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Abstract—It was shown that, in terms of the density functional method, the self-overlapping of a surface layer
in the central region of a small droplet results in a nonmonotonic dependence of the density and pressure in the
droplet center on its size. The effect of this self-overlapping on the formation work of a droplet, the chemical
potential of its molecule, and the surface tension in the systems with the Yukawa and Lennard-Jones potentials

is described.

1. INTRODUCTION

When considering the properties of a small droplet
with a strongly curved surface, it is necessary to take
into account that the properties of a bulk liquid phase
cannot be reached to their full extent even in the central
part of a droplet. For rather small droplets (it is pre-
cisely these droplets that are of interest for the theory of
homogeneous nucleation), one should take into account
the effects of overlapping (in this case, self-overlap-
ping) of surface layers. These effects may result in the
nonmonotonic dependence of the density and pressure
in the droplet center on its size as well as in deviations
of the size dependence of droplet formation work and
chemical potential of the substance comprising the
droplet on the behavior predicted in terms of the capil-
lary approximation. The self-overlapping of a droplet
surface layer also may affect the dependence of the
droplet surface tension on the surface curvature. It is
virtually impossible to analytically describe this depen-
dence and the dependence of the chemical potential of
a molecule in a droplet confining ourselves to the Gibbs
method, because the Tolman length is not yet the
parameter of a theory and modifies significantly with
the variation in the droplet size.

The goal of this work is to study the aforementioned
effects in terms of the density functional method, which
is one of the methods of the molecular theory of capil-
larity [1].

The problem of the determination of the thermody-
namic parameters describing homogeneous nucleation
in supersaturated vapors using the density functional
method was treated earlier in [2-6]. Oxtoby, Evans, and
Zeng [2, 3] pioneered the application of the density
functional method to the problem of nucleation and
obtained nonlinear integral equations for density pro-
files in molecular systems whose particles interact via
the Yukawa [2] and Lennard-Jones potentials [3].

Hadjiagapiou [4] showed that, in the case of the
Yukawa potential, the integral equation for the density

profile may be reduced to a common nonlinear differ-
ential second-order equation. He also attracted atten-
tion to the density pattern in the nucleus center.

Numerical study of the dependence of droplet sur-
face tension on the number of molecules in a droplet for
various definitions of the surface tension and dividing
surface was performed by Talanquer and Oxtoby [5] for
systems with the Lennard-Jones potential using the
generalized method of the density functional for the
canonic ensemble. The role of droplet surface curvature
and the compressibility of a substance comprising the
droplet also was analyzed recently by McGraw and
Laaksonen [6, 7] within the framework of the common
density functional method.

However, a few problems still remain unresolved.
Among these problems are the study of the depen-
dences of droplet formation work and chemical poten-
tial of the molecule on droplet size, the correlation
between the behavior of density and pressure in the
droplet center, and the surface tension for different
models of intermolecular interaction. These problems

“will be treated in this work. For completeness, the

results will be presented for two models of intermolec-
ular interaction potentials, namely, the Yukawa and
Lennard-Jones potentials.

2. FUNDAMENTALS
OF THE DENSITY FUNCTIONAL METHOD

Fundamentals of the density functional method as
applied to inhomogeneous equilibrium systems have
been reviewed by Evans [8]. This method has been
developed further by Oxtoby and his colleagues {2, 3]
as applied to problems of the theory of nucleation. We
will employ the form of the density functional method
reported in these works.

Let us consider the liquid—vapor system. The

method is based on the idea that in order to describe the
system, it is enough to be aware of its density profile
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p(r), i.e., the dependence of the number of particles per
unit volume on their positions in space. It is assumed
that the grand thermodynamic potential of such a sys-
tem is a functional of this density profile. Let us denote
the grand thermodynamic potential of a system by
Qlp(r)).

