÛÞÖØâÕÛìÝÞÕ ÝÐßàÐÒ-
ÛÕÝØÕ áÞÞâÒÕâáâÒãîéÕÙ ÚÞÞàÔØÝÐâÝÞÙ ÞáØ. ¿àØ íâÞÜ, ÒåÞÔïéØÙ Ò ã×ÕÛ, L
ØÛØ R, âÞÚ ãçØâëÒÐÕâáï áÞ ×ÝÐÚÞÜ ßÛîá, Ð ÒëåÞÔïéØÙ Ø× ã×ÛÐ âÞÚãçØâë-
ÒÐÕâáï áÞ ×ÝÐÚÞÜ ÜØÝãá, àØá.6.2. Ã×ÕÛ, Ò ÚÞâÞàÞÜ áåÞÔïâáï âàØ ßàÞÒÞÔÝØ-
ÚÐ, ßàØÝïâÞ ÝÐ×ëÒÐâì Y-ÚÞÝâÐÚâÞÜ.

¿ÕàÒëÕ çÕâëàÕ ãàÐÒÝÕÝØï Ò (6.9) ÝÕßÞáàÕÔáâÒÕÝÝÞ ÞßàÕÔÕÛïîâ áÞ-
ÞâÝÞèÕÝØÕ ÜÕÖÔã ØáÚÞÜëÜØ ÚÞíääØæØÕÝâÐÜØ. ¿ïâÞÕ Ø èÕáâÞÕ ãàÐÒÝÕ-
ÝØï ÝÕÞÑåÞÔØÜÞ ßàÕÞÑàÐ×ÞÒÐâì. ´Ûï íâÞÓÞ ×ÐßØèÕÜ ÚÒÐÝâÞÒÞÜÕåÐÝØçÕ-
áÚÞÕ ÒëàÐÖÕÝØÕ ÔÛï âÞÚÐ (Ò ÒÕâÒïå L1R Ø L2R ãçØâëÒÐÕÜ ÝÐÛØçØÕßàÞ-
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+
-

-
ÀØá. 6.2. ´ØÐÓàÐÜÜÐ, ØÛÛîáâàØàãîéÐï ßàÐÒØÛÞ ×ÝÐÚÞÒ ÔÛï âÞÚÞÒ
Ò Y-ÚÞÝâÐÚâÕ, ÚÞâÞàÞÕ Üë ØáßÞÛì×ãÕÜ. ²åÞÔïéØÙ Ò ã×ÕÛ âÞÚ ØÜÕÕâ
×ÝÐÚ� + � , Ð ÒëåÞÔïéØÙ Ø× ã×ÛÐ âÞÚ ØÜÕÕâ ×ÝÐÚ� � � . ² âÕÞàØØ íÛÕÚ-
âàØçÕáÚØå æÕßÕÙ âÐÚÞÕ ßàÐÒØÛÞ Ø×ÒÕáâÝÞ ÚÐÚ ßàÐÒØÛÞ ºØàåÓÞäÐ

ÔÞÛìÝÞÓÞ ÒÕÚâÞàÝÞÓÞ ßÞâÕÝæØÐÛÐ áÜÞâàØ, ÝÐßàØÜÕà, [7]):

I L = � e~
me

Im
h
 L

d �
L

dx

i
;

I 1 = � e~
me

Im
h
 1

d �
1

d�

i
+ e2

me
A 1 �

1 ;

I 2 = � e~
me

Im
h
 2

d �
2

d�

i
� e2

me
A 2 �

2 ;

I R = � e~
me

Im
h
 R

d �
R

dx0

i
:

(6.10)

¿ÞÔáâÐÒØÜ íâØ ÒëàÐÖÕÝØï Ò ãàÐÒÝÕÝØÕ (v): áØáâÕÜë ãàÐÒÝÕÝØÙ(6.9)
Ø ßÞÛãçØÜ (ÞßãáÚÐÕÜ ÞÑéØÙ çØáÛÞÒÞÙ ÜÝÞÖØâÕÛìe~=me):

(v)
�

� e~
me

Im
h
 L

d �
L

dx

i�
�

�
� e~

me
Im

h
 1

d �
1

d�

i
� e2

me
A 1 �

1

�

�
�

� e~
me

Im
h
 2

d �
2

d�

i
+ e2

me
A 2 �

2

�
= 0 :

·ÔÕáì ÒáÕ ÒÕÛØçØÝë ÒëçØáÛïîâáï Ò âÞçÚÕL. ÃçâÕÜ, çâÞ Ò áÞÞâÒÕâáâÒØÕ á
ãàÐÒÝÕÝØïÜØ (i) Ø (ii) Ø× (6.9), Ò íâÞÙ âÞçÚÕ ÒÞÛÝÞÒÐï äãÝÚæØï ÝÕßàÕàëÒÝÐ.
¾ÑÞ×ÝÐçÐï íâÞ ×ÝÐçÕÝØÕ çÕàÕ× (L), Üë ÜÞÖÕÜ ßÕàÕßØáÐâì ÒëèÕßàØÒÕ-
ÔÕÝÝÞÕ ãàÐÒÝÕÝØÕ Ò áÛÕÔãîéÕÜ ÒØÔÕ:
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(v) � e~
me

Im [ (L)� � ] + e2

me
A ( 1 �

1 �  2 �
2) = 0 ;

� = d L
dx � d 1

d� � d 2
d� :

¼ÝÞÖØâÕÛì ßàØ ÒÕÚâÞàÝÞÜ ßÞâÕÝæØÐÛÕA ÞÑàÐéÐÕâáï Ò ÝãÛì Ò áØÛã
ÝÕßàÕàëÒÝÞáâØ ÒÞÛÝÞÒÞÙ äãÝÚæØØ. ÂÐÚØÜ ÞÑàÐ×ÞÜ, ãáÛÞÒØÕ áÞåàÐÝÕÝØï
âÞÚÐ Ò ã×ÛÕ ßàØÝØÜÐÕâ áÛÕÔãîéØÙ ÒØÔ:

Im [ � � ] = 0 : (6.11)

¾ÑéÕÕ àÕèÕÝØÕ ÔÛï íâÞÓÞ ãàÐÒÝÕÝØï Õáâì:

� = � ; (6.12)

ÓÔÕ� � ÔÕÙáâÒØâÕÛìÝÐï ÚÞÝáâÐÝâÐ. ÄØ×ØçÕáÚØÙ áÜëáÛ ßÐàÐÜÕâàÐ� áÞ-
áâÞØâ Ò âÞÜ, çâÞ ÞÝ åÐàÐÚâÕàØ×ãÕâ ßàÞ×àÐçÝÞáâì ßÞâÕÝæØÐÛìÝÞÓÞ ÑÐàìÕàÐ
ÒÞ×ÜÞÖÝÞ ßàØáãâáâÒãîéÕÓÞ Ò àÐááÜÐâàØÒÐÕÜÞÜ ã×ÛÕ. µáÛØ� = 0, âÞ ÑÐ-
àìÕà ÞâáãâáâÒãÕâ, Ð, ÕáÛØ� ! 1 , âÞ Ò ã×ÛÕ ßàØáãâáâÒãÕâ ÝÕßàÞ×àÐçÝëÙ
ÔÛï íÛÕÚâàÞÝÞÒ ÑÐàìÕà� íÛÕÚâàÞÝë ßÞÛÝÞáâìî ÞâàÐÖÐîâáï Þâ ã×ÛÐ.

½ØÖÕ Üë àÐááÜÞâàØÜ ßàÞáâÕÙèØÙ áÛãçÐÙ:� = 0. ¿àØ íâÞÜ ãáÛÞÒØÕ
áÞåàÐÝÕÝØï âÞÚÐ ßàØÝØÜÐÕâ ÒØÔ:

� �
X

i

d i

dxi
= 0 : (6.13)

·ÐÜÕâØÜ, çâÞ ßàÞØ×ÒÞÔÝëÕ ÒåÞÔïâ Ò áãÜÜã áÞ ×ÝÐÚÞÜ ßÛîá ØÛØ ÜØÝãá Ò áÞ-
ÞâÒÕâáâÒØØ á ßàÐÒØÛÞÜ ×ÝÐÚÞÒ, ÚÞâÞàÞÕ Üë ßàØÜÕÝïÛØ ÔÛï âÞÚÞÒ, àØá.6.2.

³àÐÝØçÝÞÕ ãáÛÞÒØÕ (6.13) ÝÐ×ëÒÐîâ ÓàÐÝØçÝëÜ ãáÛÞÒØÕÜ ³àØääØáÐ
[21]. ¾Ý, ßÞ-ÒØÔØÜÞÜã, ßÕàÒëÙ ßàØÜÕÝØÛ íâÞ ãáÛÞÒØÕ Ò ×ÐÔÐçÐå ßÞÔÞÑÝÞ-
ÓÞ àÞÔÐ. ¸ÝÞÓÔÐ íâÞ ãáÛÞÒØÕ ÝÐ×ëÒÐîâ ãáÛÞÒØÕÜ ´ØàØåÛÕ áÞÓÛÐáÝÞ ÞÑéÕ-
ßàØÝïâÞÙ âÕàÜØÝÞÛÞÓØÕÙ ÔÛï ÓàÐÝØçÝëå ×ÐÔÐç Ò ÜÐâÕÜÐâØçÕáÚÞÙ äØ×ØÚÕ.
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·ÐßØáëÒÐï ãàÐÒÝÕÝØÕ (6.13) Ò âÞçÚÐå L Ø R, ßàÕÞÑàÐ×ãÕÜ ÒëàÐÖÕÝØï
(v) Ø (vi) Ò (6.9) Ú áÛÕÔãîéÕÜã ÒØÔã:

(v)
�

d L
dx � d 1

d� � d 2
d�

� �
�
�
L

= 0 ;

(vi)
�

d 1
d� + d 2

d� � d R
dx0

� �
�
�
R

= 0 :

(6.14)

¿ÞÔáâÐÒÛïï (6.6) Ò (6.9), ãçØâëÒÐï ãàÐÒÝÕÝØï (6.14) Ø ãçØâëÒÐï ×ÝÐ-
çÕÝØï áÞÞâÒÕâáâÒãîéØå ÚÞÞàÔØÝÐâ Ò âÞçÚÐå ßÕàÕáÕçÕÝØï,

L : x = 0 ; � = 0 ; � = 0 ;

R : � = L=2; � = L=2; x0= 0 ;

ßÞÛãçØÜ áÞÞâÝÞèÕÝØï ÔÛï ÞßàÕÔÕÛÕÝØï ÝÕØ×ÒÕáâÝëå ÚÞíääØæØÕÝâÞÒ (ÔÛï
ãßàÞéÕÝØï àÐáçÕâÞÒ àÐááÜÐâàØÒÐÕÜ áØÜÜÕâàØçÝÞÕ ßÞÔáÞÕÔØÝÕÝØÕ ÚÞÝ-
âÐÚâÞÒ Ú ÚÞÛìæã: ÔÛØÝÐ ÒÕàåÝÕÓÞ Ø ÝØÖÝÕÓÞ ßÛÕçÕÙ ÞÔØÝÐÚÞÒÐ ØàÐÒÝÐ L/2):

(i) 1 + r = A1 + B1 ;

(ii) 1 + r = A2 + B2 ;

(iii)
�

A1eik L
2 + B1e� ik L

2

�
ei� �

� 0 = � ;

(iv)
�

A2eik L
2 + B2e� ik L

2

�
e� i� �

� 0 = � ;

(v) 1 � r � (A1 � B1) � (A2 � B2) = 0 ;

(vi)
�

A1eik L
2 � B1e� ik L

2

�
ei� �

� 0

+
�

A2eik L
2 � B2e� ik L

2

�
e� i� �

� 0 � � = 0 :

(6.15)

¸× ÒáÕå ÚÞíääØæØÕÝâÞÒ ÝÐá ØÝâÕàÕáãÕâ âÞÛìÚÞ� , ÚÒÐÔàÐâ ÚÞâÞàÞÓÞ
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áÞÓÛÐáÝÞ ãàÐÒÝÕÝØïÜ (6.8) Ø (4.1) ÞßàÕÔÕÛïÕâ ßàÞÒÞÔØÜÞáâì àÐááÜÐâàØ-
ÒÐÕÜÞÙ áâàãÚâãàë.

6.3. ²ëçØáÛÕÝØÕ ßàÞÒÞÔØÜÞáâØ

´Ûï ÞßàÕÔÕÛÕÝØï ÚÞíääØæØÕÝâÐ� ØáÚÛîçØÜ ÒáÕ ÚÞíääØæØÕÝâë, áÞ-
ÞâÒÕâáâÒãîéØÕ ÒÝãâàÕÝÝØÜ ÒÕâÒïÜ áØáâÕÜë, âÞ Õáâì ØáÚÛîçØÜÚÞíääØ-
æØÕÝâëA1; B1; A2 ØB2. ² àÕ×ãÛìâÐâÕ ßÞÛãçØÜ ÔÒÐ ãàÐÒÝÕÝØï, áÞÔÕàÖÐ-
éØÕ âÞÛìÚÞr Ø� .

´Ûï íâÞÓÞ ßÞáâãßØÜ áÛÕÔãîéØÜ ÞÑàÐ×ÞÜ. ¸× ãàÐÒÝÕÝØÙ (i) Ø (ii) Ò
(6.15) ßÞÛãçÐÕÜ:

B1 = 1 + r � A1 ;

B2 = 1 + r � A2 :
(6.16)

¿ÞÔáâÐÒØÜ ßÞÛãçÕÝÝëÕ ÒëàÐÖÕÝØï Ò ÞáâÐÒèØÕáï ãàÐÒÝÕÝØï (iii) - (v):. ²
èÕáâÞÕ ãàÐÒÝÕÝØÕ ãÔÞÑÝÕÕ ßÞÔáâÐÒØâì ÝÕB1 ØB2, Ð áàÐ×ã ÒëàÐÖÕÝØÕ, ßÞ-
ÛãçÐÕÜÞÕ Ø× ãàÐÒÝÕÝØÙ (iii) Ø (iv), áÞÞâÒÕâáâÒÕÝÝÞ:

B1e� ik L
2 ei� �

� 0 = � � A1eik L
2 ei� �

� 0 ;

B2e� ik L
2 e� i� �

� 0 = � � A2eik L
2 e� i� �

� 0 :

¿ÞáÛÕ ßÞÔáâÐÝÞÒÚØ, ØÜÕÕÜ:

(iii) A1

�
eik L

2 � e� ik L
2

�
+ (1 + r )e� ik L

2 = �e � i� �
� 0 ;

(iv) A2

�
eik L

2 � e� ik L
2

�
+ (1 + r )e� ik L

2 = �e i� �
� 0 ;

(v) A1 + A2 = 3
2 + 1

2r ;

(vi) A1e
i� �

� 0 + A2e
� i� �

� 0 = 3
2�e � ik L

2 :

(6.17)
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¸× ãàÐÒÝÕÝØï (v) ÒëàÐ×ØÜ,A2 = 3
2 + 1

2r � A1, Ø ßÞÔáâÐÒØÜ íâÞ Ò ÞáâÐÒ-
èØÕáï ãàÐÒÝÕÝØï:

(iii) A1

�
eik L

2 � e� ik L
2

�
= �e � i� �

� 0 � (1 + r )e� ik L
2 ;

(iv) A1

�
eik L

2 � e� ik L
2

�
= 3

2eik L
2 � 1

2e� ik L
2 + r

2

�
eik L

2 + e� ik L
2

�
� �e i� �

� 0 ;

(vi) A1

�
ei� �

� 0 � e� i� �
� 0

�
= 3

2�e � ik L
2 �

�
3
2 + 1

2r
�

e� i� �
� 0 :

(6.18)

´ÐÛÕÕ ßÞÔáâÐÒØÜ ãàÐÒÝÕÝØÕ (iii) Ò (iv) Ø ßÞÛãçØÜ (ßÞáÛÕ ãÜÝÞÖÕÝØï
ÒáÕå áÛÐÓÐÕÜëå ÝÐeik L

2 ):

(iv) �e i� �
� 0 eik L

2

�
e� i 2� �

� 0 + 1
�

� r
�

1
2eikL + 3

2

�
= 3

2eikL + 1
2 : (6.19)

¿ÞáÛÕ íâÞÓÞ ÔÞÜÝÞÖØÜ ãàÐÒÝÕÝØÕ (vi) ÝÐ
�

eik L
2 � e� ik L

2

�
, Ð ãàÐÒÝÕÝØÕ

(iii) ÝÐ
�

ei� �
� 0 � e� i� �

� 0

�
Ø ÒëçâÕÜ ãàÐÒÝÕÝØÕ (iii) Ø× ãàÐÒÝÕÝØï (vi). ² àÕ-

×ãÛìâÐâÕ, ßÞáÛÕ ÔÞÜÝÞÖÕÝØï ÝÐei� �
� 0 eik L

2 , ßÞÛãçØÜ áÛÕÔãîéÕÕ ãàÐÒÝÕÝØÕ:

(vi) �e i� �
� 0 eik L

2

�
1
2 � 3

2e� ikL + e� i 2� �
� 0

�
+ r

�
ei 2� �

� 0 � 1
2

�
1 + eikL

	 �

= 3
2eikL � ei 2� �

� 0 � 1
2 :

(6.20)

ÃàÐÒÝÕÝØï (6.19) Ø (6.20) áÞÔÕàÖÐâ åÐàÐÚâÕàØáâØÚØ áØáâÕÜë ÚÐÚ æÕ-
ÛÞÓÞ: ÚÞíääØæØÕÝâ ÞâàÐÖÕÝØïr Ø ÚÞíääØæØÕÝâ ßàÞåÞÖÔÕÝØï� .

ÁØáâÕÜã ÝÕÞÔÝÞàÞÔÝëå ÛØÝÕÙÝëå ãàÐÒÝÕÝØÙ (6.19) Ø (6.20) àÕèØÜ
ÜÕâÞÔÞÜ ÞßàÕÔÕÛØâÕÛÕÙ. ´Ûï áÞÚàÐéÕÝØï ×ÐßØáØ ÒÒÕÔÕÜ ÒÕÛØçØÝã� 0 =
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�e i� �
� 0 eik L

2 Ø ×ÐßØèÕÜ:

� 0=
� � 0

�
; (6.21)

ÓÔÕ ÞßàÕÔÕÛØâÕÛØ� Ø� � 0 Õáâì:

� =

�
�
�
�
�
�
�

e� i 2� �
� 0 + 1 �

�
1
2eikL + 3

2

�

1
2 � 3

2e� ikL + e� i 2� �
� 0 ei 2� �

� 0 � 1
2(1 + eikL )

�
�
�
�
�
�
�

;

� � 0 =

�
�
�
�
�
�

3
2eikL + 1

2 �
�

1
2eikL + 3

2

�

3
2eikL � ei 2� �

� 0 � 1
2 ei 2� �

� 0 � 1
2(1 + eikL )

�
�
�
�
�
�
:

(6.22)

²ëçØáÛØÜ ÞßàÕÔÕÛØâÕÛì� :

� =
n

e� i 2� �
� 0 + 1

o n
ei 2� �

� 0 � 1
2(1 + eikL )

o

�
�

�
�

1
2eikL + 3

2

�	 n
1
2 � 3

2e� ikL + e� i 2� �
� 0

o

= 1
2 + ei 2� �

� 0 + e� i 2� �
� 0 � 1

4eikL � 9
4e� ikL

= 1
2

n
1 + 4 cos

�
2� �

� 0

�
� cos(kL) � 4e� ikL

o

= 1
2

n
1 + 4 cos

�
2� �

� 0

�
� 5 cos(kL)

o
+ i2 sin(kL) :

´ÞÜÝÞÖÐï ÝÐ ÚÞÜßÛÕÚáÝÞ áÞßàïÖÕÝÝÞÕ çØáÛÞ, ßÞÛãçÐÕÜ:

j� j2 =
1
4

�
1 + 4 cos

�
2�

�
� 0

�
� 5 cos(kL)

� 2

+ 4 sin2(kL):
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´ÐÛÕÕ ÒëçØáÛØÜ� � 0:

� � 0 =
�

3
2eikL + 1

2

	 n
ei 2� �

� 0 � 1
2(1 + eikL )

o

�
�

�
�

1
2eikL + 3

2

�	 n
3
2eikL � ei 2� �

� 0 � 1
2

o

= � 1 + eikL ei 2� �
� 0 + eikL � ei 2� �

� 0 =
�
eikL � 1

� �
ei 2� �

� 0 + 1
�

:

ºÒÐÔàÐâ ÜÞÔãÛï íâÞÓÞ ÞßàÕÔÕÛØâÕÛï Õáâì:

j� � 0j2 =
�
�eikL � 1

�
�2

�
�
�ei 2� �

� 0 + 1
�
�
�
2

= 4 f 1 � cos(kL)g
n

1 + cos
�

2� �
� 0

�o
:

¸âÐÚ, ßÞÛãçÐÕÜ ÐÜßÛØâãÔã ßàÞåÞÖÔÕÝØï:

� =
e� i� �

� 0 e� ik L
2

�
eikL � 1

� �
ei 2� �

� 0 + 1
�

1
2

n
1 + 4 cos

�
2� �

� 0

�
� 5 cos(kL)

o
+ i2 sin(kL)

(6.23)

²ëçØáÛïï ÒÕàÞïâÝÞáâì ßàÞåÞÖÔÕÝØï,T = j� j2, ßÞÛãçØÜ ÔÛï ßàÞÒÞ-
ÔØÜÞáâØ,G = 2e2

h T (� ), áÛÕÔãîéÕÕ:

G =
2e2

h

f 1 � cos(kF L)g
n

1 + cos
�

2� �
� 0

�o

1
16

n
1 + 4 cos

�
2� �

� 0

�
� 5 cos (kF L)

o2
+ sin2 (kF L)

: (6.24)

·ÔÕáìkF � ÒÞÛÝÞÒÞÕ çØáÛÞ ÔÛï íÛÕÚâàÞÝÐ á íÝÕàÓØÕÙ ÄÕàÜØ,E = � .
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6.4. ÁÒÞÙáâÒÐ ßàÞÒÞÔØÜÞáâØ

²ÕÛØçØÝÐ ßàÞÒÞÔØÜÞáâØG ÞÔÝÞÜÕàÝÞÓÞ ÚÞÛìæÐ ×ÐÒØáØâ Þâ ÜÐÓÝØâ-
ÝÞÓÞ ßÞâÞÚÐ� , àÐ×ÜÕàÐ ÚÞÛìæÐL Ø Þâ ÒÕÛØçØÝë ÒÞÛÝÞÒÞÓÞ çØáÛÐkF . ¿àØ
íâÞÜ, ÒÛØïÝØï ÚØÝÕÜÐâØçÕáÚÞÙ äÐ×ëkF L Ø ÜÐÓÝØâÝÞÙ äÐ×ë2� � =� 0 ÞÚÐ-
×ëÒÐîâáï ÝÕ×ÐÒØáØÜëÜØ ÔàãÓ Þâ ÔàãÓÐ, çâÞ ÞâÛØçÐÕâáï Þâ áÛãçÐï íÛÕÚ-
âàÞÝÝëå ßãçÚÞÒ Ò ÒÐÚããÜÕ, (5.17), ÚÞÓÔÐ ãÚÐ×ÐÝÝëÕ äÐ×ë áÚÛÐÔëÒÐîâáï.

6.4.1. ÁØÜÜÕâàØï ÞâÝÞáØâÕÛìÝÞ ØÝÒÕàáØØ ÝÐßàÐÒÛÕÝØï âÞÚÐ

ÁÛÕÔãÕâ áÚÐ×Ðâì, çâÞ, ÕáÛØ Ñë Üë àÐááÜÞâàÕÛØ ÔÒØÖÕÝØÕ íÛÕÚâàÞÝÐ
Ø× ßàÐÒÞÓÞ àÕ×ÕàÒãÐàÐ Ò ÛÕÒëÙ, Üë ßÞÛãçØÛØ Ñë âÞçÝÞ âÐÚÞÕ ÖÕ ÒëàÐÖÕ-
ÝØÕ ÔÛï ÒÕàÞïâÝÞáâØ ßàÞåÞÖÔÕÝØï Ø, áÞÞâÒÕâáâÒÕÝÝÞ, ÔÛï ßàÞÒÞÔØÜÞáâØ.
ÍâÞ Õáâì ßàÞïÒÛÕÝØÕ ÞÑéÕÓÞ ßàÐÒØÛÐ, ÚÞâÞàÞÕ ÓÞÒÞàØâ Þ âÞÜ, çâÞ ßàÞÒÞ-
ÔØÜÞáâì ÜÕ×ÞáÚÞßØçÕáÚÞÓÞ ÞÑàÐ×æÐ á ÔÒãÜï ÚÞÝâÐÚâÐÜØ ÝÕ ×ÐÒØáØâ Þâ âÞ-
ÓÞ, ÚãÔÐ âÕçÕâ âÞÚ, áÛÕÒÐ ÝÐßàÐÒÞ (ßàÞÒÞÔØÜÞáâì� G21) ØÛØ áßàÐÒÐ ÝÐÛÕÒÞ
(ßàÞÒÞÔØÜÞáâì� G12):

G12 = G21 : (6.25)

´ÐÝÝÞÕ àÐÒÕÝáâÒÞ áÒï×ÐÝÞ á âÕÜ, çâÞ ÚÒÐÝâÞÒÞÜÕåÐÝØçÕáÚÐï ÒÕàÞ-
ïâÝÞáâì ßàÞåÞÖÔÕÝØï Ò áâÐæØÞÝÐàÝÞÜ áÛãçÐÕ ÝÕ ×ÐÒØáØâ Þâ ÝÐßàÐÒÛÕÝØï
ÔÒØÖÕÝØï. ÂÐÚÐï áØÜÜÕâàØï ÔÛï ßàÞÒÞÔØÜÞáâØ ÜÕ×ÞáÚÞßØçÕáÚÞÓÞ ÞÑàÐ×-
æÐ ÔÕÙáâÒØâÕÛìÝÞ ÝÐÑÛîÔÐÕâáï Ò íÚáßÕàØÜÕÝâÕ [22],

6.4.2. ·ÐÒØáØÜÞáâì ßàÞÒÞÔØÜÞáâØ Þâ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ

½Ð àØáãÝÚÕ6.3ßàØÒÕÔÕÝÐ ×ÐÒØáØÜÞáâì ßàÞÒÞÔØÜÞáâØG Þâ ÜÐÓÝØâÝÞ-
ÓÞ ßÞâÞÚÐ� , (6.24), ÒëçØáÛÕÝÝÐï ÔÛï ÝÕáÚÞÛìÚØå ×ÝÐçÕÝØÙ ßàÞØ×ÒÕÔÕÝØï
kF L. ¸× ãÚÐ×ÐÝÝÞÓÞ àØáãÝÚÐ ÜÞÖÝÞ áÔÕÛÐâì áÛÕÔãîéØÕ ÒëÒÞÔë.

1. ·ÐÒØáØÜÞáâìG(�) ßÕàØÞÔØçÝÐ ßÞ ÜÐÓÝØâÝÞÜã ßÞâÞÚã á ßÕàØÞÔÞÜ,
àÐÒÝëÜ ÚÒÐÝâã ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ� 0 = h=e. ¿ÞáÛÕÔÝïï ÒÕÛØçØÝÐ Ò ÔÒÐ
àÐ×Ð ÑÞÛìèÕ âÐÚ ÝÐ×ëÒÐÕÜÞÓÞ áÒÕàåßàÞÒÞÔïéÕÓÞ ÚÒÐÝâÐ ÜÐÓÝØâÝÞÓÞ ßÞ-
âÞÚÐ� (s)

0 = h=(2e), åÐàÐÚâÕàÝÞÓÞ ÔÛï ïÒÛÕÝØÙ, ÝÐÑÛîÔÐÕÜëå Ò áÒÕàåßàÞ-
ÒÞÔÝØÚÐå.
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ÀØá. 6.3. ·ÐÒØáØÜÞáâì ßàÞÒÞÔØÜÞáâØG ÚÞÛìæÐ Þâ ×ÐåÒÐçÕÝÝÞ-
ÓÞ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ� ÔÛï ×ÝÐçÕÝØÙ ßàÞØ×ÒÕÔÕÝØïkF L = 63
(áßÛÞèÝÐï ÚàØÒÐï); 66 (ßãÝÚâØàÝÐï ÚàØÒÐï).G0 = 2e2=h � ÚÒÐÝâ
ßàÞÒÞÔØÜÞáâØ;� 0 = h=e� ÚÒÐÝâ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ

2. ¿àØ áÛÕÔãîéØå ×ÝÐçÕÝØïå ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ:

� =
1
2

� 0 + n� 0; n = 1; 2; : : : ; (6.26)

ÒÕÛØçØÝÐ ßàÞÒÞÔØÜÞáâØ ÞÑàÐéÐÕâáï Ò ÝãÛì,G = 0. ÂÐÚÞÕ ßÞÒÕÔÕÝØÕ áã-
éÕáâÒÕÝÝÞ ÞâÛØçÐÕâáï Þâ áÛãçÐï ÜÐááØÒÝëå ÜÕâÐÛÛÞÒ, ÔÛï ÚÞâÞàëå ßÞ-
ßàÐÒÚØ Ú ßàÞÒÞÔØÜÞáâØ, ÞÑãáÛÞÒÛÕÝÝëÕ íääÕÚâÞÜ °ÐàÞÝÞÒÐ-±ÞÜÐ, ÜÐÛë
Ø áÞáâÐÒÛïîâ ÔÞÛØ ßàÞæÕÝâÐ.

3. ¿àÞÒÞÔØÜÞáâì Õáâì çÕâÝÐï äãÝÚæØï ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ:

G(�) = G(� �) : (6.27)

¿ÞáÛÕÔÝÕÕ áÒÞÙáâÒÞ ÜÞÖÝÞ ÞÑêïáÝØâì, ØáåÞÔï Ø× ßàØÝæØßÐ áØÜÜÕâ-
àØØ ÚØÝÕâØçÕáÚØå ÚÞíääØæØÕÝâÞÒ, ßàØÝæØßÐ ¾Ý×ÐÓÕàÐ, áÞÓÛÐáÝÞ ÚÞâÞàÞ-
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ÀØá. 6.4. ·ÐÒØáØÜÞáâì ßàÞÒÞÔØÜÞáâØG ÚÞÛìæÐ Þâ ßàÞØ×ÒÕÔÕÝØï
kF L ÔÛï ×ÝÐçÕÝØÙ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ� = 2�n � 0, ÓÔÕn = 0; 1; 2; : : :
(áßÛÞèÝÐï ÚàØÒÐï);(0:4 + 2�n )� 0 (ßãÝÚâØàÝÐï ÚàØÒÐï)

Üã ßàØ Ø×ÜÕÝÕÝØØ ÝÐßàÐÒÛÕÝØï ÜÐÓÝØâÝÞÓÞ ßÞÛï Ø ÞÔÝÞÒàÕÜÕÝÝÞÜ Ø×ÜÕ-
ÝÕÝØØ ÝÐßàÐÒÛÕÝØï ÔÒØÖÕÝØï ÝÐ ßàÞâØÒÞßÞÛÞÖÝÞÕ ÒÕÛØçØÝÐ ßàÞÒÞÔØÜÞ-
áâØ ÔÞÛÖÝÐ ÞáâÐâìáï ÝÕØ×ÜÕÝÝÞÙ:

G12(�) = G21(� �) : (6.28)

¸× ãàÐÒÝÕÝØÙ (6.25) Ø (6.28) áÛÕÔãÕâ âàÕÑãÕÜÞÕ àÐÒÕÝáâÒÞ (6.27).

6.4.3. ·ÐÒØáØÜÞáâì ßàÞÒÞÔØÜÞáâØ Þâ íÝÕàÓØØ ÄÕàÜØ

¿àØ Ø×ÜÕÝÕÝØØ íÝÕàÓØØ ÄÕàÜØ Ø×ÜÕÝïÕâáï ßàÞØ×ÒÕÔÕÝØÕkF L, ÒåÞ-
ÔïéÕÕ Ò ÒëàÐÖÕÝØÕ ÔÛï ßàÞÒÞÔØÜÞáâØ (6.24). ½Ð àØáãÝÚÕ6.4 ßàØÒÕÔÕÝÐ
×ÐÒØáØÜÞáâìG(kF L) ÔÛï ÝÕáÚÞÛìÚØå ×ÝÐçÕÝØÙ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ� . ¸×
ãÚÐ×ÐÝÝÞÓÞ àØáãÝÚÐ ÒëâÕÚÐÕâ áÛÕÔãîéÕÕ.
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1. ¾áæØÛÛïæØØ ØÜÕîâ ÑÞÛìèãî ÐÜßÛØâãÔã. ² ÞÑéÕÜ áÛãçÐÕ ×ÝÐçÕÝØÕ
ßàÞÒÞÔØÜÞáâØG Ø×ÜÕÝïÕâáï ÞâG0 ÔÞ ÝãÛï.

2. ¿ÕàØÞÔ ÞáæØÛÛïæØÙ ÜÐÛ, âÞ Õáâì, ßàØ ÝÕÑÞÛìèÞÜ Ø×ÜÕÝÕÝØØ íÝÕà-
ÓØØ ÄÕàÜØ ßàÞÒÞÔØÜÞáâì áãéÕáâÒÕÝÝÞ Ø×ÜÕÝïÕâáï. ¾æÕÝØÜ ÒÕÛØçØÝã ßÕ-
àØÞÔÐ. ¿ÞáÚÞÛìÚã ÞáæØÛÛØàãîéØÜ ÜÝÞÖØâÕÛÕÜ ïÒÛïÕâáïcos(kF L) ØÛØ
sin(kF L), âÞ ßÕàØÞÔ ÞáæØÛÛïæØÙ ßÞ ÒÞÛÝÞÒÞÜã ÒÕÚâÞàã Õáâì:

� kF =
2�
L

: (6.29)

²ÞÛÝÞÒÞÕ çØáÛÞ ÒëàÐÖÐÕâáï çÕàÕ× ÔÛØÝã ÒÞÛÝë� F áÛÕÔãîéØÜ ÞÑàÐ-
×ÞÜ:kF = 2�=� F . ÁÛÕÔÞÒÐâÕÛìÝÞ, ÔÛï ÜÕ×ÞáÚÞßØçÕáÚÞÓÞ ÚÞÛìæÐ, âÞ Õáâì,
ÔÛï ÚÞÛìæÐ á àÐ×ÜÕàÞÜ ×ÝÐçØâÕÛìÝÞ ßàÕÒëèÐîéØÜ ÔÛØÝã ÒÞÛÝë íÛÕÚâàÞ-
ÝÐ,L � � F , ßÞÛãçÐÕÜ, çâÞ ßÕàØÞÔ ÞáæØÛÛïæØÙ� kF ÜÐÛ ßÞ áàÐÒÝÕÝØî áÞ
×ÝÐçÕÝØÕÜ ÒÞÛÝÞÒÞÓÞ çØáÛÐkF :

� kF � kF : (6.30)

² âÐÚÞÜ áÛãçÐÕ ÒëàÐÖÕÝØÕ ÔÛï ßÕàØÞÔÐ� F ÞáæØÛÛïæØÙ ßÞ íÝÕàÓØØ
ÜÞÖÝÞ ÒëçØáÛØâì áÛÕÔãîéØÜ ÞÑàÐ×ÞÜ:

� F �
d�
dk

� kF = ~vF � kF ; (6.31)

ÓÔÕvF = ~kF =me � áÚÞàÞáâì íÛÕÚâàÞÝÐ á íÝÕàÓØÕÙ ÄÕàÜØ. ¿ÞÔáâÐÒÛïï
ÒëàÐÖÕÝØÕ (6.29), ßÞÛãçØÜ:

� F =
hvF

L
: (6.32)

¾âÝÞáØâÕÛìÝÐï ÒÕÛØçØÝÐ ßÕàØÞÔÐ ÞáæØÛÛïæØÙ ÔÞáâÐâÞçÝÞ ÜÐÛÐ:

� F

�
�

� F

L
� 1: (6.33)
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¾æÕÝØÜ ×ÝÐçÕÝØÕ ßÕàØÞÔÐ� F ÔÛï åÐàÐÚâÕàÝëå ßÐàÐÜÕâàÞÒ ÔÒãÜÕà-
ÝÞÓÞ ÓÐ×Ð íÛÕÚâàÞÝÞÒ:� � 100K , � F � 100 �A. ´Ûï ÚÞÛìæÐ á àÐ×ÜÕàÞÜ
L � 10� 6 Ü ßÞÛãçØÜ:

� F � 1K :

´Ûï ÝÐÑÛîÔÕÝØï àÐááÜÐâàØÒÐÕÜëå ÞáæØÛÛïæØÙ ßàÞÒÞÔØÜÞáâØ ÚÐÚ âÕÜ-
ßÕàÐâãàÐ, âÐÚ Ø ÝÐßàïÖÕÝØÕ, ßàØ ÚÞâÞàÞÜ ßàÞØ×ÒÞÔØâáï Ø×ÜÕàÕÝØÕ âÞÚÐ,
ÔÞÛÖÝë Ñëâì áãéÕáâÒÕÝÝÞ ÜÕÝìèÕ ãÚÐ×ÐÝÝÞÙ ÒÕÛØçØÝë.

6.4.4. ²ÛØïÝØÕ âÕÜßÕàÐâãàë ÝÐ ßàÞÒÞÔØÜÞáâì

²ëàÐÖÕÝØÕ (6.24) ÞßàÕÔÕÛïÕâ ßàÞÒÞÔØÜÞáâì ÚÞÛìæÐ ßàØ ÝãÛÕÒÞÙ âÕÜ-
ßÕàÐâãàÕ àÕ×ÕàÒãÐàÞÒ, Ú ÚÞâÞàëÜ ÞÝÞ ßàØáÞÕÔØÝÕÝÞ. µáÛØ àÕ×ÕàÒãÐàë ØÜÕ-
îâ ÞâÛØçÝãî Þâ ÝãÛï âÕÜßÕàÐâãàã,T > 0, âÞ ßàÞÒÞÔØÜÞáâì Õáâì:

G =

1
�

0

dEG(E)
�

�
@f0(E)

@E

�
; (6.34)

ÓÔÕG(E) ÞßàÕÔÕÛÕÝÞ Ò (6.24), ÓÔÕ áÛÕÔãÕâ ×ÐÜÕÝØâì� ÝÐE.
Á ãÒÕÛØçÕÝØÕÜ âÕÜßÕàÐâãàë ÐÜßÛØâãÔÐ ÞáæØÛÛïæØÙ ßàÞÒÞÔØÜÞáâØ Ò

äãÝÚæØØ íÝÕàÓØØ ÄÕàÜØ ãÜÕÝìèÐÕâáï Ø ßàØT � T?, ÓÔÕ

kB T � =
hvF

2� 2L
; (6.35)

ãÚÐ×ÐÝÝëÕ ÞáæØÛÛïæØØ ßÞÛÝÞáâìî ØáçÕ×Ðîâ. ÂÐÚÞÕ áÓÛÐÖØÒÐÝØÕ ÜÕ×ÞáÚÞ-
ßØçÕáÚØå ÞáæØÛÛïæØÙ áÒï×ÐÝÞ á ãáàÕÔÝÕÝØÕÜ ßÞ íÝÕàÓØØ íÛÕÚâàÞÝÞÒ, ÒÝÞ-
áïéØå ÒÚÛÐÔ Ò âÞÚ. ¾âÜÕâØÜ, çâÞ, äÐÚâØçÕáÚØ,kB T � � � F =20 � � F .

½ÕáÜÞâàï ÝÐ âÞ, çâÞ ÞâÜÕçÕÝÝÞÕ ÒëèÕ áÓÛÐÖØÒÐÝØÕ ÞáæØÛÛïæØÙÔÞ-
ÒÞÛìÝÞ çÐáâÞ ÒáâàÕçÐÕâáï Ò ÜÕ×ÞáÚÞßØÚÕ, ÝÕ ÒáÕ ïÒÛÕÝØï çãÒáâÒØâÕÛìÝë Ú
ãáàÕÔÝÕÝØî ßÞ íÝÕàÓØØ íÛÕÚâàÞÝÞÒ. ÂÐÚ, Ò àÐááÜÐâàØÒÐÕÜÞÜ ÝÐÜØ áÛãçÐÕ
ßàØ ÒëáÞÚØå âÕÜßÕàÐâãàÐåT � T � áÞåàÐÝïÕâáï ×ÐÒØáØÜÞáâì ßàÞÒÞÔØÜÞ-
áâØ Þâ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ.
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ÀØá. 6.5. ·ÐÒØáØÜÞáâì ßàÞÒÞÔØÜÞáâØG ÚÞÛìæÐ Þâ ×ÐåÒÐçÕÝÝÞÓÞ
ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ� ßàØT � T �

´ÕÙáâÒØâÕÛìÝÞ, ßÞÔáâÐÒÛïï ÒëàÐÖÕÝØÕ (6.24) Ò (6.34), Ø, ÒëßÞÛÝïï
ØÝâÕÓàØàÞÒÐÝØÕ ßÞ íÝÕàÓØØ, ßàØT � T � ßÞÛãçØÜ:

G =
2e2

h

cos
�

2�
�
� 0

�
+ 1

cos
�

2�
�
� 0

�
+

3
2

: (6.36)

´ÐÝÝÞÕ ÒëàÐÖÕÝØÕ ÝÕ ×ÐÒØáØâ Þâ íÝÕàÓØØ ÄÕàÜØ, ÞÔÝÐÚÞ, áÞåàÐÝïÕâ ×Ð-
ÒØáØÜÞáâì Þâ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ, á ßÕàØÞÔÞÜ àÐÒÝëÜ� 0. ³àÐäØÚ ×ÐÒØáØ-
ÜÞáâØG(�) , (6.36), ßàØÒÕÔÕÝ ÝÐ àØá.6.5. ÁÞåàÐÝÕÝØÕ ×ÐÒØáØÜÞáâØ ßàÞÒÞ-
ÔØÜÞáâØ Þâ� ßàØ âÕÜßÕàÐâãàÐå ÑÞÛìèØå, çÕÜT � , ÝÞ ÒáÕ ÕéÕ ÔÞáâÐâÞçÝÞ
ÝØ×ÚØå, çâÞÑë ÒëßÞÛÝïÛÞáì ãáÛÞÒØÕL � L ' (T), áÒï×ÐÝÞ á Ø×ÜÕÝÕÝØÕÜ
äÐ×ë ÒÞÛÝÞÒÞÙ äãÝÚæØØ ßàØ ÝÐÛØçØØ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ, ÞÔØÝÐÚÞÒëÜ ÔÛï
ÒáÕå íÛÕÚâàÞÝÞÒ, ßÞíâÞÜã ãáàÕÔÝÕÝØÕ ßÞ íÝÕàÓØØ, ÚÞâÞàÞÕ ßàØáãâáâÒãÕâ Ò
ÒëàÐÖÕÝØØ (6.34), ÝÕ ãÝØçâÞÖÐÕâ íääÕÚâ.
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²ÞßàÞáë ÔÛï áÐÜÞßàÞÒÕàÚØ

1) ÁäÞàÜãÛØàÞÒÐâì ßÞáâÐÝÞÒÚã ×ÐÔÐçØ ÔÛï ÞßàÕÔÕÛÕÝØï ÚÞíääØæØÕÝâÐ
ßàÞåÞÖÔÕÝØï çÕàÕ× ÞÔÝÞÜÕàÝÞÕ ÑÐÛÛØáâØçÕáÚÞÕ ÚÞÛìæÞ á ÜÐÓÝØâÝëÜ ßÞ-
âÞÚÞÜ.
2) ²ëÒÕáâØ ÓàÐÝØçÝÞÕ ãáÛÞÒØÕ ÔÛï ÒÞÛÝÞÒÞÙ äãÝÚæØØ Ò Y-ÚÞÝâÐÚâÕ.
3) ·ÐßØáÐâì ÒëàÐÖÕÝØÕ ÔÛï ÚÞíääØæØÕÝâÐ ßàÞåÞÖÔÕÝØï çÕàÕ× ÚÞÛìæÞ á
ÜÐÓÝØâÝëÜ ßÞâÞÚÞÜ. ¾â çÕÓÞ ×ÐÒØáØâ ÚÞíääØæØÕÝâ ßàÞåÞÖÔÕÝØï?
4) ¿ÞçÕÜã ßàÞÒÞÔØÜÞáâì ÚÞÛìæÐ ×ÐÒØáØâ Þâ íÝÕàÓØØ ÄÕàÜØ?
5) ¿ÞçÕÜã ßàÞÒÞÔØÜÞáâì ÚÞÛìæÐ ×ÐÒØáØâ Þâ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ?
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µéÕ ÞÔØÝ ÐáßÕÚâ ÚÒÐÝâÞÒÞÙ äØ×ØÚØ, ÚÞâÞàëÙ ßàÞïÒÛïÕâáï Ò ÜÕ×Þ-
áÚÞßØÚÕ,� íâÞ ÚÒÐÝâÞÒÐÝØÕ áßÕÚâàÐ íÛÕÚâàÞÝÐ. ÍÛÕÚâàÞÝ ÝÕ ÜÞÖÕâ ÒëÙ-
âØ ×Ð ßàÕÔÕÛë ÞÑàÐ×æÐ, ßÞíâÞÜã ÕÓÞ ÒÞÛÝÞÒÐï äãÝÚæØï ÞÑàÐéÐÕâáï Ò ÝãÛì
ÝÐ ßÞÒÕàåÝÞáâØ ÞÑàÐ×æÐ. ÍâÞ ßàØÒÞÔØâ Ú âÞÜã, çâÞ ãàÞÒÝØ íÝÕàÓØØ íÛÕÚ-
âàÞÝÐ ÞÚÐ×ëÒÐîâáï ÚÒÐÝâÞÒÐÝÝëÜØ, âÞ Õáâì áÞáâÞïÝØï, Ò ÚÞâÞàëå ÜÞÖÕâ
ÝÐåÞÔØâìáï íÛÕÚâàÞÝ, ÜÞÖÝÞ ßàÞÝãÜÕàÞÒÐâì æÕÛëÜØ çØáÛÐÜØ.µáÛØ àÐ×-
ÜÕà ÞÑàÐ×æÐ ÔÞáâÐâÞçÝÞ ÜÐÛ, âÞ àÐ×ÝÞáâì ÜÕÖÔã àÐ×àÕèÕÝÝëÜØãàÞÒÝïÜØ
íÝÕàÓØØ íÛÕÚâàÞÝÞÒ áâÐÝÞÒØâáï ÑÞÛìèÞÙ Ø ÞÚÐ×ëÒÐÕâ áãéÕáâÒÕÝÝÞÕ ÒÛØ-
ïÝØÕ ÝÐ áÒÞÙáâÒÐ ÞÑàÐ×æÐ.

²ÞÛÝÞÒëÕ äãÝÚæØØ, ÞßØáëÒÐîéØÕ áâÐæØÞÝÐàÝëÕ áÞáâÞïÝØï, Ò ÚÞâÞ-
àëå ÜÞÖÕâ ÝÐåÞÔØâáï íÛÕÚâàÞÝ, Ø íÝÕàÓØØ, áÞÞâÒÕâáâÒãîéØÕ íâØÜ áÞáâÞ-
ïÝØïÜ, ×ÐÒØáïâ Þâ äÞàÜë Ø àÐ×ÜÕàÞÒ ÞÑàÐ×æÐ.

