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1. Ââåäåíèå.

Îïèñàíèå ýëåêòðîííûõ ñâîéñòâ ãðàôåíà, íà÷àâøååñÿ â 40-å ãîäû ðàáîòîé [1], ïîëó÷èëî

ìîùíûé òîë÷îê â ñâÿçè ñ óñïåøíûìè ýêñïåðèìåíòàìè ïî èññëåäîâàíèþ çîííîé ñòðóêòóðû [2]

â 70-90õ ãîäàõ, è åùå ñèëüíåå ïîñëå îòêðûòèÿ ïðîñòîãî ñïîñîáà ïîëó÷åíèÿ ìîíîñëîÿ ãðàôåíà

â 2004 ãîäó Ãåéìîì è Íîâîñåëîâûì [3].

Ãàìèëüòîíèàí ýëåêòðîíîâ â ãðàôåíå, çàïèñàííûé â êîëëåêòèâíûõ ïåðåìåííûõ, ñîîòâåò-

ñòâóþùèõ ðàñïðîñòðàíåíèþ âîëí â äâóõ ïîäðåø¼òêàõ Áðàâå, ðàçëàãàåòñÿ â ïðîñòðàíñòâå

îáðàòíîé ðåø¼òêè â îêðåñòíîñòè òî÷åê, ðåàëèçóþùèõ ìèíèìóì ýíåðãèè. Ïðè ýòîì ïðèáëè-

æåíèå, ñîîòâåòñòâóþùåå êâàäðàòè÷íîìó ïî ïîëÿì ãàìèëüòîíèàíó, â òî÷íîñòè ðåàëèçóåò äè-

íàìèêó äâóìåðíûõ ñâîáîäíûõ ðåëÿòèâèñòñêèõ áåçìàññîâûõ ôåðìèîíîâ. Ýòî îáóñëàâëèâàåò

âàæíîñòü ïðèìåíåíèÿ â äàííîé çàäà÷å êâàíòîâî-ïîëåâîãî ôîðìàëèçìà, ïîñêîëüêó îí ïîñòàâ-

ëÿåò ãîòîâûé ìàòåìàòè÷åñêèõ àïïàðàò äëÿ èññëåäîâàíèÿ ñòàòèñòè÷åñêèõ ñâîéñòâ òàêèõ ÷à-

ñòèö.

Îäíàêî äëÿ ïîñòðîåíèÿ ïîñëåäîâàòåëüíîé òåîðèè âîçìóùåíèé â òàêîé íàóêå íåäîñòàòî÷-

íî ïåðåôîðìóëèðîâàòü äëÿ íå¼ èçâåñòíûå êâàíòîâîïîëåâûå ðåçóëüòàòû, êàñàþùèåñÿ óëüòðà-

ðåëÿòèâèñòñêèõ ôåðìè-ãàçîâ. Î÷åâèäíîå îòëè÷èå ðàçìåðíîñòè ïðîñòðàíñòâà, îãðàíè÷åííîãî

äëÿ ýëåêòðîíîâ â ãðàôåíå äâóìåðèåì, ïðèâîäèò çíà÷èòåëüíûì òåõíè÷åñêèì ðàçëè÷èÿì [5].

Âëèÿíèå îäíîìåðíîé ãðàíèöû äâóìåðíîãî ãðàôåíà â ïîëóïðîñòðàíñòâå òàêæå íå ñâîäèòñÿ ê

èçâåñòíûì êâàíòîâî-ïîëåâûì ðåçóëüòàòàì � ñîîòâåòñòâóþùèå ýôôåêòû òàêæå ÿâëÿþòñÿ îáú-

åêòîì ñîâðåìåííûõ èññëåäîâàíèé [6]. Ïî ýòîé ïðè÷èíå ïîñëåäîâàòåëüíîå îïèñàíèå ýëåêòðîí-

íûõ ñâîéñòâ ãðàôåíà ñ ãðàíèöåé â ðàìêàõ íàèáîëåå ìîùíîãî òåîðåòèêî-ïîëåâîãî ôîðìàëèçìà

òåìïåðàòóðíûõ ôóíêöèé Ãðèíà (òôÃ) íå îñóùåñòâëåíî äî ñèõ ïîð.

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ïîñòðîåíèå ïðîïàãàòîðà òôÃ äëÿ ãðàôåíà â ïîëóïðî-

ñòðàíñòâå. Â ðàññìîòðåííîé çàäà÷å ãðàíèöà ïîëóïðîñòðàíñòâà îðèåíòèðîâàíà ïîä ïðîèçâîëü-

íûì óãëîì ϑ ê âûáðàííîé îñè ñèììåòðèè ðåøåòêè (ñì. ðèñ.1.1). Ñëó÷àé ϑ = 0 íàçûâàþò

àöåíîâûé êðàé (�çèãçàã�), à ϑ = π/2 � ôåíàíòðåíîâûé êðàé (�êðåñëî�). Íàëè÷èå �êðåñëà� ñâÿ-

çûâàþò ñ îáðàçîâàíèåì ó êðàÿ çàïðåùåííûõ çîí, ÷òî âûçûâàåò àíàëèòè÷åñêèå ñëîæíîñòè â

ðàññìîòðåíèè äàííîãî ñëó÷àÿ â êâàíòîâî-ïîëåâîì ôîðìàëèçìå; ðàññìîòðåíèå ýòîãî ñëó÷àÿ

÷àñòî ïðîâîäÿò îòäåëüíî [6].

ßâíûé ó÷¼ò ãðàíè÷íûõ óñëîâèé ïðèâîäèò ê çàâèñèìîñòè ïîñòðîåííîãî íàìè ïðîïàãàòî-
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Ðèñ. 1.1: Âèä êðàåâ ãðàôåíà

ðà îò ïàðàìåòðà ϑ. Ïîýòîìó ïîëó÷åííûå íàìè ðåçóëüòàòû ïðîàíàëèçèðîâàíû íà ïðåäìåò

íåàíàëèòè÷íîñòè ïðè ϑ = π/2, îáñóæäàåòñÿ êîððåêòíîñòü èñïîëüçîâàíèÿ ïîñòðîåííîãî ïðî-

ïàãàòîðà â ïîñëåäîâàòåëüíîì ôîðìàëèçìå òôÃ ïðè ïðîèçâîëüíûõ çíà÷åíèÿõ ϑ.

Ïðÿìûì ñïîñîáîì ïîëó÷åíèÿ ôèçè÷åñêè çíà÷èìûõ ðåçóëüòàòîâ ñ ïîìîùüþ ïðî-

ïàãàòîðà ÿâëÿåòñÿ âû÷èñëåíèå ñ åãî ïîìîùüþ ýëåêòðîííîé ïëîòíîñòè. Íåêîòîðûå òåõíè÷å-

ñêèå ñëîæíîñòè, âûðàæàþùèåñÿ â íàëè÷èè óëüòðàôèîëåòîâûõ (ÓÔ-) ðàñõîäèìîñòåé, ñâÿçàíû

ñ êîððåêòíûì ó÷åòîì ñäâèãà äèðàêîâñêîãî �ïîäâàëà� â òåðìîäèíàìè÷åñêîé ïîñòàíîâêå çàäà÷è

ñ ââåä¼ííûì õèìè÷åñêèì ïîòåíöèàëîì. Ìû ïðèâîäèì ïîäðîáíûé àíàëèç ïîÿâëåíèÿ ýòîé ðàñ-

õîäèìîñòè è îáñóæäàåì êîððåêòíîå îáðàùåíèå ñ íåé íà ïðîñòîì ïðèìåðå ãðàôåíà â ïîëíîì

ïðîñòðàíñòâå, è îáîáùàåì ýòè ðåçóëüòàòû íà ñëó÷àé ãðàôåíà â ïîëóïðîñòðàíñòâå.