For an open system, the equilibrium density profile
provides the extremum of the Q[p(r)] functional. In the
local approximation based on the contribution of short-
range forces of repulsion and in the approximation of
random phases, the grand thermodynamic potential as
a functional of p(r) may be written in the following
form [2, 3, 8]

Qlp(r)] = [drfilp(r)]
Y 2.1)

* %f [drdrw(ie—rDpe)p(r) - [drp(r).
v \'4

Here, f,(p) is the free energy density of a system of hard
spheres, w(Jr — r'l) is the contribution of two-particle
interaction to the potential related to the particle attrac-
tion, p is the chemical potential of the system under
study, and V is the system volume. Representing f,(p)
as f,(p) = pw(p) — pu(p), where p, is the chemical
potential and p, is the pressure of a system of hard
spheres at the given temperature T and density p(r), for
W,(p) and p,(p) we use the Carnahan—Starling formula [9]

wa(p) = kTlnm + (81 -9n°+3n°)/(1 -m)’1,

2 3 3 (2.2)

pu(p) = kgTp(l +n+n"+n7)/(1-7),
where kg is the Boltzmann constant, 1| = Td3p/6 is the
dimensionless density, and d is the diameter of a hard
sphere.

The condition of extremality Q[p(r)] under equilib-
rium results in the integral equation for the equilibrium
profile p(r)

m(p() + [drw(r—rDp(r) = u.  23)
14

Below, it is more convenient to use the dimension-
less variables radius vector u = r/d, density 1, pressure
p* = (w/6)pd’/kgT, interaction potential w*(u) =
6w(ud)/kgTn, chemical potentials p* = p/kgT and
WuF =p,/kgT, and grand thermodynamic potential Q* =
Q/kgT. In the new variables, equation (2.3) acquires the
from

pE((W) + [duw*(u-un() = p*.  (24)
1%

For bulk phases, integral equation (2.4) is reduced to
an algebraic equation. Solving such an equation, we
find the critical temperature T, and, for given tempera-
ture T < T,, calculate the value of chemical potential
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I.(T) corresponding to the equilibrium between liquid
and gaseous phases with a flat interface as well as the
values of densities 1; and 1, for the liquid and gaseous
phases, respectively. The determined values of W, 1,
and n,, are the reference values for the subsequent cal-
culation of the density profile in the inhomogeneous
droplet.

3. MODELS OF INTERMOLECULAR POTENTIAL
AND THE CALCULATION ALGORITHM

The spherically symmetric solution of equation
(2.4) describing the critical nucleus is of prime interest
for the theory of homogeneous nucleation, because its
formation work determines the height of an activation
barrier of the nucleation. However, this solution of
equation (2.4) corresponds to the maximum of the
grand thermodynamic potential and, hence, is unstable,
thus making its solution more complicated.

‘When spherical symmetry applies, n(u) = n(u), and
equation (2.4) in spherical coordinates at V —s oo
acquires the following form

pin(a)l
- o= 3.1)
= u*—Zanu'u'ZIdﬁsinGw*(lu—u‘I)n(u'),
0 0
where
a—w] = (u®+u? = 2uu'cos0)”’ (3.2)

and O is the azimuthal angle in the coordinate system
whose z-axis coincides with the direction of vector u.

The integration with respect to angle 9 in equation
(3.1) may be carried out analytically when the Yukawa
or Lennard-Jones potentials are selected as the models
for intermolecular interaction in the form proposed by
Weeks, Chandler and Andersen [10]. The Yukawa
potential in the dimensional variables has the form

a;\; e—lr

wir) = 4 Ar’
There are two parameters (o and A) in equation (3.3),
which may be determined independently. As was
shown in [2], parameter A slightly affects the properties
of bulk phases, but has significant effect on the proper-
ties of the surface layer. Being more interested in qual-
itative than quantitative aspects of the calculations per-
formed using the Yukawa potential, let us assume,
according to [4], that A = 1/d. The final form of equation
(3.1) for the Yukawa potential with an allowance for
(3.2) and (3.3) is as follows:

(3.3)

- a*w 7y '
THUIOIE “*—27,{‘1”""(") 64

x [exp(—|u—u'|) — exp(—|u+u'])].


file:///iooiT

146

The selection of the Lennard-Jones potential in the
form proposed by Weeks, Chandler, and Andersen [10],

—€,
w(r) = {

4e((0/r)2=(6/1%), r>ry.,

r<r

min»

(3.5)

as the model of intermolecular interaction is more sub-
stantiated from the physical point of view. In this equa-
tion, ro;, = 2160, € and © are the parameters of the Len-
nard-Jones potential. According to [3], let us assume

a T + b
h =
that d(T) a, T +a,
have been determined in [3]). Note that the piece-wise
nature of function (3.5) leads [when it is substituted
into (3.1)] to a very cambersome expression, which is
not reported here.