7.1. ÍÛÕÚâàÞÝ Ò� ÚÒÐÝâÞÒÞÜ ïéØÚÕ�

´Ûï ØÛÛîáâàÐæØØ ÞáÝÞÒÝëå ÞáÞÑÕÝÝÞáâÕÙ, ÞÑãáÛÞÒÛÕÝÝëå ÚÒÐÝâÞ-
ÒÐÝØÕÜ áßÕÚâàÐ, àÐááÜÞâàØÜ ßàÞáâÕÙèØÙ áÛãçÐÙ, ÔÞßãáÚÐîéØÙ ÐÝÐÛØâØ-
çÕáÚÞÕ àÕèÕÝØÕ, Ð ØÜÕÝÝÞ, àÐááÜÞâàØÜ ÞÑàÐ×Õæ Ò äÞàÜÕ ßÐàÐÛÛÕÛÕßØßÕÔÐ
á ÔÛØÝÐÜØ àÕÑÕà

L x ; L y; L z : (7.1)

²ÒÕÔÕÜ ÚÞÞàÔØÝÐâÝëÕ ÞáØx, y Øz, ÚÐÚ ßÞÚÐ×ÐÝÞ ÝÐ àØá.7.1. ¾ÑÛÐáâì ÔÞ-
áâãßÝÐï íÛÕÚâàÞÝã ÞÓàÐÝØçÕÝÐ áÛÕÔãîéØÜØ ßàÕÔÕÛÐÜØ:

0 � x � L x ; 0 � y � L y ; 0 � z � L z : (7.2)

¿ÞâÕÝæØÐÛ ÒÝãâàØ� ïéØÚÐ� ßÞÛÞÖØÜ àÐÒÝëÜ ÝãÛî. ÃàÐÒÝÕÝØÕ ÈàÕ-
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x

y z

Ly

Lz

Lx
ÀØá. 7.1. ÁåÕÜÐâØçÕáÚÞÕ Ø×ÞÑàÐÖÕÝØÕ� ÚÒÐÝâÞÒÞÓÞ ïéØÚÐ� . ÍÛÕÚ-
âàÞÝ ÜÞÖÕâ áÒÞÑÞÔÝÞ ÔÒØÓÐâìáï ÒÝãâàØ, ÝÞ ÝÕ ÜÞÖÕâ ÒëÙâØ ×Ð ßàÕ-
ÔÕÛë, ÞÓàÐÝØçÕÝÝëÕ áâÕÝÚÐÜØ ßÐàÐÛÛÕÛÕßØßÕÔÐ

ÔØÝÓÕàÐ Ò ßàïÜÞãÓÞÛìÝÞÙ áØáâÕÜÕ ÚÞÞàÔØÝÐâ ßàØÜÕâ áÛÕÔãîéØÙ ÒØÔ [7]:

�
~2

2me

�
@2

@x2
+

@2

@y2
+

@2

@z2

�
 (x; y; z) = E (x; y; z) : (7.3)

·ÔÕáì (x; y; z) � ÒÞÛÝÞÒÐï äãÝÚæØï íÛÕÚâàÞÝÐ,E � íÝÕàÓØï íÛÕÚâàÞÝÐ.
ÃàÐÒÝÕÝØÕ ÈàÕÔØÝÓÕàÐ� íâÞ ÔØääÕàÕÝæØÐÛìÝÞÕ ãàÐÒÝÕÝØÕ ÒâÞàÞÓÞ

ßÞàïÔÚÐ. ´Ûï ãàÐÒÝÕÝØï (7.3) ÜÞÖÝÞ ×ÐßØáÐâì ÞÑéÕÕ àÕèÕÝØÕ. ½Ðá ØÝ-
âÕàÕáãîâ çÐáâÝëÕ àÕèÕÝØï íâÞÓÞ ãàÐÒÝÕÝØï, ÞßØáëÒÐîéØÕ áÞáâÞïÝØï, Ò
ÚÞâÞàëå ÜÞÓãâ ÝÐåÞÔØâáï íÛÕÚâàÞÝë Ò ÔÐÝÝÞÜ ÞÑàÐ×æÕ. ´Ûï âÞÓÞ, çâÞÑë
ÞßàÕÔÕÛØâì íâØ çÐáâÝëÕ àÕèÕÝØï Üë ÔÞÛÖÝë áäÞàÜãÛØàÞÒÐâì ÓàÐÝØçÝëÕ
ãáÛÞÒØï, ÚÞâÞàëÜ ãÔÞÒÛÕâÒÞàïÕâ ÒÞÛÝÞÒÐï äãÝÚæØï íÛÕÚâàÞÝÐ.

²ÞÛÝÞÒÐï äãÝÚæØï ÞÑàÐéÐÕâáï Ò ÝãÛì ÝÐ ÓàÐÝØæÕ� ïéØÚÐ� . ÍâÞ
âàÕÑÞÒÐÝØÕ ïÒÛïÕâáï áÛÕÔáâÒØÕÜ ÞÔÝÞÓÞ Ø× ßàØÝæØßÞÒ ÚÒÐÝâÞÒÞÙ ÜÕåÐÝØ-
ÚØ, áÞÓÛÐáÝÞ ÚÞâÞàÞÜã Õáâì ÝÕßàÕàëÒÝÐï äãÝÚæØï ÚÞÞàÔØÝÐâ Ø ÒàÕÜÕÝØ.
ÁÛÕÔÞÒÐâÕÛìÝÞ, âàÕÑãÕÜëÕ ÓàÐÝØçÝëÕ ãáÛÞÒØï Õáâì:
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 (x = 0; y; z) =  (x = L x ; y; z) = 0 ;

 (x; y = 0; z) =  (x; y = L y; z) = 0 ;

 (x; y; z = 0) =  (x; y; z = L z) = 0 ;

(7.4)

ºàÞÜÕ âÞÓÞ, ÒÞÛÝÞÒÐï äãÝÚæØï ÔÞÛÖÕÝ Ñëâì ÝÞàÜØàÞÒÐÝÐ:

L x
�

0

dx

L y
�

0

dy

L z
�

0

dzj (x; y; z)j2 = 1 : (7.5)

ÍâÞ ãáÛÞÒØÕ ÞÑÞ×ÝÐçÐÕâ, çâÞ íÛÕÚâàÞÝ ÝÐåÞÔØâáï âÞÛìÚÞ Ò ÞÑÛÐáâØ, ÞÓàÐ-
ÝØçÕÝÝÞÙ áâÕÝÚÐÜØ� ïéØÚÐ� .

7.1.1. ²ÞÛÝÞÒÐï äãÝÚæØï Ø áßÕÚâà

ÀÕèÕÝØÕ ãàÐÒÝÕÝØï (7.3) ÜÞÖÕâ Ñëâì ßàÕÔáâÐÒÛÕÝÞ Ò ÒØÔÕ ßàÞØ×ÒÕ-
ÔÕÝØï âàÕå àÕèÕÝØÙ ÞÔÝÞÜÕàÝÞÓÞ ãàÐÒÝÕÝØï ÈàÕÔØÝÓÕàÐ:

 (x; y; z) =  x(x) y(y) z(z) ;

E = Ex + Ey + Ez ;
(7.6)

ÓÔÕ ÚÐÖÔÐï Ø× äãÝÚæØÙ � , � = x; y; z ãÔÞÒÛÕâÒÞàïÕâ áÛÕÔãîéÕÙ ÓàÐÝØç-
ÝÞÙ ×ÐÔÐçÕ:

� ~2

2me

@2 �

@�2 = E �  � ;

 � (� = 0) =  � (� = L � ) = 0 ;

L �
�

0
d� j � j

2 = 1 :

(7.7)
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ÀÕèÕÝØÕ íâÞÙ ×ÐÔÐçØ ÜÞÖÕâ Ñëâì ×ÐßØáÐÝÞ Ò áÛÕÔãîéÕÜ ÒØÔÕ:

 � (� ) = Aeik � � + Be� ik � � ; 0 � � � L � ; (7.8)

ÓÔÕA; B � çØáÛÞÒëÕ ÜÝÞÖØâÕÛØ. ³àÐÝØçÝÞÕ ãáÛÞÒØÕ Ò âÞçÚÕ� = 0,  � (0) =
0, ßàØÒÞÔØâ Ú ãáÛÞÒØîB = � A, ÞâÚãÔÐ áÛÕÔãÕâ, çâÞ:

 � (� ) = A0sin(k� � ) ; (7.9)

ÓÔÕA0= 2iA . ² áÒÞî ÞçÕàÕÔì, ÓàÐÝØçÝÞÕ ãáÛÞÒØÕ Ò âÞçÚÕ� = L � ,  � (L � ) =
0, ØÜÕÕâ ÒØÔsin(k� L � ) = 0 . ÍâÞ ãáÛÞÒØÕ ÞßàÕÔÕÛïÕâ ÔÞßãáâØÜëÕ ×ÝÐçÕÝØï
ÔÛï ÒÞÛÝÞÒÞÓÞ çØáÛÐk� Ø íÝÕàÓØØE � , áÞÞâÒÕâáâÒãîéØå ÒÞÛÝÞÒÞÙ äãÝÚæØØ
íÛÕÚâàÞÝÐ � :

k� (n� ) = �n �

L �
; n� = 1; 2: : : ;

E � (n� ) =
~2k2

� (n� )
2me

=
h2n2

�

8meL 2
�
:

(7.10)

²ÕÛØçØÝëk� ØE � ÜÞÖÝÞ ÝÐ×ÒÐâì ÒÞÛÝÞÒëÜ çØáÛÞÜ Ø íÝÕàÓØÕÙ, áÞÞâÒÕâ-
áâÒãîéØÜ ÔÒØÖÕÝØî íÛÕÚâàÞÝÐ ÒÔÞÛì Þáì� .

² áÞÞâÒÕâáâÒØÕ á (7.6) ßÞÛãçÐÕÜ ÔÛï ÒÞÛÝÞÒÞÙ äãÝÚæØØ Ø íÝÕàÓØØ
íÛÕÚâàÞÝÐ Ò âàÕåÜÕàÝÞÜ ïéØÚÕ:

 (x; y; z) =
q

2
L x

sin(kxx)
q

2
L y

sin(kyy)
q

2
L z

sin(kzz) ;

E(nx; ny; nz) = h2

8me

�
n2

x
L 2

x
+ n2

y

L 2
y

+ n2
z

L 2
z

�
:

(7.11)

¸× ßÞÛãçÕÝÝëÙ ÒëàÐÖÕÝØÙ ÒØÔÝÞ, çâÞ ÔÞßãáâØÜëÕ áÞáâÞïÝØï íÛÕÚ-
âàÞÝÐ Ò ÞÑàÐ×æÕ ÜÞÓãâ Ñëâì ßàÞÝãÜÕàÞÒÐÝë ÝÐÑÞàÞÜ Ø× âàÕå æÕÛëå çØáÕÛ,
nx, ny, Ønz.
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������������
������������
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MC

m

ÀØá. 7.2. ¾ÑÜÕÝ çÐáâØæÐÜØ ÜÕÖÔã ÜÕ×ÞáÚÞßØçÕáÚÞÙ áØáâÕÜÞÙ (¼Á) Ø àÕ×Õà-
ÒãÐàÞÜ ßàØÒÞÔØâ Ú âÞÜã, çâÞ ÒáÕ ÚÒÐÝâÞÒëÕ ãàÞÒÝØ ¼Á, ØÜÕîéØÕíÝÕàÓØî
ÜÕÝìèãî, çÕÜ åØÜßÞâÕÝæØÐÛ àÕ×ÕàÒãÐàÐ� , ×ÐßÞÛÝÕÝë (çÕàÝëÕ ÚàãÖÞçÚØ), Ð
ÒáÕ ãàÞÒÝØ á ÑÞÛìèÕÙ íÝÕàÓØÕÙ� ÝÕ ×ÐßÞÛÝÕÝë (áÒÕâÛëÕ ÚàãÖÞçÚØ)

7.1.2. ·ÐßÞÛÝÕÝØÕ ãàÞÒÝÕÙ íÝÕàÓØØ

¿ãáâì àÐááÜÐâàØÒÐÕÜëÙ ÞÑàÐ×Õæ ÜÞÖÕâ ÞÑÜÕÝØÒÐîâáï çÐáâØæÐÜØ á
àÕ×ÕàÒãÐàÞÜ íÛÕÚâàÞÝÞÒ, àØá.7.2. ºÐÚØÕ Ø× ÚÒÐÝâÞÒëå ãàÞÒÝÕÙ Ò ÞÑàÐ×æÕ
ÑãÔãâ ×ÐÝïâë, Ð ÚÐÚØÕ� ÑãÔãâ áÒÞÑÞÔÝëÕ?

´Ûï ÞâÒÕâÐ ÝÐ íâÞâ ÒÞßàÞá ×ÐÜÕâØÜ, çâÞ Ò áÞáâÞïÝØØ âÕàÜÞÔØÝÐÜØçÕ-
áÚÞÓÞ àÐÒÝÞÒÕáØï ×ÐÜÚÝãâÐï áØáâÕÜÐ, ÚÞâÞàÐï Ò ÝÐèÕÜ áÛãçÐÕÒÚÛîçÐÕâ
íÛÕÚâàÞÝë àÕ×ÕàÒãÐàÐ Ø íÛÕÚâàÞÝë ÜÕ×ÞáÚÞßØçÕáÚÞÓÞ ÞÑàÐ×æÐ, ØÜÕÕâ ÜØ-
ÝØÜÐÛìÝãî íÝÕàÓØî:

Etot � E res + EMC = min : (7.12)

·ÔÕáìEtot � íÝÕàÓØï ÒáÕÙ áØáâÕÜë,Eres � íÝÕàÓØï àÕ×ÕàÒãÐàÐ,EMC � íÝÕà-
ÓØï íÛÕÚâàÞÝÞÒ Ò ÞÑàÐ×æÕ.

ÀÕ×ÕàÒãÐà ßàÕÔáâÐÒÛïÕâ áÞÑÞÙ ÜÐÚàÞáÚÞßØçÕáÚãî áØáâÕÜã íÛÕÚâàÞ-
ÝÞÒ, ÝÐåÞÔïéãîáï Ò àÐÒÝÞÒÕáÝÞÜ áÞáâÞïÝØØ Ø åÐàÐÚâÕàØ×ãîéãîáï ÒÕÛØ-
çØÝÞÙ åØÜØçÕáÚÞÓÞ ßÞâÕÝæØÐÛÐ� , ÚÞâÞàëÙ Ò âàÕåÜÕàÝÞÜ áÛãçÐÕ áÒï×ÐÝ á
ßàÞáâàÐÝáâÒÕÝÝÞÙ ßÛÞâÝÞáâì çÐáâØæne áÛÕÔãîéØÜ ÞÑàÐ×ÞÜ:

� = (3 � 2ne)
2
3

~2

2me
: (7.13)
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Á ÚÒÐÝâÞÒÞ-ÜÕåÐÝØçÕáÚÞÙ âÞçÚØ ×àÕÝØï ÒÕÛØçØÝÐ� ïÒÛïÕâáï íÝÕàÓØÕÙ ÄÕà-
ÜØ, âÞ Õáâì ÜÐÚáØÜÐÛìÝÞÙ íÝÕàÓØÕÙ, ÚÞâÞàãî ØÜÕîâ íÛÕÚâàÞÝëÒ àÕ×ÕàÒã-
ÐàÕ ßàØ ÝãÛÕÒÞÙ âÕÜßÕàÐâãàÕ. Á ÔàãÓÞÙ áâÞàÞÝë, ÔÛï ÜÐÚàÞáÚÞßØçÕáÚÞÙ
áØáâÕÜë ÒÕÛØçØÝÐ� áÞåàÐÝïÕâ âÐÚÖÕ áÒÞÙ âÕàÜÞÔØÝÐÜØçÕáÚØÙ áÜëáÛ, Ð
ØÜÕÝÝÞ: åØÜßÞâÕÝæØÐÛ àÐÒÕÝ Ø×ÜÕÝÕÝØî íÝÕàÓØØ áØáâÕÜë ßpØ Ø×ÜÕÝÕÝØØ
çØáÛÐ çÐáâØæ Ò ÝÕÙ ÝÐ ÕÔØÝØæã.

´ÐÒÐÙâÕ ÒëçØáÛØÜ, ÝÐ ÚÐÚãî ÒÕÛØçØÝã� Etot Ø×ÜÕÝØâáï íÝÕàÓØï áØ-
áâÕÜë, ÕáÛØ ÞÔØÝ íÛÕÚâàÞÝ ßÕàÕÙÔÕâ Ø× àÕ×ÕàÒãÐàÐ Ò ÞÑàÐ×Õæ.ÍÛÕÚâàÞÝ
ßÞÚØÔÐÕâ àÕ×ÕàÒãÐà, ßÞíâÞÜã íÝÕàÓØï àÕ×ÕàÒãÐàÐ ãÜÕÝìèØâáï ÝÐ ÒÕÛØçØ-
Ýã� , � Eres = � � . ² ÞÑàÐ×æÕ íÛÕÚâàÞÝ ×ÐÙÜÕâ ÝÕ×ÐÝïâëÙ ãàÞÒÕÝì á ÝÐØ-
ÜÕÝìèÕÙ íÝÕàÓØÕÙ. ¿ãáâì íâÞ ãàÞÒÕÝì á íÝÕàÓØÕÙE (f ree )

min . ÂÞÓÔÐ íÝÕàÓØï
¼Á ãÒÕÛØçØâáï ÝÐE (f ree )

min , � EMC = E (f ree )
min . ¿àØ íâÞÜ Ø×ÜÕÝÕÝØÕ íÝÕàÓØØ

ÒáÕÙ áØáâÕÜë,� Etot = � Eres + � EMC , Õáâì:

� Etot = E (f ree )
min � � : (7.14)

¾âáîÔÐ ÒØÔÝÞ, çâÞ ßÕàÕåÞÔë íÛÕÚâàÞÝÞÒ Ø× àÕ×ÕàÒãÐàÐ Ò ÞÑàÐ×Õæ ÑãÔãâ
ßàØÒÞÔØâì Ú ãÜÕÝìèÕÝØî íÝÕàÓØØ áØáâÕÜë,� Etot < 0, ÔÞ âÕå ßÞà, ßÞÚÐ Ò
ÞÑàÐ×æÕ ÝÕ ×ÐßÞÛÝïâìáï ÒáÕ ÚÒÐÝâÞÒëÕ ãàÞÒÝØ á íÝÕàÓØÕÙ ÜÕÝìèÕÙ, çÕÜ
åØÜßÞâÕÝæØÐÛ� àÕ×ÕàÒãÐàÐ, àØá.7.2.

ÂÐÚØÜ ÞÑàÐ×ÞÜ, ÕáÛØ ãàÞÒÝØ íÝÕàÓØØ íÛÕÚâàÞÝÞÒ Ò ÞÑàÐ×æÕ ÞßØáë-
ÒÐîâáï ÒëàÐÖÕÝØÕÜ (7.11), âÞ ßàØ ÝãÛÕÒÞÙ âÕÜßÕàÐâãàÕ ÑãÔãâ ×ÐßÞÛÝÕÝë
ÒáÕ áÞáâÞïÝØï, ãÔÞÒÛÕâÒÞàïîéØÕ áÛÕÔãîéÕÜã ãáÛÞÒØî:

E(nx; ny; nz) =
h2

8me

 
n2

x

L2
x

+
n2

y

L2
y

+
n2

z

L2
z

!

� � : (7.15)

ÍâÞ ãáÛÞÒØÕ ÞßàÕÔÕÛïÕâ âÕ ×ÝÐçÕÝØï ÝÐâãàÐÛìÝëå çØáÕÛnx, ny Ønz, ÚÞâÞ-
àëÕ áÞÞâÒÕâáâÒãîâ ×ÐßÞÛÝÕÝÝëÜ áÞáâÞïÝØïÜ.

¾æÕÝØÜ ×ÝÐçÕÝØÕn(max)
� , áÞÞâÒÕâáâÒãîéÕÕ ×ÐÝïâÞÜã ãàÞÒÝî á ÜÐÚ-

áØÜÐÛìÝÞÙ íÝÕàÓØÕÙ. ´Ûï íâÞÓÞ ÒÒÕÔÕÜ ßÞÝïâØÕ ÔÛØÝë ÒÞÛÝë íÛÕÚâàÞÝÐ á
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íÝÕàÓØÕÙ ÄÕàÜØ:

� F =
h

p
2me�

: (7.16)

´Ûï 2D íÛÕÚâàÞÝÝÞÓÞ ÓÐ×Ð� 2D = 10� 2 í², Ð ÒÜÕáâÞme ÝÕÞÑåÞÔØÜÞ Øá-
ßÞÛì×ÞÒÐâìm� = 0:067me, ßÞíâÞÜã ÔÛï äÕàÜØÕÒáÚÞÙ ÔÛØÝë ÒÞÛÝë ßÞÛã-
çÐÕÜ:� F;2D � 4:7 � 10� 8 Ü.

¸áßÞÛì×ãï ÒÕÛØçØÝã� F , Üë ÜÞÖÕÜ ÞæÕÝØâì çØáÛÞ ×ÐßÞÛÝÕÝÝëå áÞ-
áâÞïÝØÙ,n(max)

� , áÞÞâÒÕâáâÒãîéØå ÔÒØÖÕÝØî ÒÔÞÛì ÒëÑàÐÝÝÞÓÞ ÝÐßàÐÒ-
ÛÕÝØï� = x; y; z, áÛÕÔãîéØÜ ÞÑàÐ×ÞÜ:

nmax
� =

�
L �

� F =2

�
; (7.17)

ÓÔÕ[X ] � ÞÑÞ×ÝÐçÐÕâ æÕÛãî çÐáâì çØáÛÐX . ´Ûï ÞÑàÐ×æÐ á àÐ×ÜÕàÞÜL � =
10� 6 Ü, áÞ×ÔÐÝÝÞÓÞ Ò 2D ÓÐ×Õ íÛÕÚâàÞÝÞÒ, ßÞÛãçÐÕÜ:nmax

� � 10� 6=(2 �
10� 8) = 50 . ¿àØ íâÞÜ ßÞÛÝÞÕ çØáÛÞN ×ÐßÞÛÝÕÝÝëå ãàÞÒÝÕÙ Ò ÞÑàÐ×æÕ ßÞ
ßÞàïÔÚã ÒÕÛØçØÝë àÐÒÝÞ:N � nmax

x nmax
y nmax

z .
µáÛØ àÐ×ÜÕà ÞÑàÐ×æÐ åÞâï Ñë Ò ÞÔÝÞÜ Ø×ÜÕàÕÝØØ ÜÕÝìèÕ ßÞÛÞÒØÝë

äÕàÜØÕÒáÚÞÙ ÔÛØÝë ÒÞÛÝë

L � <
� F

2
; (7.18)

âÞ ÝØ ÞÔÝÞ ÚÒÐÝâÞÒÞÕ áÞáâÞïÝØÕ ÝÕ ÑãÔÕâ ×ÐßÞÛÝÕÝÞ. ÍÛÕÚâàÞÝë Ò âÐÚÞÙ
ÞÑàÐ×Õæ ÝÕ ÑãÔãâ ßÕàÕåÞÔØâì Ø× àÕ×ÕàÒãÐàÐ, ßÞíâÞÜã ßàØ ÜÐÛëå ÝÐßàïÖÕ-
ÝØïå âÐÚÞÙ ÞÑàÐ×Õæ ÝÕ ÑãÔÕâ ßàÞßãáÚÐâì âÞÚ.

7.2. ÍääÕÚâØÒÝÐï àÐ×ÜÕàÝÞáâì ÞÑàÐ×æÐ

ÃàÐÒÝÕÝØÕ (7.17) ßÞ×ÒÞÛïÕâ ÝÐÜ ÚÛÐááØäØæØàÞÒÐâì ÞÑàÐ×æë áÛÕÔã-
îéØÜ ÞÑàÐ×ÞÜ.
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l F~ 

0D:

l F~ 
l F

l F

l F

l F

1D:

2D:

>>
Lx

~
Lz

>>Ly

>>
Lx

ÀØá. 7.3. ´ÛØÝÐ ÒÞÛÝë� F íÛÕÚâàÞÝÐ á íÝÕàÓØÕÙ ÄÕàÜØ ïÒÛïÕâáï åÐàÐÚâÕàÝëÜ àÐ×-
ÜÕàÞÜ, ÞßàÕÔÕÛïîéØÜ íääÕÚâØÒÝãî àÐ×ÜÕàÝÞáâì ÜÕ×ÞáÚÞßØçÕáÚÞÓÞ ßàÞÒÞÔÝØÚÐ.
0D � ÝãÛìÜÕàÝëÙ ßàÞÒÞÔÝØÚ (ÚÒÐÝâÞÒÐï âÞçÚÐ); 1D� (ÚÒÐ×Ø-)ÞÔÝÞÜÕàÝëÙ ßàÞ-
ÒÞÔÝØÚ; 2D� (ÚÒÐ×Ø-)ÔÒãÜÕàÝëÙ ßàÞÒÞÔÝØÚ

7.2.1. ½ãÛìÜÕàÝëÙ ÞÑàÐ×Õæ, 0D� � ØáÚãááâÒÕÝÝëÙ ÐâÞÜ�

¿ãáâì ÒáÕ âàØ àÐ×ÜÕàÐ ÞÑàÐ×æÐ áàÐÒÝØÜë á ÔÛØÝÞÙ ÒÞÛÝë íÛÕÚâàÞÝÐ
� F , àØá.7.3(0D):

L x � � F
2 ) n(max)

x � 1 ;

L y � � F
2 ) n(max)

y � 1 ;

L z � � F
2 ) n(max)

z � 1 ;

(7.19)
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âÞÓÔÐ Ò ÞÑàÐ×æÕ ÞÚÐ×ëÒÐîâáï ×ÐßÞÛÝÕÝÝëÜØ ÒáÕÓÞ ÝÕáÚÞÛìÚÞ áÞáâÞïÝØÙ.
ÇØáÛÞ íÛÕÚâàÞÝÞÒNe Ò ÞÑàÐ×æÕ ßàØ ÝãÛÕÒÞÙ âÕÜßÕàÐâãàÕ ÜÞÖÕâ Ñëâì Òë-
çØáÛÕÝÞ ßÞ áÛÕÔãîéÕÙ äÞàÜãÛÕ:

Ne = 2
n(max )

xX

nx =1

n(max )
yX

ny =1

n(max )
zX

nz=1

�
�

� � E (nx; ny; nz)
�

: (7.20)

·ÔÕáì ÚÞíääØæØÕÝâ2 ãçØâëÒÐÕâ ÝÐÛØçØÕ áßØÝÐ ã íÛÕÚâàÞÝÐ,� (x) � áâã-
ßÕÝçÐâÐï äãÝÚæØï ÅÕÒØáÐÙÔÐ, àÐÒÝÐï1 ßàØx > 0 Ø àÐÒÝÐï ÝãÛî ßàØ
x < 0. µáÛØNe � 1, âÞ Ò íâÞÜ áÛãçÐÕ ÓÞÒÞàïâ, çâÞ ÞÑàÐ×Õæ ßàÕÔáâÐÒ-
ÛïÕâ áÞÑÞÙ ØáÚãááâÒÕÝÝÞ áÞ×ÔÐÝÝëÙ ÐâÞÜ. µéÕ âÐÚØÕ ÞÑêÕÚâë ÝÐ×ëÒÐîâ
ÚÒÐÝâÞÒëÜØ âÞçÚÐÜØ, ßÞÔçÕàÚØÒÐï âÕÜ áÐÜëÜ, çâÞ ÞÝØ ÝÕ ØÜÕîâÜÐÚàÞ-
áÚÞßØçÕáÚØå àÐ×ÜÕàÞÒ ÝØ Ò ÞÔÝÞÜ Ø×ÜÕàÕÝØØ.

EáÛØ Ò ÚÐÚãî-ÛØÑÞ äØ×ØçÕáÚãî ÒÕÛØçØÝãX ÒÝÞáØâ ÐÔÔØâØÒÝëÙ ÒÚÛÐÔ
ÚÐÖÔëÙ ×ÐÝïâëÙ ãàÞÒÕÝì, âÞ ×ÝÐçÕÝØÕ íâÞÙ ÒÕÛØçØÝë ÞßàÕÔÕÛïÕâáï ßàØ
ÝãÛÕÒÞÙ âÕÜßÕàÐâãàÕ áÛÕÔãîéØÜ ÞÑàÐ×ÞÜ:

X = 2
n(max )

xX

nx =1

n(max )
yX

ny =1

n(max )
zX

nz=1

X (nx ; ny; nz) �
�

� � E (nx; ny; nz)
�

: (7.21)

¾ÑÞÑéÕÝØÕ ÝÐ áÛãçÐÙ ÝÕÝãÛÕÒëå âÕÜßÕàÐâãà ÑãÔÕâ ßàØÒÕÔÕÝÞ ÝØÖÕ.

7.2.2. ºÒÐ×ØÞÔÝÞÜÕàÝëÙ ÞÑàÐ×Õæ, 1D

¿ãáâì L x ÝÐÜÝÞÓÞ ßàÕÒÞáåÞÔØâ� F , àØá.7.3(1D):

L x � � F
2 ) n(max)

x � 1 ;

L y � � F
2 ) n(max)

y � 1 ;

L z � � F
2 ) n(max)

z � 1 :

(7.22)
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² âÐÚÞÜ áÛãçÐÕ ×ÐÝïâëÜØ ÞÚÐ×ëÒÐîâáï ÜÝÞÓÞ ãàÞÒÝÕÙ, áÞÞâÒÕâáâÒãîéØå
ÔÒØÖÕÝØî ÒÔÞÛì ÞáØx. ÀÐ×ÝÞáâì ÜÕÖÔã íÝÕàÓØïÜØ áÞáÕÔÝØå ãàÞÒÝÕÙ áâÐ-
ÝÞÒØâáï çàÕ×ÒëçÐÙÝÞ ÜÐÛÞÙ,� Ex � �=n (max)

x ! 0 , ßÞíâÞÜã áßÕÚâà, áÞÞâ-
ÒÕâáâÒãîéØÙ ÔÒØÖÕÝØî ÒÔÞÛì ÞáØx, ÜÞÖÝÞ áçØâÐâì ÝÕßàÕàëÒÝëÜ. ÂÞÓÔÐ
Üë ÜÞÖÕÜ ßÕàÕßØáÐâì ÒëàÐÖÕÝØÕ (7.11) ÔÛï íÝÕàÓØØ íÛÕÚâàÞÝÐ Ò áÛÕÔã-
îéÕÜ ÒØÔÕ:

E(px; ny; nz) =
p2

x

2me
+

h2

8me

 
n2

y

L2
y

+
n2

z

L2
z

!

; (7.23)

ÓÔÕ Üë ÒÒÕÛØ ØÜßãÛìá íÛÕÚâàÞÝÐpx = ~kx.
¸× ãàÐÒÝÕÝØï (7.23) áÛÕÔãÕâ, çâÞ ãÔÞÑÝÞ àÐ×ÑØâì ÒáÕ ãàÞÒÝØ íÝÕàÓØØ

ÝÐ Óàãßßë. ´Ûï íâÞÓÞ ßÞáâãßØÜ áÛÕÔãîéØÜ ÞÑàÐ×ÞÜ. ·ÐäØÚáØàãÕÜ ÚÐÚØÕ
ÛØÑÞ ×ÝÐçÕÝØï ÝÐâãàÐÛìÝëå çØáÕÛny = n(0)

y Ønz = n(0)
z . ÂÞÓÔÐ ×ÐÒØáØ-

ÜÞáâìE(px; n(0)
y ; n(0)

z ), äÐÚâØçÕáÚØ, ïÒÛïÕâáï áßÕÚâàÞÜ ÞÔÝÞÜÕàÝÞÙ çÐáâØ-
æë, âÞ Õáâì çÐáâØæë, ÚÞâÞàÐï áÒÞÑÞÔÝÞ ÔÒØÖÕâáï ÒÔÞÛì ÞáØx Ø ØÜÕÕâ ØÜ-
ßãÛìápx . ³àãßßÐ ãàÞÒÝÕÙE(px; n(0)

y ; n(0)
z ) ÝÐ×ëÒÐÕâáïÞÔÝÞÜÕàÝÞÙ ßÞÔ×Þ-

ÝÞÙ. ½ãÜÕàãîâáï âÐÚØÕ ßÞÔ×ÞÝë çØáÛÐÜØny Ønz.
¿ÕàÕßØèÕÜ ãàÐÒÝÕÝØÕ (7.23) Ò áÛÕÔãîéÕÜ ÒØÔÕ:

E(px; ny; nz) = E(px) + E(ny; nz) : (7.24)

·ÔÕáìE(p) = p2=(2me) � íÝÕàÓØï çÐáâØæë Ò ßÞÔ×ÞÝÕ, ÒÕÛØçØÝÐE(ny; nz),
äØÚáØàÞÒÐÝÝÐï ÔÛï ÔÐÝÝÞÙ ßÞÔ×ÞÝë, ÝÐ×ëÒÐÕâáïíÝÕàÓØÕÙ ÔÝÐ ßÞÔ×ÞÝë.

ÁÚÞÛìÚÞ ßÞÔ×ÞÝ ÑãÔÕâ ØÜÕâì ×ÐßÞÛÝÕÝÝëÕ ãàÞÒÝØ ×ÐÒØáØâ Þâ íÝÕàÓØØ
ÄÕàÜØ� , Ø àÐ×ÜÕàÞÒ ÞÑàÐ×æÐ ÒÔÞÛì ÞáÕÙy Øz. ½ÞÜÕàÐ ßÞÔ×ÞÝ, Ò ÚÞâÞ-
àëå ÑãÔÕâ åÞâï Ñë ÞÔØÝ ×ÐßÞÛÝÕÝÝëÙ ãàÞÒÕÝì ÞßàÕÔÕÛïÕâáï áÛÕÔãîéØÜ
ãáÛÞÒØÕÜ àØá.7.4:

E(ny; nz) < � : (7.25)

¾â ãáÛÞÒØï (7.15) ÔÐÝÝÞÕ ÝÕàÐÒÕÝáâÒÞ ÞâÛØçÐÕâáï âÞÛìÚÞ âÕÜ, çâÞ Üë ßàÕ-
ÝÕÑàÕÓÐÕÜ ÒÚÛÐÔÞÜ íÝÕàÓØØ, áÞÞâÒÕâáâÒãîéÕÙ ÔÒØÖÕÝØî ÒÔÞÛì ÞáØx. Á
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m

E

E4

E3 E2

E1
xp 

ÀØá. 7.4. µáÛØ ÔÝÞ ÞÔÝÞÜÕàÝÞÙ ßÞÔ×ÞÝë ØÜÕÕâ íÝÕàÓØî ÜÕÝìèÕ,
çÕÜ íÝÕàÓØï ÄÕàÜØ� , âÞ âÐÚÐï ßÞÔ×ÞÝÐ áÞÔÕàÖØâ ×ÐßÞÛÝÕÝÝëÕ
ãàÞÒÝØ íÝÕàÓØØ Ø, ßÞíâÞÜã ÒÝÞáØâ ÒÚÛÐÔ Ò ßàÞÒÞÔØÜÞáâì. ½Ð áåÕÜÕ
ßÞÔ×ÞÝëE1, E2 ØE3 � ßàÞÒÞÔïéØÕ, Ð ßÞÔ×ÞÝÐE4 � ÝÕ ßàÞÒÞÔïéÐï

äÞàÜÐÛìÝÞÙ (ÜÐâÕÜÐâØçÕáÚÞÙ) âÞçÚØ ×àÕÝØï, âÐÚÞÕ ßàÕÝÕÑàÕÖÕÝØÕ ÞÑã-
áÛÞÒÛÕÝÞ âÕÜ, çâÞ Üë ßÞÛÐÓÐÕÜL x ! 1 . Á äØ×ØçÕáÚÞÙ ÖÕ âÞçÚØ ×àÕÝØï,
íâÞ áÞÞâÒÕâáâÒãÕâ âÞÜã, çâÞ Ò áÛãçÐÕ ÝÕßàÕàëÒÝÞÓÞ áßÕÚâàÐ,íÝÕàÓØïE(px)
ÜÞÖÕâ Ñëâì áÚÞÛì ãÓÞÔÝÞ ÜÐÛÞÙ Ø, ßÞíâÞÜã ÝÕ ÞÚÐ×ëÒÐÕâ ÒÛØïÝØÕ ÝÐ àÐá-
áÜÐâàØÒÐÕÜÞÕ ÝÕàÐÒÕÝáâÒÞ. ºÐÚ âÞÛìÚÞ íÝÕàÓØï ÄÕàÜØ ßàÕÒëáØâ ÔÝÞ ×Þ-
Ýë, áàÐ×ã ÖÕ ÝÐçÝãâ ×ÐßÞÛÝïâìáï ãàÞÒÝØ, áÞÞâÒÕâáâÒãîéØÕ ßàÞÔÞÛìÝÞÜã
ÔÒØÖÕÝØî ÒÔÞÛì ÞáØx.

µáÛØ ×ÐßÞÛÝÕÝë ãàÞÒÝØ âÞÛìÚÞ Ò ÞÔÝÞÙ ßÞÔ×ÞÝÕny = 1; nz = 1, âÞ
ÞÑàÐ×Õæ ÝÐ×ëÒÐîâ ÞÔÝÞÜÕàÝëÜ. µáÛØ ÝÕáÚÞÛìÚÞ ßÞÔ×ÞÝ ØÜÕîâ ×ÐßÞÛÝÕÝ-
ÝëÕ ãàÞÒÝØ, âÞ ÞÑàÐ×Õæ ÝÐ×ëÒÐîâÚÒÐ×ØÞÔÝÞÜÕàÝëÜ.

¸×ÜÕÝØâì çØáÛÞ ßÞÔ×ÞÝ, áÞÔÕàÖÐéØå ×ÐßÞÛÝÕÝÝëÕ áÞáâÞïÝØï ÜÞÖ-
ÝÞ àÐ×ÛØçÝëÜØ áßÞáÞÑÐÜØ. ½ÐßàØÜÕà, Ø×ÜÕÝïï ÒÕÛØçØÝã åØÜßÞâÕÝæØÐÛÐ
� íÛÕÚâàÞÝÞÒ àÕ×ÕàÒãÐàÐ. µáÛØ Ò ÚÐçÕáâÒÕ àÕ×ÕàÒãÐàÐ ÒëáâãßÐÕâ ÔÒãÜÕà-
ÝëÙ íÛÕÚâàÞÝÝëÙ ÓÐ×, âÞ ßÛÞâÝÞáâì íÛÕÚâàÞÝÞÒ Ø, áÞÞâÒÕâáâÒÕÝÝÞ, ÒÕÛØ-
çØÝÐ åØÜßÞâÕÝæØÐÛÐ ÛÕÓÚÞ àÕÓãÛØàãÕâáï ÒÝÕèÝØÜ ÜÕâÐÛÛØçÕáÚØÜ ×ÐâÒÞ-
àÞÜ, ÝÐ ÚÞâÞàëÙ ßÞÔÐÕâáï ÞâàØæÐâÕÛìÝëÙ (ßÞàïÔÚÐ1²) ßÞâÕÝæØÐÛ. ´àã-
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ÓÞÙ áßÞáÞÑ áÞáâÞØâ Ò ßàØÚÛÐÔëÒÐÝØØ àÐ×ÝÞáâØ ßÞâÕÝæØÐÛÞÒ� ' = ' MC -
' ÜÕÖÔã ÞÑàÐ×æÞÜ (ßÞâÕÝæØÐÛ' MC ) Ø àÕ×ÕàÒãÐàÞÜ (ßÞâÕÝæØÐÛ' ). ² íâÞÜ
áÛãçÐÕ ãàÐÒÝÕÝØÕ (7.25) ßàØÜÕâ áÛÕÔãîéØÙ ÒØÔ:

E(ny; nz) + e' MC < � + e' : (7.26)

¾âÚãÔÐ ÒØÔÝÞ, çâÞ, Ø×ÜÕÝïï ÒÕÛØçØÝã� ' , ÜÞÖÝÞ Ø×ÜÕÝïâì ÚÞÛØçÕáâÒÞ ×Ð-
ßÞÛÝÕÝÝëå ßÞÔ×ÞÝ,E(ny; nz) < � � e� ' . ºàÞÜÕ âÞÓÞ, Ø×ÜÕÝØâì ÚÞÛØçÕáâÒÞ
×ÐßÞÛÝÕÝÝëå ßÞÔ×ÞÝ, ÜÞÖÝÞ Ø×ÜÕÝïï àÐ×ÜÕàë ÞÑàÐ×æÐL y; L z. ÍâÞ ãÔÞÑ-
ÝÞ ÔÕÛÐâì ÔÛï ßàÞÒÞÔïéØå áâàãÚâãà, áÞ×ÔÐÝÝëå Ò ÔÒãÜÕàÝÞÜ íÛÕÚâàÞÝÝÞÜ
ÓÐ×Õ. ² íâÞÜ áÛãçÐÕ ÓàÐÝØæë ÞÑàÐ×æÐ áÞ×ÔÐîâáï á ßÞÜÞéìî ÔÞßÞÛÝØâÕÛì-
Ýëå ÜÕâÐÛÛØçÕáÚØå ×ÐâÒÞàÞÒ, ØÜÕîéØå ÞâàØæÐâÕÛìÝëÙ ßÞâÕÝæØÐÛ. ¸×ÜÕ-
Ýïï ÒÕÛØçØÝã íâÞÓÞ ßÞâÕÝæØÐÛÐ, ÜÞÖÝÞ Ø×ÜÕÝïâì ÓÕÞÜÕâàØçÕáÚØÕ àÐ×ÜÕàë
ÞÑàÐ×æÐ. ÍâÞâ áÛãçÐÙ ÑÞÛÕÕ ßÞÔàÞÑÝÞ Üë àÐ×ÑÕàÕÜ Ò áÛÕÔãîéÕÜàÐ×ÔÕÛÕ,
ÓÔÕ ÑãÔÕÜ àÐááÜÐâàØÒÐâì ÞáÞÑÕÝÝÞáâØ ÚÞÝÔÐÚâÐÝáÐ ÞÔÝÞÜÕàÝÞÓÞ ÑÐÛÛØ-
áâØçÕáÚÞÓÞ ÜÞáâØÚÐ á Ø×ÜÕÝïÕÜÞÙ âÞÛéØÝÞÙ.

¼ÐÚáØÜÐÛìÝÐï íÝÕàÓØï, ÔÞ ÚÞâÞàÞÙ ×ÐßÞÛÝÕÝë ãàÞÒÝØ Ò ÔÐÝÝÞÙßÞÔ-
×ÞÝÕ ßàØ ÝãÛÕÒÞÙ âÕÜßÕàÐâãàÕ ÝÐ×ëÒÐîâåØÜßÞâÕÝæØÐÛÞÜ ÔÐÝÝÞÙ ßÞÔ-
×ÞÝë, � (ny; nz). ÍâÐ ÒÕÛØçØÝÐ ×ÐÒØáØâ Þâ åØÜßÞâÕÝæØÐÛÐ àÕ×ÕàÒãÐàÐ� Ø
ÝÞÜÕàÐ ßÞÔ×ÞÝë (ÝØÖÕ Üë ßÞÛÐÓÐÕÜ� ' = 0):

� (ny; nz) = � � E(ny; nz) : (7.27)

ÂÐÚØÜ ÞÑàÐ×ÞÜ, Ò ÚÒÐ×ØÞÔÝÞÜÕàÝÞÜ ÞÑàÐ×æÕ åØÜßÞâÕÝæØÐÛë, áÞÞâ-
ÒÕâáâÒãîéØÕ àÐ×ÛØçÝëÜ ÞÔÝÞÜÕàÝëÜ ßÞÔ×ÞÝÐÜ, àÐ×ÛØçÝë. ÍâØÜ, Ò çÐáâ-
ÝÞáâØ, ÚÒÐ×ØÞÔÝÞÜÕàÝëÙ ÞÑàÐ×Õæ, áÞÔÕàÖÐéØÙN ßÞÔ×ÞÝ ÞâÛØçÐÕâáï Þâ
áÞÒÞÚãßÝÞáâØN ÞÔÝÞÜÕàÝëå ÞÑàÐ×æÞÒ.

ÀÐááÜÞâàØÜ ßàÐÒØÛÞ áãÜÜØàÞÒÐÝØï ßÞ íÝÕàÓÕâØçÕáÚØÜ ãàÞÒÝïÜ Ò ÚÒÐ-
×ØÞÔÝÞÜÕàÝÞÜ áÛãçÐÕ ßàØ ÝãÛÕÒÞÙ âÕÜßÕàÐâãàÕ. ÄÐÚâØçÕáÚØ,ÒëàÐÖÕÝØÕ
(7.21) ÞáâÐÕâáï Ò áØÛÕ. ¿ÞÚÐÖÕÜ ÚÐÚ ßÕàÕÙâØ Þâ áãÜÜØàÞÒÐÝØÕ ßÞ ÔØá-
ÚàÕâÝëÜ áÞáâÞïÝØïÜ, ÝãÜÕàãÕÜëå çØáÛÞÜnx, Ú ØÝâÕÓàØàÞÒÐÝØî ßÞ� ÝÕßàÕ-
àëÒÝÞÙ� ßÕàÕÜÕÝÝÞÙpx. ÁâàÞÓÞ ÓÞÒÞàï, ßàØ ÚÞÝÕçÝÞÜ àÐ×ÜÕàÕL x < 1 ,
ÒÕÛØçØÝÐpx = ~kx ÔØáÚàÕâÝÐï (áÜ. ãàÐÒÝÕÝØÕ (7.10) ÔÛïk� ßàØ� = x).
¾ÔÝÐÚÞ, ÕáÛØL x ÔÞáâÐâÞçÝÞ ÑÞÛìèÐï, âÞ àÐ×ÝÞáâì
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�p x = px(nx + 1) � px(nx) =
h

2L x
! 0 ;

áâÞÛì ÜÐÛÐ, çâÞ ßàØ ÒëçØáÛÕÝØØ äØ×ØçÕáÚØå ÒÕÛØçØÝ ÜÞÖÝÞ ×ÐÜÕÝØâì ÕÕ
ÔØääÕàÕÝæØÐÛÞÜ,�p x ! dpx. ¿àØ íâÞÜ áãÜÜØàÞÒÐÝØÕ ßÞnx ×ÐÜÕÝïÕâáï
ÝÐ ØÝâÕÓàØàÞÒÐÝØÕ ßÞpx áÛÕÔãîéØÜ ÞÑàÐ×ÞÜ (ØáßÞÛì×ãÕÜ1 = (2L x=h)�p x):

X

nx

�
2L x

h

X

nx

�p x =
2L x

h

p(max )
x

�

0

dpx =
L x

h

p(max )
x

�

� p(max )
x

dpx :

·ÔÕáì ßÞÛÞÖØâÕÛìÝëÕ Ø ÞâàØæÐâÕÛìÝëÕ ×ÝÐçÕÝØï ØÜßãÛìáÐ áÞÞâÒÕâáâÒã-
îâ íÛÕÚâàÞÝã, ÔÒØÖãéÕÜãáï Ò ßÞÛÞÖØâÕÛìÝÞÜ Ø ÞâàØæÐâÕÛìÝÞÜÝÐßàÐÒ-
ÛÕÝØØ ÞáØx, áÞÞâÒÕâáâÒÕÝÝÞ.

ÂÐÚØÜ ÞÑàÐ×ÞÜ, ßÞÛãçÐÕÜ ßàÐÒØÛÞ áãÜÜØàÞÒÐÝØï ßÞ áßÕÚâàã Ò ÚÒÐ-
×ØÞÔÝÞÜÕàÝÞÜ áÛãçÐÕ (ÞÑÞ×ÝÐçØÜp(max)

x = pF (ny; nz)):

X =
L x

h

n(max )
yX

ny =1

n(max )
zX

nz=1

pF (ny ;nz )
�

� pF (ny ;nz )

dpx X (px; ny; nz)� (� � E(px; ny; nz)) : (7.28)

² ÚÐçÕáâÒÕ ßàØÜÕàÐ ØáßÞÛì×ãÕÜ ÒëàÐÖÕÝØÕ (7.28) Ø ÒëçØáÛØÜ çØáÛÞ
íÛÕÚâàÞÝÞÒ Ò ÞÑàÐ×æÕ ßàØT = 0. ÃçØâëÒÐï, çâÞ

pF (ny; nz) =
p

2me� (ny; nz) ;

� (ny; nz) = � � E(ny; nz) ;
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ßÞÛãçØÜ (ÑÕ× ãçÕâÐ áßØÝÐ):

Ne = L x
2
p

2me�
h

n(max )
yP

ny =1

n(max )
zP

nz=1

p
A� (A) ;

A = 1 � n2
y

�
� F =2
L y

� 2
� n2

z

�
� F =2
L z

� 2
:

(7.29)

Á ãçÕâÞÜ áßØÝÐ íÛÕÚâàÞÝÐ Ø Ò ÞâáãâáâÒØÕ ÒÝÕèÝÕÓÞ ÜÐÓÝØâÝÞÓÞßÞÛï Òë-
àÐÖÕÝØÕ (7.29) áÛÕÔãÕâ ãÜÝÞÖØâì ÝÐ ÔÒÐ.