Âî âòîðîé ãëàâå ââîäèòñÿ ãàìèëüòîíèàí ðàññìàòðèâàåìîé çàäà÷è, ãðàíè÷íûå óñëîâèÿ,

îáñóæäàþòñÿ îñîáåííîñòè ôîðìàëèçìà òåìïåðàòóðíûõ ôóíêöèé Ãðèíà. Â òðåòüåé ãëàâå âû-

÷èñëÿåòñÿ ïðîïàãàòîð ýòîé ìîäåëè. Â ÷åòâåðòîé ãëàâå âû÷èñëÿåòñÿ ýëåêòðîííàÿ ïëîòíîñòü

ãðàôåíà â ïîëóïðîñòðàíñòâå. Â çàêëþ÷åíèè îáñóæäàþòñÿ ïîëó÷åííûå ðåçóëüòàòû. Â êîíöå

ñòàòüè, â ïðèëîæåíèè, ìû ïðèâîäèì ðàñ÷åò ýëåêòðîííîé ïëîòíîñòè íà îñíîâå ïðîïàãàòîðà â

îòñóòñòâèå ãðàíèö äëÿ èëëþñòðàöèè ìåõàíèçìà ïîÿâëåíèÿ ÓÔ-ðàñõîäèìîñòåé.
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2. Ãàìèëüòîíèàí, íà÷àëüíûå óñëîâèÿ

Ýëåêòðîííûå ñâîéñòâà ãðàôåíà îïèñûâàþòñÿ êîìïëåêñíûì ïîëåì ψ = (ψ1, ψ2), èìåþùåì

äâå êîìïîíåíòû, êîòîðûå ñîîòâåòñòâóþò êîëëåêòèâíûì ïåðåìåííûì, çàäàþùèì äèíàìèêó

êâàçè÷àñòèö íà äâóõ ïîäðåøåòêàõ. Êàæäàÿ êîìïîíåíòà, â ñâîþ î÷åðåäü, èìååò ñïèíîðíûå

èíäåêñû, ñîîòâåòñòâóþùèå ôèçè÷åñêèì ôåðìèîííûì ñâîéñòâàì ñîîòâåòñòâóþùèõ êâàçè÷à-

ñòèö.

Â äàííûõ ïåðåìåííûõ ãàìèëüòîíèàí ðàñêëàäûâàåòñÿ â îêðåñòíîñòè äâóõ òî÷åêK± (â äâóõ

�äîëèíàõ�), ëåæàùèõ â ïðîñòðàíñòâå îáðàòíîé ðåøåòêè â çîíå Áðþëëèýíà; â ýòèõ òî÷êàõ ãà-

ìèëüòîíèàí ðåàëèçóåò ìèíèìóì. Ðàçëîæåíèå, ñîîòâåòñòâóþùåå ñâîáîäíîé îò âçàèìîäåéñòâèÿ

ìîäåëè, èìååò â òî÷íîñòè âèä ãàìèëüòîíèàíà äâóìåðíûõ ðåëÿòèâèñòñêèõ ôåðìèîíîâ [1],[3],

ïðè÷¼ì ðîëü ñïèíîðíîãî èíäåêñà ðåëÿòèâèñòñêèõ ôåðìèîíîâ èãðàåò èíäåêñ, îïðåäåëÿþùèé

ïîäðåøåòêó:

H = ψ† (−ivF (σ2∂x ∓ σ1∂y))ψ,

çäåñü ψ = ψ(x, y, t), ψ† ≡ ψ∗T , èíäåêñû ïîëÿ, ñâÿçàííûå ñ ïîäðåø¼òêàìè è ôèçè÷åñêèìè

ñïèíàìè ïîäðàçóìåâàþòñÿ, òàêæå êàê è èíòåãðèðîâàíèå â ãàìèëüòîíèàíå ïî àðãóìåíòàì è

èíäåêñàì. Âåëè÷èíà vF � ñêîðîñòü Ôåðìè, σ0 � åäèíè÷íàÿ ìàòðèöà, σ1, σ2 � ìàòðèöû Ïàóëè.

Çíàêè ± ñîîòâåòñòâóþò ðàçëîæåíèþ ãàìèëüòîíèàíà â òî÷êàõ K±.

Äëÿ îïèñàíèÿ ðàâíîâåñíîé ñèñòåìû òàêèõ ÷àñòèö ïðè òåìïåðàòóðå T â ðàìêàõ ôîðìàëèç-

ìà òåìïåðàòóðíûõ ôóíêöèé Ãðèíà [4] îñóùåñòâëÿåòñÿ ïåðåõîä ê �ìíèìîìó âðåìåíè�, êîòîðîå

çàòåì ïîëàãàåòñÿ èçìåíÿþùèì â èíòåðâàëå τ ∈ (0, β), ãäå β = 1/kT � îáðàòíàÿ áîëüöìàíîâ-

ñêàÿ òåìïåðàòóðà. Òîãäà óðàâíåíèå íà êâàíòîâî-ìåõàíè÷åñêóþ ôóíêöèþ Ãðèíà

(i~∂t − Ĥ)G = δ(~r − ~r′)δ(t− t′)

ïåðåïèøåòñÿ â âèäå

−(∂τ + (Ĥ − µ))G = δ(~r − ~r′)δ(τ − τ ′),

Ñòîèò îòìåòèòü, ÷òî çíàê ïåðåä ∂τ âûáèðàåòñÿ èç òîãî ôàêòà, ÷òî ìû õîòèì ïîëó÷èòü ïðè-

÷èííóþ ôóíêöèþ Ãðèíà, â ïðîòèâíîì ñëó÷àå ïîëþñà ôóíêöèè Ãðèíà áóäóò ðàñïîëàãàòüñÿ

èíà÷å è ìû ïîëó÷èì "àíòèïðè÷èííûé"ïðîïàãàòîð, òî åñòü äûðêè áóäóò èìåòü ïîëîæèòåëü-
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íóþ ýíåðãèþ, à ýëåêòðîíû - îòðèöàòåëüíóþ. Ïðè ýòîì ãàìèëüòîíèàí Ĥ îñòàíåòñÿ òàêèì æå,

êàê â êâàíòîâîé ìåõàíèêå. µ - õèìïîòåíöèàë ñèñòåìû, îòñ÷èòûâàåìûé îò óðîâíÿ Ôåðìè. Â

èòîãå ìû ïðèõîäèì ê óðàâíåíèþ

−((∂τ − µ)σ0 − ivF (σ2∂x ∓ σ1∂y))G = δ(~r − ~r′)δ(τ − τ ′) (2.1)

Íà ïîëÿ íàêëàäûâàþòñÿ àíòèïåðèîäè÷åñêèå íà÷àëüíûå óñëîâèÿ, ñîîòâåòñòâóþùèå ðåøå-

íèÿì ôåðìèîííîãî òèïà

ψ(x, y, 0) = −ψ(x, y, β)

÷òî â òåðìèíàõ ìàöóáàðîâñêèõ ÷àñòîò îçíà÷àåò, ÷òî ψ ïðåäñòàâëÿåòñÿ â âèäå Ôóðüå ðÿäà ïî

÷àñòîòàì π
β
(2n+ 1) (n � öåëîå):

ψ(x, y, τ) =
∑
ωn

e−iωnτψ(x, y, ωn), ωn =
π

β
(2n+ 1).

Â ðàìêàõ áîëüøîãî êàíîíè÷åñêîãî àíñàìáëÿ ââîäèòñÿ õèìè÷åñêèé ïîòåíöèàë ñèñòåìû µ.
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3. Ãðàíè÷íûå óñëîâèÿ

Ãðàíè÷íûå óñëîâèÿ íà ïîëÿ â ïîëóïðîñòðàíñòâå ôèçè÷åñêè îïðåäåëÿþòñÿ óñëîâèåì îá-

ðàùåíèÿ â íîëü ïîëíîãî òîêà, òåêóùåãî ÷åðåç ãðàíèöó, è ñèììåòðèéíûìè ñîîáðàæåíèÿìè.

Ñîîòâåòñòâóþùåå óñëîâèå èìååò âèä [6]

(σ0 + σ1e
−iσ2ϑ)ψ(x, y, t)

∣∣∣
x=0

= 0, (3.1)

Ñòîèò îòìåòèòü, ÷òî ïàðàìåòð ϑ íå ÿâëÿåòñÿ óãëîì ðàçðåçà ïëîñêîñòè ãðàôåíà, à ïî-

êàçûâàåò ëèøü ñòåïåíü íàðóøåíèÿ ýëåêòðîííî-äûðî÷íîé ñèììåòðèè. Çàìåòèì, ÷òî ϑ = 0

ñîîòâåòñòâóåò ãðàíèöå òèïà �çèãçàã�, à ϑ = π
2
ñîîòâåòñòâóåò ãðàíèöå ñ áåñêîíå÷íîé ìàññîé

êâàçè÷àñòèö.