Let us consider the procedure for the solution of
equation (3.1). Let us seek this solution by the iteration
procedure substituting the initial approximation for
1(«') into the inegrand in (3.1). As was shown in [2, 3],
such a procedure, generally speaking, does not stably
converge to the solution corresponding to the critical
nucleus, because this nucleus is in a state of unstable
equilibrium with the vapor. Therefore, first, it is neces-
sary to choose an adequate initial approximation, and
second, to choose a criterion according to which the
iteration process should be terminated at the moment
when the result is most close to the desired profile den-
sity in a critical nucleus.

According to [2, 3], we use the profile

n, u<u,
n(u)={ : i

G (the values of a, a,, a;, and b

(3.6)

Ny, uU>u

as the initial approximation.

The characteristic initial parameter of the measuring
scheme u may be optimally selected by monitoring the
behavior of the number of particles in a system in the
course of the iteration process. At values of u above
some quantity u* beginning with the specified time
moment, the number of particles in a system increases
consistently, thus corresponding to the stable conver-
gence to a homogeneous liquid. When the values of u
are smailer than u*, the number of particles in a system
decreases beginning with the specified period of time,
which corresponds to the stable convergence to a
homogeneous vapor. The value of u may always be

selected so that it will be as close as possible to u*
within the limits of one step of the partition of the u-axis
during the numerical solution of a problem.

During the numerical solution, in addition to param-
eter u, one more parameter L arises, which sets the
upper boundary of the changes in variable u. At rather
large values of L, it may be assumed that, in the u > L
range, the density reaches its bulk value. The selection
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of parameter L depends on the thickness of the transi-
tion layer, which varies with temperature. However, the
value of L is not worth changing upon passing from one
value of n* to another (at fixed values of temperature T
and the number of partition intervals), because this may
lead to jumps of nonphysical origin in the density pro-
file behavior and relevant thermodynamic parameters.

To determine at which iteration we should terminate
the iteration process, we observed, according to {1, 2],
the behavior of grand thermodynamic potential Q* of a
system. After several initial iterations during which the
density profile is smoothed, the potential Q* virtually
ceases to change. This means that we are in the vicinity
of a critical nucleus. When the solution escapes this
vicinity, * again begins to decrease abruptly. In order
to select the most adequate approximation, we moni-
tored the variation in the following parameters

1% -
9= Y nPw)-n*Cwl, 67
i=1
w1 c *(ﬂ(k)(”i)) — P+ o(y,)
8¢ =;2 Hi HZ+0m) (3.8)

i=1 rEM© )

where n is the number of partition points, i is the num-
ber of a partition point, k is the iteration number, and
®(u;) is the integral in the left-hand side of equation (3.1).

The values of 8(1") and 8(2") reach their minimal values

at a point almost equal to k. The termination of the iter-
ation process occurs precisely at these values of k.

We calculated profiles n(u) for the Yukawa potential
(T, = 0.09010/dkg; o is the parameter of the Yukawa
potential) at two temperatures 7/7, equal to 0.40 and 0.80,
and for the Lennard-Jones potential (7T, = 1.488¢/kg; € is
the parameter of the Lennard-Jones potential) at 7/T, =
0.51 and 0.80. Typical results are presented in Fig. 1. As
is seen, at 7/T, = 0.80, the values of the density in the
droplet center and in the vapor differ by a multiple of
several tens, while the transition layer thickness
appeared to be about 15d. At 7/T, = 0.40 and 0.51, the
densities differ already by a factor of 10° (which is typ-
ical, for example, of the nucleation in vapor under
atmospheric conditions), whereas the transition layer
thickness becomes about 5d.

