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Ââåäåíèå

Êîëåáàòåëüíîå äâèæåíèå ñ ìàëûìè àìïëèòóäàìè â æèäêîñòè (ãàçå) ïðåäñòàâëÿåò ñîáîé çâó-
êîâûå âîëíû. Åñëè ñðåäà, â êîòîðîé ðàñïðîñòðàíÿþòñÿ çâóêîâûå âîëíû, îáëàäàåò âÿçêîñòüþ
è òåïëîïðîâîäíîñòüþ, èëè æå â íåé ïðîèñõîäÿò ïðîöåññû äèôôóçèè, òî ïðè ðàñïðîñòðàíå-
íèè òàêîé âîëíû ïðîèñõîäèò åå ïîãëîùåíèå, ò.å. ïðè óäàëåíèè îò èñòî÷íèêà çâóêà àìïëèòóäà
òàêîé âîëíû ãàñíåò. Ïîãëîùåíèå çâóêà â ðàçëè÷íûõ ñðåäàõ ðàçëè÷íî. Âåëè÷èíó ïîãëîùåíèÿ
ìîæíî îõàðàêòåðèçîâàòü êîýôôèöèåíòîì ïîãëîùåíèÿ, êîòîðûé ïîêàçûâàåò, êàê èçìåíÿåòñÿ
àìïëèòóäà çâóêîâûõ âîëí â ñðåäå.

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ íåîãðàíè÷åííàÿ â ïðîñòðàíñòâå ñðåäà(æèäêîñòü èëè
ãàç), â êîòîðîé ñêîðîñòü äâèæåíèÿ ÷àñòèö è èçìåíåíèÿ âñåõ òåðìîäèíàìè÷åñêèõ âåëè÷èí
îòíîñèòåëüíî èõ ðàâíîâåñíûõ çíà÷åíèé ÿâëÿåòñÿ ïåðâûì ïîðÿäêîì ìàëîñòè. Äëÿ îïèñàíèÿ
äèíàìèêè òàêîé ñèñòåìû çàïèñûâàþòñÿ ëèíåàðèçîâàííûå óðàâíåíèÿ ãèäðîäèíàìèêè. Âñå
êîýôôèöèåíòû â ýòèõ óðàâíåíèÿõ çà ñ÷åò ìàëîñòè îòêëîíåíèé òåðìîäèíàìè÷åñêèõ âåëè÷èí
ìîæíî ñ÷èòàòü ïîñòîÿííûìè.

Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ïîèñê êîýôôèöèåíòà çàòóõàíèÿ çâóêà â îäíîêîìïî-
íåíòíîé ñðåäå è äâóõêîìïîíåíòíîé ñìåñè.
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Ñèñòåìà óðàâíåíèé ëèíåéíîé

ãèäðîäèíàìèêè

Ñèñòåìà óðàâíåíèé ëèíåéíîé ãèäðîäèíàìèêè èìååò âèä

∂ρ(s)

∂t
= −ρ(s)0 div(v)− λse∆

(
1

T

)
+
∑
n

λsn∆

(
µ̃(n)

T

)
, (1)

∂ρ

∂t
= −ρ0div(v), (2)

∂e

∂t
= −(e0 + P0)div(v)− λee∆

(
1

T

)
+
∑
n

λen∆

(
µ̃(n)

T

)
, (3)

ρ0
∂v

∂t
= −5 P + η∆v + (ζ + η/3)5 div(v), (4)

ãäå
λse =

〈
I(s)I(e)

〉
, λsn =

〈
I(s)I(n)

〉
, λee =

〈
I(e)I(e)

〉
, λen =

〈
I(e)I(n)

〉
, (5)∑

s

ρ(s) = ρ,
∑
s

I(s) = 0, µ̃(n) =
µ(n)

m(n)
. (6)