Â ñòàòüå [6] èìååòñÿ ïîëåçíàÿ ôîðìóëà äëÿ âû÷èñëåíèÿ óãëà ϑ:

cosϑ =
1 + sh(κ) sh(2N V

t
+ κ))

ch(κ) ch(2N V
t

+ κ)
, (3.2)

ãäå κ = sh(V
2t

), V = VA = −VB - ýëåêòðîñòàòè÷åñêèé ïîòåíöèàë íà ïîäðåøåòîê; t - èíòåãðàë

ïåðåêðûòèÿ; N - íîìåð åäèíè÷íîé ÿ÷åéêè, îòñ÷èòàííûé îò ãðàíèöû. Âèäíî, ÷òî ïðè N = 0

è N >> 1 ϑ = 0, òî åñòü íà ãðàíèöå è âäàëè îò ãðàíèöû ϑ èìååò îäíî è òî æå çíà÷åíèå,

ñîîòâåòñòâóþùåå ãðàíèöå òèïà �çèãçàã�.

Òàêæå â ñèñòåìå ïîëàãàåòñÿ çàòóõàíèå ïîëåé íà áîëüøèõ ðàññòîÿíèÿõ îò ãðàíèöû (ïðè

x → ∞) � ñîîòâåòñòâóþùåå ïîâåäåíèå îáåñïå÷èâàåòñÿ ïåðåõîäîì îò ïëîñêèõ âîëí â êâàíòî-

âîé ìåõàíèêå ê ìíèìîìó âðåìåíè ôîðìàëèçà òôÃ. Ãðàíè÷íîå óñëîâèå è óñëîâèå çàòóõàíèÿ

ôèêñèðóþò ôóíêöèîíàëüíîå ïðîñòðàíñòâî, îïèñûâàþùåå ðàññìàòðèâàåìóþ ìîäåëü.
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4. Âû÷èñëåíèå ïðîïàãàòîðà

Äëÿ óäîáñòâà ìû ïåðåéä¼ì â ñèñòåìó êîîðäèíàò, â êîòîðîé vF îáðàùàåòñÿ â åäèíèöó; â

ôèçè÷åñêèõ îòâåòàõ ìû âîññòàíîâèì çàâèñèìîñòü îò vF ïî ðàçìåðíîñòè. Óðàâíåíèå íà ïðî-

ïàãàòîð òôÃ èìååò âèä

−((∂τ − µ)σ0 − i(σ2∂x ∓ σ1∂y))G(τ, x, y, τ ′, x′, y′) = δ(τ − τ ′)δ(x− x′)δ(y − y′).

Îíî äîëæíî áûòü äîïîëíåíî óñëîâèåì íà ãðàíèöå x = 0, èäåíòè÷íûì (3.1), è óñëîâèåì

çàòóõàíèÿ ïðîïàãàòîðà ïðè óäàëåíèè îò ãðàíèöû, òàê êàê ôóíêöèîíàëüíîå ïðîñòðàíñòâî,

êîòîðîìó ïðèíàäëåæèò ïðîïàãàòîð, îïðåäåëÿåòñÿ ïðîñòðàíñòâîì ïîëåé ψ.

Ïðè ïîìîùè íåñëîæíûõ ïðåîáðàçîâàíèé íåñëîæíî óáåäèòüñÿ, ÷òî èç (3.1) ñëåäóåò, ÷òî G

íà ãðàíèöå ïðåäñòàâëÿåòñÿ â âèäå

G
∣∣∣
x=0

=

1 0

0 ς

1 1

1 1

A1 0

0 A2

, ς = −1 + sinϑ

cosϑ
, ∃A1, A2 (4.1)

Ôóðüå-ïðåîáðàçîâàíèå ïî y − y′ è −(τ − τ ′) ïðèâîäèò ê âûðàæåíèþ

(σ0(iωn + µ) + iσ2∂x ± σ1py)G = δ(x− x′). (4.2)

Îáùåå ðåøåíèå ôóíäàìåíòàëüíîãî óðàâíåíèÿ (4.2) èìååò âèä

G = G1θ(x− x′) +G2,

ãäå G1,2 óäîâëåòâîðÿþò îäíîðîäíîìó óðàâíåíèþ, ñîîòâåòñòâóþùåìó (4.2), c îòáðîøåííîé ïðà-

âîé ÷àñòüþ. Íåñëîæíî íàéòè

Gi = G̃

Bi1 0

0 Bi2

 eκ(x−x′) + σ1G̃σ1

Bi3 0

0 Bi4

 e−κ(x−x′),

G̃ =

−κ∓pyiωn+µ
1

1 κ∓py
iωn+µ

 =
∓pyσ0 − κσ3

iωn + µ
+ σ1, κ =

√
p2
y − (iωn + µ)2.
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Ïàðàìåòðû Bij ÿâëÿþòñÿ êîíñòàíòàìè èíòåãðèðîâàíèÿ; äëÿ èõ îïðåäåëåíèÿ íåîáõîäèìî

îáðàòèòüñÿ ê ãðàíè÷íîìó óñëîâèþ (4.1) óñëîâèþ óáûâàíèÿ G íà áåñêîíå÷íîñòè. Ýòî ïðèâîäèò

ê âûðàæåíèþ

G = − 1

1− γ

(
θ(x− x′)(G̃Γe−κ(x−x′) − σ1G̃Γσ1e

κ(x−x′))+

σ1G̃Γσ1e
κ(x−x′) − G̃∆Mσ1Γσ1e

−κ(x+x′)
)

(4.3)

Çäåñü äëÿ óäîáñòâà áûëè ââåäåíû ñëåäóþùèå îáîçíà÷åíèÿ:

Γ =

 γ 0

0 1

 =
γ + 1

2
σ0 +

γ − 1

2
σ3, γ =

∓py + κ
∓py − κ

,

∆M =

 ∆1 0

0 ∆2

 ,

∆1 =
iωn + µ− ς(∓py + κ)

iωn + µ− ς(∓py − κ)
, ∆2 =

∓py − κ − ς(iωn + µ)

∓py + κ − ς(iωn + µ)
.
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5. Ïðîôèëü ýëåêòðîííîé ïëîòíîñòè

Èñïîëüçóÿ ôóíêöèþ Ãðèíà íàéäåì ïðîôèëü ýëåêòðîííîé ïëîòíîñòè

n(x) = 1
β

∑
valleys

∑
ωn

∫ dpy
2π
TrG(x, x) =

gs
β

∑
valleys

∑
ωn

∫ dpy
2π

( iωn+µ
κ − e−2κx∆1(∓py−κ)2+∆2(∓py+κ)2

2κ(iωn+µ)
) (5.1)

ãäå gs = 2 - ñïèíîâîå âûðîæäåíèå. Â äàëüíåéøåì gs âñþäó çàìåíåíî íà 2. Â (5.1) ïåðâàÿ

ñóììà áåðåòñÿ ïî ðàçíûì äîëèíàì, âòîðàÿ ñóììà - ïî ìàöóáàðîâñêèì ÷àñòîòàì ωn = π
β
(2n+1).