7.2.3. ºÒÐ×ØÔÒãÜÕàÝëÙ ÞÑàÐ×Õæ, 2D

µáÛØ àÐ×ÜÕà ÞÑàÐ×æÐ Ò ÔÒãå ÝÐßàÐÒÛÕÝØïå, ÝÐßàØÜÕàL x; ØL y, ÝÐ-
ÜÝÞÓÞ ßàÕÒÞáåÞÔØâ ÔÛØÝã ÒÞÛÝë íÛÕÚâàÞÝÐ á íÝÕàÓØÕÙ ÄÕàÜØ,� F , Ð Ò âàÕ-
âìÕÜ ÝÐßàÐÒÛÕÝØØ (L z) àÐ×ÜÕà ÞÑàÐ×æÐ áàÐÒÝØÜ á äÕàÜØÕÒáÚÞÙ ÔÛØÝÞÙ
ÒÞÛÝë,

L x � � F
2 ; ) n(max)

x � 1 ;

L y � � F
2 ; ) n(max)

y � 1 ;

L z � � F
2 ; ) n(max)

z � 1 :

(7.30)

âÞ âÐÚÞÙ ÞÑàÐ×Õæ ÝÐ×ëÒÐÕâáï ÚÒÐ×ØÔÒãÜÕàÝëÜ ÞÑàÐ×æÞÜ, àØá.7.3(2D).
ÁßÕÚâà íÛÕÚâàÞÝÞÒ Ò ÚÒÐ×ØÔÒãÜÕàÝÞÜ ÞÑàÐ×æÕ áÞáâÞØâ Ø× ÔØáÚàÕâ-

ÝÞÙ çÐáâØE(nz), áÞÞâÒÕâáâÒãîéÕÙ ÚÒÐÝâÞÒÐÝØî ÔÒØÖÕÝØï ÒÔÞÛì ÞáØz,
Ø ÝÕßàÕàëÒÝÞÙ çÐáâØ, áÞÞâÒÕâáâÒãîéÕÙ áÒÞÑÞÔÝÞÜã ÔÒØÖÕÝØîçÐáâØæë
Ò ßÛÞáÚÞáâØ, àØá.7.5. ²ÒÕÔÕÜ áÛÕÔãîéØÕ ÞÑÞ×ÝÐçÕÝØï ÔÛï ÚÞÜßÞÝÕÝâÞÒ
ÔÒãÜÕàÝÞÓÞ ØÜßãÛìáÐ íÛÕÚâàÞÝÐ:

px =
hnx

2L x
; py =

hny

2L y
:
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py

px

E(p , p )
x

x y

E(n )z

yE(p , p , n )z

ÀØá. 7.5. ÁåÕÜÐâØçÕáÚÞÕ Ø×ÞÑàÐÖÕÝØÕ ÔÒãÜÕàÝÞÙ íÝÕàÓÕâØçÕáÚÞÙ
ßÞÔ×ÞÝëE(px ; py). E(nz) � íÝÕàÓØï ÔÝÐ ßÞÔ×ÞÝë

ÂÞÓÔÐ ×ÐßØèÕÜ áßÕÚâà íÛÕÚâàÞÝÐ Ò áÛÕÔãîéÕÜ ÒØÔÕ:

E(px; py; nz) = E(px; py) + E(nz) ;

E(px; py) = p2
x + p2

y

2me
;

E(nz) = h2

8meL 2
z
n2

z :

(7.31)

ÁÞÒÞÚãßÝÞáâì ÚÒÐÝâÞÒëå ãàÞÒÝÕÙ íÝÕàÓØØ, áÞÞâÒÕâáâÒãîéØåäØÚáØ-
àÞÒÐÝÝÞÜãnz = n(0)

z , ÝÐ×ëÒÐîâÔÒãÜÕàÝÞÙ ßÞÔ×ÞÝÞÙ. ²ÕÛØçØÝãE(n(0)
z )

ÝÐ×ëÒÐîâíÝÕàÓØÕÙ ÔÝÐ ÔÒãÜÕàÝÞÙ ßÞÔ×ÞÝë. ·ÐßÞÛÝÕÝÝëÕ ãàÞÒÝØ Õáâì
âÞÛìÚÞ Ò âÕå ßÞÔ×ÞÝÐå, ÔÛï ÚÞâÞàëå ÒëßÞÛÝÕÝÞ áÛÕÔãîéÕÕ ãáÛÞÒØÕ:

E(nz) < � : (7.32)

µáÛØ ßàØ ÔÐÝÝÞÙ íÝÕàÓØØ ÄÕàÜØ� Ò ÞÑàÐ×æÕ ×ÐßÞÛÝÕÝÐ âÞÛìÚÞ ÞÔ-
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ÝÐ 2D ßÞÔ×ÞÝÐ (n(max)
z = 1), âÞ âÐÚÞÙ ÞÑàÐ×Õæ ÝÐ×ëÒÐîâ ÔÒãÜÕàÝëÜ. µá-

ÛØ ×ÐßÞÛÝÕÝÞ ÝÕáÚÞÛìÚÞ ßÞÔ×ÞÝ, âÞ ÞÑàÐ×Õæ ÝÐ×ëÒÐîâÚÒÐ×ØÔÒãÜÕàÝëÜ.
ÀÐ×ÝÞáâì

� (nz) = � � E(nz) ; (7.33)

ÝÐ×ëÒÐÕâáï åØÜßÞâÕÝæØÐÛÞÜ ÔÐÝÝÞÙ (nz) ßÞÔ×ÞÝë.
ÁãÜÜØàÞÒÐÝØÕ ßÞ áßÕÚâàã Ò ÚÒÐ×ØÔÒãÜÕàÝÞÜ áÛãçÐÕ ×ÐßØáëÒÐÕâáï

áÛÕÔãîéØÜ ÞÑàÐ×ÞÜ:

X =
L xL y

h2

n(max )
zX

nz=1

pF (nz )
�

� pF (nz )

dpxdpy X (px ; py; nz)� (� � E(px; py; nz)) : (7.34)

´Ûï çØáÛÐ íÛÕÚâàÞÝÞÒ Ò ÞÑàÐ×æÕ ßÞÛãçÐÕÜ (ÑÕ× ãçÕâÐ áßØÝÐ):

Ne = L xL y
2�m e�

h2

n(max )
zP

nz=1

p
A� (A) ;

A = 1 � n2
z

�
� F =2
L z

� 2
:

(7.35)

7.2.4. ÂàÕåÜÕàÝëÙ ÞÑàÐ×Õæ, 3D

¸, ÝÐÚÞÝÕæ, àÐááÜÞâàØÜ âàÕåÜÕàÝëÙ áÛãçÐÙ, ÚÞÓÔÐ àÐ×ÜÕàë ÞÑàÐ×æÐ
ÒÞ ÒáÕå âàÕå ÝÐßàÐÒÛÕÝØïå ÝÐÜÝÞÓÞ ßàÕÒëèÐîâ äÕàÜØÕÒáÚãî ÔÛØÝã ÒÞÛ-
Ýë:

L x � � F
2 ; ) n(max)

x � 1 ;

L y � � F
2 ; ) n(max)

y � 1 ;

L z � � F
2 ; ) n(max)

z � 1 :

(7.36)

² ÔÐÝÝÞÜ áÛãçÐÕ áßÕÚâà ãÖÕ ÝÕ áÞÔÕàÖØâ ÔØáÚàÕâÝÞÙ çÐáâØ Ø áÞÞâ-
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ÒÕâáâÒãÕâ áÒÞÑÞÔÝÞÜã ÔÒØÖÕÝØî íÛÕÚâàÞÝÐ Ò ÞÑêÕÜÕ. ºÞÜßÞÝÕÝâë âàÕå-
ÜÕàÝÞÓÞ ØÜßãÛìáÐ íÛÕÚâàÞÝÐ Õáâì:

px =
hnx

2L x
; py =

hny

2L y
; pz =

hny

2L z
:

ÁßÕÚâà íÛÕÚâàÞÝÞÒ ÝÕ áÞÔÕàÖØâ ÔØáÚàÕâÝÞÙ çÐáâØ:

E(px; py; pz) =
p2

x + p2
y + p2

z

2me
: (7.37)

ÅØÜßÞâÕÝæØÐÛ íÛÕÚâàÞÝÞÒ Ò ÞÑàÐ×æÕ áÞÒßÐÔÐÕâ á åØÜßÞâÕÝæØÐÛÞÜ
àÕ×ÕàÒãÐàÐ íÛÕÚâàÞÝÞÒ.

ÁãÜÜØàÞÒÐÝØÕ ßÞ áßÕÚâàã ×ÐßØáëÒÐÕâáï áÛÕÔãîéØÜ ÞÑàÐ×ÞÜ:

X =
L xL yL z

h3

pF
�

� pF

dpxdpydpz X (px; py; pz)� (� � E(px; py; pz)) : (7.38)

ÇØáÛÞ íÛÕÚâàÞÝÞÒ Ò ÞÑàÐ×æÕ:

Ne = L xL yL z
4� (2me� )

3
2

3h3 : (7.39)

¿ÛÞâÝÞáâì íÛÕÚâàÞÝÞÒne = Ne=V (ÓÔÕV = L xL yL z � ÞÑêÕÜ ÞÑàÐ×-
æÐ) áÒï×ÐÝÐ á åØÜßÞâÕÝæØÐÛÞÜ� âÕÜ ÖÕ áÞÞâÝÞèÕÝØÕÜ, çâÞ Ø ÔÛï ÜÐÚàÞ-
áÚÞßØçÕáÚÞÓÞ âÕÛÐ (7.13) (àÐ×ÛØçØÕ Ò ÔÒÐ àÐ×Ð ÞÑãáÛÞÒÛÕÝÞ áßØÝÞÜ íÛÕÚ-
âàÞÝÐ, ÚÞâÞàëÙ ÝÕ ãçØâëÒÐÛáï Ò ãàÐÒÝÕÝØØ (7.39)).

7.2.5. ²ÛØïÝØÕ âÕÜßÕàÐâãàë

² ×ÐÚÛîçÕÝØØ íâÞÓÞ àÐ×ÔÕÛÐ ÚàÐâÚÞ àÐááÜÞâàØÜ ÒÛØïÝØÕ âÕÜßÕàÐ-
âãàë. µáÛØ âÕÜßÕàÐâãàÐ àÕ×ÕàÒãÐàÐ ÞâÛØçÝÐ Þâ ÝãÛïT 6= 0, âÞ ãàÞÒÝØ
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íÝÕàÓØØ Ò àÕ×ÕàÒãÐàÕ ×ÐßÞÛÝÕÝë Ò áÞÞâÒÕâáâÒØÕ á äãÝÚæØÕÙ àÐáßàÕÔÕÛÕ-
ÝØï ÄÕàÜØ:

f 0(E) =
1

1 + e
E � �
kB T

: (7.40)

µáÛØ àÐááÜÐâàØÒÐÕÜëÙ ÞÑàÐ×Õæ ÞÑÜÕÝØÒÐÕâáï á àÕ×ÕàÒãÐàÞÜ íÝÕàÓØÕÙ Ø
çÐáâØæÐÜØ (íÛÕÚâàÞÝÐÜØ), âÞ Ò áÞáâÞïÝØØ âÕàÜÞÔØÝÐÜØçÕáÚÞÓÞ àÐÒÝÞÒÕ-
áØï äãÝÚæØï àÐáßàÕÔÕÛÕÝØï ÔÛï íÛÕÚâàÞÝÞÒ Ò ÞÑàÐ×æÕ âÞÖÕ Õáâì äãÝÚ-
æØï àÐáßàÕÔÕÛÕÝØï ÄÕàÜØ á âÐÚØÜØ ÖÕ ÚÐÚ Ø Ò àÕ×ÕàÒãÐàÕ âÕÜßÕàÐâãàÞÙ
Ø åØÜßÞâÕÝæØÐÛÞÜf MC (E) = f 0(E). ²Þ ÒáÕå äÞàÜãÛÐå, ÓÔÕ Üë ßàÞØ×ÒÞ-
ÔØÛØ áãÜÜØàÞÒÐÝØÕ ÒÚÛÐÔÞÒ Þâ ÞâÔÕÛìÝëå ÚÒÐÝâÞÒëå ãàÞÒÝÕÙ ÝÕÞÑåÞÔØ-
ÜÞ ãçÕáâì ÒÕàÞïâÝÞáâì ×ÐßÞÛÝÕÝØï íâØå ãàÞÒÝÕÙ, âÞ Õáâì ÒÒÕáâØ ßÞÔ ×ÝÐÚ
áãÜÜØàÞÒÐÝØï (ØÛØ ØÝâÕÓàØàÞÒÐÝØï) äãÝÚæØî àÐáßàÕÔÕÛÕÝØïf 0(E).

½ÐßàØÜÕà, Ò ÚÒÐ×ØÞÔÝÞÜÕàÝÞÜ áÛãçÐÕ Üë ÔÞÛÖÝë ×ÐßØáÐâì:

X =
L x

h

1X

ny =1

1X

nz=1

1
�

�1

dpx f 0 (E(px; ny; nz)) X (px; ny; nz) : (7.41)

·ÐÜÕâØÜ, çâÞ ßàØT = 0 ØÜÕÕÜf 0(E) = � (� � E) Ø ÒëèÕßàØÒÕÔÕÝÝÞÕ
ÒëàÐÖÕÝØÕ ßÕàÕåÞÔØâ Ò ÒëàÐÖÕÝØÕ (7.28).

² ÝÕàÐÒÝÞÒÕáÝÞÜ áÛãçÐÕ, ÒÜÕáâÞ äãÝÚæØØ àÐáßàÕÔÕÛÕÝØï ÄÕàÜØf 0,
ÝÕÞÑåÞÔØÜÞ ØáßÞÛì×ÞÒÐâì ÝÕàÐÒÝÞÒÕáÝãî äãÝÚæØî àÐáßàÕÔÕÛÕÝØï, ÚÞâÞ-
àãî áÛÕÔãÕâ ÞßàÕÔÕÛïâì Ò ÚÐÖÔÞÜ ÚÞÝÚàÕâÝÞÜ áÛãçÐÕ ÞâÔÕÛìÝÞ.

²ÞßàÞáë ÔÛï áÐÜÞßàÞÒÕàÚØ

1) ÁäÞàÜãÛØàÞÒÐâì ßÞáâÐÝÞÒÚã ×ÐÔÐçØ:� íÛÕÚâàÞÝ Ò ÚÒÐÝâÞÒÞÜ ïéØÚÕ� .
2) ¿ÞÛãçØâì áßÕÚâà íÝÕàÓØÙ Ø áÞÑáâÒÕÝÝëÕ ÒÞÛÝÞÒëÕ äãÝÚæØØ ÔÛï íÛÕÚ-
âàÞÝÐ Ò ÞÔÝÞÜÕàÝÞÜ ÚÒÐÝâÞÒÞÜ ïéØÚÕ.
3) ¿ÞÛãçØâì áßÕÚâà íÝÕàÓØÙ Ø áÞÑáâÒÕÝÝëÕ ÒÞÛÝÞÒëÕ äãÝÚæØØ ÔÛï íÛÕÚ-
âàÞÝÐ Ò ÔÒãÜÕàÝÞÜ ÚÒÐÝâÞÒÞÜ ïéØÚÕ.

108



4) ¿ÞÛãçØâì áßÕÚâà íÝÕàÓØÙ Ø áÞÑáâÒÕÝÝëÕ ÒÞÛÝÞÒëÕ äãÝÚæØØ ÔÛï íÛÕÚ-
âàÞÝÐ Ò âàÕåÜÕàÝÞÜ ÚÒÐÝâÞÒÞÜ ïéØÚÕ.
5) ·ÐßÞÛÝÕÝØÕ ãàÞÒÝÕÙ Ò ÚÒÐÝâÞÒÞÜ ïéØÚÕ, áÞÕÔØÝÕÝÝÞÜ á àÕ×ÕàÒãÐàÞÜ.
6) ÇâÞ âÐÚÞÕ íääÕÚâØÒÝÐï àÐ×ÜÕàÝÞáâì ÞÑàÐ×æÐ?
7) ÇâÞ âÐÚÞÕ íÝÕàÓÕâØçÕáÚÐï ßÞÔ×ÞÝÐ?
8) ºÐÚ ÒÛØïÕâ âÕÜßÕàÐâãàÐ ÝÐ ×ÐßÞÛÝÕÝØÕ ãàÞÒÝÕÙ Ò ÚÒÐÝâÞÒÞÜïéØÚÕ?
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½ØÖÕ Üë àÐááÜÞâàØÜ ÞÔØÝ Ø× ßàØÜÕàÞÒ, ØÛÛîáâàØàãîéØå âÞ, ÚÐ-
ÚØÜ ÞÑàÐ×ÞÜ ÚÒÐÝâÞÒÐÝØÕ áßÕÚâàÐ ÒÛØïÕâ ÝÐ áÒÞÙáâÒÐ ÜÕ×ÞáÚÞßØçÕáÚØå
ÞÑàÐ×æÞÒ. ¼ë àÐááÜÞâàØÜ ßàÞÒÞÔØÜÞáâì (ÚÒÐ×Ø)ÞÔÝÞÜÕàÝÞÓÞÑÐÛÛØáâØ-
çÕáÚÞÓÞ ÜÞáâØÚÐ, áÞÕÔØÝïîéÕÓÞ ÔÒÐ àÕ×ÕàÒãÐàÐ íÛÕÚâàÞÝÞÒ,ÜÕÖÔã ÚÞâÞ-
àëÜØ ßàØÛÞÖÕÝÐ àÐ×ÝÞáâì ßÞâÕÝæØÐÛÞÒV, àØá.8.1.

¼ë ßÞÚÐÖÕÜ, çâÞ ßàÞÒÞÔØÜÞáâìG Ø×ÜÕÝïÕâáï áÚÐçÚÐÜØ ßàØ Ø×ÜÕÝÕ-
ÝØØ èØàØÝëL y ÜÞáâØÚÐ [23]. ÂÞÛéØÝãL z ÜÞáâØÚÐ, àÐÒÝãî âÞÛéØÝÕ ÔÒã-
ÜÕàÝÞÓÞ íÛÕÚâàÞÝÝÞÓÞ áÛÞï, ÑãÔÕÜ áçØâÐâì äØÚáØàÞÒÐÝÝÞÙ.

I

L
y

V
ÀØá. 8.1. ±ÐÛÛØáâØçÕáÚØÙ ÚÒÐ×ØÞÔÝÞÜÕàÝëÙ ÚÐÝÐÛ á èØàØÝÞÙL y

ØÜÕÕâNy = [ L y=� F ] ßàÞÒÞÔïéØå ÞÔÝÞÜÕàÝëå ßÞÔ×ÞÝ (×ÔÕáì [x]�
æÕÛÐï çÐáâì å;� F � ÔÛØÝÐ ÒÞÛÝë íÛÕÚâàÞÝÐ á íÝÕàÓØÕÙ ÄÕàÜØ).
¿àÞÒÞÔØÜÞáâìG âÐÚÞÓÞ ÚÐÝÐÛÐ ßàÞßÞàæØÞÝÐÛìÝÐ çØáÛã ßàÞÒÞÔï-
éØå ßÞÔ×ÞÝNy
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gV

AlG
aAs

2DEG

GaAs

V

Ly1

Ly0

I

g1             g0-V    > -V L    <  L y1           y0

ÀØá. 8.2. ´ÒãÜÕàÝëÙ íÛÕÚâàÞÝÝëÙ ÓÐ×

¿àÞÒÞÔïéØÕ ÜÞáâØÚØ á Ø×ÜÕÝïÕÜÞÙ èØàØÝÞÙ ßÞÛãçÐîâ, Ò çÐáâÝÞáâØ,
Ò ÔÒãÜÕàÝÞÜ íÛÕÚâàÞÝÝÞÜ áÛÞÕ, ÞÑàÐ×ãîéÕÜáï ÝÐ ÓàÐÝØæÕ àÐ×ÔÕÛÐ ÜÕÖÔã
ÐàáÕÝØÔÞÜ ÓÐÛÛØï (GaAs) Ø ÔÞßØàÞÒÐÝÝëÜ ÐÛîÜØÝØÕÜ ÐàáÕÝØÔÞÜÓÐÛÛØï
(AlGaAs), àØá.8.2, ÒÕàåÝïï çÐáâì. ÈØàØÝãL y ßàÞÒÞÔïéÕÓÞ ÚÐÝÐÛÐ Ø×ÜÕ-
Ýïîâ á ßÞÜÞéìî ãßàÐÒÛïîéØå ÜÕâÐÛÛØçÕáÚØå íÛÕÚâàÞÔÞÒ, Ø×ÞÑàÐÖÕÝ-
Ýëå ÝÐ áåÕÜÕ çÕàÝëÜØ çÕâëàÕåãÓÞÛìÝØÚÐÜØ, àÐáßÞÛÞÖÕÝÝëÜØ ÒÒÕàåÝÕÙ
ßÛÞáÚÞáâØ, àØá.8.2, ÝØÖÝïï çÐáâì. ´ÒãÜÕàÝëÙ íÛÕÚâàÞÝÝëÙ ÓÐ× àÐáßÞ-
ÛÞÖÕÝ Ò ÝØÖÝÕÙ ßÛÞáÚÞáâØ. µáÛØ ÝÐ ÜÕâÐÛÛØçÕáÚØÕ íÛÕÚâàÞÔë (×ÐâÒÞàë)
ßÞÔÐâì ÞâàØæÐâÕÛìÝëÙ ßÞâÕÝæØÐÛVg � � 3², âÞ Ò ÞÑÛÐáâØ ÓÕÞÜÕâàØçÕáÚÞÙ
âÕÝØ ×ÐâÒÞàÞÒ (ßàÞÕæØàÞÒÐÝØÕ ßÞÚÐ×ÐÝÞ âÞÝÚØÜØ ßãÝÚâØàÝëÜØ ÛØÝØïÜØ)
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Ò ÔÒãÜÕàÝÞÜ íÛÕÚâàÞÝÝÞÜ ÓÐ×Õ ÞÑàÐ×ãîâáï ÝÕßàÞÒÞÔïéØÕ ÞÑÛÐáâØ, ÜÕÖ-
Ôã ÚÞâÞàëÜØ ÞÑàÐ×ãÕâáï ßàÞÒÞÔïéØÙ ÚÐÝÐÛ. ½Ð àØáãÝÚÕ ÝÕßàÞÒÞÔïéØÕ
ÞÑÛÐáâØ ÞÓàÐÝØçÕÝë âÞÛáâëÜØ áßÛÞèÝëÜØ ÛØÝØïÜØ. ½ÐßàÐÒÛÕÝØÕ ßàÞ-
âÕÚÐÝØï âÞÚÐI ßÞÚÐ×ÐÝÞ áâàÕÛÚÞÙ. ¿àØ ãÒÕÛØçÕÝØØ ÞâàØæÐâÕÛìÝÞÓÞ ßÞ-
âÕÝæØÐÛÐ ×ÐâÒÞàÞÒ,� Vg1 > � Vg0, ÞÑÛÐáâì âÕÝØ ãÒÕÛØçØÒÐÕâáï (ßÞÚÐ×ÐÝÞ
âÞÛáâëÜØ ßãÝÚâØàÝëÜØ ÛØÝØïÜØ), çâÞ ßàØÒÞÔØâ Ú ãÜÕÝìèÕÝØî èØàØÝë
ßàÞÒÞÔïéÕÓÞ ÚÐÝÐÛÐ,L y1 < L y0.

8.1. ºÞÛØçÕáâÒÞ ßàÞÒÞÔïéØå ßÞÔ×ÞÝ

¸×ÜÕÝÕÝØÕ èØàØÝë ÜÞáâØÚÐ ßàØÒÞÔØâ Ú Ø×ÜÕÝÕÝØî çØáÛÐ ÞÔÝÞÜÕà-
Ýëå ßÞÔ×ÞÝ, áÞÔÕàÖÐéØå ×ÐÝïâëÕ ãàÞÒÝØ. ÂÐÚØÕ ßÞÔ×ÞÝë ÝÐ×ëÒÐîâ � ßàÞ-
ÒÞÔïéØÜØ� , ßÞáÚÞÛìÚã íÛÕÚâàÞÝë, ×ÐÝØÜÐîéØÕ ãàÞÒÝØ Ò íâØå ßÞÔ×ÞÝÐå,
ßàØÝØÜÐîâ ãçÐáâØÕ Ò ßÕàÕÝÞáÕ âÞÚÐ çÕàÕ× ÜÞáâØÚ.

¾ßàÕÔÕÛØÜ çØáÛÞ ßàÞÒÞÔïéØå ßÞÔ×ÞÝN . ¿ÞáÚÞÛìÚã âÞÛéØÝÐ ÜÞáâØ-
ÚÐ äØÚáØàÞÒÐÝÐL z = L z0, Üë ÞßàÕÔÕÛØÜ åØÜßÞâÕÝæØÐÛ ÔÒãÜÕàÝÞÓÞ áÛÞï
áÛÕÔãîéØÜ ÞÑàÐ×ÞÜ (ßÞÛÐÓÐÕÜ, çâÞ âÞÛìÚÞnz = 1 ßÞÔ×ÞÝÐ ×ÐßÞÛÝÕÝÐ):

� 2D = � �
h2

8meL2
z0

: (8.1)

¿àÞÒÞÔïéØÜØ ÑãÔãâ âÕ ßÞÔ×ÞÝë, ÔÛï ÚÞâÞàëå ÒëßÞÛÝÕÝÞ áÛÕÔãîéÕÕ ãáÛÞ-
ÒØÕ:

E(ny) � h2n2
y

8meL 2
y

< � 2D : (8.2)

½ÐßÞÜÝØÜ, çâÞ íÝÕàÓØï ÄÕàÜØ ÔÛï íÛÕÚâàÞÝÞÒ Ò ÞÔÝÞÜÕàÝÞÙ ßÞÔ×ÞÝÕ Õáâì:

� (ny) = � 2D � E (ny) : (8.3)

ÂÞÛìÚÞ âÕ ÞÔÝÞÜÕàÝëÕ ×ÞÝë, ÔÛï ÚÞâÞàëå� (ny) > 0 ÑãÔãâ áÞÔÕàÖÐâì
íÛÕÚâàÞÝë Ø ÑãÔãâ ÒÝÞáØâì ÒÚÛÐÔ Ò âÞÚ.
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E n  = (       1)y

E n  = (       1)y

L   < Ly          y1

E n  = (       1)y

m mm

1L   = Ly          y L   > Ly          y1

ÀØá. 8.3. ¿àØ ãÒÕÛØçÕÝØØ èØàØÝëL y ÚÐÝÐÛÐ, íÝÕàÓØï ÔÝÐ ÞÔÝÞÜÕàÝÞÙ ßÞÔ×ÞÝë
E(ny), áÞÞâÒÕâáâÒãîéÐï ßÞßÕàÕçÝÞÜã ÔÒØÖÕÝØî íÛÕÚâàÞÝÞÒ, ãÜÕÝìèÐÕâáï. ½ÐçØ-
ÝÐï á ÚàØâØçÕáÚÞÓÞ ×ÝÐçÕÝØïL y � L y1, ÚÞÓÔÐE(ny) � � , àÐááÜÐâàØÒÐÕÜÐï ßÞÔ×ÞÝÐ
áâÐÝÞÒØâáï ßàÞÒÞÔïéÕÙ

²ÝÐçÐÛÕ ßàÕÔßÞÛÞÖØÜ, çâÞ èØàØÝÐ ÜÞáâØÚÐ ÝÐáâÞÛìÚÞ ÜÐÛÐ, çâÞ ÝØ
ÔÛï ÞÔÝÞÙ ßÞÔ×ÞÝë ÝÕ ÒëßÞÛÝïÕâáï ãáÛÞÒØÕ (8.2). ÍâÞ Þ×ÝÐçÐÕâ, çâÞ íÝÕà-
ÓØï ßÞßÕàÕçÝÞÓÞ ÔÒØÖÕÝØïE(ny) ßàÕÒëèÐÕâ åØÜßÞâÕÝæØÐÛ� 2D , ßÞíâÞ-
Üã ã íÛÕÚâàÞÝÞÒ, ÝÐåÞÔïéØåáï Ò àÕ×ÕàÒãÐàÕ, ÝÕÔÞáâÐâÞçÝÞ íÝÕàÓØØ, çâÞ-
Ñë ÒÞÙâØ Ò ÜÞáâØÚ, àØá.8.3. ÍÝÕàÓØïE(ny) ßÞßÕàÕçÝÞÓÞ ÔÒØÖÕÝØï ØÓàÐÕâ
àÞÛì áÒÞÕÞÑàÐ×ÝÞÓÞ ßÞâÕÝæØÐÛìÝÞÓÞ ÑÐàìÕàÐ.

¿àØ ãÒÕÛØçÕÝØØ èØàØÝë ÜÞáâØÚÐL y ßÞâÕÝæØÐÛìÝëÙ ÑÐàìÕàE(ny)
ÑãÔÕâ ãÜÕÝìèÐâìáï, ßÞáÚÞÛìÚãE(ny) � 1=L2

y. ¸ ßàØ ÝÕÚÞâÞàÞÜ ×ÝÐçÕÝØØ
L y1 ÝÐçÝÕâ ×ÐßÞÛÝïâáï ßÕàÒÐï ßÞÔ×ÞÝÐ. ÍâÞ ßàÞØ×ÞÙÔÕâ ßàØ ÒëßÞÛÝÕÝØØ
áÛÕÔãîéÕÓÞ ãáÛÞÒØï:

E(ny = 1) = � 2D ;

L y1 = h
2
p

2me� 2D
= � F

2 ;

� F = hp
2me� 2D

:

(8.4)

ÁâàÞÓÞ ÓÞÒÞàï ßàØL y = L y1 ×ÝÐçÕÝØÕ åØÜßÞâÕÝæØÐÛÐ, áÞÞâÒÕâáâÒãî-
éÕÕ íâÞÙ ×ÞÝÕ, ÑãÔÕâ àÐÒÝÞ ÝãÛî,� (ny = 1) = 0 , ßÞíâÞÜã íÛÕÚâàÞÝë ÕéÕ
ÝÕ ÝÐçÝãâ ×ÐßÞÛÝïâì íâã ×ÞÝã. ¾ÔÝÐÚÞ, ãÖÕ ßàØL y > L y1, íâÐ ×ÞÝÐ ÝÐçÝÕâ
×ÐßÞÛÝïâáï. ¿ÞÔçÕàÚÝÕÜ, çâÞ ßàØ ßÕàÕåÞÔÕ Ø× àÕ×ÕàÒãÐàÐ Ò ÜÞáâØÚ ßÞÛÝÐï
íÝÕàÓØï íÛÕÚâàÞÝÐ áÞåàÐÝïÕâáï. ¿àØ íâÞÜ çÐáâì íÝÕàÓØØ àÐáåÞÔãÕâáï ÝÐ
ßÞßÕàÕçÝãî áâÕßÕÝì áÒÞÑÞÔë,E(ny), Ð ÞáâÐÒèÐïáï íÝÕàÓØï áÞÞâÒÕâáâÒãÕâ
ÔÒØÖÕÝØî íÛÕÚâàÞÝÐ ÒÔÞÛì ÜÞáâØÚÐ.
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¿àØ ÔÐÛìÝÕÙèÕÜ ãÒÕÛØçÕÝØØ èØàØÝë ÜÞáâØÚÐ ÔÝÞ ÒâÞàÞÙ ×ÞÝë Þßã-
áâØâáï ÝØÖÕ ãàÞÒÝï åØÜßÞâÕÝæØÐÛÐ Ø ÝÐçÝÕâ ×ÐßÞÛÝïâìáï ÒâÞàÐï ×ÞÝÐ.
ÍâÞ ßàÞØ×ÞÙÔÕâ ßàØ ÒëßÞÛÝÕÝØØ áÛÕÔãîéÕÓÞ àÐÒÕÝáâÒÐ:

E(ny = 2) = � 2D ;

L y2 = 2h
2
p

2me� 2D
= 2 � F

2 :
(8.5)

¸ âÐÚ ÔÐÛÕÕ.N -ï ßÞÔ×ÞÝÐ ÝÐçÝÕâ ×ÐßÞÛÝïâìáï ßàØL y > L yN , ÓÔÕ:

L yN = N
� F

2
: (8.6)

¾âáîÔÐ ÛÕÓÚÞ ßÞÛãçØâì ÞâÒÕâ ÝÐ ÒÞßàÞá: ÁÚÞÛìÚÞ ßÞÔ×ÞÝ ÑãÔãâßàÞ-
ÒÞÔïéØÜØ, ßàØ ÔÐÝÝÞÙ ÒÕÛØçØÝÕ èØàØÝë ÜÞáâØÚÐL y? ¾âÒÕâ ÝÕßÞáàÕÔ-
áâÒÕÝÝÞ áÛÕÔãÕâ Ø× ãàÐÒÝÕÝØï (8.6): çØáÛÞNy ßàÞÒÞÔïéØå ßÞÔ×ÞÝ Õáâì:

Ny =
�

L y

� F =2

�
: (8.7)

·ÔÕáì [A] � Õáâì æÕÛÐï çÐáâì çØáÛÐ. ¿àÞÒÞÔïéØå ßÞÔ×ÞÝ áâÞÛìÚÞ, áÚÞÛì-
ÚÞ àÐ× ßÞÛÞÒØÝÐ äÕàÜØÕÒáÚÞÙ ÔÛØÝë ÒÞÛÝë ßÞÜÕéÐÕâáï ÝÐ èØàØÝÕ ÜÞ-
áâØÚÐ. ¾ÔÝÞÙ äÕàÜØÕÒáÚÞÙ ßÞÛãÔÛØÝÕ ÒÞÛÝë áÞÞâÒÕâáâÒãÕâ ÞÔÝÐ ßàÞÒÞ-
ÔïéÐï ßÞÔ×ÞÝÐ. ³àÐäØÚ ×ÐÒØáØÜÞáâØNy(L y) ßàÕÔáâÐÒÛïÕâ áÞÑÞÙ áâãßÕÝ-
çÐâãî äãÝÚæØî, àØá.8.4.

8.2. ºÒÐ×ØÞÔÝÞÜÕàÝëÙ ÜÞáâØÚ

¿àÞÒÞÔØÜÞáâì ÞßàÕÔÕÛïÕâáï áÛÕÔãîéØÜ ÞÑàÐ×ÞÜ:

G = lim
V ! 0

I
V

: (8.8)

·ÔÕáì I âÞÚ, ßàÞâÕÚÐîéØÙ ßÞ ÜÞáâØÚã, ÕáÛØ Ú ÑÕàÕÓÐÜ ßàØÛÞÖÕÝÐ àÐ×-
ÝÞáâì ßÞâÕÝæØÐÛÞÒ:

V = ' lef t � ' right ; (8.9)

ÓÔÕ' right (lef t ) � ßÞâÕÝæØÐÛ ßàÐÒÞÓÞ (ÛÕÒÞÓÞ) àÕ×ÕàÒãÐàÞÒ.
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L2

2
3

4

1

1 2 3 4

Ny

y

l F

ÀØá. 8.4. ºÞÛØçÕáâÒÞ ßàÞÒÞÔïéØå ßÞÔ×ÞÝNy áÚÐçÚÞÞÑàÐ×ÝÞ Ø×ÜÕ-
ÝïÕâáï ßàØ Ø×ÜÕÝÕÝØØ èØàØÝë ÚÐÝÐÛÐL y . ÁÞÞâÒÕâáâÒÕÝÝÞ, Ø ßàÞ-
ÒÞÔØÜÞáâìG � Ny ÚÐÝÐÛÐ áÚÐçÚÞÞÑàÐ×ÝÞ Ø×ÜÕÝïÕâáï Ò äãÝÚæØØ
L y

ÀÐÝÕÕ Üë ãÖÕ ×ÐßØáëÒÐÛØ ÒëàÐÖÕÝØÕ ÔÛï âÞÚÐ Ò áÛãçÐÕ ÞÔÝÞÜÕàÝÞÓÞ
ßàÞÒÞÔÝØÚÐ. ² áÛãçÐÕ ÚÒÐ×ØÞÔÝÞÜÕàÝÞÓÞ ßàÞÒÞÔÝØÚÐ (ÚÞÓÔÐ Õáâì ÝÕáÚÞÛì-
ÚÞ ßàÞÒÞÔïéØå ßÞÔ×ÞÝ) ÞâÛØçØÕ ÑãÔÕâ áÞáâÞïâì Ò âÞÜ, çâÞ ÝÕÞÑåÞÔØÜÞ
ÔÞßÞÛÝØâÕÛìÝÞ ßàÞáãÜÜØàÞÒÐâì ßÞ íâØÜ ßÞÔ×ÞÝÐÜ. Á äØ×ØçÕáÚÞÙ âÞçÚØ
×àÕÝØï íâÞ áÞÞâÒÕâáâÒãÕâ âÞÜã, çâÞ ßÞÔ×ÞÝë ÞÔÝÞÒàÕÜÕÝÝÞ ßàÞÒÞÔïâ âÞÚ,
âÞ Õáâì ÞÝØ ÒÚÛîçÕÝë ßÐàÐÛÛÕÛìÝÞ, ßÞíâÞÜã âÞÚØ, ßàÞâÕÚÐîéØÕ ßÞ âÐÚØÜ
ßÞÔ×ÞÝÐÜ ÔÞÛÖÝë áÚÛÐÔëÒÐâìáï. Á äÞàÜÐÛìÝÞÙ âÞçÚØ ×àÕÝØï áãÜÜØàÞÒÐ-
ÝØÕ ÒÚÛÐÔÞÒ ÞâÔÕÛìÝëå ßÞÔ×ÞÝ áÛÕÔãÕâ Ø× âÞÓÞ, çâÞ ßàØ ÒëçØáÛÕÝØØ âÞÚÐ,
ÝÕÞÑåÞÔØÜÞ:

1) ÒÞ-ßÕàÒëå, ÒëçØáÛØâì âÞÚ, ßÕàÕÝÞáØÜëÙ íÛÕÚâàÞÝÞÜ, ÝÐåÞÔïéØÜ-
áï Ò ÚÐÚÞÜ-ÛØÑÞ ÚÒÐÝâÞÒÞÜ áÞáâÞïÝØØ;

2) Ø, ÒÞ-ÒâÞàëå, ßàÞáãÜÜØàÞÒÐâì ßÞ ÒáÕÜ áÞáâÞïÝØïÜ, Ò ÚÞâÞàëå ÝÐ-
åÞÔïâáï íÛÕÚâàÞÝë, ßàØ íâÞÜ ×ÐßÞÛÝÕÝØÕ áÞáâÞïÝØÙ ãçØâëÒÐÕâáï äãÝÚæØ-
ÕÙ àÐáßàÕÔÕÛÕÝØï.

½ÐçÝÕÜ á ßÕàÒÞÓÞ ßãÝÚâÐ. ² ÚÒÐÝâÞÒÞÙ ÜÕåÐÝØÚÕ Ò ÞâáãâáâÒØÕ ÜÐÓ-
ÝØâÝÞÓÞ ßÞÛï ßÛÞâÝÞáâì âÞÚÐ ßÕàÕÝÞáØÜÞÓÞ íÛÕÚâàÞÝÞÜ Ò áÞáâÞïÝØØ, ÞßØ-
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áëÒÐÕÜÞÜ ÒÞÛÝÞÒÞÙ äãÝÚæØÕÙ (x; y; z), ÞßàÕÔÕÛïÕâáï áÛÕÔãîéØÜ ÒëàÐ-
ÖÕÝØÕÜ:

~j (x; y; z) = �
e~
me

Im
h
 (x; y; z) ~r  � (x; y; z)

i
:

·ÔÕáì ÞßÕàÐâÞà-ÒÕÚâÞà~r = ( r x; r y; r z) ØÜÕÕâ áÛÕÔãîéØÕ ßàÞÕÚæØØ ÝÐ
ÚÞÞàÔØÝÐâÝëÕ ÞáØ:

r x =
@

@x
; r y =

@
@y

; r z =
@
@z

:

²ÞÛÝÞÒÐï äãÝÚæØï (x; y; z) (7.6) àÐÒÝÐ ßàÞØ×ÒÕÔÕÝØî x(x),  y(y) Ø
 z(z). ²ÞÛÝÞÒëÕ äãÝÚæØØ y(y) Ø z(z) áÞÞâÒÕâáâÒãîâ ÔÒØÖÕÝØî ßÞßÕàÕÚ
ÜÞáâØÚÐ. ² áÛãçÐÕ, ÚÞÓÔÐ ÑÞÚÞÒëÕ áâÕÝÚØ ÜÞáâØÚÐ ÝÕßàÞÝØæÐÕÜëÕ, ØÜÕÕÜ:

 y(y) =

s
2

L y
sin(kyy) ;  z(z) =

r
2

L z
sin(kzz) :

²ÔÞÛì ÞáØ� x� ÜÞáâØÚ áÞÕÔØÝÕÝ á àÕ×ÕàÒãÐàÐÜØ. ¼ë ßÞÛÐÓÐÕÜ, çâÞ
íÛÕÚâàÞÝ ÜÞÖÕâ áÒÞÑÞÔÝÞ (ÑÕ× ÞâàÐÖÕÝØï) ßàÞåÞÔØâì Ø× ÜÞáâØÚÐ Ò àÕ×Õà-
ÒãÐà Ø ÞÑàÐâÝÞ, ßÞíâÞÜã ÔÛï ÞßàÕÔÕÛÕÝØï ÚÞíääØæØÕÝâÞÒA ØB Ò ÒëàÐ-
ÖÕÝØØ ÔÛï ÒÞÛÝÞÒÞÙ äãÝÚæØØ (7.8):

 x(x) = Aeik x x + Be� ik x x ;

ÜÞÖÝÞ ØáßÞÛì×ÞÒÐâì âÞ, çâÞ áÞáâÞïÝØï, áÞÞâÒÕâáâÒãîéØÕ àÐ×ÛØçÝëÜ ÝÐ-
ßàÐÒÛÕÝØïÜ ØÜßãÛìáÐ íÛÕÚâàÞÝÐpx = ~kx > 0 Øpx = ~kx < 0 ÝÕ áÒï×Ð-
Ýë ÜÕÖÔã áÞÑÞÙ. ÍâØ áÞáâÞïÝØï áÞÞâÒÕâáâÒãîâ çÐáâØæÐÜ, ßàØèÕÔèØÜ Ø×
àÐ×ÛØçÝëå ÑÕàÕÓÞÒ-àÕ×ÕàÒãÐàÞÒ. ÂÐÚØÜ ÞÑàÐ×ÞÜ, ÜÞÖÝÞ ×ÐßØáÐâì:

 x(x; px) =

8
<

:

px > 0; Aeik x x ;

px < 0; Be� ik x x :

¸× ãáÛÞÒØï ÝÞàÜØàÞÒÚØ,
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L x
�

0

dxj x j2 = 1 ;

ÝÐåÞÔØÜ:

A = B =
1

p
L x

:

¸áßÞÛì×ãï ßàØÒÕÔÕÝÝëÕ ÒëèÕ ÒÞÛÝÞÒëÕ äãÝÚæØØ, ÒëçØáÛØÜ:

j x(y; z) = evx
L x

j y(y)j2j z(z)j2 ;

j y = 0 ; j z = 0 :

ÓÔÕvx = px=me � Õáâì áÚÞàÞáâì íÛÕÚâàÞÝÐ Ò ÜÞáâØÚÕ.
´ÐÛÕÕ ÞßàÕÔÕÛØÜ âÞÚI (px; ny; nz), ßàÞâÕÚÐîéØÙ ßÞ ÒáÕÜã ßÞßÕàÕç-

ÝÞÜã áÕçÕÝØî ÜÞáâØÚÐ. ½ÐßÞÜÝØÜ, çâÞ Üë àÐááÜÐâàØÒÐÕÜ äØÚáØàÞÒÐÝ-
ÝÞÕ ÚÒÐÝâÞÒÞÕ áÞáâÞïÝØÕ, åÐàÐÚâÕàØ×ãÕÜÞÕ ÚÒÐÝâÞÒëÜØ çØáÛÐÜØny; nz Ø
px . ´Ûï âÞÚÐ ßÞÛãçÐÕÜ:

I (px; ny; nz) =

L y
�

0

dy

L z
�

0

dzjx(y; z) :

¿ÞÔáâÐÒÛïï ÒëàÐÖÕÝØï ÔÛï ßÛÞâÝÞáâØ âÞÚÐ Ø ÔÛï ÒÞÛÝÞÒëå äãÝÚæØÙ, ÝÐ-
åÞÔØÜ:

I (px; ny; nz) = evx
L x

L y
�

0
dyj (y)j2

L z
�

0
dzj (z)j2 =

= evx
L x

L y
�

0
dy 2

L y
sin2(kyy)

L z
�

0
dz 2

L z
sin2(kzz) = evx

L x
:
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·ÐÜÕâØÜ, çâÞ âÐÚÞÕ ÖÕ ÒëàÐÖÕÝØÕ ÔÛï âÞÚÐ Üë ßÞÛãçØÛØ Ñë, ÕáÛØÑë ×Ð-
ÑëÛØ Þ ßÞßÕàÕçÝëå àÐ×ÜÕàÐå Ø áçØâÐÛØ Ñë ÜÞáâØÚ ÞÔÝÞÜÕàÝëÜ. ÍâÞ Ø
ÞßàÐÒÔëÒÐÕâ ØáßÞÛì×ÞÒÐÝØÕ âÕàÜØÝÐ� ÞÔÝÞÜÕàÝëÙ� ßàØ åÐàÐÚâÕàØáâØÚÕ
ßÞÔ×ÞÝ.

´ÐÛÕÕ àÐááÜÞâàØÜ ÒâÞàÞÙ ßãÝÚâ. ´Ûï ÒëçØáÛÕÝØï ßÞÛÝÞÓÞ âÞÚÐI ,
ßàÞâÕÚÐîéÕÓÞ çÕàÕ× ÜÞáâØÚ, ÝÕÞÑåÞÔØÜÞ ØáßÞÛì×ÞÒÐâì äÞàÜãÛã áãÜÜØ-
àÞÒÐÝØï ßÞ ÚÒÐÝâÞÒëÜ áÞáâÞïÝØïÜ Ò ÚÒÐ×ØÞÔÝÞÜÕàÝÞÜ áÛãçÐÕ,(7.41), Ò
ÚÞâÞàãî ÒÜÕáâÞX ßÞÔáâÐÒØÜ ÒëàÐÖÕÝØÕ ÔÛï âÞÚÐI (px; ny; nz), ßÕàÕÝÞ-
áØÜÞÓÞ ÞÔÝØÜ ÚÒÐÝâÞÒëÜ áÞáâÞïÝØÕÜ. ´ÞßÞÛÝØâÕÛìÝÞ ãçâÕÜ, çâÞ íÛÕÚâàÞÝ
ØÜÕÕâ áßØÝ, ßÞíâÞÜã Ò ÚÐÖÔÞÜ ÞßàÕÔÕÛÕÝÝÞÜ ÝÐÜØ áÞáâÞïÝØØ ÜÞÖÕâ ÝÐåÞ-
ÔØâáï ÔÒÐ íÛÕÚâàÞÝÐ, ÝÐßàØÜÕà, ÞÔØÝ íÛÕÚâàÞÝ áÞ áßØÝÞÜ� ÒÒÕàå� Ø ÒâÞàÞÙ
íÛÕÚâàÞÝ áÞ áßØÝÞÜ� ÒÝØ×� . ² ÞâáãâáâÒØÕ ÜÐÓÝØâÝÞÓÞ ßÞÛï ÝÐßàÐÒÛÕÝØÕ
ÞáØ, ÞâÝÞáØâÕÛìÝÞ ÚÞâÞàÞÙ ÞßàÕÔÕÛïÕâáï ÝÐßàÐÒÛÕÝØÕ� ÒÒÕàå� Ø� ÒÝØ×�
ÝÕ äØÚáØàÞÒÐÝÞ. ¾âÜÕâØÜ, çâÞ âÐÚÞÕ ÒëàÞÖÔÕÝØÕ ßÞ áßØÝã ×ÐÛÞÖÕÝÞ Ò
ãàÐÒÝÕÝØÕ ÈàÕÔØÝÓÕàÐ (7.3), Ò ÚÞâÞàÞÜ ÝÕâ ÒÕÛØçØÝ, ×ÐÒØáïéØå Þâ áßØÝÐ.

¸âÐÚ, á ãçÕâÞÜ áßØÝÐ íÛÕÚâàÞÝÐ (ÔÞßÞÛÝØâÕÛìÝëÙ ÜÝÞÖØâÕÛì 2) ßÞÛ-
ÝëÙ âÞÚ Õáâì:

I =
2e
h

1X

ny =1

1
�

�1

dpx vxf (px; � (ny)) : (8.10)

¼ë ÞßãáâØÛØ áãÜÜØàÞÒÐÝØÕ ßÞnz, ßÞáÚÞÛìÚã ßÞÛÐÓÐÕÜ, çâÞ âÞÛìÚÞ ÞÔÝÐ
(ÔÒãÜÕàÝÐï) ßÞÔ×ÞÝÐnz = 1 ×ÐßÞÛÝÕÝÐ. ·ÔÕáìvx, px � áÚÞàÞáâì Ø ØÜßãÛìá
ßàÞÔÞÛìÝÞÓÞ (ÒÔÞÛì ÞáØ� x� ) ÔÒØÖÕÝØï.

¿ÞáÚÞÛìÚã Üë àÐááÜÐâàØÒÐÕÜ áÛãçÐÙ, ÚÞÓÔÐ çÕàÕ× ÞÑàÐ×Õæ âÕçÕâ âÞÚ
Ø, áÛÕÔÞÒÐâÕÛìÝÞ, ÞÑàÐ×Õæ ÝÐåÞÔØâáï Ò ÝÕàÐÒÝÞÒÕáÝÞÜ áÞáâÞïÝØØ, âÞ äãÝÚ-
æØï àÐáßàÕÔÕÛÕÝØïf (px; � (ny)) ÝÕ ïÒÛïÕâáï äãÝÚæØÕÙ àÐáßàÕÔÕÛÕÝØï ÄÕà-
ÜØ. ¾ßàÕÔÕÛØÜ íâã äãÝÚæØî àÐáßàÕÔÕÛÕÝØï. °àÓãÜÕÝâë Õñ ãÚÐ×ëÒÐîâ ÝÐ
ÔÒÐ ÒÐÖÝëå ÞÑáâÞïâÕÛìáâÒÐ. ²Þ-ßÕàÒëå, äãÝÚæØï àÐáßàÕÔÕÛÕÝØï ×ÐÒØáØâ
Þâ ÒÕÛØçØÝë Ø ÝÐßàÐÒÛÕÝØï ØÜßãÛìáÐpx. ²Þ-ÒâÞàëå, åØÜßÞâÕÝæØÐÛ ÔÛï
àÐ×ÛØçÝëå ßÞÔ×ÞÝ àÐ×ÛØçÕÝ.