Óðàâíåíèÿ (1)�(4) ïîëó÷åíû íà îñíîâå çàêîíîâ ñîõðàíåíèÿ ∂tai = −
∑
j

∂jJ
(i)
j äëÿ íàáîðà ai

ïëîòíîñòåé ñîõðàíÿþùèõñÿ âåëè÷èí. Ïåðâûå ñëàãàåìû â ïðàâûõ ÷àñòÿõ (1)�(4) ñîîòâåòñòâó-
þò âûðàæåíèÿì äëÿ òîêîâ J (i)

j â ïðèáëèæåíèè èäåàëüíîé æèäêîñòè (ïðåíåáðåæåíèå ýôôåê-
òàìè äèññèïàöèè). Äëÿ ìàññîâîé ïëîòíîñòè s-îé êîìïîíåíòû ýòè òîêè èìåþò ïðîñòîé âèä
ρ(s)vj ' ρ

(s)
0 vj, ãäå çàìåíà ïëîòíîñòè íà åå ðàâíîâåñíîå çíà÷åíèå ρ

(s)
0 ñâÿçàíà ñ ëèíåàðèçàöèåé

óðàâíåíèÿ (ñ÷èòàþòñÿ ìàëûìè îòêëîíåíèÿ òåðìîäèíàìè÷åñêèõ ïàðàìåòðîâ îò ðàâíîâåñíûõ
çíà÷åíèé è ñêîðîñòü vj). Òîê ýíåðãèè â ïðèáëèæåíèè èäåàëüíîé æèäêîñòè îïðåäåëÿåòñÿ âû-
ðàæåíèåì (e0 + P0)vj. Ñòàòèñòè÷åñêèå âûðàæåíèÿ äëÿ êèíåòè÷åñêèõ êîýôôèöèåíòîâ λ â
ïîäðîáíîé ðàñøèôðîâêå

λαβ =

∞∫
0

dt1

∫
dr1
〈
I(α)(t1, r1)I

(β)(0, 0)
〉
. (7)

Äëÿ äàëüíåéøåãî âàæíî, ÷òî îíè ïîêàçûâàþò ñèììåòðè÷íîñòü ìàòðèöû λ (ñîîòíîøåíèÿ Îí-
ñàãåðà). Âõîäÿùèå â (7) äèôôóçèîííûå òîêè I(s) îïðåäåëÿþòñÿ ðàçíîñòüþ ïîëíîãî òîêà J (s)

è åãî êîíâåêòèâíîé ÷àñòè (ò.å. ýòî òîê â ñèñòåìå, äâèæóùåéñÿ ñî ñêîðîñòüþ v). Àíàëîãè÷íî
îïðåäåëÿåòñÿ òîê ýíåðãèè I(e).

Ñëàãàåìûe ñ îïåðàòîðîì Ëàïëàñà â óðàâíåíèÿõ (1), (3) óñòðîåíû ñëåäóþùèì îáðàçîì. Â

íèõ ñòîèò ñóììà âêëàäîâ, â êîòîðûõ îïåðàòîð Ëàïëàñà áåðåòñÿ îò ïàðàìåòðà
1

T
, ñîïðÿæåí-

íîãî ýíåðãèè è ïàðàìåòðîâ − µ̃
(n)

T
, ñîïðÿæåííûõ ÷èñëàì ÷àñòèö n-ãî ñîðòà. Êàæäûé èç ýòèõ
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âêëàäîâ óìíîæàåòñÿ íà âçÿòûé ñ ìèíóñîì êèíåòè÷åñêèõ êîýôôèöèåíò λ, êîòîðûé îïðåäå-
ëÿåòñÿ êîððåëÿòîðîì òîêà âåëè÷èíû, äëÿ êîòîðîé íàïèñàíî ðàññìàòðèâàåìîå óðàâíåíèå è
òîêîì âåëè÷èíû, ñîïðÿæåííîé ïàðàìåòðó.