Óäîáíî ïåðåéòè îò ñóììû ê èíòåãðàëüíîìó ïðåäñòàâëåíèþ - ñóììå ïî ïîëþñàì âäîëü ìíèìîé

îñè. Òîãäà:

n(x) = 2
2πiβ

∑
valleys

∮
βdp0

2
th (βp0

2
)
∫ dpy

2π
(p0+µ

κ − e−2κx∆1(∓py−κ)2+∆2(∓py+κ)2

2κ(p0+µ)
) (5.2)

Ïðåæäå, ÷åì ïðèñòóïàòü ê ðàñ÷åòàì èíòåãðàëà, ñëåäóåò óïðîñòèòü ïîäûíòåãðàëüíóþ ôóíê-

öèþ (âòîðîå ñëàãàåìîå):

∑
valleys

∆1(∓py − κ)2 + ∆2(∓py + κ)2

2κ(p0 + µ)
=

2p2
y

κ(p0 + µ− 2
ς−ς−1κ)

(5.3)

Ñòîèò îòìåòèòü, ÷òî th ( p0
2T

) õîòü è èìååò ïîëþñà â íóæíûõ ìåñòàõ, íà áåñêîíå÷íîñòè íå

óáûâàåò è èíòåãðàë îñòàåòñÿ ðàñõîäÿùèìñÿ,òåì íå ìåíåå, ïîäûíòåãðàëüíàÿ ôóíêöèÿ àíàëè-

òè÷íà âî âñåé ïëîñêîñòè, êðîìå ðàçðåçà è ïîëþñîâ íà ìíèìîé îñè è åùå îäíîãî äîïîëíèòåëü-

íîãî ïîëþñà íà âåùåñòâåííîé îñè, ñâÿçàííîãî ñ ìíîæèòåëåì â çíàìåíàòåëå p0 + µ − 2
ς−ς−1κ.

Èç-çà ýòîãî êîíòóð èíòåãðèðîâàíèÿ ìîæíî ïðîäåôîðìèðîâàòü è ïåðåéòè ê èíòåãðèðîâàíèþ

ïî ðàçðåçó, êàê ïîêàçàíî íà ðèñóíêå 5.1.

2

ς − ς−1
=

2

−1+sinϑ
cosϑ

+ cosϑ
1+sinϑ

=
2 cosϑ(1 + sinϑ)

cos2 ϑ− (1 + sinϑ)2
=

2 cosϑ(1 + sinϑ)

1− sin2 ϑ− (1 + sinϑ)2
=

−cosϑ

sinϑ
= −ctg ϑ (5.4)
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Ðèñ. 5.1: Èçìåíåíèå êîíòóðà èíòåãðèðîâàíèÿ.

Èç (5.1), (5.2), (5.3), (5.4) ïîëó÷àåì:

n(x) = n0+ − n+(x) + n0− − n−(x)− np(x) (5.5)

n0+ = 4
1

2πiβ

∮
γ+

βdp0

2
th (

βp0

2
)

∫
dpy
2π

p0 + µ

κ
(5.6)

n0− = 4
1

2πiβ

∮
γ−

βdp0

2
th (

βp0

2
)

∫
dpy
2π

p0 + µ

κ
(5.7)

n+(x) =
2

2πiβ

∮
γ+

βdp0

2
th (

βp0

2
)

∫
dpy
2π

2p2
y

κ(p0 + µ+ κctg ϑ)
e−2κx (5.8)

n−(x) =
2

2πiβ

∮
γ−

βdp0

2
th (

βp0

2
)

∫
dpy
2π

2p2
y

κ(p0 + µ+ κctg ϑ)
e−2κx (5.9)

np(x) = 2

∫
dpy
2πβ

res
|p0+µ|=|py | cos θ

2p2
y

κ(p0 + µ+ κctg ϑ)
e−2κxβ

2
th (

βp0

2
) (5.10)

Â ôîðìóëàõ (5.6),(5.8) è (5.7),(5.9) èíòåãðèðîâàíèå âåäåòñÿ ïî ïðàâîìó è ëåâîìó ðàçðåçó

ñîîòâåòñòâåííî. Çíàê ïëþñ â ôîðìóëàõ ñîîòâåòñòâóåò ÷àñòèöàì ñ ïîëîæèòåëüíîé ýíåðãèåé

(ýëåêòðîíàì), ìèíóñ - ñ îòðèöàòåëüíîé ýíåðãèåé (äûðêàì).

Âåðíåìñÿ ê äîîïðåäåëåíèþ èíòåãðàëîâ (5.6)-(5.9). Ìû âûáèðàëè ôóíêöèþ th (βp0
2

) êàê

èìåþùóþ ïîëþñà â òî÷êàõ ìàöóáàðîâñêèõ ÷àñòîò è îäèíàêîâûå âû÷åòû â íèõ, à òàêæå

àíàëèòè÷íóþ âî âñåé îñòàëüíîé êîìïëåêñíîé ïëîñêîñòè. Òåì íå ìåíåå, ïîäûíòåãðàëüíàÿ

ôóíêöèÿ íà áåñêîíå÷íîñòè ñòðåìèòñÿ ê êîíñòàíòå è äàåò ëèíåéíóþ ÓÔ-ðàñõîäèìîñòü êàê

â ñëó÷àå ÷àñòèö, òàê è àíòè÷àñòèö. Ôèçè÷åñêè ýòî îçíà÷àåò, ÷òî èíòåãðàëû â òàêîì âèäå

ó÷èòûâàþò òàêæå ÷àñòèöû è àíòè÷àñòèöû, íàõîäÿùèåñÿ â "ïðîïàñòè Äèðàêà". ×òîáû âû-

10



÷åñòü ýòè "ôîíîâûå ÷àñòèöû âû÷òåì åäèíèöó èç th (βp0
2

) â ñëó÷àå èíòåãðàëîâ ïî ïðàâîì ðàç-

ðåçó, è ïðèáàâèì - â ñëó÷àå èíòåãðàëîâ ïî ëåâîìó ðàçðåçó è ðàçäåëèì âñ¼ íà 2, òàê êàê

(th (βp0
2

) + 1)/2 + (th (βp0
2

) − 1)/2 = th (βp0
2

). Íåòðóäíî ïîêàçàòü, ÷òî â ýòîì ñëó÷àå th ( p0
2T

)

çàìåíèòñÿ íà ∓ 2
e±βp0+1

, ÷òî è äàñò íàì òðåáóåìîå çàòóõàíèå è ñîîòâåòñòâèå ñ òåîðèåé Ôåðìè-

æèäêîñòåé.

Çàìåòèì, ÷òî èíòåãðàëû (5.6), (5.8) è (5.7), (5.9) ðàçëè÷àþòñÿ òîëüêî çíàêîì ïåðåä èíòå-

ãðàëîì è ïåðåä õèìïîòåíöèàëîì. Ñëåäîâàòåëüíî, äîñòàòî÷íî âû÷èñëèòü òîëüêî (5.6), (5.8),

ïðè ýòîì (5.7), (5.9) áóäóò àâòîìàòè÷åñêè èçâåñòíû. Èç (5.6) ïîëó÷èì:

n0+ =
4

4π2i

∫
dpy

∮
γ+

dp0
1

eβp0 + 1

p0 + µ

κ
=

1

π2i

∫
dpy

∞∫
|py |−µ

dp0
2

eβp0 + 1

p0 + µ

i
√

(p0 + µ)2 − p2
y

=

− 2

π2

∫
dpy

∞∫
|py |

dp0
1

eβ(p0−µ) + 1

p0√
p2

0 − p2
y

(5.11)

Çàìå÷àÿ, ÷òî âòîðîé èíòåãðàë ÷åòåí ïî py è ïåðåñòàâëÿÿ èíòåãðàëû ïîëó÷àåì

n0+ = − 4

π2

∞∫
0

dp0
p0

eβ(p0−µ) + 1

p0∫
0

dpy
1√

p2
0 − p2

y

= [y =
py
p0

]

− 4

π2

1

β2
I1(βµ)

1∫
0

dy√
1− y2

= − 2

πβ2
I1(βµ) (5.12)

Èç ôîðìóëû (5.12) ñëåäóåò, ÷òî ýëåêòðîííàÿ ïëîòíîñòü â ãðàôåíå âäàëè îò ãðàíèöû ðàâíà

n0+ = − 2

πβ2
I1(βµ),

Àíàëîãè÷íî ïîëó÷àåì äûðî÷íóþ ïëîòíîñòü, ó÷èòûâàÿ, ÷òî èíòåãðèðîâàòü íåîáõîäèìî íå