² ÑÐÛÛØáâØçÕáÚÞÜ áÛãçÐÕ, ÚÞÓÔÐ ÝÕâ àÐááÕïÝØï ÝÐ×ÐÔ, ÒáïÚØÙíÛÕÚ-
âàÞÝ á ßÞÛÞÖØâÕÛìÝëÜ ØÜßãÛìáÞÜ ßàØÑëÛ Ø× ÛÕÒÞÓÞ àÕ×ÕàÒãÐàÐ, Ð Òáï-
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ÚØÙ íÛÕÚâàÞÝ á ÞâàØæÐâÕÛìÝëÜ ØÜßãÛìáÞÜ ßàØÑëÛ Ø× ßàÐÒÞÓÞ àÕ×ÕàÒãÐ-
àÐ (ßÞÛÞÖØâÕÛìÝëÜ áçØâÐÕÜ ÝÐßàÐÒÛÕÝØÕ Þâ ÛÕÒÞÓÞ àÕ×ÕàÒãÐàÐ Ú ßàÐÒÞÜã
àÕ×ÕàÒãÐàã, ÝÐ àØá.8.1 íâÞ ÝÐßàÐÒÛÕÝØÕ ãÚÐ×ÐÝÞ áâàÕÛÚÞÙ). ÁÛÕÔÞÒÐâÕÛì-
ÝÞ, ÔÛï äãÝÚæØØ àÐáßàÕÔÕÛÕÝØï íÛÕÚâàÞÝÞÒ Ò ÜÞáâØÚÕ ØÜÕÕÜ:

f (px > 0) = f lef t (px) ;

f (px < 0) = f right (px) :
(8.11)

¿ÞÔáâÐÒØÜ ãàÐÒÝÕÝØÕ (8.11) Ò ãàÐÒÝÕÝØÕ (8.10) Ø ßÕàÕÙÔÕÜ Þâ ØÝâÕÓàØàÞ-
ÒÐÝØï ßÞ ØÜßãÛìáãpx Ú ØÝâÕÓàØàÞÒÐÝØî ßÞ íÝÕàÓØØEx:

Ex =
p2

x

2me
; ) dEx = vxdpx :

² àÕ×ãÛìâÐâÕ ßÞÛãçØÜ:

I =
2e
h

1X

ny =1

1
�

0

dEx[f lef t (px > 0; ny) � f right (px < 0); ny] : (8.12)

¸× íâÞÓÞ ÒëàÐÖÕÝØï ÒØÔÝÞ, çâÞ ßàÐÚâØçÕáÚØ ÒÕáì âÞÚ, ßÕàÕÝÞáØÜëÙ ÝÐ-
ßàÐÒÞ, íÛÕÚâàÞÝÐÜØ, ÛÕâïéØÜØ Ø× ÛÕÒÞÓÞ àÕ×ÕàÒãÐàÐ, ÚÞÜßÕÝáØàãÕâáï íÛÕÚ-
âàÞÝÐÜØ, ÛÕâïéØÜØ Ò ÞÑàÐâÝÞÜ ÝÐßàÐÒÛÕÝØØ. ² àÐÒÝÞÒÕáØØ, ÚÞÓÔÐ ßÞâÕÝ-
æØÐÛë ÞÑÕØå ÑÕàÕÓÞÒ àÐÒÝë,' right = ' lef t ) f right = f lef t , íâØ, âÐÚ ÝÐ×ë-
ÒÐÕÜëÕ, äÛãÚâãÐæØÞÝÝëÕ âÞÚØ ÚÞÜßÕÝáØàãîâáï ßÞÛÝÞáâìî ÔàãÓ ÔàãÓÐ, Ø
âÞÚ ÞâáãâáâÒãÕâ,I = 0.

µáÛØ ßÞâÕÝæØÐÛë ÑÕàÕÓÞÒ àÐ×ÛØçÝë,V 6= 0, âÞ çÕàÕ× ÞÑàÐ×Õæ âÕçÕâ
âÞÚI 6= 0. ¾ÑàÐâØÜ ÒÝØÜÐÝØÕ ÝÐ âÞ, çâÞ íâÞâ� àÕ×ãÛìâØàãîéØÙ� ßÞáâÞïÝ-
ÝëÙ âÞÚ ßÕàÕÝÞáØâáï íÛÕÚâàÞÝÐÜØ, ØÜÕîéØÜØ íÝÕàÓØî ÑÛØ×ÚãîÚ íÝÕà-
ÓØØ ÄÕàÜØ (Ò ØÝâÕàÒÐÛÕ íÝÕàÓØÙ� � eV=2). ²ÚÛÐÔë Ò âÞÚ íÛÕÚâàÞÝÞÒ á
íÝÕàÓØÕÙ ×ÝÐçØâÕÛìÝÞ ÞâÛØçÐîéÕÙáï Þâ íÝÕàÓØØ ÄÕàÜØ ßÞÛÝÞáâìî áÚÞÜ-
ßÕÝáØàÞÒÐÝë Ø Øå ÜÞÖÝÞ ÝÕ ãçØâëÒÐâì ßàØ ÒëçØáÛÕÝØØ âÞÚÐ.

ÇâÞÑë ÒëçØáÛØâìf right (lef t ) ãçâÕÜ âÞ, çâÞ ßàØ ÔÒØÖÕÝØØ áÞåàÐÝïÕâáï
ßÞÛÝÐï íÝÕàÓØï íÛÕÚâàÞÝÐ. ÀÐááÜÞâàØÜ íÛÕÚâàÞÝ ßàØÑëÒèØÙ Ø× ÛÕÒÞÓÞ
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ÑÕàÕÓÐ Ò ÝÕÚÞâÞàãî ÒëÑàÐÝÝãî âÞçÚã ÜÞáâØÚÐ, âã âÞçÚã, ÓÔÕ ÜëÒëçØáÛïÕÜ
âÞÚ. ² ÛÕÒÞÜ àÕ×ÕàÒãÐàÕ íÝÕàÓØï íÛÕÚâàÞÝÐ ÑëÛÐ áÛÕÔãîéÕÙ:

E =
p2

2me
+ e' lef t ;

ÓÔÕp � ÒÕÛØçØÝÐ ØÜßãÛìáÐ íÛÕÚâàÞÝÐ Ò ÛÕÒÞÜ ÑÕàÕÓã;' lef t � ßÞâÕÝæØÐÛ
ÛÕÒÞÓÞ ÑÕàÕÓÐ. ² ÜÞáâØÚÕ íÝÕàÓØï íÛÕÚâàÞÝÐ ÑãÔÕâ:

E =
p2

x

2me
+ E(ny) + e' 0 ;

ÓÔÕ' 0 � íÛÕÚâàÞáâÐâØçÕáÚØÙ ßÞâÕÝæØÐÛ Ò ÒëÑàÐÝÝÞÙ âÞçÚÕ ÜÞáâØÚÐ. ¿àØ-
àÐÒÝØÒÐÕÜ íâØ ÒÕÛØçØÝë, ßÞÛãçØÜ:

p2

2me
+ e' lef t =

p2
x

2me
+ E(ny) + e' 0 : (8.13)

ÍâÞ àÐÒÕÝáâÒÞ áÒï×ëÒÐÕâ ØÜßãÛìáp, ÚÞâÞàëÙ ØÜÕÛ íÛÕÚâàÞÝ Ò ÛÕÒÞÜ ÑÕ-
àÕÓÕ á ØÜßãÛìáÞÜpx , ÚÞâÞàëÙ ØÜÕÕâ íÛÕÚâàÞÝ Ò ÜÞáâØÚÕ Ò ÞÔÝÞÜÕàÝÞÙ
ßÞÔ×ÞÝÕny. ´ÐÛÕÕ ãçâÕÜ, çâÞ Ò àÕ×ÕàÒãÐàÕ äãÝÚæØï àÐáßàÕÔÕÛÕÝØï Õáâì
äãÝÚæØï àÐáßàÕÔÕÛÕÝØï ÄÕàÜØ, ÚÞâÞàÐï ×ÐÒØáØâ Þâ ÚØÝÕâØçÕáÚÞÙ íÝÕà-
ÓØØ íÛÕÚâàÞÝÐp2=(2me) áÛÕÔãîéØÜ ÞÑàÐ×ÞÜ:

f 0(p) =
1

1 + e
p2=(2m e) � � 2D

kB T

: (8.14)

ÄãÝÚæØï àÐáßàÕÔÕÛÕÝØï Õáâì ÒÕàÞïâÝÞáâì ×ÐßÞÛÝÕÝØï ãàÞÒÝï. ² ÜÞáâØ-
ÚÕ ãàÞÒÕÝì ápx > 0 ÑãÔÕâ ×ÐßÞÛÝÕÝ, ÕáÛØ ×ÐßÞÛÝÕÝ ãàÞÒÕÝì á ØÜßãÛì-
áÞÜp = p(px) Ò ÛÕÒÞÜ àÕ×ÕàÒãÐàÕ. ·ÐÒØáØÜÞáâìp(px) ÞßàÕÔÕÛïÕâáï ãàÐÒ-
ÝÕÝØÕÜ (8.13). ÂÞÓÔÐ Ø× ãàÐÒÝÕÝØï (8.14) Üë ßÞÛãçØÜ ØáÚÞÜãî äãÝÚæØî
àÐáßàÕÔÕÛÕÝØï Ò ÜÞáâØÚÕ ÔÛï íÛÕÚâàÞÝÞÒ, ÛÕâïéØå Ø× ÛÕÒÞÓÞ àÕ×ÕàÒãÐàÐ,
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px > 0:

f lef t (px > 0; ny) =
1

1 + exp
�

Ex + e(' 0� ' lef t )� � (ny )
kB T

� ;

Ex = p2
x

2me
;

� (ny) = � 2D � E (ny) :

(8.15)

¿ÞÔçÕàÚÝÕÜ, çâÞ Üë ÝÕ ÜÞÓÛØ ÝÕßÞáàÕÔáâÒÕÝÝÞ ÒÞáßÞÛì×ÞÒÐâìáï äãÝÚæØ-
ÕÙ (8.14), ßÞáÚÞÛìÚã ÒëàÐÖÕÝØÕ (8.10) áÞÔÕàÖØâ ØÝâÕÓàØàÞÒÐÝØÕ ßÞpx, Ð
ÝÕ ßÞp.

°ÝÐÛÞÓØçÝÞ ßÞÛãçÐÕÜ äãÝÚæØî àÐáßàÕÔÕÛÕÝØï ÔÛï íÛÕÚâàÞÝÞÒÒ ÜÞ-
áâØÚÕ, ÔÒØÖãéØåáï Ø× ßàÐÒÞÓÞ àÕ×ÕàÒãÐàÐ ÒÛÕÒÞ:

f right (px < 0; ny) =
1

1 + exp
�

Ex + e(' 0� ' right )� � (ny )
kB T

� : (8.16)

¿ÞáÚÞÛìÚã ÔÛï ÒëçØáÛÕÝØï ßàÞÒÞÔØÜÞáâØG, (8.8), ÝÕÞÑåÞÔØÜÞ Òë-
çØáÛØâì âÞÚI ßàØ ÜÐÛÞÜ ÝÐßàïÖÕÝØïV = ' lef t � ' right ! 0, âÞ Üë ÜÞÖÕÜ
áçØâÐâì, çâÞ àÐ×ÝÞáâì ßÞâÕÝæØÐÛÞÒ' right (lef t ) � ' 0 âÞÖÕ ÜÐÛÐ. ÀÐ×ÛÞÖØÜ
f right (lef t ) Ò àïÔ ÂÕÙÛÞàÐ ßÞ ÜÐÛÞÙ àÐ×ÝÞáâØ ßÞâÕÝæØÐÛÞÒ:

f right (lef t ) = f (Ex; � (ny)) +
@f(Ex; � (ny))

@Ex
e(' 0 � ' right (lef t )) :

¿ÞÔáâÐÒÛïï íâÞ àÐ×ÛÞÖÕÝØÕ Ò ãàÐÒÝÕÝØÕ (8.12), ßÞÛãçØÜ ÒëàÐÖÕÝØÕ ÔÛï
âÞÚÐ, ßàÞâÕÚÐîéÕÓÞ ßÞ ÜÞáâØÚã, Ò áÛÕÔãîéÕÜ ÒØÔÕ:

I =
2e2

h
V

1X

ny =1

1
�

0

dEx

�
�

@f0(Ex; � (ny))
@Ex

�
: (8.17)

¿àØ ÝØ×ÚØå âÕÜßÕàÐâãàÐå,j� (ny)j � kB T, ØÝâÕÓàÐÛ ßÞ íÝÕàÓØØ àÐÒÕÝ ÕÔØ-
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¿àÞÒÞÔØÜÞáâì ÑÐÛÛØáâØçÕáÚÞÓÞ ÜÞáâØÚÐ

ÝØæÕ ÔÛï ßàÞÒÞÔïéØå ßÞÔ×ÞÝ,� (ny) > 0, Ø àÐÒÕÝ ÝãÛî ÔÛï ÝÕßàÞÒÞÔïéØå
ßÞÔ×ÞÝ,� (ny) < 0.

ÃàÐÒÝÕÝØÕ (8.17) ÞßàÕÔÕÛïÕâ ×ÐÒØáØÜÞáâì âÞÚÐ Þâ ÝÐßàïÖÕÝØï ÔÛï
ÚÒÐ×ØÞÔÝÞÜÕàÝÞÓÞ ÜÞáâØÚÐ á èØàØÝÞÙL y. ÍâÐ ×ÐÒØáØÜÞáâì ÛØÝÕÙÝÐï, ßÞ-
íâÞÜã Ò àÐááÜÐâàØÒÐÕÜÞÜ áÛãçÐÕ ÒëßÞÛÝïÕâáï ×ÐÚÞÝ ¾ÜÐ Ø ßàÞÒÞÔØÜÞáâì,
G = I=V , ÝÕ ×ÐÒØáØâ Þâ ßàØÛÞÖÕÝÝÞÓÞ ÝÐßàïÖÕÝØïV.

¿àØ ÝãÛÕÒÞÙ âÕÜßÕàÐâãàÕ,T = 0, ×ÐÒØáØÜÞáâì ßàÞÒÞÔØÜÞáâØG Þâ
èØàØÝë ÜÞáâØÚÐL y ßàÕÔáâÐÒÛïÕâ áÞÑÞÙ áâãßÕÝçÐâãî äãÝÚæØî, ÐÝÐÛÞÓØç-
Ýãî ×ÐÒØáØÜÞáâØ çØáÛÐ ßàÞÒÞÔïéØå ßÞÔ×ÞÝ Þâ èØàØÝë ÜÞáâØÚÐ (áÜÞâàØ
ÒëàÐÖÕÝØÕ (8.7) Ø àØá.8.4):

G = G0Ny = G0

�
L y

� F =2

�
: (8.18)

·ÔÕáì G0 = 2e2=h � ÚÒÐÝâ ßàÞÒÞÔØÜÞáâØ. ¸× ßÞÛãçÕÝÝÞÓÞ ÒëàÐÖÕÝØï
ÒØÔÝÞ, çâÞ ßàÞÒÞÔØÜÞáâì ÑÐÛÛØáâØçÕáÚÞÓÞ (ÚÒÐ×ØÞÔÝÞÜÕàÝÞÓÞ) ÚÐÝÐÛÐ ÜÞ-
ÖÕâ ßàØÝØÜÐâì âÞÛìÚÞ ×ÝÐçÕÝØï ÚàÐâÝëÕ ÒÕÛØçØÝÕG0. ²ëàÐÖÕÝØÕ (8.18)
ØÜÕîâ âÐÚÞÙ ßàÞáâÞÙ ÒØÔ, ßÞâÞÜã çâÞ âÞÚ, ßàÞâÕÚÐîéØÙ Ò ÞÔÝÞÜÕàÝÞÜ ÚÐ-
ÝÐÛÕ, (8.12), ÝÕ ×ÐÒØáØâ Þâ íÝÕàÓÕâØçÕáÚØå åÐàÐÚâÕàØáâØÚ íÛÕÚâàÞÝÝÞÙáØ-
áâÕÜë, âÐÚØå ÚÐÚ, ÝÐßàØÜÕà, íÝÕàÓØï ÄÕàÜØ, ÚÞâÞàÐï àÐ×ÛØçÝÐ ÔÛï àÐ×-
Ýëå ßàÞÒÞÔïéØå ßÞÔ×ÞÝ. ² àÕ×ãÛìâÐâÕ íâÞÓÞ, ÒÚÛÐÔ àÐ×ÛØçÝëåßÞÔ×ÞÝ Ò
ßÞÛÝãî íÛÕÚâàÞßàÞÒÞÔÝÞáâì ÚÐÝÐÛÐ ÞÔØÝÐÚÞÒ Ø áÞáâÐÒÛïÕâ ÞÔØÝ ÚÒÐÝâ
ßàÞÒÞÔØÜÞáâØG0 Þâ ÚÐÖÔÞÙ ßÞÔ×ÞÝë. ÀÐÒÕÝáâÒÞ ÒÚÛÐÔÞÒ ÞÑãáÛÞÒÛÕÝÞ
ÞáÞÑÕÝÝÞáâìî ßÛÞâÝÞáâØ áÞáâÞïÝØÙ íÛÕÚâàÞÝÞÒ Ò ÞÔÝÞÜÕàÝÞÜáÛãçÐÕ,dN=dEx �
1=vx. ² àÕ×ãÛìâÐâÕ íâÞÓÞ, áÚÞàÞáâì íÛÕÚâàÞÝÐvx áÞÚàÐéÐÕâáï Ò ßàÞØ×ÒÕ-
ÔÕÝØØI (px) dN=dEx Ø ÝÕ ÒåÞÔØâ Ò ÞÚÞÝçÐâÕÛìÝÞÕ ÒëàÐÖÕÝØÕ (8.17) ÔÛï
âÞÚÐ.

² 1988 ÓÞÔã ÚÒÐÝâÞÒÐÝØÕ ßàÞÒÞÔØÜÞáâØ (ÚÞÝÔÐÚâÐÝáÐ) ÑÐÛÛØáâØçÕ-
áÚÞÓÞ ÚÐÝÐÛÐ ÑëÛÞ ÞâÚàëâÞ íÚáßÕàØÜÕÝâÐÛìÝÞ [24, 25], çâÞ ïÒØÛÞáì ÞÔÝÞÙ
Ø× ÝÐØÑÞÛÕÕ ïàÚØå ÔÕÜÞÝáâàÐæØÙ âÞÓÞ, çâÞ ÚÒÐÝâÞÒÐÝØÕ ÔÒØÖÕÝØï íÛÕÚ-
âàÞÝÞÒ ÞÚÐ×ëÒÐÕâ áãéÕáâÒÕÝÝÞÕ ÒÛØïÝØÕ ÝÐ áÒÞÙáâÒÐ ÜÕ×ÞáÚÞßØçÕáÚØå
áØáâÕÜ.

¾âÜÕâØÜ, çâÞ ßàØ ßÞÒëèÕÝØØ âÕÜßÕàÐâãàë, ÚÞÓÔÐ âÕÜßÕàÐâãàÐáàÐÒ-
ÝØÒÐÕâáï á àÐááâÞïÝØÕÜ ÜÕÖÔã áÞáÕÔÝØÜØ ßÞÔ×ÞÝÐÜØ,kB T � h2=(8meL2

y),
áâãßÕÝØ ÝÐ ×ÐÒØáØÜÞáâØG(L y) áÓÛÐÖØÒÐîâáï Ø áâãßÕÝçÐâÐï ×ÐÒØáØÜÞáâì
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¿àÞÒÞÔØÜÞáâì ÑÐÛÛØáâØçÕáÚÞÓÞ ÜÞáâØÚÐ

ßàÕÒàÐéÐÕâáï Ò ÛØÝÕÙÝãî.
² ×ÐÚÛîçÕÝØÕ àÐááÜÞâàØÜ, ÚÐÚØÜ ÞÑàÐ×ÞÜ ßÞÛãçÕÝÝÞÕ ÒëàÐÖÕÝØÕ ÔÛï

ßàÞÒÞÔØÜÞáâØ áÒï×ÐÝÞ á íÛÕÚâàÞßàÞÒÞÔÝÞáâìî ÞÑàÐ×æÞÒ ÜÐÚàÞáÚÞßØçÕ-
áÚØå àÐ×ÜÕàÞÒ. ´Ûï íâÞÓÞ áàÐÒÝØÜ ßàÞÒÞÔØÜÞáâØG1 ØG2 ÔÒãå ÜÞáâØÚÞÒ,
ã×ÚÞÓÞ Ø èØàÞÚÞÓÞ. ² ßÞáÛÕÔÝÕÜ áÛãçÐÕ ãçâÕÜ, çâÞ ÔÛï ÑÞÛìèÞÓÞNy � 1
Üë ÜÞÖÕÜ ×ÐÜÕÝØâì æÕÛãî çÐáâì çØáÛÐ[2L y=� F ] ÝÐ áÐÜÞ çØáÛÞ2L y=� F .
ÂÐÚÐï ×ÐÜÕÝÐ ßàØÒÞÔØâ Ú ÞâÝÞáØâÕÛìÝÞÙ ßÞÓàÕèÝÞáâØ àÕ×ãÛìâÐâÐ ßÞàïÔ-
ÚÐ1=Ny, ÚÞâÞàÐï ãÑëÒÐÕâ á ãÒÕÛØçÕÝØÕÜ èØàØÝë ÜÞáâØÚÐ. ¿àØL y � � F

çØáÛÞ ßàÞÒÞÔïéØå ßÞÔ×ÞÝ á ÒëáÞÚÞÙ âÞçÝÞáâìî àÐÒÝÞ,Ny = [2L y=� F ] �
2L y=� F . ÁÛÕÔÞÒÐâÕÛìÝÞ:

G1 = 2e2

h ; � F
2 < L y < � F ;

G2 = 2e2

h
2L y

� F
= 4e2

h2 L ypF ; L y � � F :
(8.19)

¼ë ÒØÔØÜ, çâÞ ßàÞÒÞÔØÜÞáâìG1 ÞÔÝÞÜÕàÝÞÓÞ ÑÐÛÛØáâØçÕáÚÞÓÞ ßàÞÒÞÔ-
ÝØÚÐ ÞßàÕÔÕÛïÕâáï âÞÛìÚÞ ÜØàÞÒëÜØ ßÞáâÞïÝÝëÜØ, ×ÐàïÔÞÜ íÛÕÚâàÞÝÐeØ
ßÞáâÞïÝÝÞÙ ¿ÛÐÝÚÐh. ² âÞ ÖÕ ÒàÕÜï, ßàÞÒÞÔØÜÞáâìG2 èØàÞÚÞÓÞ ÜÞáâØÚÐ
ãÖÕ ×ÐÒØáØâ ÚÐÚ Þâ ÓÕÞÜÕâàØØ, èØàØÝë ÞÑàÐ×æÐL y, âÐÚ Ø Þâ åÐàÐÚâÕàØáâØÚ
íÛÕÚâàÞÝÝÞÓÞ áßÕÚâàÐ, ØÜßãÛìáÐpF íÛÕÚâàÞÝÞÒ á íÝÕàÓØÕÙ ÄÕàÜØ.

´ÐÛÕÕ ßàÕÔßÞÛÞÖØÜ, çâÞ âÞÛéØÝÐL z ÞÑàÐ×æÐ âÐÚÖÕ ÒÞ×àÐáâÐÕâ. ²
íâÞÜ áÛãçÐÕ ÑãÔÕâ âÐÚÖÕ ãÒÕÛØçØÒÐâìáï ÚÞÛØçÕáâÒÞ ßàÞÒÞÔïéØå ÔÒãÜÕà-
Ýëå áÛÞÕÒ. ¿àØL z � � F ×ÐßØèÕÜ:

Nz =
�

L z

� F =2

�
�

2L z

� F
:

¿àÞÒÞÔØÜÞáâì Ò íâÞÜ áÛãçÐÕ Õáâì:

G = G0NyNz :

ÂÐÚØÜ ÞÑàÐ×ÞÜ, íÛÕÚâàÞßàÞÒÞÔÝÞáâì ÔÞáâÐâÞçÝÞ ÑÞÛìèÞÓÞ ÜÕ×ÞáÚÞßØçÕ-
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áÚÞÓÞ ÑÐÛÛØáâØçÕáÚÞÓÞ ÜÞáâØÚÐ ÞßàÕÔÕÛïÕâáï âÐÚ:

G = 2e2

h
2L y

� F

2L z
� F

= 8e2

h3 Sp2
F ;

L y; L z � � F :

(8.20)

·ÔÕáìS = L y � L z � ßÛÞéÐÔì ßÞßÕàÕçÝÞÓÞ áÕçÕÝØï ÜÞáâØÚÐ,pF = h=� F

� ØÜßãÛìá íÛÕÚâàÞÝÐ á íÝÕàÓØÕÙ ÄÕàÜØ.
ÀÐááÜÞâàØÜ ÜÐÚàÞáÚÞßØçÕáÚØÙ ÜÞáâØÚ, ØÜÕîéØÙ ÔÛØÝãL x Ø ßÞßÕ-

àÕçÝÞÕ áÕçÕÝØÕ á ßÛÞéÐÔìîS. ¸×ÒÕáâÝÞ, çâÞ áÞßàÞâØÒÛÕÝØÕ âÐÚÞÓÞ ÞÑ-
àÐ×æÐ Õáâì:

R = �
L x

S
;

ÓÔÕ ãÔÕÛìÝÞÕ áÞßàÞâØÒÛÕÝØÕ� ×ÐÒØáØâ Þâ ÔÛØÝë áÒÞÑÞÔÝÞÓÞ ßàÞÑÕÓÐ íÛÕÚ-
âàÞÝÞÒl i . ÁÞÓÛÐáÝÞ äÞàÜãÛÕ ´àãÔí-»ÞàÕÝæÐ [8] ØÜÕÕÜ:

� =
pF

ne2l i
:

·ÔÕáìn � ßÛÞâÝÞáâì íÛÕÚâàÞÝÞÒ, ÚÞâÞàÐï Ò âàÕåÜÕàÝÞÜ áÛãçÐÕ ÞßàÕÔÕÛï-
Õâáï áÛÕÔãîéØÜ ÒëàÐÖÕÝØÕÜ (áÜÞâàØ (7.13)):

n =
8�p 3

F

3h3 :

ÂÐÚØÜ ÞÑàÐ×ÞÜ, íÛÕÚâàÞßàÞÒÞÔÝÞáâì� = 1 =R ÜÐÚàÞáÚÞßØçÕáÚÞÓÞ ÞÑàÐ×-
æÐ Õáâì:

� =
8e2

h3 S p2
F

l i
L x

�
3

:

´Ûï âÞÓÞ, çâÞÑë áàÐÒÝØâìG Ø� ãçâÕÜ, çâÞ Ò ÚÒÐÝâÞÒÞÙ ×ÐÔÐçÕ Üë
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àÐááÜÐâàØÒÐÛØ ÑÐÛÛØáâØçÕáÚØÙ ÜÞáâØÚ, âÞ Õáâì âÐÚÞÙ ÜÞáâØÚ, çÕàÕ× ÚÞ-
âÞàëÙ íÛÕÚâàÞÝ ßàÞÛÕâÐÕâ ÑÕ× áâÞÛÚÝÞÒÕÝØï á ßàØÜÕáïÜØ. ÍâÞáÞÞâÒÕâ-
áâÒãÕâ áÛãçÐî, ÚÞÓÔÐ ÔÛØÝÐ ßàÞÑÕÓÐl i ÑÞÛìèÕ ØÛØ ßÞàïÔÚÐ ÔÛØÝë ÜÞáâØ-
ÚÐ. ¿ÞÔáâÐÒÛïïl i=Lx � 1 Ò ßàØÒÕÔÕÝÝÞÕ ÒëèÕ ÒëàÐÖÕÝØÕ, ßÞÛãçØÜ:

� =
8e2

h3 S p2
F

�
3

: (8.21)

ÁàÐÒÝØÒÐï ÒëàÐÖÕÝØï (8.20) Ø (8.21), ÒØÔØÜ, çâÞ ÔÛï ÞÔÝÞÓÞ Ø âÞÓÞ ÖÕ ÞÑ-
àÐ×æÐ ÚÒÐÝâÞÒëÙ Ø ÜÐÚàÞáÚÞßØçÕáÚØÙ àÐáçÕâë íÛÕÚâàÞßàÞÒÞÔÝÞáâØ ÔÐîâ
ßàÐÚâØçÕáÚØ áÞÒßÐÔÐîéØÕ àÕ×ãÛìâÐâë,� =G = �= 3 � 1; 05.

²ÞßàÞáë ÔÛï áÐÜÞßàÞÒÕàÚØ

1) ÇÕÜ ÞßàÕÔÕÛïÕâáï ÚÞÛØçÕáâÒÞ ßàÞÒÞÔïéØå ßÞÔ×ÞÝ?
2) ºÐÚ ×ÐÒØáØâ ßàÞÒÞÔØÜÞáâì ÚÒÐ×ØÞÔÝÞÜÕàÝÞÓÞ ÑÐÛÛØáâØçÕáÚÞÓÞ ÜÞáâØ-
ÚÐ Þâ ÕÓÞ âÞÛéØÝë?
3) ²ëçØáÛØâì âÞÚ, ßÕàÕÝÞáØÜëÙ íÛÕÚâàÞÝÞÜ Ò ÞßàÕÔÕÛÕÝÝÞÜ ÚÒÐÝâÞÒÞÜ
áÞáâÞïÝØØ.
4) ²ëçØáÛØâì äãÝÚæØî àÐáßàÕÔÕÛÕÝØï ÔÛï íÛÕÚâàÞÝÞÒ Ò ÜÞáâØÚÕ, ßàØÝÐÔ-
ÛÕÖÐéØå ÞßàÕÔÕÛÕÝÝÞÙ ßÞÔ×ÞÝÕ.
5) ²ëçØáÛØâì âÞÚ, ßÕàÕÝÞáØÜëÙ íÛÕÚâàÞÝÐÜØ, ßàØÝÐÔÛÕÖÐéØåÞßàÕÔÕ-
ÛÕÝÝÞÙ ßÞÔ×ÞÝÕ.
6) ÁàÐÒÝØâì ßàÞÒÞÔØÜÞáâì ÚÒÐÝâÞÒÞÓÞ Ø ÚÛÐááØçÕáÚÞÓÞ ÑÐÛÛØáâØçÕáÚÞÓÞ
ÜÞáâØÚÞÒ.
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9. ÍÛÕÚâàÞÝë Ò ÞÔÝÞÜÕàÝÞÜ ÚÞÛìæÕ

ÀÐÝÕÕ Üë àÐááÜÞâàÕÛØ, ÚÐÚØÜ ÞÑàÐ×ÞÜ ÚÒÐÝâÞÒÐÝØÕ áßÕÚâàÐ íÛÕÚ-
âàÞÝÞÒ Ò ÜÕ×ÞáÚÞßØçÕáÚØå ÞÑàÐ×æÐå ÒÛØïÕâ ÝÐ íÛÕÚâàÞßàÞÒÞÔÝÞáâì� äØ-
×ØçÕáÚãî ÒÕÛØçØÝã, åÐàÐÚâÕàØ×ãîéãî ïÒÛÕÝØÕ ßàÞâÕÚÐÝØï âÞÚÐ çÕàÕ× ÞÑ-
àÐ×Õæ, ßÞÔ ÔÕÙáâÒØÕÜ ßàØÛÞÖÕÝÝÞÓÞ ÝÐßàïÖÕÝØï. ÍâÞ ïÒÛÕÝØÕßàØáãéÕÕ
ÚÐÚ ÜÐÚàÞáÚÞßØçÕáÚØÜ ßàÞÒÞÔÝØÚÐÜ, âÐÚ Ø ÜÕ×ÞáÚÞßØçÕáÚØÜ ßàÞÒÞÔÝØ-
ÚÐÜ. ¿àØ ãÜÕÝìèÕÝØØ àÐ×ÜÕàÞÒ ßàÞÒÞÔÝØÚÐ Ø×ÜÕÝïÕâáï âÞÛìÚÞÒÕÛØçØÝÐ
íÛÕÚâàÞßàÞÒÞÔÝÞáâØ.

ÁÕÙçÐá ÖÕ Üë àÐááÜÞâàØÜ ßàØÜÕà äØ×ØçÕáÚÞÓÞ ïÒÛÕÝØï ßàØÝæØßØ-
ÐÛìÝÞ ØÝÞÓÞ åÐàÐÚâÕàÐ, Ð ØÜÕÝÝÞ ïÒÛÕÝØï, ÚÞâÞàÞÕ áãéÕáâÒãÕâ Ò ÜÕ×ÞáÚÞ-
ßØçÕáÚØå ÞÑàÐ×æÐå, ÞÔÝÐÚÞ ßÞÛÝÞáâìî ßàÞßÐÔÐÕâ Ò ÞÑàÐ×æÐÜ áÜÐÚàÞáÚÞ-
ßØçÕáÚØÜØ àÐ×ÜÕàÐÜØ. ³ÞÒÞàïâ, çâÞ âÐÚØÕ ïÒÛÕÝØï ØáçÕ×ÐÕâ ÒÜÐÚàÞáÚÞ-
ßØçÕáÚÞÜ ßàÕÔÕÛÕ,L ! 1 , ÓÔÕL � àÐ×ÜÕà ÞÑàÐ×æÐ. ÍâÐ ÚÐâÕÓÞàØï ïÒ-
ÛÕÝØÙ ßàØáãéÐ âÞÛìÚÞ ÞÑàÐ×æÐÜ á ÔØáÚàÕâÝëÜ áßÕÚâàÞÜ Ø ÞâáãâáâÒãÕâ Ò
ÜÐÚàÞáÚÞßØçÕáÚØå ÞÑàÐ×æÐå, ØÜÕîéØå ÝÕßàÕàëÒÝëÙ áßÕÚâà.

² àÐááÜÐâàØÒÐÕÜÞÜ ÝØÖÕ ïÒÛÕÝØØ ØÓàÐîâ áãéÕáâÒÕÝÝãî àÞÛì ÔÒÐ
íääÕÚâÐ ÞÔÝÞÒàÕÜÕÝÝÞ. ° ØÜÕÝÝÞ, íääÕÚâ °ÐàÞÝÞÒÐ-±ÞÜÐ Ø ÚÒÐÝâÞÒÐÝØÕ
áßÕÚâàÐ. ÁÞÒÜÕáâÝÞ íâØ íääÕÚâë ßàØÒÞÔïâ Ú âÞÜã, çâÞ ßàØ ÝØ×ÚØå âÕÜ-
ßÕàÐâãàÐå Ò ÝÞàÜÐÛìÝÞÜ, ÝÕ áÒÕàåßàÞÒÞÔïéÕÜ ÚÞÛìæÕ, ÚÞâÞàÞÕ ßàÞÝØ×Ð-
ÝÞ ÜÐÓÝØâÝëÜ ßÞâÞÚÞÜ, àØá.9.1, áãéÕáâÒãÕâ ÝÕ×ÐâãåÐîéØÙ âÞÚ, ÒÕÛØçØÝÐ
ÚÞâÞàÞÓÞ ßÕàØÞÔØçÕáÚØ Ø×ÜÕÝïÕâáï á Ø×ÜÕÝÕÝØÕÜ� :

I � sin
�

2�
�
� 0

�
: (9.1)

ÂÐÚÞÙ âÞÚ ÝÐ×ëÒÐîâßÕàáØáâÕÝâÝëÜâÞÚÞÜ.
ÁãéÕáâÒÞÒÐÝØÕ ßÕàáØáâÕÝâÝëå âÞÚÞÒ Ò ÔÒãáÒï×Ýëå ÝÕ áÒÕàåßàÞÒÞ-

ÔïéØå ÞÑàÐ×æÐå (ÚÞÛìæÐå) ÑëÛÞ ßàÕÔáÚÐ×ÐÝÞ ºãÛØÚÞÜ Ò 1970 Ó.[26] ÔÛï
ÑÐÛÛØáâØçÕáÚØå ÚÞÛÕæ Ø ±ìîââØÚÕàÞÜ (B�uttiker), ¸ÜàØ (Imry) Ø »ÐÝÔÐã-
íàÞÜ (Landauer) Ò 1983 Ó. [27] ÔÛï ÚÞÛÕæ, Ò ÚÞâÞàëå ßàØáãâáâÒãÕâ àÐááÕï-
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F

p(      ) F
F 0

  ~ sin  2 I

ÀØá. 9.1. ¿àØ ÝãÛÕ âÕÜßÕàÐâãà Ò ÜÕ×ÞáÚÞßØçÕáÚÞÜ ÝÕ áÒÕàåßàÞÒÞ-
ÔïéÕÜ ÚÞÛìæÕ, ßàÞÝØ×ÐÝÝÞÜ ßÞáâÞïÝÝëÜ ÒÞ ÒàÕÜÕÝØ ÜÐÓÝØâÝëÜ
ßÞâÞÚÞÜ� , âÕçÕâ âÕàÜÞÔØÝÐÜØçÕáÚØ àÐÒÝÞÒÕáÝëÙ ÝÕ×ÐâãåÐîéØÙ
âÞÚI

ÝØÕ íÛÕÚâàÞÝÞÒ ÝÐ ßàØÜÕáïå. ²ßÕàÒëÕ íÚáßÕàØÜÕÝâÐÛìÝÞ ßÕàáØáâÕÝâÝëÕ
âÞÚØ ÑëÛØ Ø×ÜÕàÕÝë Ò 90-å ÓÞÔÐå 20-ÓÞ áâÞÛÕâØï [28, 29, 30].

´Ûï âÞÓÞ, çâÞÑë ÒëçØáÛØâì âÞÚ ÝÕÞÑåÞÔØÜÞ, ÒÞ-ßÕàÒëå, ÞßàÕÔÕÛØâì
áßÕÚâà íÛÕÚâàÞÝÞÒ Ò ÚÞÛìæÕ, ÒÞ-ÒâÞàëå, ÒëçØáÛØâì âÞÚ, ßÕàÕÝÞáØÜëÙ íÛÕÚ-
âàÞÝÞÜ, ÝÐåÞÔïéØÜáï Ò ÞßàÕÔÕÛÕÝÝÞÜ ÚÒÐÝâÞÒÞÜ áÞáâÞïÝØØ Ø,Ò-âàÕâìØå,
ßàÞáãÜÜØàÞÒÐâì ÒÚÛÐÔë Ò âÞÚ Þâ ÒáÕå ×ÐÝïâëå íÛÕÚâàÞÝÐÜØ ãàÞÒÝÕÙ, âÞ
Õáâì ãàÞÒÝÕÙ íÝÕàÓØï ÚÞâÞàëå ÜÕÝìèÕ íÝÕàÓØØ ÄÕàÜØ� .

²ÝÐçÐÛÕ àÐááÜÞâàØÜ ÞÔÝÞÜÕàÝÞÕ ÚÞÛìæÞ ÑÕ× ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ,� =
0, Ð ×ÐâÕÜ ÞÑÞÑéØÜ ßÞÛãçÕÝÝëÕ àÕ×ãÛìâÐâë ÝÐ áÛãçÐÙ, ÚÞÓÔÐ ÚÞÛìæÞ ßàÞ-
ÝØ×ÐÝÞ ÜÐÓÝØâÝëÜ ßÞâÞÚÞÜ.

9.1. ºÞÛìæÞ ÑÕ× ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ

9.1.1. ÁßÕÚâà íÛÕÚâàÞÝÞÒ

´Ûï ÝÐåÞÖÔÕÝØï àÐ×àÕèÕÝÝëå áÞáâÞïÝØÙ íÛÕÚâàÞÝÞÒ Ò ÚÞÛìæÕ ÝÕÞÑ-
åÞÔØÜÞ àÕèØâì ÞÔÝÞÜÕàÝÞÕ áâÐæØÞÝÐàÝÞÕ ãàÐÒÝÕÝØÕ ÈàÕÔØÝÓÕàÐ ÔÛï ÒÞÛ-
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x

x=L x=0

ÀØá. 9.2. ¾ÔÝÞÜÕàÝÞÕ ÚÞÛìæÞ ÔÛØÝÞÙL. ÁâàÕÛÚÐ ßÞÚÐ×ëÒÐÕâ ÝÐ-
ßàÐÒÛÕÝØÕ ÞáØ� x� . ¿ãÝÚâØàÞÜ ßÞÚÐ×ÐÝÞ ÝÐçÐÛÞ ÞâáçÕâÐ

ÝÞÒÞÙ äãÝÚæØØ íÛÕÚâàÞÝÐ (x):

�
~2

2me

d2

dx2 = E : (9.2)

¾áì � x� ÝÐßàÐÒÛÕÝÐ ÒÔÞÛì ÚÞÛìæÐ, àØá.9.2.
´ÐÝÝÞÕ ãàÐÒÝÕÝØÕ áÛÕÔãÕâ ÔÞßÞÛÝØâì áÞÞâÒÕâáâÒãîéØÜ ÓàÐÝØçÝëÜ

ãáÛÞÒØÕÜ. ºÞÓÔÐ Üë àÐááÜÐâàØÒÐÛØ ÞÓàÐÝØçÕÝÝãî ÞÑÛÐáâì ßàÞáâàÐÝáâÒÐ
á ÝÕßàÞÝØæÐÕÜëÜØ áâÕÝÚÐÜØ, âÞ ÓàÐÝØçÝëÕ ãáÛÞÒØï ßÞÛãçÐÛØáì Ø× ãáÛÞ-
ÒØï ÝÕßàÞÝØÚÝÞÒÕÝØï çÐáâØæë ×Ð ßàÕÔÕÛë ÞÑÛÐáâØ. ¿àØ íâÞÜ ÒÞÛÝÞÒÐï
äãÝÚæØï íÛÕÚâàÞÝÐ ÝÐ ÓàÐÝØæÕ ÞÑÛÐáâØ ÞÑàÐéÐÕâáï Ò ÝãÛì. ´ÛïíÛÕÚâàÞ-
ÝÐ Ò ÚÞÛìæÕ áØâãÐæØï ØÝÐï, ßÞáÚÞÛìÚã ÒÔÞÛì ÞáØ� x� ÔÒØÖÕÝØÕ íÛÕÚâàÞÝÐ
ÝØçÕÜ ÝÕ ÞÓàÐÝØçÕÝÞ. ¾ÔÝÐÚÞ, ßÞáÛÕ ßÞÛÝÞÓÞ ÞÑÞàÞâÐ,x ! x + L, íÛÕÚ-
âàÞÝ ÒÞ×ÒàÐéÐÕâáï Ò âÞ ÖÕ áÐÜÞÕ ÜÕáâÞ, ßÞíâÞÜã ÒÞÛÝÞÒÐï äãÝÚæØï, ïÒ-
Ûïïáì äãÝÚæØÕÙ ÞÔÝÞ×ÝÐçÝÞÙ, ÔÞÛÖÝÐ Ñëâì ßÕàØÞÔØçÕáÚÞÙ ßÞ ÚÞÞàÔØÝÐâÕ
x á ßÕàØÞÔÞÜ, àÐÒÝëÜ ÔÛØÝÕ ÚÞÛìæÐL:

 (x) =  (x + L) : (9.3)

ÍâÞ ãàÐÒÝÕÝØÕ Ø ÑãÔÕâ ÓàÐÝØçÝëÜ ãáÛÞÒØÕÜ Ò ÔÐÝÝÞÜ áÛãçÐÕ.
²ÞÛÝÞÒÐï äãÝÚæØï ÔÞÛÖÝÐ Ñëâì ÝÞàÜØàÞÒÐÝÐ, Ò áÞÞâÒÕâáâÒØÕ áâÕÜ,

çâÞ ÞÔÝÞ ÚÒÐÝâÞÒÞÕ áÞáâÞïÝØÕ ÜÞÖÕâ ×ÐÝØÜÐâì âÞÛìÚÞ ÞÔØÝ íÛÕÚâàÞÝ. ²
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áÛãçÐÕ ÚÞÛìæÐ ãáÛÞÒØÕ ÝÞàÜØàÞÒÚØ áÛÕÔãîéÕÕ:

L
�

0

dxj (x)j2 = 1 : (9.4)

ÁÞÓÛÐáÝÞ ÚÒÐÝâÞÒÞÙ ÜÕåÐÝØÚÕ, ÒëàÐÖÕÝØÕj (x)j2dx Õáâì ÒÕàÞïâÝÞáâì ÝÐÙ-
âØ çÐáâØæã, ÞßØáëÒÐÕÜãî ÒÞÛÝÞÒÞÙ äãÝÚæØÕÙ (z), Ò ØÝâÕàÒÐÛÕdx ÒÑÛØ×Ø
âÞçÚØ á ÚÞÞàÔØÝÐâÞÙx. ¸ÝâÕÓàÐÛ ÒÔÞÛì ßÕàØÜÕâàÐ ÚÞÛìæÐ ÞßàÕÔÕÛïÕâ ÒÕ-
àÞïâÝÞáâì ÝÐÙâØ çÐáâØæã Ò ÚÞÛìæÕ. ¿ÞáÚÞÛìÚã çÐáâØæÐ ÜÞÖÕâ ÝÐåÞÔØâáï
âÞÛìÚÞ Ò ÚÞÛìæÕ, âÞ âÐÚÐï ÒÕàÞïâÝÞáâì ÔÞÛÖÝÐ àÐÒÝïâìáï ÕÔØÝØæÕ.

½ÞàÜØàÞÒÐÝÝÞÕ àÕèÕÝØÕ ãàÐÒÝÕÝØï (9.2) Õáâì:

 k(x) =
1

p
L

eikx : (9.5)

¾âÜÕâØÜ, çâÞ ÒÕÛØçØÝÐk, áâÞïéÐï Ò ßÞÚÐ×ÐâÕÛÕ íÚáßÞÝÕÝâë, íâÞ ßàÞÕÚ-
æØï ÒÞÛÝÞÒÞÓÞ ÒÕÚâÞàÐ ÝÐ ßÞÛÞÖØâÕÛìÝÞÕ ÝÐßàÐÒÛÕÝØÕ ÞáØ� x� . ¿ÞíâÞÜã
ÒÕÛØçØÝÐk ÜÞÖÕâ Ñëâì ÚÐÚ ßÞÛÞÖØâÕÛìÝÞÙ âÐÚ Ø ÞâàØæÐâÕÛìÝÞÙ. ² ÑÐÛ-
ÛØáâØçÕáÚÞÜ ÚÞÛìæÕ ÝÕâ ßàØÜÕáÕÙ Ø/ØÛØ ÓàÐÝØæ, ÚÞâÞàëÕ ÜÞÓÛØ Ñë ßàØ-
ÒÞÔØâì Ú Ø×ÜÕÝÕÝØî ÝÐßàÐÒÛÕÝØï ÔÒØÖÕÝØï íÛÕÚâàÞÝÐ. ¿ÞíâÞÜã áÞáâÞï-
ÝØï ák > 0 Ø áÞáâÞïÝØï ák < 0 ÝÕ ×ÐÒØáØÜë ÔàãÓ Þâ ÔàãÓÐ Ø Øå ÜÞÖ-
ÝÞ àÐááÜÐâàØÒÐâì àÐ×ÔÕÛìÝÞ. ÀÕèÕÝØï á ÞßàÕÔÕÛÕÝÝëÜ ×ÝÐÚÞÜÒÞÛÝÞÒÞÓÞ
ÒÕÚâÞàÐk áÞÞâÒÕâáâÒãîâ äØÚáØàÞÒÐÝÝÞÜã ÝÐßàÐÒÛÕÝØî ÔÒØÖÕÝØï íÛÕÚ-
âàÞÝÐ.

³àÐÝØçÝÞÕ ãáÛÞÒØÕ (9.3) ÝÐÚÛÐÔëÒÐÕâ áÛÕÔãîéØÕ ÞÓàÐÝØçÕÝØï ÝÐ ÔÞ-
ßãáâØÜëÕ ×ÝÐçÕÝØï ÒÞÛÝÞÒÞÓÞ ÒÕÚâÞàÐk = p=~:

1
p

L
eikx =

1
p

L
eik (x+ L ) ) eikL = 1 :

¾âáîÔÐ ßÞÛãçÐÕÜ, çâÞ ÒÞÛÝÞÒÞÙ ÒÕÚâÞàk íÛÕÚâàÞÝÐ Ò ÚÞÛìæÕ ÔÞÛÖÕÝ ãÔÞ-
ÒÛÕâÒÞàïâì áÛÕÔãîéÕÜã ãáÛÞÒØî:cos(kL) = 1 . ÍâÞ ãàÐÒÝÕÝØÕ ØÜÕÕâ ÔØá-
ÚàÕâÝëÙ ÝÐÑÞà àÕèÕÝØÙ:

kn =
2�
L

n ; n = 0; � 1; � 2; � 3; � � � : (9.6)
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ÁÛÕÔÞÒÐâÕÛìÝÞ, ÒÞÛÝÞÒÞÙ ÒÕÚâÞà íÛÕÚâàÞÝÐ Ò ÚÞÛìæÕ ÜÞÖÕâ ßàØÝØÜÐâì
âÞÛìÚÞ äØÚáØàÞÒÐÝÝëÕ ÔØáÚàÕâÝëÕ ×ÝÐçÕÝØï,k = kn. ´àãÓØÜØ áÛÞÒÐÜØ,
âÞÛìÚÞ ×ÝÐçÕÝØïkn àÐ×àÕèÕÝë ÔÛï ÒÞÛÝÞÒÞÓÞ ÒÕÚâÞàÐ íÛÕÚâàÞÝÐ Ò ÚÞÛì-
æÕ.