Â Ôóðüå ïðåäñòàâëåíèè óðàâíåíèÿ (1)�(4) èìåþò âèä (íå ìåíÿÿ îáîçíà÷åíèé, íî ïîäðà-
çóìåâàÿ, ÷òî âñå âåëè÷èíû, çàâèñÿùèå îò ðàäèóñ-âåêòîðà r, òåïåðü çàâèñÿò îò âåêòîðà k)

∂ρ(s)

∂t
= −ρ(s)0 i(k,v) + λsek

2 1

T
−
∑
n

λsnk
2µ

(s)

T
, (8)

∂ρ

∂t
= −ρ0i(k,v), (9)

∂e

∂t
= −(e0 + P0)i(k,v) + λeek

2 1

T
−
∑
n

λenk
2µ

(n)

T
, (10)

ρ0
∂v

∂t
= −kP − ηk2v − (ζ + η/3)(k,v)k, (11)

Ðàçëîæèì ñêîðîñòü v íà ïðîäîëüíûé âêëàä, íàïðàâëåííûé âäîëü k̂ ≡ k/k, è îðòîãîíàëüíóþ
ñîñòîâëÿþùóþ

v = v‖ + v⊥, v‖ = k̂(v, k̂) = k̂v‖

Èç (11) è (9) ïîëó÷àåì

ρ0
∂v⊥1,2
∂t

= −ηk2v⊥1,2 (12)

ρ0
∂v‖

∂t
= −ikP − (ζ +

4

3
η)k2v‖ (13)

∂ρ

∂t
= −ρ0ikv‖ (14)

Ââåäåì êîíöåíòðàöèþ s-îé êîìïîíåíòû ñìåñè c(s) =
ρ(s)

ρ
. ßñíî, ÷òî

∑
s

c(s) = 1. Èç ýòîãî

ïîëó÷àåì (ñ ëèíåéíîé òî÷íîñòüþ)

ρ0
∂c(s)

∂t
=
∂ρ(s)

∂t
− c(s)0

∂ρ

∂t
= −λse∆

(
1

T

)
+
∑
n

λsn∆

(
µ(n)

T

)
(15)

Â óðàâíåíèè (3) óäîáíî â êà÷åñòâå íåçàâèñèìîé ïåðåìåííîé âûáðàòü âìåñòî ïëîòíîñòè ýíåð-
ãèè e ýíòðîïèþ åäèíèöû ìàññû s. Ñ ëèíåéíîé òî÷íîñòüþ èìååì

e = E/V, s̃ = S/V, µ̃(s) = µ(s)/m(s) −→ de = T0ds̃+ µ̃
(n)
0 dρ(n)

Äèôôåðåíöèðóÿ ýòî âûðàæåíèå ïî âðåìåíè è èñïîëüçóÿ e0 = T0s̃0−P0+
∑
n

µ̃
(n)
0 ρ

(n)
0 , ïîëó÷àåì

T0
∂s̃

∂t
= −iT0s̃0kv‖ − λee∆

(
1

T

)
+
∑
n

λen∆

(
µ̃(n)

T

)
+
∑
n

µ̃
(n)
0 λne∆

(
1

T

)
−
∑
s,n

µ̃
(s)
0 λsn∆

(
µ̃(n)

T

)

Ýíòðîïèÿ åäèíèöû ìàññû ðàâíà s = s̃
ρ
. Ïðîäèôôåðåíöèðóåì ýòî âûðàæåíèå ïî âðåìåíè:

T0ρ0
∂s

∂t
= −λee∆

1

T
+
∑
n

λen∆

(
µ̃(n)

T

)
+
∑
n

µ̃
(n)
0 λne∆

(
1

T

)
−
∑
s,n

µ̃
(s)
0 λsn∆

(
µ̃(n)

T

)
(16)
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Îäíîêîìïîíåíòíàÿ ñèñòåìà

Îäíîêîìïîíåíòíàÿ ñèñòåìà îïèñûâàåòñÿ óðàâíåíèÿìè

∂ρ

∂t
= −ρ0div(v), (17)

ρ0T0
∂s

∂t
= −λee∆

(
1

T

)
, (18)

ρ0
∂v

∂t
= −5 P + η∆v + (ζ + η/3)5 div(v). (19)