äî áåñêîíå÷íîñòè, à äî óðîâíÿ Ôåðìè:

n0− =
2

πβ2

β(EF−µ)∫
0

zdz

ez+βµ + 1
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Ïåðåéäåì ê ðàññìîòðåíèþ ïîïðàâêè n+(x):

n+(x) =
2

2πiβ

∫
dpy
2π

∮
γ+

βdp0

2

1

eβp0 + 1

2p2
y

κ(p0 + µ+ κctg ϑ)
e−2κx =

1

2π2i

∫
dpy

∮
γ+

dp0
1

eβ(p0−µ) + 1

p2
y

i
√
p2

0 − p2
y(p0 + i

√
p2

0 − p2
yctg ϑ)

e−2i
√
p20−p2yx =

− 1

2π2

∫
dpy

∮
γ+

dp0
1

eβ(p0−µ) + 1

p2
y√

p2
0 − p2

y(p0 + i
√
p2

0 − p2
yctg ϑ)

e−2i
√
p20−p2yx (5.13)

Çäåñü äëÿ êðàòêîñòè áûë ðàññìîòðåí òîëüêî âåðõíèé êðàé ðàçðåçà. Äëÿ òîãî, ÷òîáû íà-

ïèñàòü âêëàä îò íèæíåãî êðàÿ, íåîáõîäèìî çàìåíèòü çíàêè ïåðåä
√
p2

0 − p2
y è ïåðåñòàâèòü

ïðåäåëû èíòåãðèðîâàíèÿ. Îáà âêëàäà âìåñòå:

− 1

2π2

∫
dpy

∞∫
|py |

dp0
1

eβ(p0−µ) + 1

p2
y√

p2
0 − p2

y

 e−2i
√
p20−p2yx

p0 + i
√
p2

0 − p2
yctg ϑ

+
e2i
√
p20−p2yx

p0 − i
√
p2

0 − p2
yctg ϑ

 =

− 1

2π2

∫
dpy

∞∫
|py |

dp0
1

eβ(p0−µ) + 1

p2
y√

p2
0 − p2

y

2p0 cos(2x
√
p2

0 − p2
y)− 2

√
p2

0 − p2
y sin(2x

√
p2

0 − p2
y)ctg ϑ

p20
sin2 ϑ

− p2
yctg 2ϑ

 =

−sin2 ϑ

π2

∞∫
0

dpy

∞∫
py

dp0
1

eβ(p0−µ) + 1

p2
y√

p2
0 − p2

y

p0 cos(2x
√
p2

0 − p2
y)−

√
p2

0 − p2
y sin(2x

√
p2

0 − p2
y)ctg ϑ

p2
0 − p2

y cos 2ϑ

 =

−sin2 ϑ

π2

∞∫
0

dp0

1∫
0

dz
p0

eβ(p0−µ) + 1

z2

√
1− z2

(
cos(2xp0

√
1− z2)−

√
1− z2 sin(2xp0

√
1− z2)ctg ϑ

1− z2 cos2 ϑ

)
=

−sin2 ϑ

β2π2

∞∫
0

sds

es−βµ + 1

1∫
0

dz
z2

1− z2 cos2 ϑ

(
cos(2xs

β

√
1− z2)

√
1− z2

− sin(
2xs

β

√
1− z2)ctg ϑ

)

Ðàññìîòðèì èíòåãðàë

I(y, θ) =

1∫
0

dz
z2

1− z2 cos2 ϑ

cos(y
√

1− z2)√
1− z2

(5.14)
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Î÷åâèäíî, ÷òî ïðè ïîìîùè òàêîé çàìåíû ôîðìóëà (5.13) ïðåîáðàçóåòñÿ ê âèäó

n+(x) = −sin2 ϑ

π2β2

∞∫
0

sds

es−βµ + 1

(
I(

2xs

β
, θ) + ctg ϑ

∂I

∂y

∣∣∣
y= 2xs

β

)
=

−sin2 ϑ

π2β2

∞∫
0

sds

es−βµ + 1

(
I(

2xs

β
, θ) +

βctg ϑ

2x

∂I

∂s

)
(5.15)

Èñõîäÿ óæå èç ñàìîãî âèäà ôîðìóëû (5.15) âèäíî, ÷òî êîîðäèíàòà è òåìïåðàòóðà âñòðå-

÷àþòñÿ âìåñòå. Îòñþäà ñëåäóåò, ÷òî ÷åì âûøå òåìïåðàòóðà, òåì ìåíüøå ñèñòåìà îùóùàåò

ãðàíèöû. Èñõîäÿ èç òîãî, ÷òî äûðêè è ýëåêòðîíû èçíà÷àëüíî â ñèñòåìó âõîäÿò ñèììåòðè÷íûì

îáðàçîì, òî ïî àíàëîãèè ñ (5.15) äëÿ äûðîê ïîëó÷àåì:

n−(x) =
sin2 ϑ

π2β2

β(EF−µ)∫
0

ds

es+βµ + 1

(
I(

2xs

β
, ϑ) +

βctg ϑ

2x

∂I

∂s

)
(5.16)

Ïåðåéäåì ê ðàññìîòðåíèþ ãðàíè÷íûõ ñîñòîÿíèé. Íåòðóäíî ïîêàçàòü, ÷òî âû÷åò â ôîðìóëå

(5.10) íå çàâèñèò îò çíàêà ϑ, õîòÿ ïîëîæåíèå ïîëþñà ñìåùàåòñÿ. Åñëè ïîëþñ ñìåùàåòñÿ â ñòî-

ðîíó ïîëîæèòåëüíûõ ýíåðãèé, òî ãèïåðáîëè÷åñêèé òàíãåíñ íåîáõîäèìî çàìåíèòü íà − 1
eβp0+1

,

åñëè â ñòîðîíó îòðèöàòåëüíûõ - íà 1
e−βp0+1

. Ïðåæäå âñåãî çàìåòèì, ÷òî åñëè |p0+µ| = |py| cosϑ,

òî κ = |py|| sinϑ|, à ôóíêöèÿ p0 + µ + κctg ϑ â îêðåñòíîñòè ýòîé òî÷êè âåäåò ñåáÿ êàê δp0
sin2 ϑ

.

Ñëåäîâàòåëüíî,

np(x) =

∫
dpy
πβ

res
|p0+µ|=|py | cosϑ

2p2
y

κ(p0 + µ+ κctg ϑ)
e−2κxβ

2
th (

βp0

2
) =

1

π

∫
dpy
|py| sin θe−2|py |x| sin θ|

eβ(|py | cos θ+µsign θ) + 1
= [η = βpy cosϑ] =

sinϑ

πβ2 cos2 ϑ

∞∫
0

dη
ηe−

2x| tg ϑ|η
β

eη+βµsignϑ + 1
(5.17)
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Ïîëíûé îòâåò ñ âîñòàíîâëåííîé ðàçìåðíîñòüþ ïðåäñòàâëåí íèæå:

n(x) = n0+ − n+(x) + n0− − n−(x)− np(x) (5.18)

n0+ = − 2

π

(
kT

~vF

)2

I1(
µ

kT
) (5.19)

n0− =
2

π

(
kT

~vF

)2

EF−µ
kT∫

0

zdz

ez+
µ
kT + 1

(5.20)

n+(x) = −
(
kT

~vF

)2
sin2 ϑ

π2

∞∫
0

ds

es−
µ
kT + 1

(
I(

2xkT

~vF
· s, ϑ) +

~vF ctg ϑ

2xkT

∂I

∂s

)
(5.21)

n−(x) =

(
kT

~vF

)2
sin2 ϑ

π2

EF−µ
kT∫

0

ds

es+
µ
kT + 1

(
I(

2xkT

~vF
· s, ϑ) +

~vF ctg ϑ

2xkT

∂I

∂s

)
(5.22)

np(x) =

(
kT

~vF

)2
sinϑ

π cos2 ϑ

∞∫
0

dη
ηe
− 2xkT

~vF
| tg ϑ|η

eη+µsignϑ
kT + 1

(5.23)

I(y, ϑ) =

1∫
0

dz
z2

1− z2 cos2 ϑ

cos(y
√

1− z2)√
1− z2

(5.24)

Óñëîâèå ýëåêòðîíåéòðàëüíîñòè ñèñòåìû âûãëÿäèò êàê:

∞∫
0

n(x)dx = 0

∞∫
0

(n0+ + n0− − n+(x)− n−(x)− np(x))dx = (5.25)

∞∫
0

(n0+ + n0− − n+(x)− n−(x))dx−
∞∫
0

np(x)dx =

∞∫
0

(n0+ + n0− − n+(x)− n−(x))dx− 2signϑ
β cosϑ

I0(βµsignϑ)

Çäåñü äëÿ óäîáñòâà ðàçìåðíîñòü íå áûëà âîññòàíîâëåíà.