ÀÐ×àÕèÕÝÝëÕ ×ÝÐçÕÝØï íÝÕàÓØØEn = ~2k2
n=(2me) áÛÕÔãîéØÕ:

En =
h2n2

2meL2 : (9.7)

ÁÛÕÔãÕâ ÞâÜÕâØâì, çâÞ íÝÕàÓØï ãàÞÒÝïn ÝÕ ×ÐÒØáØâ Þâ ÝÐßàÐÒÛÕÝØï ÔÒØ-
ÖÕÝØï, âÞ Õáâì Þâ ×ÝÐÚÐn:

En = E � n : (9.8)

² âÐÚÞÜ áÛãçÐÕ ÓÞÒÞàïâ, çâÞ ãàÞÒÕÝì íÝÕàÓØØ (ÔÒãÚàÐâÝÞ) ÒëàÞÖÔÕÝ. ÍâÞ
ÚØÝÕÜÐâØçÕáÚÞÕ ÒëàÞÖÔÕÝØÕ Òë×ÒÐÝÞ íÚÒØÒÐÛÕÝâÝÞáâìî ÔÒØÖÕÝØï ßÞ çÐ-
áÞÒÞÙ áâàÕÛÚÕ Ø ÔÒØÖÕÝØï ßàÞâØÒ çÐáÞÒÞÙ áâàÕÛÚØ. µáÛØ ãçÕáâì áßØÝ íÛÕÚ-
âàÞÝÐ, âÞ ÚØÝÕÜÐâØçÕáÚÞÕ ÒëàÞÖÔÕÝØÕ ÔÞÛÖÝÞ Ñëâì ÔÞßÞÛÝÕÝÞÔÒãÚàÐâ-
ÝëÜ ÒëàÞÖÔÕÝØÕÜ ßÞ áßØÝã. ÁÛÕÔÞÒÐâÕÛìÝÞ, ãàÞÒÝØ íÝÕàÓØØ íÛÕÚâàÞÝÞÒ
Ò ÑÐÛÛØáâØçÕáÚÞÜ ÚÞÛìæÕ çÕâëàÕåÚàÐâÝÞ ÒëàÞÖÔÕÝë. ¼ë ÝÕ ÑãÔÕÜ ãçØ-
âëÒÐâì áßØÝ íÛÕÚâàÞÝÐ, ßÞíâÞÜã ÑãÔÕÜ ÓÞÒÞàØâì âÞÛìÚÞ Þ ÚØÝÕÜÐâØçÕáÚÞÜ
ÒëàÞÖÔÕÝØØ.

¾âÜÕâØÜ, çâÞ, ÕáÛØ ãàÞÒÕÝì íÝÕàÓØØ, áÞÞâÒÕâáâÒãîéØÙ ÚÐÚÞÜã-ÛØÑÞ
n, ×ÐÝïâ íÛÕÚâàÞÝÞÜ, âÞ Ø ãàÞÒÕÝì íÝÕàÓØØ, áÞÞâÒÕâáâÒãîéØÙ ßàÞâØÒÞ-
ßÞÛÞÖÝÞÜã ÝÐßàÐÒÛÕÝØî ÔÒØÖÕÝØï, âÞ Õáâì� n, âÞÖÕ ×ÐÝïâ. ÃÖÕ ÞâáîÔÐ
ÜÞÖÝÞ ×ÐÚÛîçØâì, çâÞ ßÞÛÝëÙ âÞÚ Ò ÚÞÛìæÕ ÑãÔÕâ àÐÒÕÝ ÝãÛî, ßÞáÚÞÛì-
Úã âÞÚ, áÞ×ÔÐÒÐÕÜëÙ íÛÕÚâàÞÝÞÜ, ÔÒØÖãéØÜáï ßÞ çÐáÞÒÞÙ áâàÕÛÚÕ, ÑãÔÕâ
Ò âÞçÝÞáâØ áÚÞÜßÕÝáØàÞÒÐÝ âÞÚÞÜ, áÞ×ÔÐÒÐÕÜëÜ ÔàãÓØÜ íÛÕÚâàÞÝÞÒ, ÔÒØ-
ÖãéØÜáï ßàÞâØÒ çÐáÞÒÞÙ áâàÕÛÚØ.

ÂÐÚÐï ÚÞÜßÕÝáÐæØï áÒï×ÐÝÐ á âÕÜ, çâÞ ÞÑÐ áÞáâÞïÝØï ØÜÕîâ ÞÔØÝÐ-
ÚÞÒãî íÝÕàÓØî. ² àÕ×ãÛìâÐâÕ íâÞÓÞ, ÒÞ-ßÕàÒëå, ÞÑÐ áÞáâÞïÝØï ØÛØ ×ÐÝïâë
ØÛØ áÒÞÑÞÔÝë ÞÔÝÞÒàÕÜÕÝÝÞ Ø, ÒÞ-ÒâÞàëå, ÕáÛØ íâØ áÞáâÞïÝØï×ÐÝïâë, âÞ
ÞÝØ ÒÝÞáïâ ÞÔØÝÐÚÞÒëÙ ßÞ ÐÑáÞÛîâÝÞÙ ÒÕÛØçØÝÕ ÒÚÛÐÔ Ò âÞÚ, ßÞáÚÞÛì-
Úã âÞÚ ßàÞßÞàæØÞÝÐÛÕÝ áÚÞàÞáâØ, Ð áÚÞàÞáâØ ÞÔØÝÐÚÞÒë, ÕáÛØÞÔØÝÐÚÞ-
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Òë íÝÕàÓØØ. ¿ÞÔâÒÕàÔØÜ íâØ ÚÐçÕáâÒÕÝÝëÕ àÐááãÖÔÕÝØï äÞàÜÐÛìÝëÜ Òë-
çØáÛÕÝØÕÜ.

9.1.2. ÂÞÚ ÕÔØÝØçÝÞÓÞ ÚÒÐÝâÞÒÞÓÞ áÞáâÞïÝØï

ÀÐááÜÞâàØÜ ÚÒÐÝâÞÒÞ-ÜÕåÐÝØçÕáÚÞÕ ÒëàÐÖÕÝØÕ ÔÛï âÞÚÐ:

I [ ] = �
e~
me

Im
�
 

d �

dx

�
; (9.9)

Ø ßÞÔáâÐÒØÜ áîÔÐ ÒÞÛÝÞÒãî äãÝÚæØî (9.5) á ÒÞÛÝÞÒëÜ ÒÕÚâÞàÞÜ (9.6). ²
àÕ×ãÛìâÐâÕ ßÞÛãçØÜ:

I n =
ehn

meL2 =
evn

L
; (9.10)

ÓÔÕ

vn =
pn

me
=

~kn

me
=

hn
meL

: (9.11)

Õáâì áÚÞàÞáâì íÛÕÚâàÞÝÐ Ò áÞáâÞïÝØØ á ÚÒÐÝâÞÒëÜ çØáÛÞÜn.

9.1.3. ¿ÞÛÝëÙ âÞÚ Ò ÚÞÛìæÕ

´Ûï ÞßàÕÔÕÛÕÝØï ßÞÛÝÞÓÞ âÞÚÐI , ßàÞâÕÚÐîéÕÓÞ Ò ÚÞÛìæÕ Üë ÔÞÛÖÝë
ßàÞáãÜÜØàÞÒÐâì ßÞ ÒáÕÜ ×ÐÝïâëÜ áÞáâÞïÝØïÜ:

I =
1X

n= �1

I nf 0(En) =
1X

n= �1

eh
meL2 n f 0(En) : (9.12)

ÄãÝÚæØï àÐáßàÕÔÕÛÕÝØï ÄÕàÜØf 0(En) ßÞÚÐ×ëÒÐÕâ ÚÐÚÞÒÐ ÒÕàÞïâÝÞáâì
×ÐßÞÛÝÕÝØï áÞáâÞïÝØï á íÝÕàÓØÕÙEn. ÃçâÕÜ, çâÞEn = E � n Ø ßÕàÕßØèÕÜ
ÒëàÐÖÕÝØÕ ÔÛï âÞÚÐ Ò áÛÕÔãîéÕÜ ÒØÔÕ:

I =
1X

n=1

eh
meL2f (En)(n + ( � n)) � 0: (9.13)
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ÂÐÚØÜ ÞÑàÐ×ÞÜ, ßÞÛÝëÙ âÞÚ Ò ÚÞÛìæÕ ÑÕ× ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ âÞÖÔÕáâÒÕÝÝÞ
àÐÒÕÝ ÝãÛî.

¿ÞÔçÕàÚÝÕÜ, çâÞ ÝãÛÕÒÞÕ ×ÝÐçÕÝØÕ ßÞÛÝÞÓÞ âÞÚÐ áÒï×ÐÝÞ á ÚÞÜßÕÝáÐ-
æØÕÙ çÐáâØçÝëå âÞÚÞÒ, âÕÚãéØå Ò ÞâÔÕÛìÝëå ÚÒÐÝâÞÒëå áÞáâÞïÝØïå. ÍâÞ
ÝÕ Þ×ÝÐçÐÕâ, çâÞ Ò ÚÞÛìæÕ ÝÕâ ÝØÚÐÚÞÓÞ ÔÒØÖÕÝØï. ´ÒØÖÕÝØÕ Õáâì, ÞÔÝÐÚÞ,
Ò áØÛã áØÜÜÕâàØØ áÒÞÙáâÒ íÛÕÚâàÞÝÝÞÙ áØáâÕÜë ÞâÝÞáØâÕÛìÝÞØÝÒÕàáØØ
ÝÐßàÐÒÛÕÝØï ÔÒØÖÕÝØï, âÞÚ Ò ÚÞÛìæÕ ÑÕ× ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ ÞâáãâáâÒãÕâ.

¸áåÞÔï Ø× âÐÚÞÙ ÚÐàâØÝë ÜÞÖÝÞ ÞÖØÔÐâì, çâÞ ÕáÛØ ÝÐàãèØâì âÐÚãî
áØÜÜÕâàØî, âÞ Ò ÚÞÛìæÕ ßÞïÒØâáï æØàÚãÛØàãîéØÙ âÞÚ. ¸ íâÞ Ò áÐÜÞÜ ÔÕÛÕ
ÞÚÐ×ëÒÐÕâáï âÐÚ.

9.2. ºÞÛìæÞ, ßàÞÝØ×ÐÝÝÞÕ ÜÐÓÝØâÝëÜ ßÞâÞÚÞÜ

¾ÔØÝ Ø× ßàÞáâÕÙèØå áßÞáÞÑÞÒ ÝÐàãèØâì ÒàÐéÐâÕÛìÝãî áØÜÜÕâàØî,
íâÞ ßÞÜÕáâØâì ÚÞÛìæÞ Ò ßÕàßÕÝÔØÚãÛïàÝÞÕ ßÛÞáÚÞáâØ ÚÞÛìæÐ ÜÐÓÝØâÝÞÕ
ßÞÛÕ, àØá.9.3.

½Ðá ÑãÔÕâ ØÝâÕàÕáÞÒÐâì ÒÛØïÝØÕ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ, áÞ×ÔÐÝÝÞÓÞ ÜÐÓ-
ÝØâÝëÜ ßÞÛÕÜ, ÝÐ âÞÚ Ò ÚÞÛìæÕ. ÂÐÚÞÕ ÒÛØïÝØÕ, äÐÚâØçÕáÚØ, ÞÑãáÛÞÒÛÕÝÞ
íääÕÚâÞÜ °ÐàÞÝÞÒÐ-±ÞÜÐ, ÒÞ×ÝØÚÐîéØÜ ÒáÛÕÔáâÒØÕ âÞÓÞ, çâÞÒÕÚâÞàÝëÙ
ßÞâÕÝæØÐÛ ÒÝÞáØâ ÒÚÛÐÔ Ò äÐ×ã ÒÞÛÝÞÒÞÙ äãÝÚæØØ íÛÕÚâàÞÝÐ. ¾âÜÕâØÜ,
çâÞ ÔÛï áâàÞÓÞ ÞÔÝÞÜÕàÝÞÓÞ ÚÞÛìæÐ ÒÛØïÝØÕ ÜÐÓÝØâÝÞÓÞ ßÞÛï áÒÞÔØâáï
ØáÚÛîçØâÕÛìÝÞ Ú íääÕÚâã °ÐàÞÝÞÒÐ-±ÞÜÐ, ÕáÛØ ÝÕ ãçØâëÒÐâì áßØÝ íÛÕÚ-
âàÞÝÐ Ø, áÞÞâÒÕâáâÒÕÝÝÞ, àÐáéÕßÛÕÝØÕ ·ÕÕÜÐÝÐ. µáÛØ ÖÕ ÚÞÛìæÞ ÚÒÐ×Ø-
ÞÔÝÞÜÕàÝÞÕ, âÞ Õáâì ØÜÕÕâ ÚÞÝÕçÝãî èØàØÝãL y 6= 0, âÞ ÔÞßÞÛÝØâÕÛìÝÞÕ
ÒÛØïÝØÕ ÜÐÓÝØâÝÞÓÞ ßÞÛï ÝÐ ÚØÝÕÜÐâØÚã íÛÕÚâàÞÝÞÒ Ò ÚÞÛìæÕ ßàÞïÒÛïÕâ-
áï, Ò âÐÚØå ßÞÛïåBc, ÚÞÓÔÐ æØÚÛÞâàÞÝÝëÙ àÐÔØãár c (âÞ Õáâì, àÐÔØãá ÚÛÐá-
áØçÕáÚÞÙ ÞàÑØâë íÛÕÚâàÞÝÐ Ò ÜÐÓÝØâÝÞÜ ßÞÛÕ) áàÐÒÝØÒÐÕâáï áèØàØÝÞÙ
ÚÞÛìæÐ,r c � L y.

¾æÕÝØÜ ÒÕÛØçØÝã ÜÐÓÝØâÝÞÓÞ ßÞÛïBAB , ßàØ ÚÞâÞàÞÜ ßàÞïÒÛïÕâáï
íääÕÚâ °ÐàÞÝÞÒÐ-±ÞÜÐ, Ø ßÞÛïBc, ßàØ ÚÞâÞàÞÜ ÝÐçØÝÐÕâ áÚÐ×ëÒÐâìáï
ÔØÝÐÜØçÕáÚÞÕ, áØÛÞÒÞÕ ÒÛØïÝØÕ ÜÐÓÝØâÝÞÓÞ ßÞÛï.

ºÐÚ Üë ãÖÕ ÞÑáãÖÔÐÛØ, íääÕÚâ °ÐàÞÝÞÒÐ-±ÞÜÐ ßàØÒÞÔØâ Ú ×ÐÒØ-
áØÜÞáâØ äØ×ØçÕáÚØå ÒÕÛØçØÝ Þâ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ á ßÕàØÞÔÞÜ� 0 = h=e,
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x

F 

x=L x=0

A = FL
ÀØá. 9.3. ¼ÐÓÝØâÝëÙ ßÞâÞÚ� , ÝÐßàÐÒÛÕÝÝëÙ ßÕàßÕÝÔØÚãÛïàÝÞ
ßÛÞáÚÞáâØ ÚÞÛìæÐ, áÞ×ÔÐÕâ ÒÕÚâÞàÝëÙ ßÞâÕÝæØÐÛA = � =L, ÝÐ-
ßàÐÒÛÕÝÝëÙ ÒÔÞÛì ßÕàØÜÕâàÐ ÚÞÛìæÐ. ½ÐßàÐÒÛÕÝØÕ ÜÐÓÝØâÝÞÓÞ
ßÞâÞÚÐ� Ø ÒÕÚâÞàÝÞÓÞ ßÞâÕÝæØÐÛÐA ßÞÚÐ×ÐÝÞ ÝÐ àØáãÝÚÕ áÞÞâ-
ÒÕâáâÒãîéØÜØ áâàÕÛÚÐÜØ. ¾áâÐÛìÝëÕ ÞÑÞ×ÝÐçÕÝØï âÕ ÖÕ, çâÞ ØÝÐ
àØá.9.2

ßÞíâÞÜã åÐàÐÚâÕàÝÞÕ ßÞÛÕBAB ÜÞÖÝÞ ÞæÕÝØâì áÛÕÔãîéØÜ ÞÑàÐ×ÞÜ (ÒÞ×ì-
ÜÕÜ àÐÔØãá ÚÞÛìæÐR = 10� 6 Ü):

BS � � 0 ) BAB �
4�h
eL2

;

BAB � 4� 6:62� 10� 34

1:6� 10� 19 4� 2� 10� 12 ´Ö �c/(ºÛ Ü 2) � 10� 3 T = 10 � c.

·ÔÕáì ßÛÞéÐÔì ÚÞÛìæÐS = L2=(4� ).
¾æÕÝØÜ ÒÕÛØçØÝãBc, ÕáÛØ èØàØÝÐ ÚÞÛìæÐ àÐÒÝÐ,L y = 0:1R. ´Ûï

íÛÕÚâàÞÝÞÒ ÔÒãÜÕàÝÞÓÞ ÓÐ×Ð Ò ÓÕâÕàÞáâàãÚâãàÕ GaAs/ALGaAs íääÕÚâØÒ-
ÝÐï ÜÐááÐm� = 0:067me, íÝÕàÓØï ÄÕàÜØ� 2D � 10Üí², áÛÕÔÞÒÐâÕÛìÝÞ,
äÕàÜØÕÒáÚØÙ ØÜßãÛìá àÐÒÕÝ (pF = h=� F , � F � 47� 10� 9 Ü):
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pF =
p

2m� � 2D

�
�
2 � 0:067� 9:1 � 10� 31 � 10� 10� 3 � 1:6 � 10� 19

� 1
2 (ÚÓ� ºÛ � ²)

1
2

� 10� 26 ÚÓ� Ü/á .

ÆØÚÛÞâàÞÝÝëÙ àÐÔØãá ÔÛï íÛÕÚâàÞÝÐ á íÝÕàÓØÕÙ ÄÕàÜØ (ØÜÕÝÝÞçÐáâØæë
á íÝÕàÓØÕÙ ÒÑÛØ×Ø íÝÕàÓØØ ÄÕàÜØ ÒÝÞáïâ ÞáÝÞÒÝÞÙ ÒÚÛÐÔ Ò ßÕàáØáâÕÝâ-
ÝëÙ âÞÚ) Õáâì:

r c =
m� vF

eB
� L y ) Bc �

pF

eLy
;

Bc � 10� 26

1:6� 10� 190:1� 2� � 10� 6 ÚÓ� Ü/(á�ºÛ � Ü) � 0:1T= 1000³á.

¼ë ÒØÔØÜ, çâÞBc � BAB . ¸ íâÞ àÐÒÕÝáâÒÞ ÒëßÞÛÝïÕâáï âÕÜ ÛãçèÕ, çÕÜ
ãÖÕ ÚÞÛìæÞ, â.Õ., çÕÜ ÜÕÝìèÕ ÞâÝÞèÕÝØÕL y=R.

ÁÛÕÔÞÒÐâÕÛìÝÞ, Ò ÝÕ ÞçÕÝì áØÛìÝÞÜ ÜÐÓÝØâÝÞÜ ßÞÛÕ ÒÐÖÕÝ âÞÛìÚÞ
íääÕÚâ °ÐàÞÝÞÒÐ-±ÞÜÐ Ø Üë ÜÞÖÕÜ áçØâÐâì, çâÞ ÚÞÛìæÞ ßàÞÝØ×ÐÝÞ ÜÐÓ-
ÝØâÝëÜ ßÞâÞÚÞÜ, ÞâÒÛÕÚÐïáì Þâ áØÛÞÒÞÓÞ ÒÞ×ÔÕÙáâÒØï ÜÐÓÝØâÝÞÓÞ ßÞÛï,
áÞ×ÔÐîéÕÓÞ ÜÐÓÝØâÝëÙ ßÞâÞÚ, ÝÐ ÔÒØÖÕÝØÕ íÛÕÚâàÞÝÞÒ Ò ÚÞÛìæÕ.

9.2.1. ÁßÕÚâà íÛÕÚâàÞÝÞÒ

¿ãáâì ÜÐÓÝØâÝëÙ ßÞâÞÚ, ßàÞÝØ×ëÒÐîéØÙ ÚÞÛìæÞ, ÝÐßàÐÒÛÕÝ ÒÔÞÛì
ÞáØ ÚÞÛìæÐ, àØá.9.3. ÂÞÓÔÐ ÒÔÞÛì ßÕàØÜÕâàÐ ÚÞÛìæÐ áãéÕáâÒãÕâ ÒÕÚâÞàÝëÙ
ßÞâÕÝæØÐÛA âÐÚÞÙ, çâÞ:

�

L
Adx = � : (9.14)

² ÚÐçÕáâÒÕ ßÞÛÞÖØâÕÛìÝÞÓÞ Üë ÒëÑÕàÕÜ âÐÚÞÕ ÝÐßàÐÒÛÕÝØÕ ÜÐÓÝØâÝÞÓÞ
ßÞâÞÚÐ, ßàØ ÚÞâÞàÞÜ ÝÐßàÐÒÛÕÝØÕ ÒÕÚâÞàÝÞÓÞ ßÞâÕÝæØÐÛÐ ßàÞâØÒÞßÞÛÞÖ-
ÝÞ ßÞÛÞÖØâÕÛìÝÞÜã ÝÐßàÐÒÛÕÝØî ÞáØ� x� Ò ÚÞÛìæÕ.
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¼ÐÓÝØâÝëÙ ßÞâÞÚ� áÞÞâÒÕâáâÒãÕâ âÐÚÞÜã ÒÕÚâÞàÝÞÜã ßÞâÕÝæØÐÛã:

A =
�
L

; (9.15)

ÝÐßàÐÒÛÕÝÝÞÜã ÒÔÞÛì ßÕàØÜÕâàÐ ÚÞÛìæÐ.
¸× ÚÒÐÝâÞÒÞÙ ÜÕåÐÝØÚØ Ø×ÒÕáâÝÞ [7], çâÞ Ò ßàØáãâáâÒØØ ÒÕÚâÞàÝÞÓÞ

ßÞâÕÝæØÐÛÐ ÞßÕàÐâÞà ØÜßãÛìáÐp̂x ÔÛï çÐáâØæ á ×ÐàïÔÞÜe ØÜÕÕâ áÛÕÔãî-
éØÙ ÒØÔ:

p̂x = � i~
d
dx

� eA : (9.16)

¿àØ íâÞÜ áâÐæØÞÝÐàÝÞÕ ÞÔÝÞÜÕàÝÞÕ ãàÐÒÝÕÝØÕ ÈàÕÔØÝÓÕàÐ Õáâì:

p̂2
x

2me
 � �

~2

2me

�
d
dx

� 2�i
�
� 0

1
L

� 2

 = E : (9.17)

² ßàØÒÕÔÕÝÝÞÜ ãàÐÒÝÕÝØØ Üë ãçÛØ, çâÞ ×ÐàïÔ íÛÕÚâàÞÝÐ ÞâàØæÐâÕÛÕÝ Ø
àÐÒÕÝ� e < 0.

²ÞÛÝÞÒÐï äãÝÚæØï ÔÞÛÖÝÐ ãÔÞÒÛÕâÒÞàïâì ãáÛÞÒØî ßÕàØÞÔØçÝÞáâØ
(9.3),  (x) =  (x + L), Ø ãáÛÞÒØî ÝÞàÜØàÞÒÚØ (9.4),

� L
0 dxj (x)j2 = 1.

¿àØ àÕèÕÝØØ ãàÐÒÝÕÝØï (9.17) ßÞáâãßØÜ âÐÚÖÕ, ÚÐÚ Üë ãÖÕ ßÞáâã-
ßÐÛØ, àÐááÜÐâàØÒÐï íÛÕÚâàÞßàÞÒÞÔÝÞáâì ÚÞÛìæÐ á ÜÐÓÝØâÝëÜßÞâÞÚÞÜ. °
ØÜÕÝÝÞ, ãáâàÐÝØÜ ÒÕÚâÞàÝëÙ ßÞâÕÝæØÐÛ Ø× ãàÐÒÝÕÝØï ÈàÕÔØÝÓÕàÐ á ßÞ-
ÜÞéìî äÐ×ÞÒÞÓÞ ßàÕÞÑàÐ×ÞÒÐÝØï ÔÛï ÒÞÛÝÞÒÞÙ äãÝÚæØØ. ´àãÓØÜØ áÛÞÒÐ-
ÜØ, Üë ÒÒÞÔØÜ ÝÞÒãî äãÝÚæØî:

' (x) = e� i 2� �
� 0

x
L  (x) : (9.18)

ÚÞâÞàÐï ãÔÞÒÛÕâÒÞàïÕâ áÛÕÔãîéÕÙ ÓàÐÝØçÝÞÙ ×ÐÔÐçÕ:

�
~2

2me

d2

d2x
' = E' ; (9.19)

' (x + L) = e� i 2� �
� 0 ' (x) ; (9.20)
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L
�

0

dxj' (x)j2 = 1 : (9.21)

¼ë ÒØÔØÜ, çâÞ ÜÐÓÝØâÝëÙ ßÞâÞÚ� ßÕàÕÜÕáâØÛáï� Ø× ãàÐÒÝÕÝØï ÈàÕÔØÝ-
ÓÕàÐ Ò ÓàÐÝØçÝÞÕ ãáÛÞÒØÕ. ÍâÞ ßÞ×ÒÞÛïÕâ ÝÐ×ÒÐâì íääÕÚâ °ÐàÞÝÞÒÐ-±ÞÜÐ
âÞßÞÛÞÓØçÕáÚØÜ íääÕÚâÞÜ, ßÞáÚÞÛìÚã ÞÝ ÞÑãáÛÞÒÛÕÝ ÝÕâàØÒØÐÛìÝëÜØ ÓàÐ-
ÝØçÝëÜØ ãáÛÞÒØïÜØ, ÒÞ×ÝØÚÐîéØÜØ ßàØ ÝÐÛØçØØ ÔÒãáÒï×ÝÞÙ, âÞ Õáâì âÞ-
ßÞÛÞÓØçÕáÚØ ÝÕâàØÒØÐÛìÝÞÙ, ÓÕÞÜÕâàØØ ÞÑàÐ×æÐ.

² çÕÜ àÐ×ÝØæÐ Ø Ò çÕÜ áåÞÔáâÒÞ ÜÕÖÔã ØáåÞÔÝÞÙ ÒÞÛÝÞÒÞÙ äãÝÚæØÕÙ
 , Ø ÝÞÒÞÙ äãÝÚæØÕÙ' , (9.18)? ÁàÐ×ã ßÞÔçÕàÚÝÕÜ, çâÞ ØáâØÝÝÞÙ ÒÞÛÝÞÒÞÙ
äãÝÚæØÕÙ ïÒÛïÕâáï . ² çÐáâÝÞáâØ ÞÝÐ ãÔÞÒÛÕâÒÞàïÕâ ØÝâãØâØÒÝÞ ßÞÝïâ-
ÝÞÜã ãáÛÞÒØî ßÕàØÞÔØçÝÞáâØ Ò ÚÞÛìæÕ, (9.3).

¾ÑéØÕ áÒÞÙáâÒÐ ÔÛï (x) Ø' (x).
1) ºÒÐÔàÐâ ßÞ ÜÞÔãÛî ÞßàÕÔÕÛïÕâ ßÛÞâÝÞáâì ÒÕàÞïâÝÞáâØ, ßÞíâÞÜã

ãáÛÞÒØï ÝÞàÜØàÞÒÚØ, (9.4) Ø (9.21), ÞÔØÝÐÚÞÒëÕ.
2) ¾ÑÕ äãÝÚæØØ áÞÞâÒÕâáâÒãîâ ÞÔÝÞÙ Ø âÞÙ ÖÕ íÝÕàÓØØE, çâÞ áÛÕÔãÕâ

Ø× ãàÐÒÝÕÝØÙ (9.17) Ø (9.19).
ÀÐ×ÛØçØï ÜÕÖÔã (x) Ø' (x).
1) ÍâØ äãÝÚæØØ ïÒÛïîâáï àÕèÕÝØïÜØ ÔÛï àÐ×Ýëå ãàÐÒÝÕÝØÙ, áÜÞâàØ

(9.17) Ø (9.19).
2) ÄãÝÚæØØ (x) Ø' (x) ãÔÞÒÛÕâÒÞàïîâ àÐ×ÛØçÝëÜ ãáÛÞÒØïÜ ßÕàØÞ-

ÔØçÝÞáâØ Ò ÚÞÛìæÕ. ² âÞ ÒàÕÜï ÚÐÚ äãÝÚæØï (x) ãÔÞÒÛÕâÒÞàïÕâ ÝÞàÜÐÛì-
ÝÞÜã ãáÛÞÒØî ßÕàØÞÔØçÝÞáâØ, (9.3), äãÝÚæØï' (x) ãÔÞÒÛÕâÒÞàïÕâ ÐÝÞÜÐÛì-
ÝÞÜã ãáÛÞÒØî ßÕàØÞÔØçÝÞáâØ, (9.20), ÚÞâÞàÞÕ ×ÐÒØáØâ Þâ ÒÕÛØçØÝë ÜÐÓ-
ÝØâÝÞÓÞ ßÞâÞÚÐ� . ÂÐÚ, ÝÐßàØÜÕà, ÕáÛØ ÜÐÓÝØâÝëÙ ßÞâÞÚ àÐÒÕÝ æÕÛÞÜã
çØáÛã ÚÒÐÝâÞÒ, âÞ äãÝÚæØï' (x) ãÔÞÒÛÕâÒÞàïÕâ áØÜÜÕâàØçÝÞÜã ãáÛÞÒØî
ßÕàØÞÔØçÝÞáâØ:

� = n� 0 ) ' (x) = ' (x + L) :

µáÛØ ÖÕ ÜÐÓÝØâÝëÙ ßÞâÞÚ àÐÒÕÝ ßÞÛãæÕÛÞÜã çØáÛã ÚÒÐÝâÞÒ, âÞ äãÝÚæØï
' (x) ãÔÞÒÛÕâÒÞàïÕâ ÐÝâØáØÜÜÕâàØçÝÞÜã ãáÛÞÒØî ßÕàØÞÔØçÝÞáâØ:
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� =
� 0

2
+ n� 0 ) ' (x) = � ' (x + L) :

ÄÐÚâØçÕáÚØ, Üë ÒÒÕÛØ äãÝÚæØî' (x) Ø× áÞÞÑàÐÖÕÝØÙ ãÔÞÑáâÒÐ, ßÞ-
áÚÞÛìÚã ãàÐÒÝÕÝØÕ ÈàÕÔØÝÓÕàÐ ãßàÞéÐÕâáï. ¾ÔÝÐÚÞ ×Ð íâÞ ãßàÞéÕÝØÕ
ßàØåÞÔØâáï ßÛÐâØâì ãáÛÞÖÝÕÝØÕÜ ÓàÐÝØçÝëå ãáÛÞÒØÙ.

¸âÐÚ, ÝÞàÜØàÞÒÐÝÝÞÕ àÕèÕÝØÕ ãàÐÒÝÕÝØï (9.19), ãÔÞÒÛÕâÒÞàïîéÕÕ
ãáÛÞÒØî ßÕàØÞÔØçÝÞáâØ (9.20), Õáâì:

' n(x) = 1p
L

eik n xe� i 2� �
� 0

x
L ;

kn = 2�
L n ; n = 0; � 1; � 2; � 3; � � � ;

En = h2

2meL 2

�
n � �

� 0

� 2
:

(9.22)

¿àØÒÕÔÕÜ âÐÚÖÕ ØáåÞÔÝãî ÒÞÛÝÞÒãî äãÝÚæØî íÛÕÚâàÞÝÐ:

 n(x) =
1

p
L

eik n x : (9.23)

ÁÛÕÔãÕâ ÞâÜÕâØâì, çâÞ ÒÕÛØçØÝÐkn ãÖÕ ÝÕ ïÒÛïÕâáï ÒÞÛÝÞÒëÜ ÒÕÚâÞàÞÜ
íÛÕÚâàÞÝÐ, Ð Õáâì ßàÞáâÞ äÞàÜÐÛìÝëÙ ßÐàÐÜÕâà. ²ÞÛÝÞÒÞÙ ÖÕ ÒÕÚâÞà, (9.16),
ÚÞâÞàëÙ ÞßàÕÔÕÛïÕâ áÚÞàÞáâì íÛÕÚâàÞÝÐ, Õáâì:

K n =
pn

~
=

2�
L

�
n �

�
� 0

�
:

¼ÐÓÝØâÝëÙ ßÞâÞÚ� ïÒÝÞ ÝÕ ÒåÞÔØâ Ò ÒëàÐÖÕÝØÕ ÔÛï ÒÞÛÝÞÒÞÙ äãÝÚæØØ
 n(x). ¾ÔÝÐÚÞ íÝÕàÓØïEn áÞáâÞïÝØï, ÚÞâÞàÞÜã áÞÞâÒÕâáâÒãÕâ ÒÞÛÝÞÒÐï
äãÝÚæØï n(x), ×ÐÒØáØâ Þâ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ,En = En(�) .

¸× ãàÐÒÝÕÝØï (9.22) ÒØÔÝÞ, çâÞ Ò ßàØáãâáâÒØØ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ ãàÞÒ-
ÝØ íÝÕàÓØØ ÞÚÐ×ëÒÐîâáï ÝÕ ÒëàÞÖÔÕÝÝëÜØ,� áØÜÜÕâàØï ÞâÝÞáØâÕÛìÝÞ
Ø×ÜÕÝÕÝØï ÝÐßàÐÒÛÕÝØï ÒàÐéÕÝØï ÝÐàãèÕÝÐ ÜÐÓÝØâÝëÜ ßÞâÞÚÞÜ:

En(�) 6= E � n(�) : (9.24)
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 1

=1

-1 -0,5 0,5

En

=-1n =0n n

F/F 0

ÀØá. 9.4. ·ÐÒØáØÜÞáâì íÝÕàÓØØEn (ÔÛïn = � 1; 0; +1) ÚÒÐÝâÞÒëå
ãàÞÒÝÕÙ Ò ÞÔÝÞÜÕàÝÞÜ ÚÞÛìæÕ Þâ ÒÕÛØçØÝë ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ� ,
ßàÞÝØ×ëÒÐîéÕÓÞ ßÛÞáÚÞáâì ÚÞÛìæÐ.� 0 = h=e� ÚÒÐÝâ ÜÐÓÝØâÝÞÓÞ
ßÞâÞÚÐ

ÂÐÚØÜ ÞÑàÐ×ÞÜ, ÔÒãÚàÐâÝÞ ÒëàÞÖÔÕÝÝëÙ ãàÞÒÕÝì Ò ßàØáãâáâÒØØ ÜÐÓÝØâ-
ÝÞÓÞ ßÞâÞÚÐ àÐáéÕßÛïÕâáï ÝÐ ÔÒÐ ÝÕÒëàÞÖÔÕÝÝëå ãàÞÒÝï, àØá.9.4. ¿àØ
íâÞÜ íÝÕàÓØï ãàÞÒÝï, áÞÞâÒÕâáâÒãîéÕÓÞ ÔÒØÖÕÝØî ßÞ çÐáÞÒÞÙáâàÕÛÚÕ,
n > 0, ßÞÝØÖÐÕâáï, Ð íÝÕàÓØï ãàÞÒÝï, áÞÞâÒÕâáâÒãîéÕÓÞ ÔÒØÖÕÝØîßàÞ-
âØÒ çÐáÞÒÞÙ áâàÕÛÚØ,� n < 0, ßÞÒëèÐÕâáï:

E � n � En = n
4h2

2meL2

�
� 0

:

¿àØ Ø×ÜÕÝÕÝØØ ×ÝÐÚÐ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ ÝÐ ßàÞâØÒÞßÞÛÞÖÝëÙ,Ñ�ÞÛìèãî
íÝÕàÓØî ÑãÔÕâ ØÜÕâì ãàÞÒÕÝì á ßÞÛÞÖØâÕÛìÝëÜn.

ÂÐÚÞÕ àÐáéÕßÛÕÝØÕ ãàÞÒÝÕÙ Ò ßàØáãâáâÒØØ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐßàØ-
ÒÞÔØâ Ú âÞÜã, çâÞ Ò ÚÞÛìæÕ ßÞïÒÛïÕâáï âÞÚ. ÍâÞ âÕàÜÞÔØÝÐÜØçÕáÚØ àÐÒ-
ÝÞÒÕáÝëÙ âÞÚ, ÝÕ ×ÐâãåÐîéØÙ Ø ÑÕ×ÔØááØßÐâØÒÝëÙ, âÞ Õáâì ßàÞâÕÚÐîéØÙ
ÑÕ× ÒëÔÕÛÕÝØï ÔÖÞãÛÕÒÐ âÕßÛÐ.

¿àØçØÝÐ ßÞïÒÛÕÝØï âÞÚÐ áÞáâÞØâ Ò âÞÜ, çâÞ ÚÒÐÝâÞÒÞÜÕåÐÝØçÕáÚØÕ
âÞÚØ, áÞÞâÒÕâáâÒãîéØÕ ÔÒØÖÕÝØî íÛÕÚâàÞÝÞÒ Ò ßàÞâØÒÞßÞÛÞÖÝëå ÝÐßàÐÒ-
ÛÕÝØïå, ÝÕ ÚÞÜßÕÝáØàãîâ ÔàãÓ ÔàãÓÐ. ÀÐÒÝÞÒÕáÝÞáâì âÞÚÐ áÞáâÞØâ Ò âÞÜ,
çâÞ ÔÛï ßÞÔÔÕàÖÐÝØï âÞÚÐ ÝÕ ÝãÖÝÐ íÛÕÚâàÞÔÒØÖãéÐï áØÛÐ.
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9.2.2. ÂÞÚ ÕÔØÝØçÝÞÓÞ ÚÒÐÝâÞÒÞÓÞ áÞáâÞïÝØï

²ëçØáÛØÜ âÞÚ, ßÕàÕÝÞáØÜëÙ íÛÕÚâàÞÝÞÜ Ò ÚÒÐÝâÞÒÞÜ áÞáâÞïÝØØ á
ÒÞÛÝÞÒÞÙ äãÝÚæØÕÙ (x). ² ßàØáãâáâÒØØ ÒÕÚâÞàÝÞÓÞ ßÞâÕÝæØÐÛÐA = � =L
ÒëàÐÖÕÝØÕ ÔÛï âÞÚÐ ØÜÕÕâ áÛÕÔãîéØÙ ÒØÔ:

I [ ] = �
e~
me

Im
�
 

d �

dx

�
�

e2

me
Aj j2 : (9.25)

¿ÞÔáâÐÒØÜ áîÔÐ ÒÞÛÝÞÒãî äãÝÚæØî , ÒëàÐÖÕÝÝãî çÕàÕ×' , (9.18),  (x) =
ei 2� �

� 0
x
L ' (x), Ø ßÞÛãçØÜ:

I [' ] = �
e~
me

Im
�
'

d' �

dx

�
: (9.26)

¾ÑàÐâØÜ ÒÝØÜÐÝØÕ, çâÞ âÐÚÖÕ, ÚÐÚ Ø ãàÐÒÝÕÝØÕ ÈàÕÔØÝÓÕàÐ (9.19), ÒëàÐ-
ÖÕÝØÕ ÔÛï âÞÚÐ, ×ÐßØáÐÝÝÞÕ çÕàÕ× äãÝÚæØî' (x) ÝÕ áÞÔÕàÖØâ ïÒÝÞ ÜÐÓ-
ÝØâÝëÙ ßÞâÞÚ� .

¿ÞÔáâÐÒÛïï' (x), (9.22), Ò ãàÐÒÝÕÝØÕ (9.26), ÝÐÙÔÕÜ âÞÚ:

I n =
eh

meL2

�
n �

�
� 0

�
: (9.27)

¸× ßÞÛãçÕÝÝÞÓÞ ÒëàÐÖÕÝØï ÒØÔÝÞ, çâÞ, Ò ÞâÛØçØÕ Þâ ÚÞÛìæÐ ÑÕ×ÜÐÓÝØâ-
ÝÞÓÞ ßÞâÞÚÐ, Ò àÐááÜÐâàØÒÐÕÜÞÜ áÛãçÐÕ ÔÕÙáâÒØâÕÛìÝÞI n 6= I � n, çâÞ Ø
ßàØÒÞÔØâ Ú ßÞïÒÛÕÝØî ßÕàáØáâÕÝâÝÞÓÞ âÞÚÐ.

¼ë ÒëçØáÛØÛØ âÞÚI n, ØáßÞÛì×ãï ÒëàÐÖÕÝØÕ ÔÛï ÒÞÛÝÞÒÞÙ äãÝÚæØØ.
¾ÔÝÐÚÞ, áàÐÒÝØÒÐï ÒëàÐÖÕÝØÕ ÔÛï âÞÚÐI n, (9.27), á ÒëàÐÖÕÝØÕÜ ÔÛï íÝÕà-
ÓØØEn, (9.22), Üë ÒØÔØÜ, çâÞ âÞÚ ÜÞÖÕâ Ñëâì ÒëçØáÛÕÝ ÚÐÚ Ò×ïâÐï áÞ ×ÝÐ-
ÚÞÜ ÜØÝãá ßàÞØ×ÒÞÔÝÐï Þâ íÝÕàÓØØ ãàÞÒÝï ßÞ ÜÐÓÝØâÝÞÜã ßÞâÞÚã:

I n = �
@En
@�

: (9.28)

¸ÛØ ÔàãÓØÜØ áÛÞÒÐÜØ, ÔÛï ÒëçØáÛÕÝØï âÞÚÐ ÔÞáâÐâÞçÝÞ ×ÝÐâì áßÕÚâà Ø ÝÕ
ÞÑï×ÐâÕÛìÝÞ ÒëçØáÛïâì ÒÞÛÝÞÒëÕ äãÝÚæØØ.
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¼ë ßÞÛãçØÛØ áÞÞâÝÞèÕÝØÕ (9.28) Ò çÐáâÝÞÜ áÛãçÐÕ ÝÕÒ×ÐØÜÞÔÕÙáâÒã-
îéØå íÛÕÚâàÞÝÞÒ Ò ÑÐÛÛØáâØçÕáÚÞÜ ÚÞÛìæÕ. ¾ÔÝÐÚÞ ÒëàÐÖÕÝØÕ(9.28)
ÞáâÐÕâáï áßàÐÒÕÔÛØÒëÜ Ø Ò ÞÑéÕÜ áÛãçÐÕ, ÚÞÓÔÐ Ò ÚÞÛìæÕ Õáâì ßàØÜÕáØ,
ÚÞÓÔÐ íÛÕÚâàÞÝë Ò×ÐØÜÞÔÕÙáâÒãîâ ÜÕÖÔã áÞÑÞÙ Ø á ÔàãÓØÜØ ÚÒÐ×ØçÐáâØ-
æÐÜØ Ò ÚÞÛìæÕ. ¿ÞÛÕ×ÝÞáâì áÞÞâÝÞèÕÝØï (9.28) áÞáâÞØâ Ò âÞÜ, çâÞ, ÚÐÚ
ßàÐÒØÛÞ, ÒëçØáÛØâì áßÕÚâà, Ð âÞçÝÕÕ ÕÓÞ çÐáâì, ×ÐÒØáïéãî ÞâÜÐÓÝØâÝÞÓÞ
ßÞâÞÚÐ, ÞÚÐ×ëÒÐÕâáï ÝÐÜÝÞÓÞ ßàÞéÕ, çÕÜ ÒëçØáÛØâì ÒÞÛÝÞÒëÕäãÝÚæØî.

9.2.3. ¿ÞÛÝëÙ âÞÚ Ò ÚÞÛìæÕ

1. ½ÕßÞáàÕÔáâÒÕÝÝÞÕ ÒëçØáÛÕÝØÕ.´Ûï ÞßàÕÔÕÛÕÝØï ßÞÛÝÞÓÞ âÞÚÐI ,
ßàÞâÕÚÐîéÕÓÞ Ò ÚÞÛìæÕ, ÝÕÞÑåÞÔØÜÞ ßàÞáãÜÜØàÞÒÐâìI n ßÞ ÒáÕÜ ×ÐÝïâëÜ
áÞáâÞïÝØïÜ:

I =
1P

n= �1
I nf 0(En) =

1P

n= �1

�
� @En

@�

�
f 0(En)

= eh
meL 2

1P

n= �1

�
n � �

� 0

�
f 0(En(�)) :

(9.29)

¿ÞÛãçÕÝÝÞÕ ÒëàÐÖÕÝØÕ ãÖÕ ÝÕ àÐÒÝÞ âÞÖÔÕáâÒÕÝÝÞ ÝãÛî, ÚÐÚ Ò áÛãçÐÕ á
ÚÞÛìæÞÜ ÑÕ× ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ. Çãâì ßÞ×ÖÕ Üë ßàÕÞÑàÐ×ãÕÜ ßÞÛãçÕÝÝÞÕ
ÒëàÐÖÕÝØÕ, âÐÚØÜ ÞÑàÐ×ÞÜ, çâÞÑë ßÕàØÞÔØçÕáÚÐï ×ÐÒØáØÜÞáâì Þâ ÜÐÓÝØâ-
ÝÞÓÞ ßÞâÞÚÐ ÑëÛÐ ÞçÕÒØÔÝÞÙ. ÁÕÙçÐá ÖÕ Üë ßÞÚÐÖÕÜ, çâÞ ßÞÛãçÕÝÝëÙ âÞÚ
ïÒÛïÕâáï, äÐÚâØçÕáÚØ, âÕàÜÞÔØÝÐÜØçÕáÚØ àÐÒÝÞÒÕáÝëÜ ÞâÚÛØÚÞÜ áØáâÕ-
Üë ÝÐ ÜÐÓÝØâÝëÙ ßÞâÞÚ.

2. ÂÕàÜÞÔØÝÐÜØçÕáÚÞÕ àÐááÜÞâàÕÝØÕ.´Ûï ÒëçØáÛÕÝØï ãÚÐ×ÐÝÝÞÓÞ Þâ-
ÚÛØÚÐ ÒáßÞÜÝØÜ Ø× âÕàÜÞÔØÝÐÜØÚØ áÛÕÔãîéÕÕ. ¾ÑàÐ×Õæ, ßÞÜÕéÕÝÝëÙ ÒÞ
ÒÝÕèÝÕÕ ÜÐÓÝØâÝÞÕ ßÞÛÕ ßàØÞÑàÕâÐÕâ ÜÐÓÝØâÝëÙ ÜÞÜÕÝâM ÒÕÛØçØÝÐ ÚÞ-
âÞàÞÓÞ ÞßàÕÔÕÛïÕâáï ÚÐÚ Ò×ïâÐï áÞ ×ÝÐÚÞÜ ÜØÝãá ßàÞØ×ÒÞÔÝÐïÞâ âÕàÜÞ-
ÔØÝÐÜØçÕáÚÞÓÞ ßÞâÕÝæØÐÛÐ
 ÞÑàÐ×æÐ ßÞ ÜÐÓÝØâÝÞÜã ßÞÛîB :

M = �
@

@B

; (9.30)
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² àÐááÜÐâàØÒÐÕÜÞÜ ÝÐÜØ áÛãçÐÕ, ÚÞÓÔÐ ÞÑàÐ×Õæ ßàÕÔáâÐÒÛïÕâáÞÑÞÙ ÞÔ-
ÝÞÜÕàÝÞÕ ÚÞÛìæÞ, ÜÐÓÝØâÝëÙ ÜÞÜÕÝâ Õáâì ßàÞØ×ÒÕÔÕÝØÕ âÞÚÐ ÝÐ ßÛÞéÐÔì
ÚÞÛìæÐM = IS . ÀÐ×ÔÕÛØÒ ÛÕÒãî Ø ßàÐÒãî çÐáâØ ãàÐÒÝÕÝØï (9.30) ÝÐ ßÛÞ-
éÐÔì ÚÞÛìæÐS Ø ãçØâëÒÐï, çâÞ ßàÞØ×ÒÕÔÕÝØÕ ÜÐÓÝØâÝÞÓÞ ßÞÛï ÝÐ ßÛÞéÐÔì
Õáâì ÜÐÓÝØâÝëÙ ßÞâÞÚBS = � , ßÞÛãçØÜ ØáÚÞÜÞÕ áÞÞâÝÞèÕÝØÕ ÔÛï âÞÚÐI ,
ßàÞâÕÚÐîéÕÓÞ Ò ÚÞÛìæÕ, ßàÞÝØ×ÐÝÝÞÜ ÜÐÓÝØâÝëÜ ßÞâÞÚÞÜ� :

I = �
@
(�)

@�
: (9.31)

¿àØÒÕÔÕÝÝÞÕ ÒëàÐÖÕÝØÕ ïÒÛïÕâáï ÔÞÒÞÛìÝÞ ÞÑéØÜ Ø áßàÐÒÕÔÛØÒÞ ÚÐÚ
ÔÛï çÐáâØæ, ßÞÔçØÝïîéØåáï ÚÛÐááØçÕáÚØÜ ×ÐÚÞÝÐÜ ÔÒØÖÕÝØï,âÐÚ Ø ÔÛï
ÚÒÐÝâÞÒëå çÐáâØæ. ²áÕ ÞâÛØçØÕ áÞáàÕÔÞâÞçÕÝÞ Ò ×ÐÒØáØÜÞáâØâÕàÜÞÔØÝÐ-
ÜØçÕáÚÞÓÞ ßÞâÕÝæØÐÛÐ Þâ ÜÐÓÝØâÝÞÓÞ ßÞÛï (ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ). ÂÐÚ, ×Ð-
àïÖÕÝÝëÕ ÚÒÐÝâÞÒëÕ çÐáâØæë çãÒáâÒØâÕÛìÝë Ú íääÕÚâã °ÐàÞÝÞÒÐ-±ÞÜÐ,
ßÞíâÞÜã âÕàÜÞÔØÝÐÜØçÕáÚØÙ ßÞâÕÝæØÐÛ ÔÛï áØáâÕÜë ÚÒÐÝâÞÒëå çÐáâØæ,
ÝÐßàØÜÕà, íÛÕÚâàÞÝÞÒ, Ò ÞÔÝÞÜÕàÝÞÜ ÚÞÛìæÕ ×ÐÒØáØâ Þâ ÜÐÓÝØâÝÞÓÞ ßÞâÞ-
ÚÐ. ¸ ßÕàáØáâÕÝâÝëÙ âÞÚI , (9.31), ÞâÛØçÕÝ Þâ ÝãÛï. ² âÞ ÖÕ ÒàÕÜï ÚÛÐááØ-
çÕáÚØÕ çÐáâØæë, ÝÐßàØÜÕà, ÑàÞãÝÞÒáÚØÕ çÐáâØæë ÔØääãÝÔØàãîéØÕ ÒÔÞÛì
ÚÞÛìæÐ, àÕÐÓØàãîâ âÞÛìÚÞ ÝÐ áØÛÞÒÞÕ ÒÞ×ÔÕÙáâÒØÕ ÜÐÓÝØâÝÞÓÞ ßÞÛï, ßàÞ-
ÝØÚÐîéÕÓÞ Ò ÚÞÛìæÞ, ßÞíâÞÜã Ò áÛÐÑëå ßÞÛïå,B � Bc, âÕàÜÞÔØÝÐÜØçÕ-
áÚØÙ ßÞâÕÝæØÐÛ ÔÛï âÐÚØå çÐáâØæ ÝÕ ×ÐÒØáØâ Þâ ÜÐÓÝØâÝÞÓÞ ßÞÛï Ø âÞÚI ,
(9.31), ßÕàÕÝÞáØÜëÙ âÐÚØÜØ çÐáâØæÐÜØ, àÐÒÕÝ ÝãÛî.