4. INHOMOGENEITY
OF THE CENTRAL REGION
OF SMALL DROPLET

When studying the density profiles obtained during
the solution of equation (3.1), attention should be
drawn to the fact that the density in the droplet center
cannot be as high as the 1, corresponding to a homoge-
neous liquid. Moreover, there are virtually no homoge-
neous regions in the central parts of small droplets. One
can only concede that a local homogeneity exists in the
nucleus center in the proximity of point u = 0, where the
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condition (dn/ou)l,., = 0 is always fulfilled. As the
droplet grows, the volume of the homogeneous region
increases, while the density in the droplet center
approaches its value typical of the bulk liquid phase at
the same value of chemical potential pL*.

The inhomogeneity of the central region of a small
droplet may be considered during homogeneous nucle-
ation to be the result of self-overlapping of the surface
layers of small nuclei, similar to the overlapping of the
surface layers during heterogeneous nucleation [11]. In
order to monitor the effect that this fact imposes on the
behavior of various thermodynamic parameters, it is
necessary to introduce a variable characterizing the
nucleus size.

Let us take the radius R, of an equimolar dividing
surface as such a variable. This radius is defined by the
condition

jdrp(r) = %"Rip,+(V-‘%"R2)pw (4.1
v

where p,, and p; are the densities of bulk phases deter-
mined at chemical potential p of a droplet. The follow-

ing expression for dimensionless radius R of the
equimolar dividing surface

R* = —l_mjduuag—z(u) 4.2)
0

Mv

is evident from (4.1).

It is assumed that the number of particles inside the
volume restrained by the equimolar dividing surface is
nothing more than the number of particles v in a
nucleus. In the dimensionless variables, this number
may be written as

R?

v =24 j duun(u). (4.3)
0

Figure 2 represents the dependence of particle num-
ber density n(0) in the droplet center on the radius R
of the equimolar surface. Note that the curves obtained
for the Yukawa and the Lennard-Jones potentials are
similar. This implies that the Yukawa potential presents
a qualitative true description of the behavior of small
systems in terms of the density functional method.

Note the nonmonotonic pattern of the dependence
of the central density on the droplet size. As large val-

ues of R* become smaller, the value of n(0) first rises,

as is predicted by the classical theory with an allowance
for the compressibility [12]. However, at yet smaller

values of RX, the density in the droplet center
decreases abruptly and becomes smaller than the value

corresponding to the bulk liquid phase, thus demon-
strating the effect of self-overlapping of the surface
1999
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Fig. 1. Typical pattern of the density profiles n(«) at T
(1) 0.407,, (2) 0.51T,, and (3) 0.807,.. Horizontal lines indi-

cate the values of the density of a homogeneous liquid at
u* = u* . (a) The Yukawa potential, (b) the Lennard-Jones
potential.

layer. As is seen from Fig. 2, the effect of self-overlap-
ping is exhibited at the droplet sizes smaller than 10d.
Nonmonotonic behavior of the density in the droplet
center as dependent on the droplet size is revealed also
during gradient expansion in the density functional
method [13]. A similar (in pattern) dependence of the
density in the droplet center on the radius of the
equimolar dividing surface was discovered also while
modeling a droplet by the molecular dynamics method
[14]. The last fact may confirm the applicability of the
density functional method even for small droplets
whose surface layer thickness is on the order of several
interatomic distances.