Ïðåäïîëîæèì, ÷òî âêëàä âèäà
∞∫
0

(n+(x) +n−(x))dx êîíå÷åí. ×òîáû åãî âû÷èñëèòü íåîáõî-

äèìî êàê-òî ðåãóëÿðèçîâàòü ïîäûíòåãðàëüíûå ôóíêöèè, íàïðèìåð, âñòàâèòü åäèíèöó â âèäå

lim
ε→0+

e−εx, òàê êàê ïåðåñòàâèòü èíòåãðàëû
∞∫
0

dx è
∞∫
0

ds íåëüçÿ â ñèëó òîãî, ÷òî
∞∫
0

cos(2x
β

√
1− z2)dx

íå îïðåäåëåí. Òîãäà èìååì 2 îãðàíè÷åíèÿ íà çàðÿäîâóþ ïëîòíîñòü:
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•
∞∫
0

(n0+ + n0−)dx = 0, åñëè n0+ + n0− = 0, â ïðîòèâíîì ñëó÷àå ýòîò âêëàä îáðàùàåòñÿ â

áåñêîíå÷íîñòü, òàê êàê ýòè âêëàäû îò êîîðäèíàòû íå çàâèñÿò.

• Îñòàâøèåñÿ 3 âêëàäà äîëæíû òàêæå çàíóëèòüñÿ. Ïîñëå âçÿòèÿ èíòåãðàëîâ ïîëó÷àåì

ñëåäóþùåå óñëîâèå:

I0(βµ) =

∫ β(EF−µ)

0

ds

es+βµ + 1
+

4π3

f(ϑ) sin2 ϑ cosϑ
I0(βµsignϑ) (5.26)

f(ϑ) =

1∫
0

z2dz

(1− z2 cos2 ϑ)
√

1− z2

Èç ïåðâîãî óñëîâèÿ ìîæåì íàéòè çàâèñèìîñòü õèìïîòåíöèàëà îò òåìïåðàòóðû, à èç âòî-

ðîãî - íàéòè òàêèå çíà÷åíèÿ ïàðàìåòðà ϑ, êîòîðûå óäîâëåòâîðÿþò óñëîâèþ ýëåêòðîíåéòðàëü-

íîñòè. Óïðîñòèì f(ϑ):

f(ϑ) =
1

4

2π∫
0

sin2 ϕdϕ

1− sin2 ϕ cos2 ϑ
= − 1

4 cos2 ϑ
(2π −

2π∫
0

dϕ

1− sin2 ϕ cos2 ϑ
) = (5.27)

− 1

8 cos2 ϑ
(4π −

2π∫
0

dϕ

1− sinϕ cosϑ
−

2π∫
0

dϕ

1 + sinϕ cosϑ
) = (5.28)

− π

2 cos2 ϑ
(1− 1

| sinϑ|
) => (5.29)

4π3

f(ϑ) sin2 ϑ cosϑ
= − 8π2 cosϑ

sin2 ϑ− | sinϑ|
> 250 (5.30)

Èç íåðàâåíñòâà (5.30) ìîæåì ñäåëàòü âûâîä, ÷òî óðàâíåíèå (5.26) íå ìîæåò áûòü âûïîëíå-

íî. Òàêæå âèäíî, ÷òî ïðè ϑ = 0, ϑ = ±π
2
ôóíêöèÿ ñòðåìèòñÿ ê áåñêîíå÷íîñòè. Ýòî îçíà÷àåò,

÷òî ðàçðåøåííûìè ïàðàìåòðàìè ϑ ÿâëÿþòñÿ òîëüêî ϑ = 0, ϑ = ±π
2
è íåîáõîäèìî çàíîâî ïåðå-

ñìîòðåòü çíà÷åíèå èíòåãðàëà (5.25), íî óæå òîëüêî â òðåõ ïðåäåëüíûõ ñëó÷àÿõ, ëèáî ïðèäåòñÿ

îòêàçàòüñÿ îò óñëîâèÿ ýëåêòðîíåéòðàëüíîñòè â ñëó÷àå äðóãèõ çíà÷åíèé ïàðàìåòðà ϑ. Íèæå

ïðèâåäåí åå ãðàôèê:
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Ðèñ. 5.2: Ãðàôèê ôóíêöèè − 8π2 cosϑ
sin2 ϑ−| sinϑ|

Ïåðåéäåì ê ïðåäåëüíîìó ñëó÷àþ ϑ = π
2
.

I(y,
π

2
) = −1

y

1∫
0

zd sin(y
√

1− z2) =
1

y

1∫
0

sin(y
√

1− z2)dz =
π

2

J1(y)

y
(5.31)

n+(x) =
1

π2β2

∞∫
0

ds

es−βµ + 1
I(

2xs

β
,
π

2
) =

1

8πxβ

∞∫
0

ds

es−βµ + 1

J1(2xs
β

)

s
(5.32)

n−(x) =
1

π2β2

β(EF−µ)∫
0

ds

es+βµ + 1
I(

2xs

β
,
π

2
) = − 1

8πβx

β(EF−µ)∫
0

ds

es+βµ + 1

J1(2xs
β

)

s
(5.33)

∞∫
0

(n+(x) + n−(x))dx =
1

2πβ

 ∞∫
0

ds
1

es−βµ + 1
−

β(EF−µ)∫
0

ds
1

es+βµ + 1

 ∞∫
0

J1(2xs
β

)

2xs
dx =

1

4πβ

 ∞∫
0

ds

s

1

es−βµ + 1
−

β(EF−µ)∫
0

ds

s

1

es+βµ + 1

 (5.34)

Âèäíî, ÷òî åñëè µ 6= 0, òî ýòîò âêëàä áåñêîíå÷åí. Âêëàä îò np òàêæå îêàçûâàåòñÿ áåñêî-

íå÷íûì:

∞∫
0

np(x)dx =
2

β
I0(βµ) lim

ϑ→π
2

1

cosϑ
=

2

β
I0(βµ)

1

ε
, ε→ 0+ (5.35)

Ïîëó÷àåòñÿ,÷òî èìååòñÿ â òåîðèè îäèí ñâîáîäíûé ìàëûé ïàðàìåòð ε = π
2
−ϑ, ïðè ïîìîùè

êîòîðîãî óðàâíåíèå (5.25) âñåãäà ìîæíî âûïîëíèòü. Ñëåäîâàòåëüíî, äëÿ ïîèñêà çàâèñèìîñòè

µ(θ, T ) íåîáõîäèì ñïîñîá ðåãóëÿðèçàöèè ñóììû èíòåãðàëîâ òàêîãî âèäà.
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Ïðè ϑ→ 0 âêëàä np ñòðåìèòñÿ ê íóëþ. Ðàññìîòðèì èíòåãðàëû (5.21), (5.22), (5.24). Î÷å-

âèäíî, ÷òî ïîäûíòåãðàëüíàÿ ôóíêöèÿ ïðè ϑ = 0 ñòàíîâèòñÿ íåèíòåãðèðóåìîé è íåîáõîäèìî

ðàññìàòðèâàòü åå àñèìïòîòèêó. Ãëàâíûé âêëàä â íåå äàåò òî÷êà z = 1.

n+(x) = − 1

π2β2
lim
ϑ→0

sin2 ϑ

∞∫
0

ds

es−βµ + 1
I(

2xs

β
, ϑ) (5.36)

n−(x) =
1

π2β2
lim
ϑ→0

sin2 ϑ

β(EF−µ)∫
0

ds

es+βµ + 1
I(

2xs

β
, ϑ) (5.37)

I(y, 0) = lim
ϑ→0

1∫
0

dz
z2

1− z2 cos2 ϑ

cos(y
√

1− z2)√
1− z2

=

lim
ϑ→0

1∫
0

dz
z2

(1− z cosϑ)(1 + z cosϑ)

1√
(1− z)(1 + z)