¿ÞÚÐÖÕÜ âÕßÕàì, çâÞ ÔÛï íÛÕÚâàÞÝÞÒ Ò ÚÞÛìæÕ ãàÐÒÝÕÝØÕ (9.31) ØÔÕÝ-
âØçÝÞ ãàÐÒÝÕÝØî (9.29). ´Ûï íâÞÓÞ ×ÐßØèÕÜ ÒëàÐÖÕÝØÕ ÔÛï âÕàÜÞÔØÝÐ-
ÜØçÕáÚÞÓÞ ßÞâÕÝæØÐÛÐ
 áØáâÕÜë íÛÕÚâàÞÝÞÒ á ÔØáÚàÕâÝëÜ áßÕÚâàÞÜEn,
Ò áÛãçÐÕ, ÚÞÓÔÐ Õáâì ÞÑÜÕÝ íÝÕàÓØÕÙ Ø çÐáâØæÐÜØ á àÕ×ÕàÒãÐàÞÜ, ØÜÕîéØÜ
âÕÜßÕàÐâãàãT Ø åØÜØçÕáÚØÙ ßÞâÕÝæØÐÛ� :


 = � kB T
X

n

ln
�

1 + e
� � E n
kB T

�
: (9.32)

¿ÞÔáâÐÒÛïï áîÔÐ áßÕÚâà íÛÕÚâàÞÝÞÒEn, (9.22), ßÞÛãçØÜ ×ÐÒØáØÜÞáâì
(�) .
´ØääÕàÕÝæØàãï ßÞ ÜÐÓÝØâÝÞÜã ßÞâÞÚã Ò áÞÞâÒÕâáâÒØØ á ãàÐÒÝÕÝØÕÜ (9.31)
Üë ßÞÛãçØÜ Ò âÞçÝÞáâØ ãàÐÒÝÕÝØÕ (9.29):
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I (�) = � @
(�)
@� = kB T

P

n

@
@� ln

�
1 + e

� � E n
kB T

�

= kB T
P

n

�
� @En

@�

�
1

kB T
e

� � E n
kB T

1+ e
� � E n
kB T

=
P

n

�
� @En

@�

�
1

1+ e
E n � �
kB T

=
P

n

�
� @En

@�

�
f (En) :

¿ÞÔçÕàÚÝÕÜ, çâÞ ÒëàÐÖÕÝØÕ (9.31) áÒï×ëÒÐÕâ âÞÚ Ò ÚÞÛìæÕ áÞ áßÕÚâàÞÜ
íÛÕÚâàÞÝÞÒ. ² âÞ ÒàÕÜï ÚÐÚ ÒëàÐÖÕÝØÕ (9.29), äÐÚâØçÕáÚØ, ßÞÛãçÕÝÞ á Øá-
ßÞÛì×ÞÒÐÝØÕÜ ÒÞÛÝÞÒëå äãÝÚæØÙ.

ÁÛÕÔãÕâ ÞâÜÕâØâì, çâÞ ÝÕáÜÞâàï ÝÐ âÞ, çâÞ äÞàÜãÛÐ (9.31) èØàÞÚÞ
ØáßÞÛì×ãÕâáï Ò ÛØâÕàÐâãàÕ, äÐÚâØçÕáÚØ, ÞÝÐ ßàØÜÕÝØÜÐ âÞÛìÚÞ Ò áÛãçÐÕ
ßàÞáâëå ÓÕÞÜÕâàØÙ. ½ÐßàØÜÕà, ÔÛï ÕÔØÝØçÝÞÓÞ ÚÞÛìæÐ. ¾ÔÝÐÚÞ ãÖÕ Ò áÛã-
çÐÕ, ÚÞÓÔÐ ÔÒÐ ÚÞÛìæÐ áÞÕÔØÝÕÝë ÜÕÖÔã áÞÑÞÙ Ò ÞÔÝÞÙ âÞçÚÕ Ø ÜÐÓÝØâÝëÙ
ßÞâÞÚ ßàÞÝØ×ëÒÐÕâ âÞÛìÚÞ ÞÔÝÞ Ø× ÚÞÛÕæ, âÞÚ, ÒëçØáÛÕÝÝëÙ ßÞäÞàÜã-
ÛÕ (9.25), ÞâÛØçÐÕâáï Þâ âÞÚÐ, ÒëçØáÛÕÝÝÞÓÞ ßÞ äÞàÜãÛÕ (9.28). ÀÐ×ÛØ-
çØÕ ÞâÒÕâÞÒ ÞÑãáÛÞÒÛÕÝÞ âÕÜ, çâÞ ØáßÞÛì×ÞÒÐÝØÕ âÕàÜÞÔØÝÐÜØçÕáÚØå áÞ-
ÞâÝÞèÕÝØÙ (9.28), (9.30) Ø (9.31) ÔÐÕâ ßàÐÒØÛìÝëÙ ÞâÒÕâ ÔÛï ÜÐÓÝØâÝÞÓÞ
ÜÞÜÕÝâÐ ÞÑàÐ×æÐ ÝÐÑÛîÔÐÕÜÞÓÞ á ÑÞÛìèØå (ÜÐÚàÞáÚÞßØçÕáÚØå) àÐááâÞ-
ïÝØÙ. ¾ÔÝÐÚÞ, ÔÕâÐÛìÝÞÕ àÐáßàÕÔÕÛÕÝØÕ ÜØÚàÞáÚÞßØçÕáÚØå âÞÚÞÒ, ÞâÒÕâ-
áâÒÕÝÝëå ×Ð ÜÐÓÝØâÝëÙ ÜÞÜÕÝâ, ÜÞÖÕâ Ñëâì ßÞÛãçÕÝÞ âÞÛìÚÞ ßàØ ßÞáÛÕ-
ÔÞÒÐâÕÛìÝÞÜ ÚÒÐÝâÞÒÞ-ÜÕåÐÝØçÕáÚÞÜ àÐááÜÞâàÕÝØØ, ÞáÝÞÒÐÝÝÞÜ ÝÐ ×ÝÐ-
ÝØØ ÒÞÛÝÞÒëå äãÝÚæØÙ. ÁÛÕÔÞÒÐâÕÛìÝÞ, Ò áÛãçÐÕ ÞÑàÐ×æÞÒ áÞ áÛÞÖÝÞÙ
ÓÕÞÜÕâàØÕÙ ÔÛï ßàÐÒØÛìÝÞÓÞ ÒëçØáÛÕÝØï ßÕàáØáâÕÝâÝÞÓÞ âÞÚÐ ÝÕÞÑåÞÔØ-
ÜÞ ÝÐåÞÔØâì ÒÞÛÝÞÒëÕ äãÝÚæØØ Ø ÒëçØáÛïâì ÚÒÐÝâÞÒÞ-ÜÕåÐÝØçÕáÚØÙ âÞÚ
áÞÓÛÐáÝÞ ãàÐÒÝÕÝØî (9.25).

² ×ÐÚÛîçÕÝØÕ ÞâÜÕâØÜ, çâÞ ÕéÕ ÅãÝÔ Ò àÐÑÞâÕ 1938 ÓÞÔÐ [16] ãÚÐ×ë-
ÒÐÛ ÝÐ âÞ, çâÞ áÒÞÙáâÒÐ íÛÕÚâàÞÝÝÞÙ áØáâÕÜë ÔÞÛÖÝë ÞáæØÛÛØàÞÒÐâì á
ÜÐÓÝØâÝëÜ ßÞâÞÚÞÜ. ºàÞÜÕ âÞÓÞ, ´ØÝÓÛ Ò àÐÑÞâÕ 1952 ÓÞÔÐ [17] âÐÚÖÕ ßØ-
áÐÛ, çâÞ àÐÒÝÞÒÕáÝëÕ áÒÞÙáâÒÐ íÛÕÚâàÞÝÝÞÙ áØáâÕÜë ÔÞÛÖÝë ×ÐÒØáÕâì Þâ
ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ. ¾ÔÝÐÚÞ âÞÛìÚÞ Ò àÐÑÞâÕ °ÐàÞÝÞÒÐ Ø ±ÞÜÐ (1959Ó) [10]
ÑëÛØ ÒáÚàëâë äØ×ØçÕáÚØÕ ßàØçØÝë âÐÚØå ÞáæØÛÛïæØÙ.
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²ÞßàÞáë ÔÛï áÐÜÞßàÞÒÕàÚØ

1) ÇâÞ âÐÚÞÕ ßÕàáØáâÕÝâÝëÙ âÞÚ?
2) ¾ßàÕÔÕÛØâì áßÕÚâà íÛÕÚâàÞÝÞÒ Ò ÑÐÛÛØáâØçÕáÚÞÜ ÚÞÛìæÕ ÑÕ× ÜÐÓÝØâ-
ÝÞÓÞ ßÞâÞÚÐ.
3) ²ëçØáÛØâì âÞÚ Ò ÚÞÛìæÕ ÑÕ× ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ.
4) ¾ßàÕÔÕÛØâì áßÕÚâà íÛÕÚâàÞÝÞÒ Ò ÚÞÛìæÕ á ÜÐÓÝØâÝëÜ ßÞâÞÚÞÜ.
5) ² çÕÜ ßàØçØÝÐ ßÞïÒÛÕÝØï ßÕàáØáâÕÝâÝÞÓÞ âÞÚÐ?
6) ²ëçØáÛØâì âÞÚ ßÕàÕÝÞáØÜëÙ íÛÕÚâàÞÝÞÜ Ò ÞßàÕÔÕÛÕÝÝÞÜ ÚÒÐÝâÞÒÞÜ
áÞáâÞïÝØØ Ò ÚÞÛìæÕ á ÜÐÓÝØâÝëÜ ßÞâÞÚÞÜ.
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¸× ÒëàÐÖÕÝØï (9.22) ÒØÔÝÞ, çâÞ ×ÝÐçÕÝØÕ íÝÕàÓØØEn(�) ÔÛï ãàÞÒ-
Ýï á äØÚáØàÞÒÐÝÝëÜn ÜÞÝÞâÞÝÝÞ Ø×ÜÕÝïÕâáï ßàØ Ø×ÜÕÝÕÝØØ ÒÕÛØçØÝë
ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ� . ¾ÔÝÐÚÞ, áÒÞÙáâÒÐ ÒáÕÓÞ ÞÑàÐ×æÐ (ÒáÕÙ íÛÕÚâàÞÝÝÞÙ
áØáâÕÜë ÞÑàÐ×æÐ), ÚÐÚ Üë ÞÖØÔÐÕÜ, ÔÞÛÖÝë Ñëâì ßÕàØÞÔØçÝë ßÞÜÐÓÝØâ-
ÝÞÜã ßÞâÞÚã á ßÕàØÞÔÞÜ� 0.

ÇâÞÑë àÐ×àÕèØâì íâÞ ÚÐÖãéÕÕáï ßàÞâØÒÞàÕçØÕ, àÐááÜÞâàØÜ ßÞÛÝãî
íÝÕàÓØîE íÛÕÚâàÞÝÞÒ Ò ÞÑàÐ×æÕ ßàØ ÝãÛÕÒÞÙ âÕÜßÕàÐâãàÕ,T = 0, ÚÐÚ
äãÝÚæØî ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ� . ´Ûï ÒëçØáÛÕÝØï íÝÕàÓØØE ÝÕÞÑåÞÔØÜÞ
ßàÞáãÜÜØàÞÒÐâì íÝÕàÓØØ ÒáÕå íÛÕÚâàÞÝÞÒ Ò ÚÞÛìæÕ. ¿àØ íâÞÜ áÛÕÔãÕâ ãçÕáâì,
çâÞ íÛÕÚâàÞÝë ×ÐÝØÜÐîâ âÞÛìÚÞ âÐÚØÕ áÞáâÞïÝØï, íÝÕàÓØï ÚÞâÞàëå ÜÕÝì-
èÕ, çÕÜ åØÜßÞâÕÝæØÐÛ� :

E(�) =
1X

n= �1

En(�) � [� � En(�)] :

·ÔÕáì� (x) � âíâÐ-äãÝÚæØï ÅÕÒØáÐÙÔÐ, àÐÒÝÐï ÕÔØÝØæÕ ßàØx > 0Ø àÐÒÝÐï
ÝãÛî ßàØx < 0.

¼ÞÖÝÞ ÝÕßÞáàÕÔáâÒÕÝÝÞ ÒëßÞÛÝØâì áãÜÜØàÞÒÐÝØÕ Ò ßàØÒÕÔÕÝÝÞÜ Òë-
àÐÖÕÝØØ. ¾ÔÝÐÚÞ íâÞ Üë áÔÕÛÐÕÜ ßÞ×ÖÕ, ÚÞÓÔÐ ÑãÔÕÜ ÒëçØáÛïâìÒÕÛØçØÝã
ßÕàáØáâÕÝâÝÞÓÞ âÞÚÐ. ÁÕÙçÐá ÖÕ Üë ÞÓàÐÝØçØÜáï ÚÐçÕáâÒÕÝÝëÜ ÐÝÐÛØ×ÞÜ
ßàØÒÕÔÕÝÝÞÓÞ ÒëèÕ ÒëàÐÖÕÝØï Ø ßÞÚÐÖÕÜ, çâÞ, ÔÕÙáâÒØâÕÛìÝÞ, ßÞÛÝÐï
íÝÕàÓØïE ßÕàØÞÔØçÝÐ ßÞ ÜÐÓÝØâÝÞÜã ßÞâÞÚã.

½Ð àØá.10.1Ø×ÞÑàÐÖÕÝë ÞÔÝÞíÛÕÚâàÞÝÝëÕ ãàÞÒÝØ íÝÕàÓØØEn Ò äãÝÚ-
æØØ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ. ³ÞàØ×ÞÝâÐÛìÝÞÙ ßàïÜÞÙ ÝÐ àØáãÝÚÕ ÞÑÞ×ÝÐçÕÝ ãàÞ-
ÒÕÝì åØÜßÞâÕÝæØÐÛÐ� . ¼ë ×ÝÐÕÜ, çâÞ ßàØ ÝãÛÕÒÞÙ âÕÜßÕàÐâãàÕ ÒáÕ ãàÞÒ-
ÝØ, àÐáßÞÛÞÖÕÝÝëÕ ÝØÖÕ ãàÞÒÝï ÄÕàÜØ ×ÐßÞÛÝÕÝë, Ð ÒáÕ ãàÞÒÝØàÐáßÞ-
ÛÞÖÕÝÝëÕ ÒëèÕ� áÒÞÑÞÔÝë. ¸× àØáãÝÚÐ10.1 ÒØÔÝÞ, çâÞ ßàØ Ø×ÜÕÝÕÝØØ
ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ íÝÕàÓØï ÝÕÚÞâÞàÞÓÞ ãàÞÒÝï áâÐÝÞÒØâáï ÑÞÛìèÕ íÝÕà-
ÓØØ ÄÕàÜØ. ÍÛÕÚâàÞÝ, ÚÞâÞàëÙ ×ÐÝØÜÐÛ âÐÚÞÙ ãàÞÒÕÝì, ßÕàÕÙÔÕâ Ø× ÞÑ-
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m

En

F/F 0

ÀØá. 10.1. ÂÞÛáâÞÙ ÛØÝØÕÙ ßÞÚÐ×ÐÝÞ ßÕàØÞÔØçÕáÚÞÕ Ø×ÜÕÝÕÝØÕ íÝÕàÓØØ ÒÕàåÝÕÓÞ
×ÐßÞÛÝÕÝÝÞÓÞ ãàÞÒÝï ßàØ Ø×ÜÕÝÕÝØØ ÒÕÛØçØÝë ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ� . ÍâÐ ßÕàØÞ-
ÔØçÝÞáâì ïÒÛïÕâáï ßàØçØÝÞÙ âÞÓÞ, ßÞçÕÜã ßÞÛÝÐï íÝÕàÓØï íÛÕÚâàÞÝÝÞÙ áØáâÕÜë Ò
ÚÞÛìæÕ Ø×ÜÕÝïÕâáï ßÕàØÞÔØçÕáÚØ ßàØ Ø×ÜÕÝÕÝØØ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ, ÝÕáÜÞâàï ÝÐ
âÞ, çâÞ íÝÕàÓØï ÚÐÖÔÞÓÞ ÞâÔÕÛìÝÞÓÞ ãàÞÒÝï Ø×ÜÕÝïÕâáï ÜÞÝÞâÞÝÝÞ ßàØ Ø×ÜÕÝÕÝØØ
� . � � íÝÕàÓØï ÄÕàÜØ Ò àÕ×ÕàÒãÐàÕ

àÐ×æÐ Ò àÕ×ÕàÒãÐà, Ð áÞÞâÒÕâáâÒãîéØÙ ãàÞÒÕÝì íÝÕàÓØØ Ò ÞÑàÐ×æÕ ÞáÒÞ-
ÑÞÔØâáï. Á ÔàãÓÞÙ áâÞàÞÝë, Õáâì ãàÞÒÕÝì, íÝÕàÓØï ÚÞâÞàÞÓÞ áâÐÝÞÒØâáï
ÜÕÝìèÕ, çÕÜ íÝÕàÓØï ÄÕàÜØ. ÂÐÚÞÙ ãàÞÒÕÝì ÑãÔÕâ ×ÐßÞÛÝïâìáïíÛÕÚâàÞ-
ÝÞÜ, ßÕàÕèÕÔèØÜ Ø× àÕ×ÕàÒãÐàÐ Ò ÞÑàÐ×Õæ. ¿àØ íâÞÜ, ÕáÛØ ÞâÒÛÕçìáï Þâ
ÐÑáÞÛîâÝÞÓÞ ×ÝÐçÕÝØï ÝÞÜÕàÞÒ ×ÐßÞÛÝÕÝÝëå Ø áÒÞÑÞÔÝëå ãàÞÒÝÕÙ, âÞ ÚÐà-
âØÝÐ ×ÐßÞÛÝÕÝØï ßÞÒâÞàïÕâáï ßÕàØÞÔØçÕáÚØ ßàØ Ø×ÜÕÝÕÝØØ ÜÐÓÝØâÝÞÓÞ
ßÞâÞÚÐ ÝÐ ÒÕÛØçØÝã ÚÒÐÝâÐ� 0. ÂÞ Õáâì, ÔÕÙáâÒØâÕÛìÝÞ, íÝÕàÓØï ÒáÕÙ áØ-
áâÕÜë, àÐÒÝÐï áãÜÜÕ íÝÕàÓØÙ ×ÐßÞÛÝÕÝÝëå áÞáâÞïÝØÙ, ßÕàØÞÔØçÝÐ ßÞ ÜÐÓ-
ÝØâÝÞÜã ßÞâÞÚã á ßÕàØÞÔÞÜ� 0.

ÂÐÚØÜ ÞÑàÐ×ÞÜ, ßÞÛÝÐï íÝÕàÓØïE áØáâÕÜë ïÒÛïÕâáï ßÕàØÞÔØçÕáÚÞÙ
äãÝÚæØÕÙ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ:

E(�) = E(� + � 0) ;

Ò âÞÜ áÛãçÐÕ, ÕáÛØ Ò ÞÑàÐ×æÕ ×ÐßÞÛÝÕÝë âÞÛìÚÞ âÕ ÞÔÝÞíÛÕÚâàÞÝÝëÕ ãàÞÒ-
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ÝØ íÝÕàÓØØEn, ÚÞâÞàëÕ ãÔÞÒÛÕâÒÞàïîâ áÛÕÔãîéÕÜã ãáÛÞÒØî:

En(�) < � : (10.1)

ÍâÞ ãáÛÞÒØÕ ïÒÛïÕâáï ÕáâÕáâÒÕÝÝëÜ ÔÛï àÐÒÝÞÒÕáÝÞÓÞ áÞáâÞïÝØï. ¸ ØÜÕÝ-
ÝÞ íâÞ ãáÛÞÒØÕ ßàØÒÞÔØâ Ú âÞÜã, çâÞ ÒÝãâàÕÝÝïï íÝÕàÓØï áØáâÕÜë íÛÕÚâàÞ-
ÝÞÒ Ò àÐÒÝÞÒÕáØØ ßÕàØÞÔØçÝÐ ßÞ ÜÐÓÝØâÝÞÜã ßÞâÞÚã, ÝÕáÜÞâàïÝÐ âÞ, çâÞ
íÝÕàÓØï ÚÐÖÔÞÓÞ ÞâÔÕÛìÝÞ Ò×ïâÞÓÞ ÞÔÝÞíÛÕÚâàÞÝÝÞÓÞ ãàÞÒÝïÜÞÝÞâÞÝÝÞ
Ø×ÜÕÝïÕâáï ßàØ Ø×ÜÕÝÕÝØØ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ.

ÁÛÕÔãÕâ áÚÐ×Ðâì, çâÞ ÒáïÚØÙ àÐ×, ÚÞÓÔÐ ßàØ Ø×ÜÕÝÕÝØØ ÜÐÓÝØâÝÞÓÞ
ßÞâÞÚÐ� ãàÞÒÕÝì íÝÕàÓØØ ßÕàÕáÕÚÐÕâ ãàÞÒÕÝì ÄÕàÜØ, ÝÕÞÑåÞÔØÜÞ ßÞÔÞ-
ÖÔÐâì ÝÕÚÞâÞàÞÕ ÒàÕÜï� ÔÛï âÞÓÞ, çâÞÑë ãáâÐÝÞÒØÛÞáì àÐÒÝÞÒÕáÝÞÕ ×Ð-
ßÞÛÝÕÝØÕ ãàÞÒÝÕÙ, ÞßàÕÔÕÛïÕÜÞÕ ãáÛÞÒØÕÜ (10.1). ´Ûï ÑÐÛÛØáâØçÕáÚÞÓÞ
ÚÞÛìæÐ, áÞÕÔØÝÕÝÝÞÓÞ á àÕ×ÕàÒãÐàÞÜ ßÞáàÕÔáâÒÞÜ âÞçÕçÝÞÓÞÚÞÝâÐÚâÐ, åÐ-
àÐÚâÕàØ×ãÕÜÞÓÞ ÜÐÛÞÙ ÒÕàÞïâÝÞáâìî âãÝÝÕÛØàÞÒÐÝØï,T � 1, ßàØ ÒëßÞÛ-
ÝÕÝØØ ãáÛÞÒØïEn = � ÜÞÖÝÞ ×ÐßØáÐâì,� � L=(vF T). ´Ûï âØßØçÝëå ×ÝÐ-
çÕÝØÙ ÒÕÛØçØÝL � 10� 6 Ü,vF � 105 Ü/á ØT = 0:01, ßÞÛãçÐÕÜ� � 10� 9 á.

² âÞ ÖÕ ÒàÕÜï, ßàØ ÔÞáâÐâÞçÝÞ ÑëáâàÞÜ Ø×ÜÕÝÕÝØØ ÜÐÓÝØâÝÞÓÞ ßÞâÞ-
ÚÐ ×ÐßÞÛÝÕÝØÕ ãàÞÒÝÕÙ ÜÞÖÕâ Ñëâì ÝÕ àÐÒÝÞÒÕáÝëÜ Ø ÞÑáãÖÔÐÕÜÐï ßÕàØ-
ÞÔØçÝÞáâì ÑãÔÕâ ÝÐàãèÕÝÐ.

10.1. °ÝÐÛØâØçÕáÚÞÕ ÒëçØáÛÕÝØÕ

¸âÐÚ, ßàØáâãßØÜ Ú ÒëçØáÛÕÝØî âÞÚÐI , (9.29). ¿ÞáÚÞÛìÚã, ÚÐÚ Üë
ÞÖØÔÐÕÜ, ßÕàáØáâÕÝâÝëÙ âÞÚ ßÕàØÞÔØçÕÝ ßÞ ÜÐÓÝØâÝÞÜã ßÞâÞÚã � á ßÕ-
àØÞÔÞÜ� 0, âÞ ãÔÞÑÝÞ âÐÚãî ×ÐÒØáØÜÞáâì ßàÕÔáâÐÒØâì Ò ÒØÔÕ àïÔÐ ÄãàìÕ.
ÂÞÚ ÔÞÛÖÕÝ ÞÑàÐâØâìáï Ò ÝãÛì ßàØ� = 0 . ºàÞÜÕ âÞÓÞ, àÐááÜÐâàØÒÐÕÜëÙ
âÞÚ ÔÞÛÖÕÝ Ø×ÜÕÝØâì ×ÝÐÚ ßàØ Ø×ÜÕÝÕÝØØ ÝÐßàÐÒÛÕÝØï ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ
ÝÐ ßàÞâØÒÞßÞÛÞÖÝÞÕ, ßÞáÚÞÛìÚã ßàØ Ø×ÜÕÝÕÝØØ ×ÝÐÚÐ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ
ÔÞÛÖÕÝ Ø×ÜÕÝØâáï ×ÝÐÚ ÜÐÓÝØâÝÞÓÞ ÜÞÜÕÝâÐ. ¸× áÚÐ×ÐÝÝÞÓÞ áÛÕÔãÕâ, çâÞ
ßÕàáØáâÕÝâÝëÙ âÞÚ ÔÞÛÖÕÝ Ñëâì ÝÕçÕâÝÞÙ äãÝÚæØÕÙ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ,
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ßÞíâÞÜã ÜÞÖÝÞ ×ÐßØáÐâì:

I (�) =
1X

q=1

iq sin
�

2�q
�
� 0

�
: (10.2)

·ÔÕáìiq � ÐÜßÛØâãÔÐ áÞÞâÒÕâáâÒãîéÕÙ ÓÐàÜÞÝØÚØ âÞÚÐ.
´Ûï âÞÓÞ, çâÞÑë ßàÕÔáâÐÒØâì ÒëàÐÖÕÝØÕ (9.29) Ò ÒØÔÕ àïÔÐ ÄãàìÕ

(10.2) Üë ØáßÞÛì×ãÕÜ äÞàÜãÛã áãÜÜØàÞÒÐÝØï ¿ãÐááÞÝÐ:

1X

n= �1

F (n) =

1
�

�1

dnF (n) + 2 Re

0

@
1X

q=1

1
�

�1

dnF (n)ei 2�qn

1

A : (10.3)

·ÔÕáìF (n) � ßàÞØ×ÒÞÛìÝÐï äãÝÚæØï Þâ æÕÛÞÓÞ çØáÛÐn. ¾áÞÑÞ ßÞÔçÕàÚ-
ÝÕÜ, çâÞ Ò ÛÕÒÞÙ çÐáâØn ßàØÝØÜÐÕâ âÞÛìÚÞ æÕÛÞçØáÛÕÝÝëÕ ×ÝÐçÕÝØï (ÔØá-
ÚàÕâÝÞ), âÞÓÔÐ ÚÐÚ Ò ßàÐÒÞÙ çÐáâØn ßàØÝØÜÐÕâ ÛîÑëÕ ÒÕéÕáâÒÕÝÝëÕ ×ÝÐ-
çÕÝØï (ÝÕßàÕàëÒÝÞ).

² ÚÐçÕáâÒÕF (n) Üë ÑãÔÕÜ ØáßÞÛì×ÞÒÐâì ßàÞØ×ÒÕÔÕÝØÕI nf (En) Ò Òë-
àÐÖÕÝØØ (9.29):

F (n) = I nf (En) � eh
meL 2

n� �
� 0

1+exp
�

E n � �
kB T

� ;

En = h2

2meL 2

�
n � �

� 0

� 2
:

(10.4)

¿àØ íâÞÜ ÒëàÐÖÕÝØÕ ÔÛï âÞÚÐ (9.29) ßàØÝØÜÐÕâ áÛÕÔãîéØÙ ÒØÔ:

I (�) =

1
�

�1

dnF (n) + 2 Re

0

@
1X

q=1

1
�

�1

dnF (n)ei 2�qn

1

A : (10.5)

¿àÕÖÔÕ ÒáÕÓÞ, ÔÐÒÐÙâÕ ßàÞÐÝÐÛØ×ØàãÕÜ ÔÒÐ áÛÐÓÐÕÜëå Ò ßàÐÒÞÙ çÐ-
áâØ ÒëàÐÖÕÝØï (10.5). ¾ÑÐ ÞÝØ ïÒÛïîâáï äãÝÚæØïÜØ ÝÕßàÕàëÒÝÞÙ ßÕ-
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àÕÜÕÝÝÞÙn, ßÞ ÚÞâÞàÞÙ ßàÞØ×ÒÞÔØâáï ØÝâÕÓàØàÞÒÐÝØÕ ÒÔÞÛì ÒáÕÙ ÒÕéÕ-
áâÒÕÝÝÞÙ ÞáØ. ¸× ÒëàÐÖÕÝØï (10.4) ÔÛïF (n) ÒØÔÝÞ, çâÞ ßÕàÕÜÕÝÝÐïn ÒáÕ-
ÓÔÐ ÒåÞÔØâ Ò ÚÞÜÑØÝÐæØØn � � =� 0, ßÞíâÞÜã ãÔÞÑÝÞ áÔÕÛÐâì áÛÕÔãîéãî
×ÐÜÕÝã ßÕàÕÜÕÝÝëå (áÔÒØÓ):

m = n �
�
� 0

:

¿ÞáÛÕ âÐÚÞÙ ×ÐÜÕÝë ßàÕÔÕÛë ØÝâÕÓàØàÞÒÐÝØï ÝÕ Ø×ÜÕÝïâáï, ßÞáÚÞÛìÚã
ÞÝØ àÐÒÝë ÑÕáÚÞÝÕçÝÞáâØ, Ð ÒëàÐÖÕÝØÕF (m) ãÖÕ ÝÕ ÑãÔÕâ ×ÐÒØáÕâì Þâ
ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ� :

F (m) = eh
meL 2

m

1+exp
�

E m � �
kB T

� ;

Em = h2m2

2meL 2 :

(10.6)

¼ÐÓÝØâÝëÙ ßÞâÞÚ ÞáâÐÕâáï âÞÛìÚÞ ÒÞ ÒâÞàÞÜ áÛÐÓÐÕÜÞÜ ßàÐÒÞÙçÐáâØ Ò
íÚáßÞÝÕÝæØÐÛìÝÞÜ ÜÝÞÖØâÕÛÕ:

I (�) =

1
�

�1

dmF(m) + 2 Re

0

@
1X

q=1

1
�

�1

dmF(m)ei 2�qm ei 2�q �
� 0

1

A : (10.7)

¿ÞáÚÞÛìÚãF (m), (10.6), Õáâì ÝÕçÕâÝÐï äãÝÚæØïm, âÞ ßÕàÒëÙ ØÝâÕÓàÐÛ
ÞÑàÐéÐÕâáï âÞÖÔÕáâÒÕÝÝÞ Ò ÝãÛì. ¾ÚÞÝçÐâÕÛìÝÞ Üë ÜÞÖÕÜ ×ÐßØáÐâì:

I (�) = 2 Re

"
1X

q=1

J (q)ei 2�q �
� 0

#

; (10.8)

ÓÔÕ ÒÕÛØçØÝÐJ(q) ÝÕ ×ÐÒØáØâ Þâ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ:

J (q) =

1
�

�1

dmF(m)ei 2�qm : (10.9)
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¸× ÒëàÐÖÕÝØï (10.8) ÒØÔÝÞ, çâÞ, ÔÕÙáâÒØâÕÛìÝÞ, âÞÚ ßÕàØÞÔØçÕÝ ßÞ
ÜÐÓÝØâÝÞÜã ßÞâÞÚã á ßÕàØÞÔÞÜ� 0:

ei 2�q (�+� 0)=� 0 = ei 2�q � =� 0ei 2�q = ei 2�q � =� 0 � 1 :

´ÐÛÕÕ ×ÐÜÕâØÜ, çâÞJ (q) ïÒÛïÕâáï ÜÝØÜÞÙ ÒÕÛØçØÝÞÙ. ÇâÞÑë ãÑÕ-
ÔØâìáï Ò íâÞÜ, ãçâÕÜ, çâÞF (m), (10.6), Õáâì ÝÕçÕâÝÐï äãÝÚæØï ßÕàÕÜÕÝÝÞÙ
m, ßÞíâÞÜã:

1
�

�1
dmF(m) cos 2�qm � 0;

1
�

�1
dmF(m) sin 2�qm 6= 0 :

² àÕ×ãÛìâÐâÕ ÒëàÐÖÕÝØÕ (10.8) ÔÛï âÞÚÐI ßàÕÞÑàÐ×ãÕâáï:

I (�) = � 2
1X

q=1

Im [J (q)] sin(2�q � =� 0) : (10.10)

¸âÐÚ, Üë ßàÕÔáâÐÒØÛØ ÒëàÐÖÕÝØÕ ÔÛï âÞÚÐ Ò ÒØÔÕ àïÔÐ ÄãàìÕ. °ÜßÛØâãÔë
ÓÐàÜÞÝØÚ âÞÚÐ Õáâì:

iq = � 2Im [J (q)] :

¼ë ÒØÔØÜ, çâÞ âÞÚ ÔÕÙáâÒØâÕÛìÝÞ ÝÕçÕâÝÐï Ø ßÕàØÞÔØçÕáÚÐï á ßÕàØÞÔÞÜ
� 0 äãÝÚæØï ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ� , ÚÐÚ Üë Ø ßàÕÔßÞÛÐÓÐÛØ.

´ÐÛÕÕ ÝÕÞÑåÞÔØÜÞ ÒëçØáÛØâì ÒÕÛØçØÝãJ (q). ÃçâÕÜ, çâÞ âÞÛìÚÞ çÕâ-
ÝÐï ßÞm çÐáâì ßÞÔØÝâÕÓàÐÛìÝÞÓÞ ÒëàÐÖÕÝØï ÒÝÞáØâ ÒÚÛÐÔ Ò ×ÝÐçÕÝØÕ ØÝ-
âÕÓàÐÛÐ. ¿àØ íâÞÜ, ×ÝÐçÕÝØÕ ØÝâÕÓàÐÛÐ ßÞ ßÞÛÞÖØâÕÛìÝÞÙ ßÞÛãÞáØ ßÕàÕ-
ÜÕÝÝÞÙm àÐÒÝÞ ×ÝÐçÕÝØî ØÝâÕÓàÐÛÐ ßÞ ÞâàØæÐâÕÛìÝÞÙ ßÞÛãÞáØ, ßÞíâÞÜã
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ßÞÛãçØÜ:

J (q) = 2eh
meL 2

1
�

0
dm mei 2�qm

1+exp
�

E m � �
kB T

� ;

Em = h2m2

2meL 2 :

(10.11)

¿ÞÔØÝâÕÓàÐÛìÝÞÕ ÒëàÐÖÕÝØÕ áÞÔÕàÖØâ ÞáæØÛÛØàãîéãî äãÝÚæØî ßÕàÕ-
ÜÕÝÝÞÙ ØÝâÕÓàØàÞÒÐÝØï. ¿ÞíâÞÜã, ÕáÛØ ÞáâÐÛìÝëÕ ÜÝÞÖØâÕÛØÜÕÔÛÕÝÝÞ
Ø×ÜÕÝïîâáï ßàØ Ø×ÜÕÝÕÝØØm, âÞ ×ÝÐçÕÝØÕ ØÝâÕÓàÐÛÐ ÑãÔÕâ ÑÛØ×ÚÞ Ú Ýã-
Ûî. ¾âáîÔÐ áÛÕÔãÕâ, çâÞ ÞáÝÞÒÝÞÙ ÒÚÛÐÔ Ò ØÝâÕÓàÐÛ ßàÞØáåÞÔØâ Þâ ÞÑÛÐ-
áâØ ØÝâÕÓàØàÞÒÐÝØï ÒÑÛØ×Ø íÝÕàÓØØ ÄÕàÜØ,Em � � , ÓÔÕ äãÝÚæØï àÐáßàÕ-
ÔÕÛÕÝØï ÄÕàÜØ Ø×ÜÕÝïÕâáï Þâ ÕÔØÝØæë, ßàØEm < � , ÔÞ ÝãÛï, ßàØEm > � .
² íâÞÙ ÞÑÛÐáâØ Üë ÜÞÖÕÜ ØáßÞÛì×ÞÒÐâì áÛÕÔãîéÕÕ àÐ×ÛÞÖÕÝØÕ:

Em � � =
h2m2

2meL2
�

h2m2
F

2meL2

=
h2

2meL2(m + mF )(m � mF ) = � F (m � mF ) ;

ÓÔÕ Üë ßÞÛÐÓÐÕÜ, çâÞm � mF ßàØEm � � . ·ÔÕáì � F àÐááâÞïÝØÕ ÜÕÖÔã
ÚÒÐÝâÞÒëÜØ ãàÞÒÝïÜØ ÒÑÛØ×Ø íÝÕàÓØØ ÄÕàÜØ, ÐmF � íâÞ ÒÕÛØçØÝÐm,
áÞÞâÒÕâáâÒãîéÐï íÝÕàÓØØ ÄÕàÜØ,Em = � :

� F = Em+1 � Em = mF h2

meL 2 = hvF
L ;

mF =
q

2meL 2�
h2 = L

� F
:

²ÒÕÔÕÜ ÝÞÒãî ßÕàÕÜÕÝÝãî ØÝâÕÓàØàÞÒÐÝØï,x = � F (m� mF )=(kB T),
Ò ÒëàÐÖÕÝØØ (10.11) Ø ×ÐßØèÕÜ:

J (q) =
2ehmF

meL2

kB T
� F

ei 2�qm F

1
�

�1

dx
ei 2�qxk B T=� F

1 + ex

�
1 + x

kB T
� F

� F

L

�
: (10.12)
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² ßÞÔØÝâÕÓàÐÛìÝÞÜ ÒëàÐÖÕÝØØ Üë ßÞÔáâÐÒØÛØ1=mF = � F =L. ´Ûï ÝÕ
áÛØèÚÞÜ ÜÐÛÕÝìÚÞÓÞ ÚÞÛìæÐ,L � � F , ÜÞÖÝÞ ßÞÛÞÖØâì ÒëàÐÖÕÝØÕ Ò
ÚàãÓÛëå áÚÞÑÚÐå àÐÒÝëÜ ÕÔØÝØæÕ. ¸áßÞÛì×ãï ×ÝÐçÕÝØÕ ØÝâÕÓàÐÛÐ:

1
�

�1

dx
ei�x

1 + ex = ( � 1)
i�

sinh(�� )
;

Ø ãçØâëÒÐï, çâÞ Ò ÝÐèÕÜ áÛãçÐÕ ßÐàÐÜÕâà� Õáâì:

� = 2 �k
kB T
� F

:

ßÞÛãçØÜ, çâÞ ÒëàÐÖÕÝØÕ (10.12) ßàØÝØÜÐÕâ âÐÚÞÙ ÒØÔ:

Im [J (q)] = �
2�ehm F

meL2

kB T
� F

cos(2�qm F )

sinh
�

2� 2q T
� F

� :

¿ÞÔáâÐÒÛïï ßÞÛãçÕÝÝÞÕ ÒëàÐÖÕÝØï ÔÛïIm [J (q)] Ò (10.10), ÝÐÙÔÕÜ ÞÚÞÝ-
çÐâÕÛìÝÞÕ ÒëàÐÖÕÝØÕ ÔÛï âÞÚÐ:

I (�) =
1P

q=1
iq sin

�
2�q �

� 0

�
;

iq = I 0
2
�

T
T �

cos
�

2�q L
� F

�

sinh
�
q T

T �

� :

(10.13)

·ÔÕáì Üë ÒÒÕÛØ ÞÑÞ×ÝÐçÕÝØï ÔÛï åÐàÐÚâÕàÝÞÙ ÒÕÛØçØÝë ßÕàáØáâÕÝâÝÞÓÞ
âÞÚÐ:

I 0 =
evF

L
;

Ø ÔÛï âÕÜßÕàÐâãàë ÚàÞááÞÒÕàÐ:
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T � =
� F

2� 2kB
;

ÒëèÕ ÚÞâÞàÞÙ âÞÚ íÚáßÞÝÕÝæØÐÛìÝÞ ÜÐÛ.

10.1.1. ¼ÐÚàÞáÚÞßØçÕáÚØÙ ßàÕÔÕÛ

²ÕÛØçØÝÐ âÞÚÐI ãÑëÒÐÕâ á ãÒÕÛØçÕÝØÕÜ àÐ×ÜÕàÞÒ ÚÞÛìæÐL, ßÞíâÞÜã
ßÕàáØáâÕÝâÝëÙ âÞÚ ßÞÛÝÞáâìî ÞâáãâáâÒãÕâ Ò ÜÐÚàÞáÚÞßØçÕáÚÞÜ ßàÕÔÕÛÕ,
L ! 1 .

¿àØ ÝãÛÕÒÞÙ âÕÜßÕàÐâãàÕ âÞÚ ãÑëÒÐÕâ ÚÐÚ1=L. ¾ÔÝÐÚÞ, ßàØ âÕÜßÕ-
àÐâãàÐå ÞâÛØçÝëå Þâ ÝãÛï, ãÑëÒÐÝØÕ âÞÚÐ á ãÒÕÛØçÕÝØÕÜ àÐ×ÜÕàÞÒ ÚÞÛìæÐ
ßàÞØáåÞÔØâ ×ÝÐçØâÕÛìÝÞ ÑëáâàÕÕ. ÍâÞ áÒï×ÐÝÞ á âÕÜ, çâÞ ßàØ ãÒÕÛØçÕÝØØ
L ãÜÕÝìèÐÕâáï âÕÜßÕàÐâãàÐ ÚàÞááÞÒÕàÐ,T � (L) � 1=L. ÁÛÕÔÞÒÐâÕÛìÝÞ,
ßàØ äØÚáØàÞÒÐÝÝÞÙ âÕÜßÕàÐâãàÕT ÒÕÛØçØÝÐ ßÕàáØáâÕÝâÝÞÓÞ âÞÚÐ íÚáßÞ-
ÝÕÝæØÐÛìÝÞ ãÑëÒÐÕâ á ãÒÕÛØçÕÝØÕÜ ÔÛØÝë ÚÞÛìæÐ, ÕáÛØL � L � (T):

I � e� T
T � � e� L

L � (T ) ;

ÓÔÕ ÚàØâØçÕáÚØÙ àÐ×ÜÕà Õáâì:

L � (T) =
hvF

2� 2kB T
:

½ØÖÕ Üë ÞæÕÝØÜ ×ÝÐçÕÝØï ÒÕÛØçØÝ, åÐàÐÚâÕàØ×ãîéØå ßÕàáØáâÕÝâ-
ÝëÙ âÞÚ.

10.2. ÇØáÛÕÝÝëÕ ÞæÕÝÚØ

10.2.1. °ÜßÛØâãÔÐ âÞÚÐ

¾æÕÝØÜ ÐÜßÛØâãÔã âÞÚÐ:

I 0 =
evF

L
:
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m1

m2

+

+

+

-

-

E< 0,       > 02I           I  1

ÀØá. 10.2. ·ÝÐÚØ\+ 00 Ø \ � 00 ãÚÐ×ëÒÐîâ ÝÐßàÐÒÛÕÝØÕ âÞ-
ÚÞÒ, ßÕàÕÝÞáØÜëå íÛÕÚâàÞÝÐÜØ ÝÐ ßÞáÛÕÔÞÒÐâÕÛìÝëå ãàÞÒ-
Ýïå íÝÕàÓØØ Ò ÞÔÝÞÜÕàÝÞÜ ÑÐÛÛØáâØçÕáÚÞÜ ÚÞÛìæÕ, ßàÞÝØ-
×ÐÝÝÞÜ ÜÐÓÝØâÝëÜ ßÞâÞÚÞÜ� =� 0 6= 2�n , 2� (n + 0:5). ÁãÜ-
ÜÐàÝëÙ âÞÚ ÞßàÕÔÕÛïÕâáï âÞÚÞÜ ßÕàÕÝÞáØÜëÜ ÒÕàåÝØÜ ×ÐÝï-
âëÜ ãàÞÒÝÕÜ, ßÞíâÞÜã ßàØ Ø×ÜÕÝÕÝØØ íÝÕàÓØØ ÄÕàÜØ Þâ� 1 ÔÞ
� 2 âÞÚ Ò ÚÞÛìæÕ Ø×ÜÕÝïÕâ ÝÐßàÐÒÛÕÝØÕ ÝÐ ßàÞâØÒÞßÞÛÞÖÝÞÕ

´Ûï ÚÞÛìæÐ á àÐ×ÜÕàÞÜL � 10� 6 Ü Ø ÔÛï äÕàÜØÕÒáÚÞÙ áÚÞàÞáâØ íÛÕÚâàÞ-
ÝÞÒ Ò 2D ÓÐ×Õ,vF � 104 Ü/á, ßÞÛãçØÜ:

I 0 � 10� 9A :

¸× ÒëàÐÖÕÝØï ÔÛï ÐÜßÛØâãÔë âÞÚÐI 0 = e vF =L áÛÕÔãÕâ, çâÞ, äÐÚ-
âØçÕáÚØ, ßÕàáØáâÕÝâÝëÙ âÞÚ áÞ×ÔÐÕâáï ÞÔÝØÜ íÛÕÚâàÞÝÞÜ á äÕàÜØÕÒáÚÞÙ
áÚÞàÞáâìî, ÔÒØÖãéØÜáï ÒÔÞÛì ÚÞÛìæÐ. ÂÐÚ ßàÞØáåÞÔØâ ßÞâÞÜã, çâÞ Ò ßàØ-
áãâáâÒØØ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ ãàÞÒÝØ íÝÕàÓØØ, áÞÞâÒÕâáâÒãîéØÕ ÔÒØÖÕÝØî
íÛÕÚâàÞÝÐ Ò ÚÞÛìæÕ ßÞ Ø ßàÞâØÒ çÐáÞÒÞÙ áâàÕÛÚØ, çÕàÕÔãîâáï,àØá.10.2.
ºàÞÜÕ âÞÓÞ, á ãÒÕÛØçÕÝØÕÜ íÝÕàÓØØ ãàÞÒÝï ÒÚÛÐÔ Ò âÞÚ Þâ íâÞÓÞãàÞÒÝï
ãÒÕÛØçØÒÐÕâáï, ßÞáÚÞÛìÚã, ãÒÕÛØçØÒÐÕâáï áÚÞàÞáâì íÛÕÚâàÞÝÐ. ¿ÞíâÞÜã,
ÕáÛØ Üë àÐááÜÞâàØÜ ÒÚÛÐÔ Ò âÞÚ Þâ ÝÕáÚÞÛìÚØå ßÞáÛÕÔÞÒÐâÕÛìÝëå ãàÞÒ-
ÝÕÙ, âÞ ÞÑÝÐàãÖØÜ, çâÞ ÒÚÛÐÔ ÚÐÖÔÞÓÞ áÛÕÔãîéÕÓÞ ãàÞÒÝï ÚÞÜßÕÝáØàãÕâ
ÒÚÛÐÔ ßàÕÔëÔãéÕÓÞ ãàÞÒÝï Ø ßàØÑÐÒÛïÕâ ÝÕÑÞÛìèãî ÒÕÛØçØÝã áÒÕàå âÞ-
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ÓÞ. ² àÕ×ãÛìâÐâÕ íâÞÓÞ, ÒÞ-ßÕàÒëå, âÞÚ Ø×ÜÕÝïÕâ ×ÝÐÚ ßàØ Ø×ÜÕÝÕÝØØ çØá-
ÛÐ ×ÐßÞÛÝÕÝÝëå ãàÞÒÝÕÙ, âÞ Õáâì, ßàØ Ø×ÜÕÝÕÝØØ çØáÛÐ çÐáâØæÒ ÚÞÛìæÕ.
ÍâÞ, âÐÚ ÝÐ×ëÒÐÕÜëÙíääÕÚâ çÕâÝÞáâØ . ¸, ÒÞ-ÒâÞàëå, ÒÕÛØçØÝÐ ßÞÛ-
ÝÞÓÞ âÞÚÐ, äÐÚâØçÕáÚØ, áÞÒßÐÔÐÕâ á ÒÕÛØçØÝÞÙ âÞÚÐ, áÞ×ÔÐÒÐÕÜÞÓÞ íÛÕÚ-
âàÞÝÞÜ ÝÐ ÒÕàåÝÕÜ ×ÐßÞÛÝÕÝÝÞÜ ãàÞÒÝÕ.