Â ïðèáëèæåíèè ëèíåéíîé òåðìîäèíàìèêè

ρ =

(
∂ρ

∂P

)
s

P +

(
∂ρ

∂s

)
P

s, (20)

1

T
=

(
∂
(
1
T

)
∂P

)
s

P +

(
∂
(
1
T

)
∂s

)
P

s, (21)

Âîçüìåì ïðåîáðàçîâàíèå Ôóðüå óðàâíåíèÿ (18). Âìåñòå ñ óðàâíåíèÿìè (13), (14) èìååì

ρ0T0
∂s

∂t
= λeek

2

((
∂
(
1
T

)
∂P

)
s

P +

(
∂
(
1
T

)
∂s

)
P

s

)
(22)

ρ0
∂v‖

∂t
= −ikP − (ζ +

4

3
η)k2v‖ (23)(

∂ρ

∂P

)
s

∂P

∂t
+

(
∂ρ

∂s

)
P

∂s

∂t
= −iρ0kv‖, (24)

Óðàâíåíèÿ (22)�(24) ïðåäñòàâëÿþò ñîáîé çàìêíóòóþ ñèñòåìó ïÿòè çàöåïëÿþùèõñÿ óðàâíå-
íèé. Ïóòåì ëèíåéíîãî ïðåîáðàçîâàíèÿ ïåðåìåíûõ ýòó ñèñòåìó ìîæíî äèàãîíàëèçîâàòü, ñâåäÿ
ê íåçàâèñèìûì óðàâíåíèÿì äëÿ ïÿòè ãèäðîäèíàìè÷åñêèõ ìîä

∂y(i)(k, t)

∂t
= γ(i)(k)y(i)(k, t), y(i)(k, t) = eγ

(i)(k)y(i)(k, t = 0). (25)

Äâå ãèäðîäèíàìè÷åñêèå ìîäû ñ γ(i)(k) = − η
ρ0
k2 ïðåäñòàâëÿþò ñîáîé ïîïåðå÷íûå ñîñòàâëÿþ-

ùèå ñêîðîñòè (âûðàæåíèå (12)).
Òàêèì îáðàçîì ïîëó÷èëè ñèñòåìó èç òðåõ óðàâíåíèé íà v‖, P, s. Áóäåì èñêàòü ðåøåíèå

ýòîé ñèñòåìû â âèäå v‖(k, t) = v
‖
0(k)e−iωt (àíàëîãè÷íî äëÿ s è P ). Ïîëó÷àåì îäíîðîäíóþ ñè-

ñòåìó ëèíåéíûõ óðàâíåíèé, íåòðèâèàëüíîå ðåøåíèå êîòîðîé ñóùåñòâóåò, åñëè îïðåäåëèòåëü

|∆| = 0, (26)

ãäå

∆ =

ωρ0 + i(ζ + 4
3
η)k2 −k 0

−ρ0k c−2
ç
ω dω

0 λeeak
2 iωρ0T0 + λeebk

2

 (27)
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a =

(
∂
(
1
T

)
∂P

)
s

, b =

(
∂
(
1
T

)
∂s

)
P

, c−2
ç

=

(
∂ρ

∂P

)
s

, d =

(
∂ρ

∂s

)
P

.

Ñîîòíîøåíèå (26) ïðåäñòàâëÿåò ñîáîé çàêîí äèñïåðñèè. Èùåì ðåøåíèå â âèäå

ω = Ω0k + Ω1k
2

(çâóêîâàÿ ìîäà). Ïîäñòàíîâêà â (26) äàåò (îòáðàñûâàÿ âñå ÷ëåíû ïîðÿäêà k2 è áîëåå)

ω1,2 = ±cçk − i
(

(ζ + 4
3
η)

2ρ0
+
λeedac

2
ç

2ρ0T0

)
k2 (28)