= lim
ϑ→0

1∫
0

z2

1− z cosϑ

dz

2
√

2
√

1− z
=

[w2 = 1− z] = lim
ϑ→0

1∫
0

(1− w2)2

1− (1− w2) cosϑ

dw√
2

=

lim
ϑ→0

1∫
0

(1− w2)2

(1− cosϑ) + w2

dw√
2
6 lim

ϑ→0

1∫
0

dw
ϑ2

2
+ w2

∼ O(
1

ϑ
) (5.38)

Èç îöåíêè èíòåãðàëà (5.38) ñëåäóåò, ÷òî

n+(x) = − 1

π2β2

∞∫
0

ds

es−βµ + 1
lim
ϑ→0

sin2 ϑI(
2xs

β
, ϑ) = 0 (5.39)

n−(x) = 0 (5.40)

Òî åñòü ïðè ϑ = 0 êâàçè÷àñòèöû â ãðàôåíå ãðàíèöû íå îùóùàþò.
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6. Çàêëþ÷åíèå

Â õîäå äàííîé ðàáîòû áûëî ïîëó÷åíî òî÷íîå âûðàæåíèå äëÿ òôÃ ïîëóïëîñêîñòè ãðà-

ôåíà (4.3). Ïîëó÷åííàÿ òôÃ ìîæåò áûòü èñïîëüçîâàíà äëÿ ïîñòðîåíèÿ ðåãóëÿðíîé òåîðèè

âîçìóùåíèé äëÿ îïèñàíèÿ ýëåêòðîííûõ ñâîéñòâ ãðàôåíà, ñâÿçàííûõ ñ âçàèìîäåéñòâèåì òèïà

"ïëîòíîñòü-ïëîòíîñòü". Ñ åå ïîìîùüþ áûëà âû÷èñëåíà çàðÿäîâàÿ ïëîòíîñòü â îáùåì ñëó-

÷àå äëÿ ïðîèçâîëüíîãî óãëà ϑ (5.18-5.24). Îêàçàëîñü, ÷òî óñëîâèå ýëåêòðîíåéòðàëüíîñòè íå

íàðóøàåòñÿ òîëüêî â òðåõ ñëó÷àÿõ: ïðè ϑ = 0, ϑ = ±π
2
. Ïåðâûé ñîîòâåòñòâóåò ãðàíè÷íûì

óñëîâèÿì òèïà �çèãçàã�, îñòàâøèåñÿ äâà - òèïà �êðåñëî�, ïðè÷åì â ïåðâîì ñëó÷àå ýëåêòðîííàÿ

ïëîòíîñòü íå çàâèñèò îò ðàññòîÿíèÿ äî ãðàíèöû è âîçìîæíî âîññòàíîâèòü çàâèñèìîñòü õèìïî-

òåíöèàëà îò òåìïåðàòóðû è óðîâíÿ Ôåðìè, à âî âòîðîì ñëó÷àå çàâèñèìîñòü õèìïîòåíöèàëà

îò òåìïåðàòóðû óñòàíîâèòü óñòàíîâèòü íå óäàëîñü. Ýòî ñâÿçàíî â ïåðâóþ î÷åðåäü ñ íàðó-

øåíèåì ýëåêòðîííî-äûðî÷íîé ñèììåòðèè ïîñðåäñòâîì ââåäåíèÿ â ðàññìîòðåíèå íåíóëåâîãî

õèìïîòåíöèàëà.
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7. Ïðèëîæåíèå À

Â ôîðìóëàõ (5.13), (5.12) èñïîëüçîâàëñÿ ïîäõîä, àíàëîãè÷íûé îïèñàííîìó â ñòàòüå [7].

Ãëàâíîå îòëè÷èå îò ðàññìîòðåííîãî â [7] â ïðèñóòñòâèè ðàçðåçîâ íà êîìïëåêñíîé ïëîñêîñòè

è ïîñòîÿíñòâà íà áåñêîíå÷íîñòè ôóíêöèè. Ñòîèò ïðîâåðèòü ðàáîòîñïîñîáíîñòü ìàò.àïïàðàòà

â òàêèõ óñëîâèÿõ. Ðàññìîòðèì èíòåãðàë

∑
n

∫
dpy

e−κnx

κn
, κn =

√
p2
y − (iωn + µ)2, ωn =

π

β
(2n+ 1) (7.1)

Ïîïðîáóåì åãî ïðîñóììèðîâàòü äâóìÿ ñïîñîáàìè

Ñïîñîá I (âçÿòèå êîíòóðíîãî èíòåãðàëà). Èçâåñòíî, ÷òî β
2
th (βp0

2
) èìååò âû÷åòû êàê

ðàç â òî÷êàõ iωn ðàâíûå 1. Òîãäà:

∑
n

∫
dpy

e−κnx

κn =
∮

dp0
2πi

β
2
th (βp0

2
)
∫
dpy

e−κx

κ =

Âèäíî, ÷òî ýòè èíòåãðàëû ðàñõîäÿòñÿ. Âîçìîæíî, ýòî ñâÿçàíî ñ òåì, ÷òî íå òîëüêî 1
2T

th ( p0
2T

)

èìååò îäèíàêîâûå âû÷åòû â íóæíûõ òî÷êàõ è åãî íåîáõîäèìî äîîïðåäåëÿòü â ïðàâîé è ëå-

âîé ÷àñòÿõ êîìïëåêñíîé ïëîñêîñòè ïî-ðàçíîìó. Òîãäà ïðîäåôîðìèðóåì íà÷àëüíûé êîíòóð â

êîíòóð âîêðóã ðàçðåçîâ(γ+ â ïðàâîé ïîëóïëîñêîñòè, γ− - â ëåâîé) è ïðèáàâèì åäèíèöó ê ãèïåð-

áîëè÷åñêîìó òàíãåíñó â ëåâîé ïëîñêîñòè, è âû÷òåì - â ïðàâîé. Ìàòåìàòè÷åñêè ïðèáàâëåíèå

èëè âû÷èòàíèå åäèíèöû íå äîáàâëÿåò ïîëþñîâ â ïîäûíòåãðàëüíóþ ôóíêöèþ. Ôèçè÷åñêè ýòî

ñîîòâåòñòâóåò âû÷èòàíèþ "ôîíîâûõ"÷àñòèö, êîòîðûõ íà ñàìîì äåëå íå ñóùåñòâóåò, íî êîòî-

ðûå áûëè íåîáõîäèìû êàê âðåìåííàÿ ìåðà, ÷òîáû óðàâíåíèÿ ïðèíÿëè óäîáíûé âèä è ìîæíî
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áûëî äåôîðìèðîâàòü êîíòóð, òàê êàê ïîäûíòåãðàëüíàÿ ôóíêöèÿ áûëà àíàëèòè÷åñêîé.

1

2πi

∮
γ−

dp0(th (
βp0

2
) + 1)

β

2

∫
dpy

e−κx

κ
+

1

2πi

∮
γ+

dp0(th (
βp0

2
)− 1)

β

2

∫
dpy

e−κx

κ
=

∮
γ−

dp0

e−βp0 + 1

∫
dpy

βe−κx

2πiκ
−
∮
γ+

dp0

eβp0 + 1

∫
dpy

βe−κx

2πiκ
=

∫
dpy

−|py |−µ∫
−∞

βdp0

e−βp0 + 1

e−κx + eκx

2πiκ
−
∫
dpy

∞∫
|py |−µ

βdp0

eβp0 + 1

e−κx + eκx

2πiκ
=

2

∫
dpy

−|py |−µ∫
−∞

βdp0

e−βp0 + 1

cos(x
√

(p0 + µ)2 − p2
y)

2πi · i
√

(p0 + µ)2 − p2
y

+ 2

∫
dpy

∞∫
|py |−µ

βdp0

eβp0 + 1

cos(x
√

(p0 + µ)2 − p2
y)