¼ÞÖÝÞ áÚÐ×Ðâì, çâÞ ßÕàáØáâÕÝâÝëÙ âÞÚ áÞ×ÔÐÕâáï íÛÕÚâàÞÝÞÜ, ÔÒØ-
ÖãéØÜáï ßÞ ÚàãÓÞÒÞÙ ÞàÑØâÕ Ò ØáÚãááâÒÕÝÝÞ áÞ×ÔÐÝÝÞÜ ÐâÞÜÕ (ÚÞÛìæÕ).
´ÐÒÐÙâÕ áàÐÒÝØÜ ÒÕÛØçØÝã íâÞÓÞ âÞÚÐ á âÞÚÞÜ, ÚÞâÞàëÙ Ñë áÞ×ÔÐÛ íÛÕÚ-
âàÞÝ, ÔÒØÖãéØÙáï ßÞ ßÛÞáÚÞÙ ÚàãÓÞÒÞÙ ÞàÑØâÕ Ò ÞáÝÞÒÝÞÜ áÞáâÞïÝØØ ÐâÞ-
ÜÐ ÒÞÔÞàÞÔÐ. ÁÛÕÔãÕâ, ÞÔÝÐÚÞ, áÚÐ×Ðâì, çâÞ íâÞâ ßàØÜÕà ØáßÞÛì×ãÕâáï âÞÛì-
ÚÞ ÔÛï çØáÛÕÝÝëå áàÐÒÝÕÝØÙ, ßÞáÚÞÛìÚã, Ò ÐâÞÜÕ ÒÞÔÞàÞÔÐ íÛÕÚâàÞÝ ÔÒØ-
ÖÕâáï ßÞ áäÕàØçÕáÚÞÙ ÞàÑØâÕ Ø ÝÕ áÞ×ÔÐÕâ ÞàÑØâÐÛìÝëÙ ÜÐÓÝØâÝëÙ ÜÞ-
ÜÕÝâ. ¸âÐÚ, ÔÛï ßÕàÒÞÙ ÑÞàÞÒáÚÞÙ ÞàÑØâë ØÜÕÕÜ,R � 5 � 10� 11Ü Øv1 �
5 � 106 Ü/á. ² àÕ×ãÛìâÐâÕ ÝÐåÞÔØÜ âÞÚ:

I a � 10� 3A :

ÂÐÚØÜ ÞÑàÐ×ÞÜ, âÞÚ Ò ÚÞÛìæÕ ×ÝÐçØâÕÛìÝÞ ÜÕÝìèÕ âÞÚÐ Ò ÐâÞÜÕ:

I 0

I a
� 10� 6 :

¾ÔÝÐÚÞ, Ò íÚáßÕàØÜÕÝâÕ Ø×ÜÕàØâì âÞÚ íÛÕÚâàÞÝÐ ÝÕÒÞ×ÜÞÖÝÞ.¾ÑëçÝÞ
Ø×ÜÕàïÕâáï ÜÐÓÝØâÝëÙ ÜÞÜÕÝâ, áÞ×ÔÐÝÝëÙ âÞÚÞÜM � IS , ÓÔÕS � ßÛÞ-
éÐÔì, ÞåÒÐâëÒÐÕÜÐï âÞÚÞÜ. ´ÐÒÐÙâÕ áàÐÒÝØÜ áÞÞâÒÕâáâÒãîéØÕ ÜÐÓÝØâ-
ÝëÕ ÜÞÜÕÝâë:

M � IS =
ev
L

L2

4�
=

ev
4�

L :

¼ë ÒØÔØÜ, çâÞ ×ÝÐçÕÝØÕM ãÒÕÛØçØÒÐÕâáï á ãÒÕÛØçÕÝØÕÜ àÐ×ÜÕàÐ ÞàÑØ-
âë L, ßÞíâÞÜã ÜÐÓÝØâÝëÙ ÜÞÜÕÝâ ßÕàáØáâÕÝâÝÞÓÞ âÞÚÐ Ò ØáÚãááâÒÕÝÝÞÜ
ÐâÞÜÕ (ÚÞÛìæÕ) ÞÚÐ×ëÒÐÕâáï ÑÞÛìèÕ, çÕÜ ÞàÑØâÐÛìÝëÙ ÜÐÓÝØâÝëÙ ÜÞÜÕÝâ
íÛÕÚâàÞÝÐ Ò ÞÑëçÝÞÜ ÐâÞÜÕ:
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M0

Ma
�

I 0

I a

�
L

2�R

� 2

� 10:

10.2.2. ÂÕÜßÕàÐâãàÐ ÚàÞááÞÒÕàÐ

¾æÕÝØÜ ÒÕÛØçØÝãT � , ÚÞâÞàÐï ÞâÔÕÛïÕâ ÞÑÛÐáâì ÝØ×ÚØå âÕÜßÕàÐâãà,
T � T � , ÓÔÕ ßÕàáØáâÕÝâÝëÙ âÞÚ ÝÕ ×ÐÒØáØâ Þâ âÕÜßÕàÐâãàë, Þâ ÞÑÛÐáâØ
ÒëáÞÚØå âÕÜßÕàÐâãà,T � T � , ÓÔÕ ßÕàáØáâÕÝâÝëÙ âÞÚ íÚáßÞÝÕÝæØÐÛìÝÞ
ßÞÔÐÒÛÕÝ. ÃçØâëÒÐï, çâÞ

� F =
hvF

L
;

ÔÛïL � 10� 6 Ü ØvF � 104 Ü/á ßÞÛãçØÜ:

T � =
� F

2� 2kB
� 25� 10� 3 K :

ÂÕÜßÕàÐâãàÐ ÚàÞááÞÒÕàÐ ÔÞáâÐâÞçÝÞ ÝØ×ÚÐï. ¾ÑàÐâØÜ ÒÝØÜÐÝØÕ ÝÐ âÞ, çâÞ
íâÐ âÕÜßÕàÐâãàÐ, äÐÚâØçÕáÚØ, ÝÐ ßÞàïÔÞÚ (2� 2 � 20) ÜÕÝìèÕ, çÕÜ àÐááâÞ-
ïÝØÕ ÜÕÖÔã ãàÞÒÝïÜØ íÝÕàÓØØ� F .

10.3. ·ÐÒØáØÜÞáâì âÞÚÐ Þâ âÕÜßÕàÐâãàë

¿àÞÐÝÐÛØ×ØàãÕÜ ×ÐÒØáØÜÞáâì ßÕàáØáâÕÝâÝÞÓÞ âÞÚÐ (10.13) Þâ âÕÜßÕ-
àÐâãàë. ¼ë ÑãÔÕÜ ßÞÛÐÓÐâì, çâÞ âÕÜßÕàÐâãàÐ ÞáâÐÕâáï ÔÞáâÐâÞçÝÞ ÝØ×-
ÚÞÙ ÔÛï âÞÓÞ, çâÞÑë áÞáâÞïÝØÕ íÛÕÚâàÞÝÞÒ Ò ÚÞÛìæÕ ÞáâÐÒÐÛÞáì ÚÞÓÕàÕÝâ-
ÝëÜ Ø, çâÞÑë àÐááÜÞâàÕÝØÕ, ÞáÝÞÒÐÝÝÞÕ ÝÐ àÕèÕÝØØ ãàÐÒÝÕÝØïÈàÕÔØÝ-
ÓÕàÐ, ÞáâÐÒÐÛÞáì áßàÐÒÕÔÛØÒëÜ. ÂÞ Õáâì, ÑãÔÕÜ áçØâÐâì ÒëßÞÛÝÕÝÝëÜ ÞÔ-
ÝÞ Ø× ÞáÝÞÒÝëå ãáÛÞÒØÙ åÐàÐÚâÕàÝëå ÔÛï ÜÕ×ÞáÚÞßØÚØ, Ð ØÜÕÝÝÞ, ÑãÔÕÜ
áçØâÐâì, çâÞ ÔÛØÝÐ áÑÞï äÐ×ëL ' (T) ÝÐÜÝÞÓÞ ÑÞÛìèÕ àÐ×ÜÕàÞÒ ÚÞÛìæÐ,
L ' (T) � L . ÂÕÜ ÝÕ ÜÕÝÕÕ, ÔÐÖÕ ßàØ ÒëßÞÛÝÕÝØØ íâÞÓÞ ãáÛÞÒØï, ×ÐÒØáØ-
ÜÞáâì Þâ âÕÜßÕàÐâãàë ïÒÛïÕâáï áãéÕáâÒÕÝÝÞÙ, àØá.10.3.
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*

I

I *-T/T~ e

T T

0

ÀØá. 10.3. ·ÐÒØáØÜÞáâì ßÕàáØáâÕÝâÝÞÓÞ âÞÚÐ Þâ âÕÜßÕàÐâãàëT.
½ØÖÕ âÕÜßÕàÐâãàë ÚàÞááÞÒÕàÐ,T < T � , ÒÕÛØçØÝÐ âÞÚÐ ÝÕ ×ÐÒØáØâ
Þâ âÕÜßÕàÐâãàë. ²ëèÕ âÕÜßÕàÐâãàë ÚàÞááÞÒÕàÐ,T > T � , ÒÕÛØçØ-
ÝÐ âÞÚÐ ãÑëÒÐÕâ íÚáßÞÝÕÝæØÐÛìÝÞ

10.3.1. ½Ø×ÚØÕ âÕÜßÕàÐâãàë

¿àØ ÝØ×ÚØå âÕÜßÕàÐâãàÐå:

T � T � ;

Üë ÜÞÖÕÜ ßÞÛÞÖØâì Ò ÒëàÐÖÕÝØØ ÔÛï âÞÚÐ (10.13)

sinh
�

q
T
T �

�
� q

T
T � :

¿ÞÔáâÐÒØÒ íâÞ Ò (10.13), ßÞÛãçØÜ:

I (�) = I 0
2
�

1X

q=1

cos
�

2�q L
� F

�

q
sin

�
2�q

�
� 0

�
: (10.14)

ÂÐÚØÜ ÞÑàÐ×ÞÜ, Ò ßàÕÔÕÛÕ ÝØ×ÚØå âÕÜßÕàÐâãà ×ÐÒØáØÜÞáâìI (�) áÞÔÕàÖØâ
àÐ×ÛØçÝëÕ ÓÐàÜÞÝØÚØ á ßÕàØÞÔÐÜØ� 0=q.
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²ÕÛØçØÝÐ ßÕàáØáâÕÝâÝÞÓÞ âÞÚÐ ÝÕ ×ÐÒØáØâ Þâ âÕÜßÕàÐâãàë, ÞÔÝÐÚÞ,
ÝÐàïÔã á àÐááÜÐâàØÒÐÕÜÞÙ ×ÐÒØáØÜÞáâìî Þâ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ, ÞÚÐ×ë-
ÒÐÕâáï ×ÐÒØáïéÕÙ âÐÚÖÕ Þâ íÝÕàÓØØ ÄÕàÜØ. ¿ÞáÛÕÔÝïï ×ÐÒØáØÜÞáâì áÞ-
ÔÕàÖØâáï Ò ÜÝÞÖØâÕÛÕcos(2�qL=� F ).

² ÞÑéÕÜ áÛãçÐÕ ßàØ ÝØ×ÚØå âÕÜßÕàÐâãàÐå ×ÐÒØáØÜÞáâìI (�) ØÜÕÕâ
ßØÛÞÞÑàÐ×Ýãî äÞàÜã á ßÕàØÞÔÞÜ� 0 (áÜ. ÝØÖÕ, àØá.10.4Ø àØá.10.5). ÁÚÐç-
ÚÞÞÑàÐ×ÝÞÕ Ø×ÜÕÝÕÝØÕ âÞÚÐ áÒï×ÐÝÞ á âÕÜ, çâÞ ßàØ Ø×ÜÕÝÕÝØØ ÜÐÓÝØâÝÞÓÞ
ßÞâÞÚÐ ÚÐÚÞÙ-ÛØÑÞ Ø× ãàÞÒÝÕÙ íÝÕàÓØØEn(�) Ò ÚÞÛìæÕ ßÕàÕáÕÚÐÕâ ãàÞ-
ÒÕÝì ÄÕàÜØ, àØá.10.1. ¿àØ ÚÐÖÔÞÜ âÐÚÞÜ ßÕàÕáÕçÕÝØØ, ÚÐÚ Üë ãÖÕ àÐ×-
ÑØàÐÛØ àÐÝÕÕ, çØáÛÞ íÛÕÚâàÞÝÞÒ Ò ÚÞÛìæÕ Ø×ÜÕÝïÕâáï ÝÐ ÕÔØÝØæã. ¿àØ
íâÞÜ Ø×ÜÕÝïÕâáï ÝÐßàÐÒÛÕÝØÕ ÔÒØÖÕÝØï íÛÕÚâàÞÝÐ ÝÐ ÒÕàåÝÕÜ×ÐßÞÛÝÕÝ-
ÝÞÜ ãàÞÒÝÕ, çâÞ Ø×ÜÕÝïÕâ ×ÝÐÚ ßÕàáØáâÕÝâÝÞÓÞ âÞÚÐ ÝÐ ßàÞâØÒÞßÞÛÞÖÝëÙ
Ø ßàÞïÒÛïÕâáï Ò ÒØÔÕ áÚÐçÚÐ ÝÐ ×ÐÒØáØÜÞáâØ âÞÚÐ Þâ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ.

² âÞ ÖÕ ÒàÕÜï, ßàØ ÝÕÚÞâÞàëå ÒëÔÕÛÕÝÝëå ×ÝÐçÕÝØïå åØÜßÞâÕÝæØÐÛÐ
� , çØáÛÞ çÐáâØæ Ò ÚÞÛìæÕ ÝÕ Ø×ÜÕÝïÕâáï ßàØ Ø×ÜÕÝÕÝØØ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ.
¸ÜÕÝÝÞ âÐÚÞÙ áÛãçÐÙ Ø×ÞÑàÐÖÕÝ ÝÐ àØá.10.1. ´Ûï ÝÐåÞÖÔÕÝØï íâØå ×ÝÐ-
çÕÝØÙ ÝÕÞÑåÞÔØÜÞ àÐááÜÞâàÕâì ßÞÛÞÖÕÝØÕ åØÜßÞâÕÝæØÐÛÐ ÞâÝÞáØâÕÛìÝÞ
ãàÞÒÝÕÙ íÝÕàÓØØ Ò ÝãÛÕÒÞÜ ÜÐÓÝØâÝÞÜ ßÞÛÕ. µáÛØ íÝÕàÓØï ÄÕàÜØ áÞÒßÐ-
ÔÐÕâ á ÞÔÝØÜ Ø× ãàÞÒÝÕÙ íÝÕàÓØØ ØÛØ àÐáßÞÛÞÖÕÝÐ âÞçÝÞ ßÞáÕàÕÔØÝÕ ÜÕÖ-
Ôã áÞáÕÔÝØÜØ ÔÒãÚàÐâÝÞ ÒëàÞÖÔÕÝÝëÜØ ãàÞÒÝïÜØ, âÞ ßàØ Ø×ÜÕÝÕÝØØ ÜÐÓ-
ÝØâÝÞÓÞ ßÞâÞÚÐ ãàÞÒÕÝì åØÜßÞâÕÝæØÐÛÐ ÑãÔãâ ßÕàÕáÕÚÐâì ÞÔÝÞÒàÕÜÕÝÝÞ
ÔÒÐ ãàÞÒÝï íÝÕàÓØØ: ÞÔØÝ Ø× ÝØå ÑãÔÕâ ÞáÒÞÑÞÖÔÐâìáï, Ð ÒâÞàÞÙ ÑãÔÕâ ×Ð-
ßÞÛÝïâìáï íÛÕÚâàÞÝÞÜ. ¿àØ íâÞÜ, ßÞÛÝÞÕ çØáÛÞ çÐáâØæ Ò ÚÞÛìæÕ ÞáâÐÕâáï
ÝÕØ×ÜÕÝÝëÜ.

¾ÔÝÐÚÞ, ßÞáÚÞÛìÚã âÞÚØ, ßÕàÕÝÞáØÜëÕ íÛÕÚâàÞÝÐÜØ ÝÐ ßÕàÕáÕÚÐî-
éØåáï ãàÞÒÝïå, àÐ×ÛØçÝë, âÞ ÝÐßàÐÒÛÕÝØÕ âÞÚÐ Ò ÚÞÛìæÕ ÑãÔÕâØ×ÜÕÝïâì-
áï ÝÐ ßàÞâØÒÞßÞÛÞÖÝÞÕ. ² âÐÚÞÜ áÛãçÐÕ ÒëàÐÖÕÝØÕ ÔÛï âÞÚÐ ßàØÝØÜÐÕâ
ÝÐØÑÞÛÕÕ ßàÞáâÞÙ ÒØÔ. ·ÔÕáì ÒÞ×ÜÞÖÝë ÔÒÐ áÛãçÐï.

1. ÇÕâÝÞÕ çØáÛÞ çÐáâØæ Ò ÚÞÛìæÕ:µáÛØ ßàØ� = 0 åØÜßÞâÕÝæØÐÛ�
áÞÒßÐÔÐÕâ á ÞÔÝØÜ Ø× ÔÒãÚàÐâÝÞ ÒëàÞÖÔÕÝÝëå ãàÞÒÝÕÙ íÝÕàÓØØEn0 Ò ÚÞÛì-
æÕ, âÞ ßÞÛÝÞÕ çØáÛÞ íÛÕÚâàÞÝÞÒNe Ò ÚÞÛìæÕ çÕâÝÞ Ø ÝÕ Ø×ÜÕÝïÕâáï ßàØ
Ø×ÜÕÝÕÝØØ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ:

Ne = 2n0 :
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² íâÞÜ áÛãçÐÕ ÔÛØÝÐ ÚÞÛìæÐ ÚàÐâÝÐ äÕàÜØÕÒáÚÞÙ ÔÛØÝÕ ÒÞÛÝë:

L = n0� F :

¼ÝÞÖØâÕÛì Ò ÒëàÐÖÕÝØØ (10.14), áÞÔÕàÖÐéØÙ ÞâÝÞèÕÝØÕL=� F , ÞÔØÝÐ-
ÚÞÒ ÔÛï ÒáÕå ÓÐàÜÞÝØÚq:

cos
�

2�q
L
� F

�
= cos(2�n 0q) = 1 :

²ëàÐÖÕÝØÕ ÔÛï âÞÚÐ (10.14) ßàØÝØÜÐÕâ áÛÕÔãîéØÙ ÒØÔ:

I 2N (�) = I 0
2
�

1X

q=1

1
q

sin
�

2�q
�
� 0

�
:

¿àØÜÕÝïï Ú íâÞÜã ÒëàÐÖÕÝØî ÞÑàÐâÝÞÕ ßàÕÞÑàÐ×ÞÒÐÝØÕ ÄãàìÕ,âÞ Õáâì,
áãÜÜØàãï àïÔ ßÞq, ÝÐåÞÔØÜ:

I 2N (�) = � I 0

�
2 �

� 0
� 1

�
; 0 < � < � 0 ;

I 2N (�) = I 2N (� + � 0) :

(10.15)

³àÐäØÚ ÔÐÝÝÞÙ ×ÐÒØáØÜÞáâØ ßàØÒÕÔÕÝ ÝÐ àØá.10.4, áßÛÞèÝÐï ÚàØÒÐï.

2. ½ÕçÕâÝÞÕ çØáÛÞ çÐáâØæ Ò ÚÞÛìæÕ:µáÛØ ßàØ� = 0 åØÜßÞâÕÝæØÐÛ�
ÝÐåÞÔØâáï âÞçÝÞ ßÞáÕàÕÔØÝÕ ÜÕÖÔã ÔÒãÚàÐâÝÞ ÒëàÞÖÔÕÝÝëÜØ ãàÞÒÝïÜØ
íÝÕàÓØØEn0 ØEn0+1 , âÞ ßÞÛÝÞÕ çØáÛÞ íÛÕÚâàÞÝÞÒNe Ò ÚÞÛìæÕ ÝÕçÕâÝÞ Ø ÝÕ
Ø×ÜÕÝïÕâáï ßàØ Ø×ÜÕÝÕÝØØ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ:

Ne = 2n0 + 1 :

¾âÜÕâØÜ, çâÞ ãàÞÒÕÝì, áÞÞâÒÕâáâÒãîéØÙn = 0, ïÒÛïÕâáï ÝÕ ÒëàÞÖ-
ÔÕÝÝëÜ Ø áÞÔÕàÖØâ ÞÔØÝ íÛÕÚâàÞÝ, Ð ÞáâÐÛìÝëÕ ãàÞÒÝØ ÔÒãÚàÐâÝÞ ÒëàÞÖ-
ÔÕÝë. ¿àØ íâÞÜ, ßàØ ÝãÛÕÒÞÙ âÕÜßÕàÐâãàÕ,� áÛãçÐÙ, ÚÞâÞàëÙ Üë àÐá-
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-1

0,5 1,5-0,5-1,5 -1 1

  = 0

1

T

F/F

e
I/I

*

0

0

T > T

N  = 2k

ÀØá. 10.4. ·ÐÒØáØÜÞáâì ßÕàáØáâÕÝâÝÞÓÞ âÞÚÐI Þâ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ�
ÔÛï ÚÞÛìæÐ á çÕâÝëÜ çØáÛÞÜ íÛÕÚâàÞÝÞÒNe = 2k ßÞÚÐ×ÐÝÐ ßàØ ÝãÛÕ-
ÒÞÙ âÕÜßÕàÐâãàÕ:T = 0 (áßÛÞèÝÐï ÛØÝØï) Ø ßàØ âÕÜßÕàÐâãàÕ ÒëèÕ çÕÜ
âÕÜßÕàÐâãàÐ ÚàÞááÞÒÕàÐ:T > T � (ßãÝÚâØàÝÐï ÛØÝØï).I 0 = evF =L �
ÐÜßÛØâãÔÐ âÞÚÐ;� 0 = h=e� ÚÒÐÝâ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ

áÜÐâàØÒÐÕÜ,� ãàÞÒÝØ án � n0 áÞÔÕàÖÐâ ßÞ ÔÒÐ íÛÕÚâàÞÝÐ, Ð ãàÞÒÝØ á
n > n 0 ÝÕ ×ÐßÞÛÝÕÝë.

² íâÞÜ áÛãçÐÕ ÞâÝÞèÕÝØÕ ÔÛØÝë ÚÞÛìæÐ Ú äÕàÜØÕÒáÚÞÙ ÔÛØÝÕ ÒÞÛÝë
Õáâì:

L
� F

= n0 +
1
2

:

¿àØ íâÞÜ ÜÝÞÖØâÕÛì Ò ÒëàÐÖÕÝØØ (10.14), áÞÔÕàÖÐéØÙ íâÞ ÞâÝÞèÕÝØÕ,
Õáâì:

cos
�

2�q
L
� F

�
= cos[2� (n0 + 0:5)q] = cos(�q ) = ( � 1)q :

²ëàÐÖÕÝØÕ ÔÛï âÞÚÐ (10.14) ßàØÝØÜÐÕâ áÛÕÔãîéØÙ ÒØÔ:

I 2N +1 (�) = I 0
2
�

1X

q=1

(� 1)q

q
sin

�
2�q

�
� 0

�
:

159



¿ÕàáØáâÕÝâÝëÙ âÞÚ

-1

1

-1 1 1,5-1,5
F/F

-0,5 0,5

T

T > T

N         k   = 2   + 1e
I/I0

  = 0

*

0

ÀØá. 10.5. ·ÐÒØáØÜÞáâì ßÕàáØáâÕÝâÝÞÓÞ âÞÚÐI Þâ ÜÐÓÝØâÝÞÓÞ ßÞ-
âÞÚÐ� ÔÛï ÚÞÛìæÐ á ÝÕçÕâÝëÜ çØáÛÞÜ íÛÕÚâàÞÝÞÒNe = 2k + 1.
¾ÑÞ×ÝÐçÕÝØï âÐÚØÕ ÖÕ ÚÐÚ Ø ÝÐ àØá.10.4

¾ÑàÐâÝÞÕ ßàÕÞÑàÐ×ÞÒÐÝØÕ ÄãàìÕ ßàØÒÞÔØâ Ú áÛÕÔãîéÕÜã:

I 2N +1 (�) = � 2I 0
�
� 0

; � � 0
2 < � < � 0

2 ;

I 2N +1 (�) = I 2N +1 (� + � 0) :
(10.16)

³àÐäØÚ ÔÐÝÝÞÙ ×ÐÒØáØÜÞáâØ ßàØÒÕÔÕÝ ÝÐ àØá.10.5.
ÁÛÕÔãÕâ ÞÑàÐâØâì ÒÝØÜÐÝØÕ ÝÐ âÞ, çâÞ ×ÐÒØáØÜÞáâì (10.16) ÜÞÖÕâ

Ñëâì ßÞÛãçÕÝÐ Ø× ×ÐÒØáØÜÞáâØ (10.15) á ßÞÜÞéìî áÔÒØÓÐ ÝÐ ßÞÛÞÒØÝã ßÕ-
àØÞÔÐ:

I 2N (�) = I 2N +1 (� + � 0=2) :

ÍâÞ ÜÞÖÝÞ âàÐÚâÞÒÐâì áÛÕÔãîéØÜ ÞÑàÐ×ÞÜ. ºÐÖÔëÙ íÛÕÚâàÞÝ ßàØÒÝÞáØâ
á áÞÑÞÙ Ò ÚÞÛìæÞ íääÕÚâØÒÝëÙ ÜÐÓÝØâÝëÙ ßÞâÞÚ, àÐÒÝëÙ ßÞÛÞÒØÝÕ ÚÒÐÝ-
âÐ� 0=2, ÚÞâÞàëÙ áÛÕÔãÕâ ÔÞÑÐÒØâì Ú ÒÝÕèÝÕÜã ÜÐÓÝØâÝÞÜã ßÞâÞÚã. ´ÒÐ
íÛÕÚâàÞÝÐ ÒÝÞáïâ ÞÑéØÙ ÒÚÛÐÔ, àÐÒÝëÙ ÞÔÝÞÜã ÚÒÐÝâã ßÞâÞÚÐ,ÚÞâÞàëÙ, Ò
áØÛã ßÕàØÞÔØçÝÞáâØ, ÜÞÖÝÞ ÝÕ ãçØâëÒÐâì.
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10.3.2. ²ëáÞÚØÕ âÕÜßÕàÐâãàë

ÂÕßÕàì àÐááÜÞâàØÜ ÒëáÞÚØÕ âÕÜßÕàÐâãàë:

T � T � :

·ÝÐÜÕÝÐâÕÛì Ò ÒëàÐÖÕÝØØ ÔÛï ÐÜßÛØâãÔë ÓÐàÜÞÝØÚ âÞÚÐ, (10.13), áâÐÝÞ-
ÒØâáï ÑÞÛìèØÜ Ø ÒÞ×àÐáâÐÕâ á ãÒÕÛØçÕÝØÕÜ ÝÞÜÕàÐ ÓÐàÜÞÝØÚØq:

sinh
�

q
T
T �

�
�

1
2

eq T
T � � 1 :

¿ÞíâÞÜã, ÐÜßÛØâãÔÐ ßÕàÒÞÙ ÓÐàÜÞÝØÚØ âÞÚÐi1 ÞÚÐ×ëÒÐÕâáï ßàÕÞÑÛÐÔÐî-
éÕÙ. ÁÛÕÔÞÒÐâÕÛìÝÞ, ÒÕÛØçØÝÐ âÞÚÐ ßàØ ãÒÕÛØçÕÝØØ âÕÜßÕàÐâãàë íÚáßÞ-
ÝÕÝæØÐÛìÝÞ ãÜÕÝìèÐÕâáï, Ð äÞàÜÐ ×ÐÒØáØÜÞáâØ âÞÚÐ Þâ ÜÐÓÝØâÝÞÓÞ ßÞâÞ-
ÚÐ áâÐÝÞÒØâáï áØÝãáÞØÔÐÛìÝÞÙ:

I � I 0
4
�

T
T �

e� T=T�
cos

�
2�

L
� F

�
sin

�
2�

�
� 0

�
: (10.17)

ÍÚáßÞÝÕÝæØÐÛìÝÐï ×ÐÒØáØÜÞáâì Þâ âÕÜßÕàÐâãàë Ø ßÛÐÒÝÐï ×ÐÒØáØÜÞáâì
Þâ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ ïÒÛïîâáï áÛÕÔáâÒØÕÜ âÕÜßÕàÐâãàÝÞÓÞ àÐ×ÜëâØï ÚàÐï
äãÝÚæØØ àÐáßàÕÔÕÛÕÝØï ÄÕàÜØ. ¿àØ ÒëáÞÚØå âÕÜßÕàÐâãàÐå Ø×ÜÕÝÕÝØÕ ÜÐÓ-
ÝØâÝÞÓÞ ßÞâÞÚÐ ÝÕ ßàØÒÞÔØâ Ú Ø×ÜÕÝÕÝØî çØáÛÐ çÐáâØæ Ò ÚÞÛìæÕ, ßÞíâÞÜã
ÝÕâ àÕ×ÚØå Ø×ÛÞÜÞÒ ÝÐ ×ÐÒØáØÜÞáâØ âÞÚÐ Þâ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ. ºÞÜßÕÝ-
áÐæØï ÖÕ ÒÚÛÐÔÞÒ Þâ çÐáâØçÝÞ ×ÐßÞÛÝÕÝÝëå ãàÞÒÝÕÙ ßàØÒÞÔØâ ÚíÚáßÞ-
ÝÕÝæØÐÛìÝÞÜã ãÜÕÝìèÕÝØî ÒÕÛØçØÝë âÞÚÐ á àÞáâÞÜ âÕÜßÕàÐâãàë.

10.4. ÍääÕÚâ çÕâÝÞáâØ

¸× ãàÐÒÝÕÝØÙ (10.15) Ø (10.16) ÒØÔÝÞ, çâÞ åÐàÐÚâÕà ×ÐÒØáØÜÞáâØ ßÕà-
áØáâÕÝâÝÞÓÞ âÞÚÐ Þâ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ áØÛìÝÞ ×ÐÒØáØâ Þâ ÚÞÛØçÕáâÒÐ çÐ-
áâØæ Ò ÚÞÛìæÕ. µáÛØ çØáÛÞ çÐáâØæ Ò ÚÞÛìæÕ ÝÕçÕâÝÞ, âÞ ÞâÚÛØÚ íÛÕÚâàÞÝ-
ÝÞÙ áØáâÕÜë Ò ÝãÛÕÒÞÜ ßÞÛÕ ÔØÐÜÐÓÝØâÝëÙ: ØÝÔãæØàÞÒÐÝÝëÙ ÜÐÓÝØâÝëÙ
ÜÞÜÕÝâ ÚÞÛìæÐ ßàÞâØÒÞßÞÛÞÖÕÝ ßÞ ×ÝÐÚã ßàØÛÞÖÕÝÝÞÜã ÜÐÓÝØâÝÞÜã ßÞ-
âÞÚã. ²ÕÛØçØÝÐ ÔØÐÜÐÓÝØâÝÞÓÞ ÜÞÜÕÝâÐ ßàÞßÞàæØÞÝÐÛìÝÐ ÜÐÓÝØâÝÞÜã ßÞ-
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âÞÚã Ø, ßÞâÞÜã, ÜÐÛÐ ßàØ� ! 0. ¾âÚÛØÚ ÖÕ ÚÞÛìæÐ á çÕâÝëÜ çØáÛÞÜ çÐ-
áâØæ ßÐàÐÜÐÓÝØâÝëÙ: ØÝÔãæØàÞÒÐÝÝëÙ ÜÐÓÝØâÝëÙ ÜÞÜÕÝâ ÚÞÛìæÐ áÞÒßÐ-
ÔÐÕâ ßÞ ×ÝÐÚã á ßàØÛÞÖÕÝÝëÜ ÜÐÓÝØâÝëÜ ßÞâÞÚÞÜ. ² ÞâÛØçØÕ Þâ ÔØÐÜÐÓ-
ÝØâÝÞÓÞ ÜÞÜÕÝâÐ, ÒÕÛØçØÝÐ ßÐàÐÜÐÓÝØâÝÞÓÞ ÜÞÜÕÝâÐ ÒÕÛØÚÐ ßàØ� ! 0.

ÍâÞâ íääÕÚâ ßÞÛãçØÛ ÝÐ×ÒÐÝØÕíääÕÚâÐ çÕâÝÞáâØ. ÍääÕÚâ çÕâ-
ÝÞáâØ, âÞ Õáâì, ×ÝÐçØâÕÛìÝÞÕ, Ø ßàØâÞÜ ßÕàØÞÔØçÕáÚÞÕ, Ø×ÜÕÝÕÝØÕ áÒÞÙáâÒ
ÞÑàÐ×æÐ, ßàØ Ø×ÜÕÝÕÝØØ çØáÛÐ çÐáâØæ Ò ÝÕÜ ÒáâàÕçÐÕâáï ÔÞÒÞÛìÝÞ çÐáâÞ Ò
ÜÕ×ÞáÚÞßØÚÕ. ¿ÕàáØáâÕÝâÝëÙ âÞÚ ßàÞïÒÛïÕâ íääÕÚâ çÕâÝÞáâØ, ßÞâÞÜã çâÞ
áÞáÕÔÝØÕ ãàÞÒÝØ íÝÕàÓØØ ßÕàÕÝÞáïâ âÞÚ ßàÞâØÒÞßÞÛÞÖÝÞÓÞ ÝÐßàÐÒÛÕÝØï.
ÁÛÕÔãÕâ ÞâÜÕâØâì, çâÞ íâÞ áßàÐÒÕÔÛØÒÞ âÞÛìÚÞ ÔÛï ßàÞáâëå ÓÕÞÜÕâàØÙ. ²
ÞÑàÐ×æÐå á ÑÞÛÕÕ áÛÞÖÝÞÙ äÞàÜÞÙ, ÝÐßàØÜÕà Ò ÚÞÛìæÕ á ßàØáÞÕÔØÝÕÝÝëÜ
Ú ÝÕÜã ßàÞÒÞÔÝØÚÞÜ á ÚÞÝÕçÝëÜ àÐ×ÜÕàÞÜ, æÕÛëÕ Óàãßßë ßÞáÛÕÔÞÒÐâÕÛì-
Ýëå ÚÒÐÝâÞÒëå ãàÞÒÝÕÙ ßÕàÕÝÞáïâ âÞÚ ÞÔÝÞÓÞ ÝÐßàÐÒÛÕÝØï. ² íâÞÜ áÛãçÐÕ
íääÕÚâ çÕâÝÞáâØ ÜÞÔØäØæØàãÕâáï.

ºàÞÜÕ âÞÓÞ, Üë ÝÕ ãçØâëÒÐÛØ áßØÝ íÛÕÚâàÞÝÐ. µáÛØ ÖÕ ãçÕáâì ÝÐ-
ÛØçØÕ ã íÛÕÚâàÞÝÐ áßØÝÐ, âÞ ÚÐÖÔëÙ íÝÕàÓÕâØçÕáÚØÙ ãàÞÒÕÝì ÑãÔÕâ ÔÞ-
ßÞÛÝØâÕÛìÝÞ ÔÒãÚàÐâÝÞ ÒëàÞÖÔÕÝÝëÜ. ² íâÞÜ áÛãçÐÕ ÔÛï ßÕàáØáâÕÝâÝÞÓÞ
âÞÚÐ ÞÚÐ×ëÒÐÕâáï áãéÕáâÒÕÝÝëÜ çØáÛÞ íÛÕÚâàÞÝÞÒ Ò ÚÞÛìæÕ ßÞÜÞÔãÛî4.
ÂÞÛìÚÞ ßàØ Ø×ÜÕÝÕÝØØ çØáÛÐ íÛÕÚâàÞÝÞÒ Ò ÚÞÛìæÕ ÝÐ çÕâëàÕ, ×ÐÒØáØÜÞáâì
I (�) ÞáâÐÕâáï ÝÕØ×ÜÕÝÝÞÙ.

²ÞßàÞáë ÔÛï áÐÜÞßàÞÒÕàÚØ

1) ¿ÞçÕÜã íÝÕàÓØï íÛÕÚâàÞÝÝÞÙ áØáâÕÜë Ò ÚÞÛìæÕ ßÕàØÞÔØçÝÐ ßÞ ÜÐÓÝØâ-
ÝÞÜã ßÞâÞÚã Ø á ÚÐÚØÜ ßÕàØÞÔÞÜ?
2) ºÐÚ ÐÜßÛØâãÔÐ ßÕàáØáâÕÝâÝÞÓÞ âÞÚÐ Ø×ÜÕÝïÕâáï á âÕÜßÕàÐâãàÞÙ?
3) ºÐÚ Ø×ÜÕÝïÕâáï ßÕàáØáâÕÝâÝëÙ âÞÚ á ãÒÕÛØçÕÝØÕÜ àÐ×ÜÕàÞÒÚÞÛìæÐ?
4) ² çÕÜ áÞáâÞØâ íääÕÚâ çÕâÝÞáâØ ÔÛï ßÕàáØáâÕÝâÝÞÓÞ âÞÚÐ?
5) ÇâÞ âÐÚÞÕ âÕÜßÕàÐâãàÐ ÚàÞááÞÒÕàÐ ÔÛï ßÕàáØáâÕÝâÝÞÓÞ âÞÚÐ Ø Þâ çÕÓÞ
ÞÝÐ ×ÐÒØáØâ?
6) ·ÐÒØáØÜÞáâì ßÕàáØáâÕÝâÝÞÓÞ âÞÚÐ Þâ ÜÐÓÝØâÝÞÓÞ ßÞâÞÚÐ ßàØ ÝØ×ÚØå
âÕÜßÕàÐâãàÐå. ºÐÚ Ò íâÞÜ áÛãçÐÕ ßàÞïÒÛïÕâáï íääÕÚâ çÕâÝÞáâØ?
7) ² çÕÜ ÞáÞÑÕÝÝÞáâì ßÕàáØáâÕÝâÝÞÓÞ âÞÚÐ ßàØ ÒëáÞÚØå âÕÜßÕàÐâãàÐå?
¿àÞïÒÛïÕâáï ÛØ Ò íâÞÜ áÛãçÐÕ íääÕÚâ çÕâÝÞáâØ?
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½Ð ßàØÜÕàÕ ßÕàáØáâÕÝâÝÞÓÞ âÞÚÐ Üë ãÑÕÔØÛØáì, çâÞ ÔÒØÖÕÝØÕ ÕÔØ-
ÝØçÝÞÓÞ íÛÕÚâàÞÝÐ ÜÞÖÕâ ÞßàÕÔÕÛïâì ÒßÞÛÝÕ Ø×ÜÕàØÜëÙ íääÕÚâ Ò ÜÕ×Þ-
áÚÞßØçÕáÚØå ÞÑàÐ×æÐå. ² áÒï×Ø á íâØÜ, ÕáâÕáâÒÕÝÝÞ ßàÕÔßÞÛÞÖØâì, çâÞ
ÔØáÚàÕâÝÞáâì íÛÕÚâàØçÕáÚÞÓÞ ×ÐàïÔÐ, âÐÚÖÕ ïÒÛïÕâáï áãéÕáâÒÕÝÝÞÙ ÔÛï
ÜÕ×ÞáÚÞßØÚØ. ´ÕÙáâÒØâÕÛìÝÞ, áãéÕáâÒãîâ ãáÛÞÒØï ßàØ ÚÞâÞàëå ÔØáÚàÕâ-
ÝÞáâì ×ÐàïÔÐ ÞÚÐ×ëÒÐÕâ áãéÕáâÒÕÝÝÞÕ ÒÛØïÝØÕ ÝÐ áÒÞÙáâÒÐ ÜÕ×ÞáÚÞßØçÕ-
áÚØå ÞÑàÐ×æÞÒ [31, 32, 33].

ÁÛÕÔãÕâ áÚÐ×Ðâì, çâÞ ÒÞßàÞá Þ ÒÛØïÝØØ ÔØáÚàÕâÝÞáâØ ×ÐàïÔÐ ÝÐ áÒÞÙ-
áâÒÐ âÒÕàÔëå âÕÛ ØÜÕÕâ ÔÞÛÓãî ØáâÞàØî. ÁÞÑáâÒÕÝÝÞ áÐÜÞ Ø×ÜÕàÕÝØÕ ×Ð-
àïÔÐ íÛÕÚâàÞÝÐ áâÐÛÞ ÒÞ×ÜÞÖÝÞ ÑÛÐÓÞÔÐàï âÞÜã, çâÞ âÐÚÞÕ ÒÛØïÝØÕ áã-
éÕáâÒÕÝÝÞ Ø ÜÞÖÕâ Ñëâì íÚáßÕàØÜÕÝâÐÛìÝÞ Ø×ãçÕÝÞ. ÂÐÚ, ÕéÕ Ò1911 ÓÞ-
Ôã ¼ØÛÛØÚÕÝ Ø×ÜÕàØÛ ×ÐàïÔ íÛÕÚâàÞÝÐ, ÝÐÑÛîÔÐï ×Ð ÔÒØÖÕÝØÕÜÒ×ÒÕ-
áØ Ø× ÜØÚàÞáÚÞßØçÕáÚØå ÚÐßÕÛì ÜÐáÛÐ. ´ÐÛÕÕ, ÒÛØïÝØÕ âãÝÝÕÛØàÞÒÐÝØï
ÕÔØÝØçÝÞÓÞ íÛÕÚâàÞÝÐ ÝÐ áÒÞÙáâÒÐ ÓàÐÝãÛØàÞÒÐÝÝëå ßÛÕÝÞÚ ØááÛÕÔÞÒÐ-
ÛÞáì íÚáßÕàØÜÕÝâÐÛìÝÞ Ò àÐÑÞâÐå ³ØÐÒìÕàÐ Ø ·ÕÛÛÕàÐ (Giaeverand Zeller,
1968Ó.) [34], »íÜÑÐ Ø ¹ÐÚÛÕÒØÚÐ (Lambe and Jaklevic, 1969Ó.) [35] Ø ÔàãÓØ-
ÜØ. ÁÛÕÔãÕâ ßÞÔçÕàÚÝãâì, çâÞ Ò ÞâÛØçØÕ Þâ ßÕàÕçØáÛÕÝÝëå àÐÑÞâ, Ò ÚÞâÞ-
àëå ØááÛÕÔÞÒÐÛØáì, äÐÚâØçÕáÚØ, áÞÒÞÚãßÝÞáâì ÜÕÛÚØå ÓàÐÝãÛ, ÜÕ×ÞáÚÞ-
ßØçÕáÚØÙ íâÐß àÐ×ÒØâØï áÒï×ÐÝ á ÒÞ×ÜÞÖÝÞáâìî Ø×ãçÐâì ÞâÔÕÛìÝÞ Ò×ïâëÙ
ÞÑàÐ×Õæ, ÕÔØÝØçÝãî ÓàÐÝãÛã.

11.1. ºÒÐÝâÞÒÐÝØÕ ×ÐàïÔÐ Ò ÞÑàÐ×æÐå ÜÐÛëå àÐ×ÜÕàÞÒ

´Ûï âÞÓÞ, çâÞÑë ÒÛØïÝØÕ ×ÐàïÔÐ ÞÔÝÞÓÞ íÛÕÚâàÞÝÐ ÑëÛÞ ×ÐÜÕâÝëÜ,
ÝÕÞÑåÞÔØÜÞ, ÒÞ-ßÕàÒëå, çâÞÑë íÝÕàÓÕâØçÕáÚØÙ ÜÐáèâÐÑ, áÒï×ÐÝÝëÙ á ×Ð-
àïÖÕÝØÕÜ ÞÑàÐ×æÐ ×ÐàïÔÞÜ1e, ÑëÛ áàÐÒÝØÜëÜ á ÔàãÓØÜØ, åÐàÐÚâÕàÝëÜØ
ÔÛï àÐááÜÐâàØÒÐÕÜÞÓÞ ÞÑàÐ×æÐ, ÜÐáèâÐÑÐÜØ íÝÕàÓØÙ, ÝÐßàØÜÕà, á âÕÜßÕ-
àÐâãàÞÙ. ¸, ÒÞ-ÒâÞàëå, ÝÕÞÑåÞÔØÜÞ, çâÞÑë ÞÑàÐ×Õæ áÞåàÐÝïÛáÒÞÙ ×ÐàïÔ
ÔÞáâÐâÞçÝÞ ÔÞÛÓÞ. ´Ûï íâÞÓÞ ÞÑàÐ×Õæ ÔÞÛÖÕÝ Ñëâì åÞàÞèÞ Ø×ÞÛØàÞÒÐÝ Þâ
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e 

2c
e2

CE  = 

ÀØá. 11.1. ¿ÕàÕåÞÔ ÞÔÝÞÓÞ íÛÕÚâàÞÝÐ Ø× àÕ×ÕàÒãÐàÐ ÝÐ ÓàÐÝãÛã
Ø×ÜÕÝïÕâ ÕÕ ×ÐàïÔ ÝÐ1e, çâÞ áÞßàÞÒÞÖÔÐÕâáï Ø×ÜÕÝÕÝØÕÜ íÝÕàÓØØ
ÒáÕÙ áØáâÕÜë ÝÐEc = e2=2C. ·ÔÕáì C � íÛÕÚâàØçÕáÚÐï ÕÜÚÞáâì
ÓàÐÝãÛë

ÞÚàãÖÐîéÕÙ áàÕÔë. ² çÐáâÝÞáâØ, íÛÕÚâàØçÕáÚØÕ ÚÞÝâÐÚâë ÔÞÛÖÝë Ñëâì
ßÞÔáÞÕÔØÝÕÝë Ú âÐÚÞÜã ÞÑàÐ×æã ßÞáàÕÔáâÒÞÜ âãÝÝÕÛìÝëå ÚÞÝâÐÚâÞÒ á ÜÐ-
ÛÞÙ ßàÞ×àÐçÝÞáâìî.

¾æÕÝØÜ ÜÐáèâÐÑ íÝÕàÓØØ, áÒï×ÐÝÝÞÙ á Ø×ÜÕÝÕÝØÕÜ ×ÐàïÔÐ ÞÑàÐ×æÐ
ÝÐ1e, àØá.11.1. ÍâÐ íÝÕàÓØï ÝÕ çâÞ ØÝÞÕ, ÚÐÚ íÛÕÚâàÞáâÐâØçÕáÚÐï íÝÕàÓØï
Ec, ÞÑãáÛÞÒÛÕÝÝÐï áÞÑáâÒÕÝÝÞÙ ÕÜÚÞáâìî ÞÑàÐ×æÐC:

Ec =
e2

2C
: (11.1)

µÜÚÞáâì áäÕàØçÕáÚÞÓÞ ÞÑàÐ×æÐ á àÐÔØãáÞÜR àÐÒÝÐ,C = 4�� 0�R , Ð ÔÛï
ÞÑàÐ×æÐ Ò äÞàÜÕ ÔØáÚÐ,C = 8� 0�R . ·ÔÕáì � � ÔØíÛÕÚâàØçÕáÚÐï ßàÞÝØ-
æÐÕÜÞáâì áàÕÔë. ºÞÝáâÐÝâÐ� 0 àÐÒÝÐ,� 0 = 8:85 � 10� 12 ºÛ 2/(½Ü2). ´Ûï
åÐàÐÚâÕàÝëå ÒÕÛØçØÝR � 10� 6 Ü Ø� � 10, ßÞÛãçÐÕÜ,C � 10� 15Ä. ÁÞÞâ-
ÒÕâáâÒãîéÐï íÛÕÚâàÞáâÐâØçÕáÚÐï íÝÕàÓØï Õáâì:

Ec = (1:6� 10� 19)2

2� 10� 151:38� 10� 23 ºÛ 2/(Ä ´Ö/º) � 1K.