The presence of the effect of self-overlapping makes
it possible to state the existence of an analog of the dis-
joining pressure in small homogeneously nucleated
droplets, which is usually observed in thin liquid films.
All that has been said above may be illustrated by the
dependences shown in Fig. 3. This figure represents the
normal component of a pressure tensor in the droplet
center calculated by the formula

py(0) = pf(0)

) (4.4)

= P (N(0)]+ 31(0) [du'w*(ju|)n(w)
14

and the classical capillary approximation for the pres-
sure in a droplet
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Fig. 2. Dependences of density n(0) in the droplet center on
radius R:,“ of equimolar dividing surface at T: () 0.40T,
and (3) 0.807, for the Yukawa potential; (2) 0.517, and

(4) 0.80T, for the Lennard-Jones potential.
Pa(O)*
3 —

—
0 10 20 30 40
RS

Fig. 3. Dependence of pressure p,’f, (0) in the droplet center

on radius R;" of an equimolar dividing surface at T

(1) 0.40T, for the Yukawa potential and (2) 0.517, for the
Lennard-Jones potential; (@) capillary approximation; (b) nor-
mal component of pressure tensor in the droplet center.

20%*
R¥’

Pae = Do+ (4.5)

where the pressures of the liquid phase pZ,, and vapor p3
are determined at the droplet chemical potential p, and

GZ% is the dimensionless surface tension for the flat
interface between the liquid and the vapor, which is
related to the dimensional surface tension G, by the for-
mula

o* = nd’c../6kyT. 4.6)
To find ©.,, we used the relationship following from the
thermodynamic definition of the surface tension

., = (Q.+ p..V)/A., 4.7

where A_, is the area of the interface and index oo indi-
cates that all values were determined in the limit of the
flat interface upon an equilibrium between the liquid
and the vapor.

In the region of small R, a strong divergence of the
curves (4.4) and (4.5) is observed; moreover, the behav-
ior of the p}¥ (0) function is nonmonotonic. Having in

mind the definition of the disjoining pressure for a thin
film, the pressure drop calculated by formulas (4.5) and
(4.4) may be designated an analog of the disjoining
pressure in small homogeneous droplets.

As is known [11], the disjoining pressure results in
a nonmonotonic change in the chemical potential of the
condensate in a droplet typical of the heterogeneous
nucleation at wetting condensation nuclei. To analyze
the effect of the inhomogeneity of the central region of
homogeneously nucleated droplet on the chemical
potential of its molecules, let us compare the depen-
dences of the condensate chemical potential p* on the
number of molecules v in a droplet. One of these
dependences was obtained by the inversion of the v(p*)
function obtained by the density functional method,
while the other is presented by the classical capillary
approximation

(4.8)

26* 81\
u::kap = (_I_) .

Mie =N\ V

Let us recall that the values of the chemical potential in
(4.8) are taken with reference to X ; n,..and 1., are
the densities of homogeneous liquid and vapor, respec-
tively, at u* = pX. The results of calculations for
dependences pu* and pj,, are shown in Fig. 4 for two
temperatures.

As is seen, in the region of small (on the order of sev-
eral hundreds of particles) values of v, the calculated
curves for p* and pg,, diverge. Both curves ascend
with decreasing v; moreover, the rise in {13, is much
steeper than that in p*. However, this rise remains
monotonic for both p%, and p*.

COLLOID JOURNAL Vol. 61 No.2 1999



THERMODYNAMIC CHARACTERISTICS OF A SMALL DROPLET

Hence, the monotonic dependence of the conden-
sate chemical potential is still the specific feature of the
homogeneous mechanism of nucleation, even account-
ing for the inhomogeneity in the central region of a
droplet. Consequently, an attempt at modifying the the-
ory of homogeneous nucleation based on possible
existence of a maximum on the curve of the condensate
chemical potential in the region of small droplet sizes
[15, 16] failed in the calculations performed by the den-
sity functional method.

The fact that the pu*(v) curve passes below the

n&, (v) curve indicates that the lowering of the activa-
tion barrier of nucleation resulted from the inhomoge-
neity in the droplet central region. Let us illustrate this
barrier lowering by the dependence between the droplet
formation work and droplet size. Let the vapor super-
saturation be set by the value of chemical potential p?¥ ;

then, the work of critical nucleus formation expressed
in kT units has the form

W* = Q% 4+ p*V+, (4.9)

To determine the dependence of the work of droplet
formation on the number of particles in a droplet, let us
use the general differential relationship dW*(v)/ov =
p¥(v) — u¥ . Integrating this equation with respect to
variable v, we find that

W) = [ @) -uhdv

4.10)

- [ @) -uHav + W,

where Vv, is a certain initial point on the p*(v) curve and
v, is the size of the critical nucleus at p* = p¥.