2πi · i
√

(p0 + µ)2 − p2
y

=

−β
π

∫
dpy

∞∫
|py |−µ

dp0

eβp0 + 1

cos(x
√

(p0 + µ)2 − p2
y)√

(p0 + µ)2 − p2
y

− β

π

∫
dpy

−|py |−µ∫
−∞

dp0

e−βp0 + 1

cos(x
√

(p0 + µ)2 − p2
y)√

(p0 + µ)2 − p2
y

=

[p0 + µ = z] = −2β

π

∞∫
0

dpy

∞∫
py

dz

eβ(z−µ) + 1

cos(x
√
z2 − p2

y)√
z2 − p2

y

− 2β

π

∞∫
0

dpy

∞∫
py

dz

eβ(µ+z) + 1

cos(x
√
z2 − p2

y)√
z2 − p2

y

=

−2β

π

∞∫
0

dz

eβ(z−µ) + 1

z∫
0

dpy
cos(x

√
z2 − p2

y)√
z2 − p2

y

− 2β

π

∞∫
0

dz

eβ(µ+z) + 1

z∫
0

dpy
cos(x

√
z2 − p2

y)√
z2 − p2

y

=

[py → p · z] = −2β

π

∞∫
0

dz

eβ(z−µ) + 1

1∫
0

dp
cos(xz

√
1− p2)√

1− p2
− 2β

π

∞∫
0

dz

eβ(µ+z) + 1

1∫
0

dp
cos(xz

√
1− p2)√

1− p2
=

[p→ z sin(α)] = −2β

π

∞∫
0

dz

eβ(z−µ) + 1

π/2∫
0

dα cos(xz cosα)− 2β

π

∞∫
0

dz

eβ(µ+z) + 1

π/2∫
0

dα cos(xz cosα) =

−β
∞∫

0

dz

eβ(z−µ) + 1
J0(xz)− β

∞∫
0

dz

eβ(z+µ) + 1
J0(xz) (7.2)

Â ôîðìóëå (7.2) ïåðâîå ñëàãàåìîå îòíîñèòñÿ ê ýëåêòðîííîé ïëîòíîñòè, òàê êàê ñîîòâåòñòâó-

þùèé èíòåãðàë áðàëñÿ ïî îáëàñòè ïîëîæèòåëüíûõ ýíåðãèé, âòîðîå - ê äûðî÷íîé.

Ñïîñîá II (ôóðüå ïðåîáðàçîâàíèå). Ýòîò ñïîñîá îñíîâàí íà ðåøåíèè âñïîìîãàòåëüíîãî

óðàâíåíèÿ äâóìÿ ñïîñîáàìè:

−(∂τ + E)G = δ(τ − τ ′) (7.3)
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Ðåøèì åãî ïîñðåäñòâîì ïðåäñòàâëåíèÿ ðåøåíèÿ â ðÿä Ôóðüå ïî ìàöóáàðîâñêèì ÷àñòîòàì:

G =
1

β

∑
n

e−iωn(τ−τ ′)

iωn − E
(7.4)

È ïîñðåäñòâîì òî÷íîãî ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ:

(∂τ + E)G0 = 0

G0 = Ce−Eτ

G = e−E(τ−τ ′)

C1, τ > τ ′

C2, τ 6 τ ′

−(∂τ + E)G = (C2 − C1)δ(τ − τ ′)

C2 = C1 + 1 => G = e−E(τ−τ ′)(C1 + θ(τ ′ − τ)) (7.5)

Óñëîâèå àíòèñèììåòðè÷íîñòè òôÃ ïîçâîëÿåò íàéòè êîíñòàíòó C1:

G(τ = 0) = −G(τ = β), τ ′ ∈ (0; β] (7.6)

e−Eτ
′
(C1 + θ(τ ′)) = −e−E(β−τ ′)(C1 + θ(τ ′ − β))

(C1 + 1) = −e−βEC1

C1 = − 1

e−βE + 1

G = e−E(τ−τ ′)
(
θ(τ ′ − τ)− 1

e−βE + 1

)
(7.7)

G = e−E(τ−τ ′)
(

1

eβE + 1
− θ(τ − τ ′)

)
(7.8)

Ïðèðàâíèâàÿ ðåøåíèÿ, ïîëó÷åííûå ðàçíûìè ñïîñîáàìè, ïîëó÷àåì

∑
n

e−iωnt

iωn − E
= βe−Et

(
1

eβE + 1
− θ(t)

)
(7.9)

Óäîáíà òàêæå ôîðìóëà, êîòîðàÿ ïîëó÷àåòñÿ èç ïðåäûäóùåé, åñëè ïîëîæèòü t = 0 è äî-

îïðåäåëèòü θ(0) = 0 (θ(0) = 1), ÷òîáû ïîëó÷èòü ïëîòíîñòü ÷àñòèö (àíòè÷àñòèö):

∑
n

1

iωn − E
=

β

eβE + 1

(∑
n

1

iωn − E
= − β

e−βE + 1

)
(7.10)
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Âåðíåìñÿ ê ñóììèðîâàíèþ ïåðâîíà÷àëüíîãî ðÿäà. Óäîáíî èçíà÷àëüíî ïåðåéòè îò êîîðäè-

íàòû x ê èìïóëüñó p1 ïîñðåäñòâîì Ôóðüå-ïðåîáðàçîâàíèÿ:

∑
n

∫
dpy

e−κnx

κn
eiωnt =

1

2π

∑
n

∫
dp1dpy

2eip1xeiωnt

p2
1 + p2

y − (iωn + µ)2
=

(7.11)

È ê ïîëÿðíûì êîîðäèíàòàì:

1

π

∑
n

∫
pdpdϕ

eipx cosϕeiωnt

p2 − (iωn + µ)2
= 2

∑
n

∫
pdp

J0(px)eiωnt

p2 − (iωn + µ)2
=∫

J0(px)dp
∑
n

eiωnt
(

1

iωn + µ+ p
− 1

iωn + µ− p

)
=

(7.12)

Ïîëüçóÿñü âñïîìîãàòåëüíîé ôîðìóëîé (7.10) îêîí÷àòåëüíî ïîëó÷àåì:

−β
∫
dpJ0(px)

(
1

eβ(p−µ) + 1
+

1

eβ(p+µ) + 1

)
=

−β
∞∫

0

dp

e
p−µ
T + 1

J0(xp)− β
∞∫

0

dp

e
µ+p
T + 1

J0(xp) (7.13)

Êàê âèäèì, îáà ñïîñîáà äàþò îäèíàêîâûå îòâåòû äàæå íà ôóíêöèÿõ ñ êîðíåâûìè îñîáåí-

íîñòÿìè. Íåñìîòðÿ íà òî, ÷òî âòîðîé ñïîñîá êàæåòñÿ áîëåå ïðîñòûì è êîðîòêèì, íà áîëåå

îáùèõ çàäà÷ ïðåêðàñíî ðàáîòàåò ïåðâûé.

22



Ñïèñîê ëèòåðàòóðû

1. P. R. Wallace. (1947) The Band Theory of Graphite . Phys. Rev. 71, 622

2. Oshima, C.; Nagashima, A. (1997). Ultra-thin epitaxial �lms of graphite and hexagonal boron

nitride on solid surfaces . J. Phys.: Condens. Matter 9: 1�20

3. K. S. Novoselov, A. K. Geim, S. V. Morozov, D. Jiang, Y. Zhang, S. V. Dubonos, I. V.

Grigorieva, A. A. Firsov Electric Field E�ect in Atomically Thin Carbon Films // Science. �

2004. � Ò. 306. � � 5696. � Ñ. 666�669.

4. Àáðèêîñîâ À. À., Ãîðüêîâ Ë. Ï., Äçÿëîøèíñêèé È. Å.Ìåòîäû êâàíòîâîé òåîðèè ïîëÿ â

ñòàòèñòè÷åñêîé ôèçèêå. � Ì.: Äîáðîñâåò, ÊÄÓ, 2006

5. M.I. Katsnelson Graphene. Carbon in Two Dimensions, (Cambridge University press, 2012)

6. A. R. Akhmerov, C. W. J. Beenakker Boundary conditions for Dirac fermions on a terminated

honeycomb lattice, Phys. Rev. B 77, 085423 � 2008

7. Agustin Nieto Evaluating sums over the Matsubara frequencies, Computer Physics

Communication, 1994

8. C. G. Beneventano, E. M. Santangelo Boundary conditions in the Dirac approach to graphene

devices, Int. J. Mod. Phys. Conf. Ser. 14, 240 (2012)

23