ÍâÞ Þ×ÝÐçÐÕâ, çâÞ ÚÞÓÔÐ âÕÜßÕàÐâãàÐ ÞÚàãÖÐîéÕÙ áàÕÔë ÑãÔÕâÜÕÝìèÕ,
çÕÜ1K, âÞ ×ÐàïÔQ âÐÚÞÓÞ ÞÑàÐ×æÐ ÝÕ ÑãÔÕâ äÛãÚâãØàÞÒÐâì, Ð ÑãÔÕâ äØÚ-
áØàÞÒÐÝÝëÜ. µáÛØ ßàØÛÞÖØâì ÝÐßàïÖÕÝØÕ Ú ÓàÐÝãÛÕ, âÞ âÞÚ âÕçì ÝÕ Ñã-
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ÀØá. 11.2. ¸×ÜÕÝÕÝØÕ íÝÕàÓØØ áØáâÕÜë ÝÐEc ßàØ ßÕàÕåÞÔÕ íÛÕÚâàÞÝÐ Ø× àÕ×ÕàÒãÐàÐ ÝÐ
ÓàÐÝãÛã ßàØÒÞÔØâ Ú âÞÜã, çâÞ âÞÚ Ò áØáâÕÜÕ ßÞïÒÛïÕâáï,I 6= 0, âÞÛìÚÞ ßàØV > V � .
²ÕÛØçØÝÐ ßÞàÞÓÞÒÞÓÞ ÝÐßàïÖÕÝØïjeV� j � Ec

ÔÕâ, ßÞáÚÞÛìÚã ÔÛï ßàÞâÕÚÐÝØï âÞÚÐ ÝÕÞÑåÞÔØÜÞ, çâÞÑë íÛÕÚâàÞÝë ßÕàÕ-
åÞÔØÛØ ÝÐ ÓàÐÝãÛã. ¾ÔÝÐÚÞ, âÐÚÞÙ ßÕàÕåÞÔ ÝÕÒÞ×ÜÞÖÕÝ, ßÞáÚÞÛìÚã ÞÝ ßàØ-
ÒÕÛ Ñë Ú Ø×ÜÕÝÕÝØî ×ÐàïÔÐ ÓàÐÝãÛë. ÂÞÛìÚÞ, ÕáÛØ ßàØÛÞÖØâì ÔÞáâÐâÞçÝÞ
ÑÞÛìèÞÕ ÝÐßàïÖÕÝØÕ

V > Ec
jej � 0:8 � 10� 3 ² ,

âÞ âÞÚ ßÞâÕçÕâ çÕàÕ× ÓàÐÝãÛã, ßÞáÚÞÛìÚã ØáâÞçÝØÚ áÜÞÖÕâ ÒëßÞÛÝØâì àÐ-
ÑÞâã ßàÞâØÒ íÛÕÚâàÞáâÐâØçÕáÚØå áØÛ, ßàÕßïâáâÒãîéØå ßÕàÕåÞÔã íÛÕÚâàÞ-
ÝÐ ÝÐ ÓàÐÝãÛã, àØá.11.2. ² íâÞÜ áÞÑáâÒÕÝÝÞ Ø áÞáâÞØâ íääÕÚâ ÚãÛÞÝÞÒáÚÞÙ
ÑÛÞÚÐÔë. ° ØÜÕÝÝÞ, ßàØ ÝØ×ÚØå âÕÜßÕàÐâãàÐå ÓàÐÝãÛÐ áâÐÝÞÒØâáï ßàÞÒÞ-
ÔïéÕÙ âÞÛìÚÞ ÝÐçØÝÐï á ÝÕÚÞâÞàÞÓÞ ßÞàÞÓÞÒÞÓÞ ÝÐßàïÖÕÝØïjeV� j � Ec.

´ÐÛÕÕ, ßàÞÐÝÐÛØ×ØàãÕÜ âàÕÑÞÒÐÝØÕ, çâÞÑë ×ÐàïÔ ÝÐ ÓàÐÝãÛÕ áÞåàÐ-
ÝïÛáï ßÞáâÞïÝÝëÜ ÔÞáâÐâÞçÝÞ ÔÞÛÓÞ. ´Ûï çÕÓÞ íâÞ ÝãÖÝÞ? ²ëèÕÜë ÐÝÐ-
ÛØ×ØàÞÒÐÛØ ÒÞ×ÜÞÖÝÞáâì ßÕàÕåÞÔÐ íÛÕÚâàÞÝÐ ÝÐ ÓàÐÝãÛã, àÐááÜÐâàØÒÐï
íÛÕÚâàÞÝ Ò ÚÐçÕáâÒÕ ÚÛÐááØçÕáÚÞÙ, ÝÕ ÚÒÐÝâÞÒÞÙ çÐáâØæë. ¾ÔÝÐÚÞ, á âÞçÚØ
×àÕÝØï ÚÒÐÝâÞÒÞÙ ÜÕåÐÝØÚØ, íÛÕÚâàÞÝ ÜÞÖÕâ ßàÞâãÝÝÕÛØàÞÒÐâì ÝÐ ÓàÐÝã-
Ûã, ÝÐåÞÔØâáï âÐÜ ÝÕÚÞâÞàÞÕ ÒàÕÜï�t Ø ßÞÚØÝãâì ÓàÐÝãÛã. ÍÛÕÚâàÞÝ ÜÞÖÕâ
ÛØÑÞ ÒÕàÝãâìáï Ò âÞâ ÑÕàÕÓ ÞâÚãÔÐ ÞÝ ßÕàÒÞÝÐçÐÛìÝÞ âãÝÝÕÛØàÞÒÐÛ ÝÐ ÓàÐ-
ÝãÛã, ÛØÑÞ ßÕàÕÙâØ ÝÐ ÔàãÓÞÙ ÑÕàÕÓ Ø âÕÜ áÐÜëÜ ßàØÝïâì ãçÐáâØÕ Ò ßÕàÕÝÞ-
áÕ âÞÚÐ çÕàÕ× ÓàÐÝãÛã. ÍâÞ âÐÚ ÝÐ×ëÒÐÕÜëÕ ÚÒÐÝâÞÒëÕ äÛãÚâãÐæØØ ×ÐàïÔÐ
ÝÐ ÓàÐÝãÛÕ. ´Ûï âÐÚØå ÒØàâãÐÛìÝëå ßàÞæÕááÞÒ ÝÕâ ÝÕÞÑåÞÔØÜÞáâØ ßàÕÞÔÞ-
ÛÕÒÐâì íÛÕÚâàÞáâÐâØçÕáÚØÙ ÑÐàìÕà, ßÞáÚÞÛìÚã ×ÐÚÞÝ áÞåàÐÝÕÝØï íÝÕàÓØØ
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ÔÞÛÖÕÝ ÒëßÞÛÝïâìáï âÞÛìÚÞ ÔÛï íÝÕàÓØÙ Ò ÝÐçÐÛìÝÞÜ Ø ÚÞÝÕçÝÞÜ áÞáâÞ-
ïÝØïå, ÚÞÓÔÐ ×ÐàïÔ ÝÐ ÓàÐÝãÛÕ ÞâáãâáâÒãÕâ Ø, áÞÞâÒÕâáâÒÕÝÝÞ, ÞâáãâáâÒãÕâ
íÛÕÚâàÞáâÐâØçÕáÚÐï íÝÕàÓØï, ÞÑãáÛÞÒÛÕÝÝÐï íâØÜ ×ÐàïÔÞÜ.´Ûï ßàÞÜÕ-
ÖãâÞçÝëå, ÒØàâãÐÛìÝëå áÞáâÞïÝØÙ, áãéÕáâÒãîéØå ÚÞàÞâÚÞÕ ÒàÕÜï�t , ÚÞ-
ÓÔÐ íÛÕÚâàÞÝ ÝÐåÞÔØâáï ÝÐ ÓàÐÝãÛÕ Ø, ÚÐÚ áÛÕÔáâÒØÕ, ßÞïÒÛïÕâáï íÛÕÚâàÞ-
áâÐâØçÕáÚÐï íÝÕàÓØï, ×ÐÚÞÝ áÞåàÐÝÕÝØï íÝÕàÓØØ ÝÕ ÔÞÛÖÕÝ ÒëßÞÛÝïâìáï.
ÂÞçÝÕÕ ÓÞÒÞàï ×ÐÚÞÝ áÞåàÐÝÕÝØï íÝÕàÓØØ ÒëßÞÛÝïÕâáï á âÞçÝÞáâìî ÔÞ ÒÕ-
ÛØçØÝë ßÞàïÔÚÐ�E . ÍâÐ ÒÕÛØçØÝÐ áÒï×ÐÝÐ á�t áÞÞâÝÞèÕÝØÕÜ ÝÕÞßàÕÔÕ-
ÛÕÝÝÞáâØ ³ÕÙ×ÕÝÑÕàÓÐ ÔÛï íÝÕàÓØØ-ÒàÕÜÕÝØ:

�E �t � h ; (11.2)

ÓÔÕh � ßÞáâÞïÝÝÐï ¿ÛÐÝÚÐ. µáÛØ ÝÕÞßàÕÔÕÛÕÝÝÞáâì íÝÕàÓØØ�E ÜÕÝì-
èÕ, çÕÜ íÛÕÚâàÞáâÐâØçÕáÚÐï íÝÕàÓØïEc, áÒï×ÐÝÝÐï á ßÞïÒÛÕÝØÕÜ ×ÐàïÔÐ
íÛÕÚâàÞÝÐ ÝÐ ÓàÐÝãÛÕ,

�E �
h
�t

< E c ; (11.3)

âÞ ßàÞæÕáá âãÝÝÕÛØàÞÒÐÝØÕ íÛÕÚâàÞÝÐ çÕàÕ× ÓàÐÝãÛã, ÔàãÓØÜØ áÛÞÒÐÜØ,
ßàÞæÕáá âãÝÝÕÛØàÞÒÐÝØÕ çÕàÕ× ÒØàâãÐÛìÝëÙ íÛÕÚâàÞáâÐâØçÕáÚØÙ ßÞâÕÝ-
æØÐÛìÝëÙ ÑÐàìÕà, ÞÚÐ×ëÒÐÕâáï ÝÕ ÒÞ×ÜÞÖÕÝ. µáÛØ ÖÕ�E � Ec, âÞ âãÝÝÕ-
ÛØàÞÒÐÝØÕ ÒÞ×ÜÞÖÝÞ.

´Ûï âÞÓÞ, çâÞÑë ÒÞ×ÝØÚÛÐ ÚãÛÞÝÞÒáÚÐï ÑÛÞÚÐÔÐ ÝÕÞÑåÞÔØÜÞ, çâÞÑë
ÝÕÞßàÕÔÕÛÕÝÝÞáâì íÝÕàÓØØ�E ÑëÛÐ ÜÐÛÞÙ ßÞ áàÐÒÝÕÝØî áEc. ´Ûï íâÞÓÞ
ÝÕÞÑåÞÔØÜÞ, çâÞÑë ÒàÕÜï�t , Ò âÕçÕÝØÕ ÚÞâÞàÞÓÞ íÛÕÚâàÞÝ ÝÐåÞÔØâáï ÝÐ
ÓàÐÝãÛÕ, ÑëÛÞ ÑÞÛìèØÜ. ÍâÞ ÒàÕÜï ßÞ ßÞàïÔÚã ÒÕÛØçØÝë àÐÒÝÞ ÒàÕÜÕÝØ
×ÐàïÖÕÝØï (ØÛØ àÐ×àïÖÕÝØï) ÓàÐÝãÛë. ¿ÞáÛÕÔÝÕÕ ÞßàÕÔÕÛïÕâáï íÛÕÚâàÞ-
âÕåÝØçÕáÚØÜØ åÐàÐÚâÕàØáâØÚÐÜØ� ÕÜÚÞáâìîC Ø áÞßàÞâØÒÛÕÝØÕÜ âãÝ-
ÝÕÛìÝÞÓÞ ÑÐàìÕàÐRt ÜÕÖÔã ÚÞÝâÐÚâÞÜ (ßàÞÒÞÔÝØÚÞÜ) Ø ÓàÐÝãÛÞÙ:

�t � Rt C :

¿ÞÔáâÐÒÛïï íâã ÞæÕÝÚã Ò ÒëàÐÖÕÝØÕ (11.3), ßÞÛãçØÜ ÞÓàÐÝØçÕÝØÕ ÝÐ áÞ-
ßàÞâØÒÛÕÝØÕ âãÝÝÕÛìÝÞÓÞ ÚÞÝâÐÚâÐ, ÞâÔÕÛïîéÕÓÞ ÓàÐÝãÛã ÞâÞÚàãÖÕÝØï,
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ßàØ ÚÞâÞàÞÜ âãÝÝÕÛØàÞÒÐÝØÕ ÝÕÒÞ×ÜÞÖÝÞ (âÞ Õáâì, ßàØ ÚÞâÞàÞÜ �E �
Ec):

Rt >
h
e2 � 25:8 � 103 
 : (11.4)

ÂÐÚØÜ ÞÑàÐ×ÞÜ, ÔÛï âÞÓÞ, çâÞÑë íääÕÚâë, áÒï×ÐÝÝëÕ á ÔØáÚàÕâÝÞ-
áâìî ×ÐàïÔÐ íÛÕÚâàÞÝÐ, ßàÞïÒØÛØáì Ò ßàÞÒÞÔØÜÞáâØ ÓàÐÝãÛë ÝÕÞÑåÞÔØ-
Üë, ÒÞ-ßÕàÒëå, ÝØ×ÚØÕ âÕÜßÕàÐâãàëT � Ec, çâÞÑë Ø×ÑÕÖÐâì ÚÛÐááØçÕ-
áÚØå (âÕßÛÞÒëå) ÝÐÔÑÐàìÕàÝëå ßÕàÕáÚÞÚÞÒ Ø, ÒÞ-ÒâÞàëå, ÔÞáâÐâÞçÝÞ ÑÞÛì-
èØÕ áÞßàÞâØÒÛÕÝØï âãÝÝÕÛìÝëå ÚÞÝâÐÚâÞÒ, çâÞÑë Ø×ÑÕÖÐâì ßÕàÕáÚÞÚÞÒ,
ÞÑãáÛÞÒÛÕÝÝëå ÚÒÐÝâÞÒëÜ âãÝÝÕÛØàÞÒÐÝØÕÜ,�E � Ec.

½ØÖÕ Üë ÑãÔÕÜ ßÞÛÐÓÐâì ÞÑÐ íâØ ãáÛÞÒØï ÒëßÞÛÝÕÝÝëÜØ, çâÞ ßÞ×ÒÞ-
ÛØâ ßàÞÒÕáâØ ÚÐçÕáâÒÕÝÝëÙ, ßÞÛãÚÛÐááØçÕáÚØÙ ÐÝÐÛØ× ÒÛØïÝØï ÔØáÚàÕâ-
ÝÞáâØ ×ÐàïÔÐ ÝÐ íÛÕÚâàÞßàÞÒÞÔÝÞáâì ÓàÐÝãÛë.

11.2. ºãÛÞÝÞÒáÚÐï ÑÛÞÚÐÔÐ íÛÕÚâàÞÝÝÞÓÞ âàÐÝáßÞàâÐ.

ÀÐááÜÞâàØÜ ÓàÐÝãÛã, áÞÕÔØÝÕÝÝãî âãÝÝÕÛìÝëÜØ ÑÐàìÕàÐÜØ á ÛÕÒëÜ
Ø ßàÐÒëÜ ÑÕàÕÓÐÜØ. ¿àÞÒÞÔØÜÞáâì ÓàÐÝãÛë ßàÞßÞàæØÞÝÐÛìÝÐ ÒÕàÞïâÝÞ-
áâØ ßàÞåÞÖÔÕÝØï íÛÕÚâàÞÝÐ á ÛÕÒÞÓÞ ÑÕàÕÓÐ ÝÐ ßàÐÒëÙ. ² àÐááÜÐâàØÒÐÕ-
ÜÞÜ áÛãçÐÕ íâÞ Õáâì ÒÕàÞïâÝÞáâì âãÝÝÕÛØàÞÒÐÝØï çÕàÕ× ÔÒÞÙÝÞÙ ßÞâÕÝæØ-
ÐÛìÝëÙ ÑÐàìÕà. ¾ÔØÝ ßÞâÕÝæØÐÛìÝëÙ ÑÐàìÕà ÞâÔÕÛïÕâ ÓàÐÝãÛãÞâ ÛÕÒÞÓÞ
ÑÕàÕÓÐ Ø ÒâÞàÞÙ ßÞâÕÝæØÐÛìÝëÙ ÑÐàìÕà ÞâÔÕÛïÕâ ÓàÐÝãÛã Þâ ßàÐÒÞÓÞ ÑÕ-
àÕÓÐ. ±ãÔÕÜ áçØâÐâì ÓàÐÝãÛã ÝÐáâÞÛìÚÞ ÜÐÛÞÙ, çâÞ ÝÕÞÑåÞÔØÜÞ ãçØâëÒÐâì
ÚÒÐÝâÞÒÐÝØÕ ãàÞÒÝÕÙ íÝÕàÓØØ íÛÕÚâàÞÝÐ Ò ÓàÐÝãÛÕ. ¿àØ íâÞÜ âÕÜßÕàÐâãàã
ÑãÔÕÜ ßÞÛÐÓÐâì àÐÒÝÞÙ ÝãÛî.

11.2.1. ¿àÞÒÞÔØÜÞáâì ßàØ àÕ×ÞÝÐÝáÝÞÜ âãÝÝÕÛØàÞÒÐÝØØ

²ÝÐçÐÛÕ àÐááÜÞâàØÜ ßàÞÒÞÔØÜÞáâì âÐÚÞÙ ÓàÐÝãÛë ÑÕ× ãçÕâÐ ÒÛØï-
ÝØï íÛÕÚâàÞáâÐâØçÕáÚÞÙ íÝÕàÓØØEc. ½ÐßÞÜÝØÜ, çâÞ ßàÞÒÞÔØÜÞáâì, ÞßàÕ-
ÔÕÛïÕÜÐï ÚÐÚ ÞâÝÞèÕÝØÕ âÞÚÐ Ú ßàØÛÞÖÕÝÝÞÜã ÝÐßàïÖÕÝØî ßàØV ! 0,
ÞÑãáÛÞÒÛÕÝÐ ßàÞåÞÖÔÕÝØÕÜ çÕàÕ× ÞÑàÐ×Õæ íÛÕÚâàÞÝÞÒ á íÝÕàÓØÕÙ ÄÕàÜØ.
´Ûï âÐÚØå íÛÕÚâàÞÝÞÒ ÒÕàÞïâÝÞáâì âãÝÝÕÛØàÞÒÐÝØï ÑãÔÕâ ÜÐÚáØÜÐÛìÝÞÙ
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Ò âÞÜ áÛãçÐÕ, ÚÞÓÔÐ ãàÞÒÕÝì ÄÕàÜØ ÑãÔÕâ áÞÒßÐÔÐâì á ÞÔÝØÜ Ø× ÚÒÐÝâÞ-
Òëå ãàÞÒÝÕÙ íÛÕÚâàÞÝÞÒ Ò ÓàÐÝãÛÕ. ÍâÞ áÞÞâÒÕâáâÒãÕâ ãáÛÞÒØî àÕ×ÞÝÐÝá-
ÝÞÓÞ âãÝÝÕÛØàÞÒÐÝØï. ² áÛãçÐÕ ÞÔØÝÐÚÞÒëå ÛÕÒÞÓÞ Ø ßàÐÒÞÓÞ âãÝÝÕÛìÝëå
ÑÐàìÕàÞÒ, ÒÕàÞïâÝÞáâì âãÝÝÕÛØàÞÒÐÝØïT ÒÑÛØ×Ø àÕ×ÞÝÐÝáÐ ÜÞÖÝÞ ßàÕÔ-
áâÐÒØâì áÛÕÔãîéÕÙ äÞàÜãÛÞÙ ±àÕÙâÐ-²ØÓÝÕàÐ [7]:

T =
� 2

� 2 + ( � � E0)2
: (11.5)

·ÔÕáì ßÞÛãèØàØÝÐ àÕ×ÞÝÐÝáÐ� ßàÞßÞàæØÞÝÐÛìÝÐ ÒÕàÞïâÝÞáâØ âãÝÝÕÛØ-
àÞÒÐÝØï çÕàÕ× ÕÔØÝØçÝëÙ ßÞâÕÝæØÐÛìÝëÙ ÑÐàìÕà,E0 Õáâì ÒÕÛØçØÝÐ ÑÛØ-
ÖÐÙèÕÓÞ Ú åØÜßÞâÕÝæØÐÛã ãàÞÒÝï íÝÕàÓØØ Ò ÓàÐÝãÛÕ.

¸× ÒëàÐÖÕÝØï (11.5) ÒØÔÝÞ, çâÞ âãÝÝÕÛìÝÐï ßàÞ×àÐçÝÞáâìT , Ð ÒÜÕ-
áâÕ á ÝÕÙ Ø ßàÞÒÞÔØÜÞáâì ÓàÐÝãÛë,G = G0T , ×ÐÒØáØâ Þâ àÐ×ÝÞáâØ� � E0. ²
ÞÑéÕÜ áÛãçÐÕ íâÐ àÐ×ÝÞáâì ÜÞÖÕâ Ñëâì ßàÞØ×ÒÞÛìÝÞÙ Ø Ø×ÜÕÝïâìáï Þâ ÞÑ-
àÐ×æÐ Ú ÞÑàÐ×æã. ¾ÔÝÐÚÞ, áÞÒàÕÜÕÝÝÐï âÕåÝØÚÐ íÚáßÕàØÜÕÝâÐßÞ×ÒÞÛïÕâ
ÝÕ âÞÛìÚÞ ßÞÔÒÕáâØ ÚÞÝâÐÚâë Ú ÞâÔÕÛìÝÞÙ ÓàÐÝãÛÕ ÜØÚàÞÝÝëå àÐ×ÜÕàÞÒ,
ÝÞ Ø Ø×ÜÕÝïâì ßÐàÐÜÕâàë ÓàÐÝãÛë. ² çÐáâÝÞáâØ, ØáßÞÛì×ãï ÔÞßÞÛÝØâÕÛì-
ÝëÙ ÜÕâÐÛÛØçÕáÚØÙ ÚÞÝâÐÚâ, ÞÑàÐ×ãîéØÙ á ÓàÐÝãÛÞÙ ÚÞÝÔÕÝáÐâÞà, ÜÞÖ-
ÝÞ Ø×ÜÕÝïâì ßÞâÕÝæØÐÛ ÓàÐÝãÛëVg ÞâÝÞáØâÕÛìÝÞ ÑÕàÕÓÞÒ. ² íâÞÜ áÛãçÐÕ
íÝÕàÓØï ÚÐÖÔÞÓÞ ãàÞÒÝï Ò ÓàÐÝãÛÕ ÑãÔÕâ áÔÒØÝãâÐ ÝÐ ÒÕÛØçØÝãeVg, ßÞíâÞ-
Üã ßàÞÒÞÔØÜÞáâì ÓàÐÝãÛë ÑãÔÕâ ×ÐÒØáÕâì ÞâVg:

G(Vg) = G0

X

n

� 2
n

� 2
n + ( � � En � eVg)2

: (11.6)

·ÔÕáì áãÜÜØàÞÒÐÝØÕ ßàÞØ×ÒÞÔØâáï ßÞ ÒáÕÜ ÚÒÐÝâÞÒëÜ ãàÞÒÝïÜÒ ÓàÐÝã-
ÛÕ. ´Ûï ÚÐÖÔÞÓÞ ãàÞÒÝï Üë ×ÐßØáÐÛØ áÒÞÕ� n, ßÞáÚÞÛìÚã, ÒÞÞÑéÕ ÓÞÒÞàï,
ÒÕàÞïâÝÞáâì âãÝÝÕÛØàÞÒÐÝØï ×ÐÒØáØâ Þâ íÝÕàÓØØ Ø ÜÞÖÕâ ÑëâìàÐ×ÛØçÝÞÙ
ÔÛï àÐ×Ýëå ãàÞÒÝÕÙ íÝÕàÓØØ.

ÀÐááÜÞâàØÜ ×ÐÒØáØÜÞáâìG(Vg). ÍâÐ ×ÐÒØáØÜÞáâì ÑãÔÕâ ØÜÕâì ÒØÔ
ÝÐÑÞàÐ ßØÚÞÒ, àÐáßÞÛÞÖÕÝÝëå ßàØ âÐÚØå ÝÐßàïÖÕÝØïå:

eVg;n = � � En : (11.7)
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G

eVg

nE    - E+1n

ÀØá. 11.3. ±Õ× ãçÕâÐ íääÕÚâÐ ÚãÛÞÝÞÒáÚÞÙ ÑÛÞÚÐÔë ×ÐÒØáØÜÞáâì
ßàÞÒÞÔØÜÞáâØG ÞÑàÐ×æÐ á ÔØáÚàÕâÝëÜ áßÕÚâàÞÜ Þâ ßÞâÕÝæØÐÛÐ
ÞÑàÐ×æÐVg ßàØ ÝãÛÕÒÞÙ âÕÜßÕàÐâãàÕ ØÜÕÕâ àÕ×ÞÝÐÝáÝëÙ åÐàÐÚ-
âÕà. ÀÐááâÞïÝØÕ ÜÕÖÔã ßØÚÐÜØ ÞßàÕÔÕÛïÕâáï àÐááâÞïÝØÕÜ ÜÕÖÔã
ãàÞÒÝïÜØ íÝÕàÓØØ Ò ÞÑàÐ×æÕ

ÀÐááâÞïÝØÕ ÜÕÖÔã ßØÚÐÜØ ßàÞÒÞÔØÜÞáâØ ÑãÔÕâ ÞßàÕÔÕÛïâìáï àÐááâÞïÝØ-
ÕÜ ÜÕÖÔã ãàÞÒÝïÜØ íÝÕàÓØØ Ò ÓàÐÝãÛÕ, àØá.11.3.

ÂÐÚØÜ ÞÑàÐ×ÞÜ, Ø×ãçÐï ßàÞÒÞÔØÜÞáâì, ÜÞÖÝÞ ÞßàÕÔÕÛØâì íÝÕàÓØØ ÚÒÐÝ-
âÞÒëå ãàÞÒÝÕÙ Ò ÓàÐÝãÛÕ, âÞ Õáâì, ÞáãéÕáâÒØâì áßÕÚâàÞáÚÞßØî ÚÒÐÝâÞÒëå
ãàÞÒÝÕÙ. ¿àØ íâÞÜ, àÐ×ÝÞáâì ÜÕÖÔã ÝÐßàïÖÕÝØïÜØ ÝÐ ×ÐâÒÞàÕVg, áÞÞâ-
ÒÕâáâÒãîéØÜØ ßØÚÐÜ ×ÐÒØáØÜÞáâØG(Vg), àÐÒÝÐ àÐááâÞïÝØî ÜÕÖÔã ÚÒÐÝ-
âÞÒëÜØ ãàÞÒÝïÜØ Ò ÓàÐÝãÛÕ:

� (eVg;n+1 � eVg;n) = En+1 � En � � En : (11.8)

ÁÛÕÔãÕâ âÐÚÖÕ áÚÐ×Ðâì, çâÞ ÔÛï ØáßÞÛì×ÞÒÐÝØï íâÞÓÞ ÜÕâÞÔÐ ÝÕÞÑåÞ-
ÔØÜÞ, çâÞÑë âÕÜßÕàÐâãàÐ Ø ÝÐßàïÖÕÝØÕ ÜÕÖÔã ÑÕàÕÓÐÜØ ÑëÛØ ×ÝÐçØâÕÛì-
ÝÞ ÜÕÝìèÕ àÐááâÞïÝØï ÜÕÖÔã ßØÚÐÜØ� En:

� En � kB T; jeVj :
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¼ë ÞßØáÐÛØ ÚÐàâØÝã àÕ×ÞÝÐÝáÝÞÓÞ âãÝÝÕÛØàÞÒÐÝØï ÑÕ× ãçÕâÐ ÚÞÝÕç-
ÝÞáâØ ×ÐàïÔÐ íÛÕÚâàÞÝÐ. ÁÕÙçÐá Üë àÐááÜÞâàØÜ ÚÐÚ íääÕÚâ ÚãÛÞÝÞÒáÚÞÙ
ÑÛÞÚÐÔë ÜÞÔØäØæØàãÕâ ×ÐÒØáØÜÞáâìG(Vg).

11.2.2. ¿àÞÒÞÔØÜÞáâì ßàØ ÝÐÛØçØØ íääÕÚâÐ ÚãÛÞÝÞÒáÚÞÙ ÑÛÞÚÐÔë

ºÞÓÔÐ Üë ãçØâëÒÐÕÜ íÝÕàÓØî, áÒï×ÐÝÝÞÜã á ×ÐàïÔÞÜ ÓàÐÝãÛë, Üë,
äÐÚâØçÕáÚØ, ãçØâëÒÐÕÜ íÝÕàÓØî ÞÑãáÛÞÒÛÕÝÝãî ÚãÛÞÝÞÒáÚØÜÒ×ÐØÜÞÔÕÙ-
áâÒØÕÜ íÛÕÚâàÞÝÞÒ ÜÕÖÔã áÞÑÞÙ Ø á ÔàãÓØÜØ ×ÐàïÖÕÝÝëÜØ çÐáâØæÐÜØ.
ÂÞçÝëÙ ãçÕâ íâØå Ò×ÐØÜÞÔÕÙáâÒØÙ âàÕÑãÕâ àÐááÜÞâàÕÝØï ÜÝÞÓÞçÐáâØçÝÞ-
ÓÞ ãàÐÒÝÕÝØï ÈàÕÔØÝÓÕàÐ Ø, ÒÞÞÑéÕ ÓÞÒÞàï, ïÒÛïÕâáï ÒÕáìÜÐ áÛÞÖÝÞÙ
×ÐÔÐçÕÙ. ¿Þ ÚàÐÙÝÕÙ ÜÕàÕ ÜÞÖÝÞ ãâÒÕàÖÔÐâì, çâÞ Ò íâÞÜ áÛãçÐÕÞÔÝÞ-
çÐáâØçÝëÕ ãàÞÒÝØ íÝÕàÓØØEn, ÒëçØáÛÕÝÝëÕ Ò ÜÞÔÕÛØ ÝÕÒ×ÐØÜÞÔÕÙáâÒãî-
éØå íÛÕÚâàÞÝÞÒ, ÚÞâÞàëÜØ Üë ßÞÛì×ÞÒÐÛØáì ÔÞ áØå ßÞà, ïÒÛïîâáï ßÛÞåØÜ
ßàØÑÛØÖÕÝØÕÜ Ú àÕÐÛìÝÞÙ áØâãÐæØØ.

¾ÔÝÐÚÞ, áãéÕáâÒãÕâ ÒÕáìÜÐ åÞàÞèÞ ×ÐàÕÚÞÜÕÝÔÞÒÐÒèÕÕ áÕÑï ßàØ-
ÑÛØÖÕÝØÕ, áÞáâÞïéÕÕ Ò âÞÜ, çâÞ ÒÛØïÝØÕ íÛÕÚâàÞáâÐâØçÕáÚÞÓÞ Ò×ÐØÜÞ-
ÔÕÙáâÒØï ãçØâëÒÐÕâáï ÒÒÕÔÕÝØÕÜ ÔÞßÞÛÝØâÕÛìÝÞÙ íÝÕàÓØØ, ×ÐÒØáïéÕÙ Þâ
ßÞÛÝÞÓÞ çØáÛÐ íÛÕÚâàÞÝÞÒ Ò ÓàÐÝãÛÕ. ² íâÞÙ ÜÞÔÕÛØ íÝÕàÓØØ ÞÔÝÞçÐáâØç-
Ýëå ãàÞÒÝÕÙ ×ÐÒØáïâ Þâ çØáÛÐ íÛÕÚâàÞÝÞÒNe Ò ÓàÐÝãÛÕ. ÍâÐ ×ÐÒØáØÜÞáâì
ÞßàÕÔÕÛïÕâáï áÛÕÔãîéØÜ ÞÑàÐ×ÞÜ. ¿ãáâìEn(Ne) Õáâì ÞÔÝÞçÐáâØçÝëÕ ãàÞÒ-
ÝØ íÝÕàÓØØ Ò ÓàÐÝãÛÕ áNe Ø×ÑëâÞçÝëÜØ íÛÕÚâàÞÝÐÜØ. ¸×ÑëâÞçÝëÜØ ïÒ-
Ûïîâáï âÐÚØÕ íÛÕÚâàÞÝë, ×ÐàïÔ ÚÞâÞàëå ÝÕ áÚÞÜßÕÝáØàÞÒÐÝ ×ÐàïÔÞÜ ØÞÝÞÒ
ÓàÐÝãÛë. ÂÞÓÔÐ ãàÞÒÝØ íÝÕàÓØØ Ò ÓàÐÝãÛÕ áNe+ 1 íÛÕÚâàÞÝÞÜ ÑãÔãâ ÞßàÕ-
ÔÕÛïâìáï áÛÕÔãîéØÜ ÒëàÐÖÕÝØÕÜ:

En(Ne + 1) = En(Ne) + Ec(Ne + 1) � Ec(Ne) : (11.9)

·ÔÕáì íÛÕÚâàÞáâÐâØçÕáÚÐï íÝÕàÓØïEc áØáâÕÜë, ×ÐÒØáØâ Þâ ×ÐàïÔÐ ÓàÐÝã-
Ûë, âÞ Õáâì, Þâ çØáÛÐ íÛÕÚâàÞÝÞÒNe Ò ÓàÐÝãÛÕ, Ø Þâ ßÞâÕÝæØÐÛÐVg ÓàÐÝãÛë,
ÝÐÒÞÔØÜÞÓÞ ÜÕâÐÛÛØçÕáÚØÜ ×ÐâÒÞàÞÜ:

Ec(Ne) =
(eNe)2

2C
+ eNeVg : (11.10)
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¿ÞÔáâÐÒÛïï íâÞ ÒëàÐÖÕÝØÕ Ò ÒëàÐÖÕÝØÕ (11.9), ßÞÛãçØÜ:

En(Ne + 1) = En(Ne) +
e2

C
(Ne + 1=2) + eVg : (11.11)

ÀÐááÜÞâàØÜ, ÚÐÚØÜ ÞÑàÐ×ÞÜ ÝÐÛØçØÕ íÛÕÚâàÞáâÐâØçÕáÚÞÙ íÝÕàÓØØ Ø×-
ÜÕÝïÕâ ãáÛÞÒØï àÕ×ÞÝÐÝáÝÞÓÞ ßàÞåÞÖÔÕÝØï íÛÕÚâàÞÝÞÒ çÕàÕ×ÓàÐÝãÛã. ¿ãáâì
ÝÐßàïÖÕÝØÕ ÝÐ ×ÐâÒÞàÕVg áÞÞâÒÕâáâÒãÕâ ãáÛÞÒØî àÕ×ÞÝÐÝáÐ, (11.7), ÑÕ×
ãçÕâÐ íÛÕÚâàÞáâÐâØçÕáÚÞÙ íÝÕàÓØØ,eVg;n = � � En. ÇâÞ ßàØ íâÞÜ ßàÞ-
Ø×ÞÙÔÕâ? ²àÞÔÕ Ñë íÛÕÚâàÞÝ ÔÞÛÖÕÝ ßÕàÕÙâØ ÝÐ ÓàÐÝãÛã Ø ×ÐßÞÛÝØâì ãàÞ-
ÒÕÝìEn. ¾ÔÝÐÚÞ íâÞÓÞ ÝÕ ßàÞØáåÞÔØâ. ¿ÞçÕÜã? ¿ÞâÞÜã çâÞ, ÚÞÓÔÐ íÛÕÚ-
âàÞÝ ßÕàÕÙÔÕâ ÝÐ ÓàÐÝãÛã, âÞ ßÞïÒØâáï íÛÕÚâàÞáâÐâØçÕáÚÐï íÝÕàÓØï,Ec �
e2=(2C), ÚÞâÞàÐï áÔÒØÝÕâ ßÞÛÞÖÕÝØÕ ãàÞÒÝÕÙ íÝÕàÓØØ Ò ÓàÐÝãÛÕ ÞâÝÞáØ-
âÕÛìÝÞ åØÜßÞâÕÝæØÐÛÐ Ø, âÕÜ áÐÜëÜ, ÝÐàãèØâ ãáÛÞÒØÕ àÕ×ÞÝÐÝáÐ. ¾âáî-
ÔÐ áÛÕÔãÕâ, çâÞ ßàÐÒØÛìÝÞÕ ãáÛÞÒØÕ àÕ×ÞÝÐÝáÐ ÔÞÛÖÝÞ ãçØâëÒÐâì Ø×ÜÕÝÕ-
ÝØÕ íÛÕÚâàÞáâÐâØçÕáÚÞÙ íÝÕàÓØØ áØáâÕÜë ßàØ Ø×ÜÕÝÕÝØØ çØáÛÐ íÛÕÚâàÞ-
ÝÞÒ ÝÐ ÓàÐÝãÛÕ. Á ãçÕâÞÜ áÚÐ×ÐÝÝÞÓÞ, ãáÛÞÒØÕÜ àÕ×ÞÝÐÝáÝÞÓÞâãÝÝÕÛØàÞ-
ÒÐÝØï ßàØ ÝÐÛØçØØ íääÕÚâÐ ÚãÛÞÝÞÒáÚÞÙ ÑÛÞÚÐÔë ïÒÛïÕâáï áÛÕÔãîéÕÕ
ãáÛÞÒØÕ:

En(Ne + 1) = � : (11.12)

¸áßÞÛì×ãï ÒëàÐÖÕÝØï (11.9) Ø (11.11), ßÞÛãçØÜ:

En(Ne) +
e2

C
(Ne + 1=2) + eVg;n = � : (11.13)

ÂÐÚØÜ ÞÑàÐ×ÞÜ, ×ÝÐçÕÝØÕ ÝÐßàïÖÕÝØï ÝÐ ×ÐâÒÞàÕ, ßàØ ÚÞâÞàÞÜßàÞÒÞÔØ-
ÜÞáâì ÓàÐÝãÛë ØÜÕÕâ àÕ×ÞÝÐÝáÝëÙ ßØÚ, ÑãÔÕâ âÐÚØÜ:

� eVg;n = En(Ne) � � +
e2

C
(Ne + 1=2) : (11.14)

ÁÛÕÔãîéØÙ àÕ×ÞÝÐÝá ÝÐáâãßØâ, ÕáÛØ ÝÐßàïÖÕÝØï ÝÐ ×ÐâÒÞàÕ Õáâì:

� eVg;n+1 = En+1 (Ne + 1) � � +
e2

C
(Ne + 3=2) : (11.15)
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·ÐÜÕâØÜ, çâÞ çØáÛÞ íÛÕÚâàÞÝÞÒ Ò ÓàÐÝãÛÕ Ø×ÜÕÝØÛÞáì ßÞáÛÕ ßàÕÔëÔãéÕÓÞ
àÕ×ÞÝÐÝáÐ Ø àÐÒÝÞNe + 1. ÀÐááâÞïÝØÕ ÜÕÖÔã àÕ×ÞÝÐÝáÝëÜØ ßØÚÐÜØ ÝÐ
×ÐÒØáØÜÞáâØG(Vg) ÑãÔÕâ âÐÚØÜ:

� (eVg;n+1 � eVg;n) = En+1 (Ne + 1) � En(Ne) +
e2

C
: (11.16)

ÁàÐÒÝØÒÐï ÒëàÐÖÕÝØÕ (11.16) á ÒëàÐÖÕÝØÕÜ (11.8) Üë ÒØÔØÜ, çâÞ
ãçÕâ íÛÕÚâàÞáâÐâØçÕáÚÞÙ íÝÕàÓØØ Ø×ÜÕÝïÕâ àÐááâÞïÝØÕ ÜÕÖÔã ßØÚÐÜØ. µá-
ÛØ íÛÕÚâàØçÕáÚÐï ÕÜÚÞáâìC ÔÞáâÐâÞçÝÞ ÜÐÛÐ Ø, áÞÞâÒÕâáâÒÕÝÝÞ, íÛÕÚâàÞ-
áâÐâØçÕáÚÞÙ íÝÕàÓØØe2=C ÔÞáâÐâÞçÝÞ ÒÕÛØÚÐ, âÞ àÐááâÞïÝØÕ ÜÕÖÔã ßØÚÐ-
ÜØ ßàÞÒÞÔØÜÞáâØ ÝÕ ×ÐÒØáØâ Þâ àÐáßÞÛÞÖÕÝØï ãàÞÒÝÕÙ íÝÕàÓØØEn íÛÕÚ-
âàÞÝÞÒ Ò ÓàÐÝãÛÕ Ø ÞßàÕÔÕÛïÕâáï âÞÛìÚÞ ÒÕÛØçØÝÞÙ íÛÕÚâàÞáâÐâØçÕáÚÞÙ
íÝÕàÓØØEc, àØá.11.4.

ÂÐÚØÜ ÞÑàÐ×ÞÜ, Ò ×ÐÒØáØÜÞáâØ Þâ áÞÞâÝÞèÕÝØï ÜÕÖÔã� En ØEc =
e2=C Ø×ãçÕÝØÕ àÕ×ÞÝÐÝáÝÞÓÞ âãÝÝÕÛØàÞÒÐÝØï ßÞ×ÒÞÛïÕâ ÛØÑÞ ØááÛÕÔÞÒÐâì
ÚÒÐÝâÞÒëÕ ãàÞÒÝØ íÝÕàÓØØ íÛÕÚâàÞÝÞÒ Ò ÓàÐÝãÛÕ, ÛØÑÞ ÖÕ Ø×ÜÕàïâì íÛÕÚ-
âàØçÕáÚãî ÕÜÚÞáâì ÓàÐÝãÛë:

� (eVg;n+1 � eVg;n) =

8
<

:

En+1 � En; C ! 1 ;

e2

C ; C ! 0:
(11.17)

ÁàÐÒÝØÜ� En (ßàØEn � � ) ØEc ÔÛï ÔÒãÜÕàÝÞÙ ÓàÐÝãÛë Ò äÞàÜÕ ÔØáÚÐ á
ÔØÐÜÕâàÞÜL:

� En =
h2

4�m � L2
;

Ec =
e2

C
=

e2

4�� 0L
:

¼ë ÒØÔØÜ, çâÞ ßàØ ãÜÕÝìèÕÝØØ àÐ×ÜÕàÞÒ ÓàÐÝãÛë àÐááâÞïÝØÕ ÜÕÖÔã ÚÒÐÝ-
âÞÒëÜØ ãàÞÒÝïÜØ� En ÒÞ×àÐáâÐÕâ ÑëáâàÕÕ, çÕÜ íÛÕÚâàÞáâÐâØçÕáÚÐï íÝÕà-
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G

C
e2

eVg

ÀØá. 11.4. ´Ûï ÞÑàÐ×æÞÒ, ØÜÕîéØå ÜÐÛëÙ àÐ×ÜÕà Ø, áÞÞâÒÕâáâÒÕÝÝÞ, ÜÐ-
Ûãî íÛÕÚâàØçÕáÚãî ÕÜÚÞáâìC ! 0, Ø×ÜÕÝÕÝØÕ íÛÕÚâàÞáâÐâØçÕáÚÞÙ íÝÕàÓØØ,
Ec � e2=C, áÒï×ÐÝÝÞÕ á Ø×ÜÕÝÕÝØÕÜ ×ÐàïÔÐ ÞÑàÐ×æÐ ßàØ âãÝÝÕÛØàÞÒÐÝØØÕÔØ-
ÝØçÝÞÓÞ íÛÕÚâàÞÝÐ, áâÐÝÞÒØâáï áãéÕáâÒÕÝÝëÜ Ø, äÐÚâØçÕáÚØ, ×ÐÜÕÝïÕâ íÝÕà-
ÓØî, ÞÑãáÛÞÒÛÕÝÝãî ßàÞáâàÐÝáâÒÕÝÝëÜ ÚÒÐÝâÞÒÐÝØÕÜ. ´Ûï âÐÚØå ÞÑàÐ×æÞÒ
íääÕÚâ ÚãÛÞÝÞÒáÚÞÙ ÑÛÞÚÐÔë ßàØÒÞÔØâ Ú âÞÜã, çâÞ àÐááâÞïÝØÕÜÕÖÔã ßÞÛÞ-
ÖÕÝØïÜØ àÕ×ÞÝÐÝáÞÒ ÝÐ ×ÐÒØáØÜÞáâØG(Vg) ÞßàÕÔÕÛïÕâáï íÝÕàÓØÕÙEc

ÓØïEc. ÍÝÕàÓØØ� En ØEc áâÐÝÞÒïâáï ÞÔÝÞÓÞ ßÞàïÔÚÐ ÔÛï âÐÚÞÙ ÔÛØÝë:

L c �
h2�� 0

�m � e2
= 7:9 � 10� 9 Ü;

ÓÔÕ Üë ßÞÛÞÖØÛØ� = 10, m� = 0:067me.
² ÔÞáâÐâÞçÝÞ ÜÐÛëå ÓàÐÝãÛÐå, ÔÛï ÚÞâÞàëåL < L c, íÛÕÚâàÞáâÐâØ-

çÕáÚãî íÝÕàÓØîEc ÜÞÖÝÞ ÝÕ ãçØâëÒÐâì. ·ÐÜÕâØÜ, çâÞ ÒÕÛØçØÝÐL c ÒáÕ
ÕéÕ ÑÞÛìèÕ ÐâÞÜÝëå àÐ×ÜÕàÞÒ,� 10� 10Ü, ßàØ ÚÞâÞàëå àÐááÜÐâàØÒÐÕÜÞÕ
ßàØÑÛØÖÕÝØÕ âÕàïÕâ ÒáïÚØÙ áÜëáÛ.

² ÓàÐÝãÛÐå Ñ�ÞÛìèØå àÐ×ÜÕàÞÒ, ÔÛï ÚÞâÞàëåL > L c, íÛÕÚâàÞáâÐâØçÕ-
áÚÐï íÝÕàÓØØ ßàÕÒëèÐÕâ íÝÕàÓØî ßàÞáâàÐÝáâÒÕÝÝÞÓÞ ÚÒÐÝâÞÒÐÝØï Ø, ßÞ-
íâÞÜã ØÜÕÝÝÞ ÒÕÛØçØÝÐEc ÞßàÕÔÕÛïÕâ Ø×ÜÕàïÕÜãî Ò íÚáßÕàØÜÕÝâÕ ×ÐÒØ-
áØÜÞáâì ßàÞÒÞÔØÜÞáâØG Þâ ÝÐßàïÖÕÝØï ÝÐ ×ÐâÒÞàÕVg. ¾ÔÝÐÚÞ, Ø Ò íâÞÜ
áÛãçÐÕ ßÞÛÞÖÕÝØÕ ÚÒÐÝâÞÒëå ãàÞÒÝÕÙEn ÜÞÖÕâ Ñëâì Ø×ÒÛÕçÕÝÞ Ø× íÚá-
ßÕàØÜÕÝâÐÛìÝëå ÔÐÝÝëå. ´Ûï íâÞÓÞ, ÚÐÚ áÛÕÔãÕâ Ø× ÒëàÐÖÕÝØï(11.16),
ÝÕÞÑåÞÔØÜÞ Ø×ãçØâì ÝÐàãèÕÝØÕ íÚÒØÔØáâÐÝâÝÞáâØ Ò ßÞÛÞÖÕÝØØ ßØÚÞÒ ÝÐ
×ÐÒØáØÜÞáâØ ßàÞÒÞÔØÜÞáâØ Þâ ßÞâÕÝæØÐÛÐ ÞÑàÐ×æÐ.
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²ÞßàÞáë ÔÛï áÐÜÞßàÞÒÕàÚØ

1) ÇâÞ âÐÚÞÕ íääÕÚâ ÚãÛÞÝÞÒáÚÞÙ ÑÛÞÚÐÔë?
2) ºÐÚ Ø×ÜÕÝïÕâáï ÒÕÛØçØÝÐ íÛÕÚâàÞáâÐâØçÕáÚØÙ íÝÕàÓØØ ßàØãÜÕÝìèÕÝØØ
àÐ×ÜÕàÞÒ ÞÑàÐ×æÐ?
3) ºÐÚØÕ ãáÛÞÒØï ÝÕÞÑåÞÔØÜë ÔÛï áãéÕáâÒÞÒÐÝØï íääÕÚâÐ ÚãÛÞÝÞÒáÚÞÙ
ÑÛÞÚÐÔë?
4) ¾ßØáÐâì ÜÕåÐÝØ×Ü ßàÞâÕÚÐÝØï âÞÚÐ çÕàÕ× ÞÑàÐ×Õæ á ÜÐÛÞÙ íÛÕÚâàØçÕ-
áÚÞÙ ÕÜÚÞáâìî.
5) ² çÕÜ ÞâÛØçØÕ ßàÞâÕÚÐÝØï âÞÚÐ ßàØ àÕ×ÞÝÐÝáÝÞÜ âãÝÝÕÛØàÞÒÐÝØØ Ø Ò
ãáÛÞÒØïå áãéÕáâÒÞÒÐÝØï íääÕÚâÐ ÚãÛÞÝÞÒáÚÞÙ ÑÛÞÚÐÔë?
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