Let us consider now the p*(v) curve shown in Fig. 4.
Let us take the minimal value of v at this curve as v,.
We compare the results obtained with the aid of (4.10)

with the classical dependence W, (v) obtained in the
capillary approximation
60*n,.

M 23 _ (¥ —ptyv.

W (v) = O=llim
P( ) nloo_nvw

4.11)

The plots of dependences W*(v) and W5, (v) are
presented in Fig. 5. As is seen, the maximum on the
curve described by (4.10) lies below that on curve
(4.11) (curves were plotted at a rather large value of

1¥, albeit corresponding to reasonable heights of the

activation barrier of nucleation), thus precisely indicat-
ing that the nucleation barrier lowers.
1999
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Fig. 4. Dependences of chemical potential p* on the number
of molecules v in a droplet at T: () 0.40T, and (3) 0.807,
for the Yukawa potential; (2) 0.517, and (4) 0.80T, for the
Lennard-Jones potential; (a) capillary approximation;
(b) the density functional method.

Note that the inhomogeneity of the droplet central
region affects also the dependence of the surface ten-
sion ¢ on the droplet size. This problem is being dis-
cussed in detail at present [5-7]; various authors
employ different definitions of surface tension. We
define o, for the equimolecular surface with radius R,
introduced by relationship (4.2) as

, (4.12)

R=R,

V p—
=[Q+p; PBSPeg]
ATR 3

where p; and p, are the pressures in the liquid and gas-
eous bulk phases, respectively, at a given value of L.

.The dependence of surface tension ¢F for the
equimolar dividing surface on its radius of curvature is

shown in Fig. 6. As is seen, as R¥ increases, the surface
tension first rises rapidly, passes through a maximum,
and then decreases slowly. Hence, ¢ varies in a non-

monotonic manner similarly to the behavior observed
for the dependence of density and pressure in the drop-
let center on droplet size.

The value in square brackets in formmnla (4.12) is the
general thermodynamic definition of the surface ten-
sion for an arbitrary spherical dividing surface of radius R.
The application of this definition in the case R = R,,
where R, is the radius of tension surface, determines the
value of surface tension o, of the tension surface. As
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Fig. 5. Dependence of the droplet formation work W#*(v) on
the number of molecules v in a droplet at T (1) 0.407 for
the Yukawa potential and (2) 0.517, for the Lennard-Jones
potential. (@) Capillary approximation; (b) the density func-
tional method.

1.0+

0.5 L 1 1 1 1 1 1 ! t |

Fig. 6. Dependence of surface tension 6* for an equimolec-
ular dividing surface on its radius R;“ at T: (1) 0.40T, for
the Yukawa potential and (2) 0.517, for the Lennard-Jones

potential. Horizontal lines denote the values of o*

follows from (4.12), the values of 6, and o, are interre-
lated by expression [17]

o = o (BT +3(%)
= ofi(7) +iz))

(4.13)

For large droplets, the dependence o, versus R; is deter-
mined by the Tolman formula o,=0.(1 - 28./R,)

.. = Igim (R, — R)) is the Tolman length in the limit of
— o

a quasi-plane surface) with an accuracy of the terms of
the first order with respect to small curvature. It follows
from formula (4.13) that the differences between ¢, and
o, are exhibited in the second order with respect to
small parameter 8,,/R,; hence, for asymptotic G,(R,) in
the quasi-plane approximation, we may write the
expression

o, = 6.(1-28./R)). (4.14)

As is seen from Fig. 6, the dependences ¢ (RY)
reach their asymptotic value 6 as the upper limit for
both potentials, although the deviations from o are

small in the limit of large R¥ . The Tolman length deter-

mined by the density functional method appeared to be
a small (by its absolute value) negative value. The latter
result was obtained earlier [5, 18] for the Lennard-
Jones potential by the density functional method and
from other considerations.
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