Äëÿ óïðîùåíèÿ ïîñëåäíåãî âûðàæåíèÿ âîñïîëüçóåìñÿ òåðìîäèíàìè÷åñêèì ñîîòíîøåíèåì(
∂ρ

∂S

)
P,N

=

(
∂ρ

∂s

)
P

(
∂s

∂S

)
N

=

(
∂ρ

∂s

)
P

1

mN
,

(m - ìàññà ÷àñòèö âåùåñòâà). Ïîëó÷àåì

λeedac
2
ç

2ρ0T0
=

λee
2ρ0T0

((
∂ρ

∂s

)
P

(
∂P

∂ρ

)
s

(
∂
(
1
T

)
∂P

)
s

)
= −λeemN

2ρ0T 3
0

((
∂V

∂S

)
P,N

(
∂P

∂V

)
S,N

(
∂T

∂P

)
S,N

)
,

ãäå S = sNm.
Äàëåå, èñïîëüçóÿ âûðàæåíèå

Cp − Cv = T0

(
∂V

∂T

)
P,N

(
∂P

∂T

)
V,N

,

ïîëó÷èì

ω1,2 = ±cçk − i
(

(ζ + 4
3
η)

2ρ0
+

κ
2ρ0

(
1

cv
− 1

cp

))
k2, (29)

ãäå cv,p− óäåëüíûå òåïëîåìêîñòè, κ = λee/T
2
0− êîýôôèöèåíò òåïëîïðîâîäíîñòè.

Äëÿ íàõîæäåíèÿ åùå îäíîé ìîäû ïîäñòàâëÿåì â óðàâíåíèå (26)

ω = Ω3k
2.

Ïîëó÷àåì ðåøåíèå

ω3 = i
λeeb

ρ0T0
k2 (30)

Çàìåíèì

b ' − 1

T 2
0

(
∂T

∂s

)
P

= − 1

T 2
0

(
∂T

∂s

)
P

.

Èòîãî
ω3 = −i κ

ρ0cp
k2.
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Äâóõêîìïîíåíòíàÿ ñèñòåìà

Ðàññìîòðèì äâóõêîìïîíåíòíóþ ñèñòåìó. Ó÷èòûâàÿ òî, ÷òî λ ≡ λ11 = λ22 = −λ12 = −λ21,
µ ≡ µ̃1 − µ̃2, λe1 = −λe2 è c(1) ≡ c, èç (15), (16) ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé ïîëó÷àåì

ρ0T0
∂s

∂t
= −(λee − µ0λe1)∆

(
1

T

)
− (λµ0 − λe1)∆

(µ
T

)
(31)

ρ0
∂c

∂t
= −λ1e∆

(
1

T

)
+ λ∆

(µ
T

)
(32)

Â ëèíåéíîì ïðèáëèæåíèè

ρ =

(
∂ρ

∂P

)
s,c

P +

(
∂ρ

∂s

)
P,c

s+

(
∂ρ

∂c

)
P,s

c (33)

1

T
=

(
∂
(
1
T

)
∂P

)
s,c

P +

(
∂
(
1
T

)
∂s

)
P,c

s+

(
∂
(
1
T

)
∂c

)
P,s

c (34)

µ

T
=

(
∂
(
µ
T

)
∂P

)
s,c

P +

(
∂
(
µ
T

)
∂s

)
P,c

s+

(
∂
(
µ
T

)
∂c

)
P,s

c (35)

Âîçüìåì ïðåîáðàçîâàíèå Ôóðüå óðàâíåíèé (31) è (32). Âìåñòå ñ óðàâíåíèÿìè (9), (11)
èìååì

ρ0T0
∂s

∂t
= (λee − µ0λe1)k

2

(∂ ( 1
T

)
∂P

)
s,c

P +

(
∂
(
1
T

)
∂s

)
P,c

s+

(
∂
(
1
T

)
∂c

)
P,s

c

+

+(λµ0 − λe1)k2
(∂ ( µT )

∂P

)
s,c

P +

(
∂
(
µ
T

)
∂s

)
P,c

s+

(
∂
(
µ
T

)
∂c

)
P,s

c

 (36)

ρ0
∂c

∂t
= λ1ek

2

(∂ ( 1
T

)
∂P

)
s,c

P +

(
∂
(
1
T

)
∂s

)
P,c

s+

(
∂
(
1
T

)
∂c

)
P,s

c

−
−λk2

(∂ ( µT )
∂P

)
s,c

P +

(
∂
(
µ
T

)
∂s

)
P,c

s+

(
∂
(
µ
T

)
∂c

)
P,s

c

 (37)

ρ0
∂v‖

∂t
= −ikP − (ζ +

4

3
η)k2v‖ (38)(

∂ρ

∂P

)
s,c

∂P

∂t
+

(
∂ρ

∂s

)
P,c

∂s

∂t
+

(
∂ρ

∂c

)
P,s

∂c

∂t
= −iρ0kv‖, (39)
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Ïî àíàëîãèè ñ îäíîêîìïîíåíòíîé ñèñòåìîé ïîëó÷àåì ñëåäóþùåå óðàâíåíèå íà ω

|∆| =

∣∣∣∣∣∣∣∣
−iωρ0 + b11k

2 ik 0 0
−ρ0k b22ω b23ω b24ω

0 b32k
2 iωρ0T0 + b33k

2 b34k
2

0 b42k
2 b43k

2 iωρ0 + b44k
2

∣∣∣∣∣∣∣∣ = 0 (40)

b11 = (ζ +
4

3
η), b23 =

(
∂ρ

∂s

)
P,c

, b22 =

(
∂ρ

∂P

)
s,c

≡ c−2
ç
, b24 =

(
∂ρ

∂c

)
P,s

b33 = (λee − µ0λe1)χ+ (λµ0 − λe1)θ

b34 = (λee − µ0λe1)f + (λµ0 − λe1)ν

b32 = (λee − µ0λe1)γ + (λµ0 − λe1)g

b42 = λe1γ − λg, b43 = λe1χ− λθ, b44 = λe1f − λν

χ =

(
∂
(
1
T

)
∂s

)
P,c

, θ =

(
∂
(
µ
T

)
∂s

)
P,c

f =

(
∂
(
1
T

)
∂c

)
P,s

,

ν =

(
∂
(
µ
T

)
∂c

)
P,s

, γ =

(
∂
(
1
T

)
∂P

)
s,c

, g =

(
∂
(
µ
T

)
∂P

)
s,c

Ïðîäåëûâàÿ àíàëîãè÷íûå îïåðàöèè, èç çàêîíà äèñïåðñèè ïîëó÷àåì ñëåäóþùèå ðåøåíèÿ
äëÿ çâóêîâûõ ìîä

ω1,2 = ±cçk − i
(
ζ + 4

3
η

2ρ0
+
b32b23c

2
ç

2ρ0T0
+
b24b42c

2
ç

2ρ0

)
k2 (41)

Ïîäñòàíîâêà â óðàâíåíèå (40)
ω = Ωk2

(äèôôóçèîííûå ìîäû) äàåò åùå äâà ðåøåíèÿ

ω3,4 = i

(
T0b44 + b33

2ρ0T0
±
√

4b43b34 + (T0b44 − b33)2
2ρ0T0

)
k2 (42)
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Çàêëþ÷åíèå

Ñóììèðóÿ ïîëó÷åííûå ðåçóëüòàòû, ìîæíî ñêàçàòü, ÷òî â îäíîêîìïîíåíòíîé ñðåäå çâóê çà-
òóõàåò çà ñ÷åò âíóòðåííåãî òðåíèÿ è çà ñ÷åò ïðîöåññîâ òåïëîîáìåíà (íàëè÷èå êîýôôèöèåíòà
òåïëîïðîâîäíîñòè). Â äâóõêîìïîíåíòíîé ñðåäå íà çàòóõàíèå çâóêà íà÷èíàþò âëèÿòü äèôôó-
çèîííûå ïðîöåññû.
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