NONLINEARITY OF ELECTRICAL PROPERTIES OF LIQUIDS
IN THERMODYNAMICS OF DROPLETS FORMED ON CHARGED NUCLEI
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The contributions to the work of formation of droplets which are in equilibrium
and not in equilibrium with the vapor, as well as the chemical potential, en-
thalpy, and entropy of the molecules in a droplet, due to dielectric saturation
and the electrostriction of the droplet liquid in the strong field of a charged
nucleus have been found. The role of these contributions, as well as the dimen-
sions of the ions, in the thermodynamics of condensation on ions, has been in-
vestigated. The parameters of a droplet which determine the effects of electro-
striction and dielectric saturation have been evaluated by means of comparison
withexperimental data on the dielectric constants of liquids instrongelectric fields.

The problems in the theory of heterogeneous nucleation include the further development
of the thermodynamic description of a small droplet formed on a charged nucleus and the inves-
tigation of the dependence of the work of formation of a droplet and other thermodyamic char-
acteristics of a droplet on its size, charge, and the magnitude of the charge of the nucleus.
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It would be of interest to take into account the nonlinear electrical effects in the thermo-
dynamics of droplets, whose influence should increase as the size of the droplet decreases.
The role of the nonlinear electrical properties of the surface layer of a droplet and of
electrostriction in the bulk of a droplet in the theory of nucleation on ions was previously
examined in [1-4]. The contribution of dielectric saturation to the dielectric constants

of many liquids is comparable to the contribution of electrostriction [5]. Therefore, in
the present work we shall supplement the investigations carried out in [1-4] by taking into
account the effect of dielectric saturation in the bulk of a droplet.

In a number of studies concerning the theory of nucleation on ions [6-9], values for
the dielectric constants of the liquids which were strongly underestimated in comparison to
the tabulated values were used for comparisons with experiment. The basis for this was the
assumption that the field of the ion has a strong effect on the liquid in a droplet. Sys-
tematic consideration of the nonlinear electric contributions to the dielectric constant of
the liquid makes it possible to establish the limits for the applicability of the relations
of linear electrostatics in the thermodynamics of droplets and to test the assumption just
indicated.

Let us select the chemical potential yu, the temperature T, and the induction of the field
D as the independent thermodynamic parameters for a one-component liquid dielectric in an
electric field. In a strong field the relationship between the field strength E* and the
induction in a dielectric becomes nonlinear. We shall take this into account in a first ap-
proximation with the aid of the relation
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where ¢ is the dielectric constant defined as a function of the chemical potential and the
temperature; the dependence of the coefficient a, on u at an assigned value of T will be ne:-
glected. Ifthe chemical potential u is not fixed, the value of € is implicitly dependent

on D in an electric field pu = u(D): e(u, T) = e(u(D), T). We shall refer to this dependence
as the electrostriction effect. The term a,D?, in turn, determines the effect of dielectric
saturation.

Let us consider a droplet at whose center there is a spherically symmetric insoluble
nucleus bearing a charge q. The dimensions of the droplet are assumed to be such that the
spherical nucleus—-liquid and liquid—-vapor surface layers do not intersect. As was shown in
[1], the main equations of the thermodynamics of a droplet on a charged nucleus have the form
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where py is the normal component of the pressure tensor in the polarized medium; s 'is the
entropy per molecule; n, the number density of the molecules; vy, the surface tension; r, the
radius of the tension surface of the droplet; I', the adsorption; %, the surface polariza-
tion; s, the surface entropy; the superscript a refers to quantities of the liquid phase;

the superscript B refers to quantities of the gaseous phase. The induction D for a spherical
dielectric in a central electrostatic field is determined by the ratio D = q/r', where r'

is the radius of the point of observation. Taking this into account and using relation (1)
we find an expression for py®'P and n® at r' = r with the aid of (2):
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We note that the effects of dielectric saturation in vapors are negligible. This allows us

to neglect the term with the coefficient a,B for pyP.
Using the method developed in [2] for expansion in a parameter of the curvature of a
droplet, we can calculate the correction to any thermodynamic quantity of a droplet for di-

*We are interested in the case of a spherically symmetric field, for which the directions
of the vectors E and D coincide; therefore, the sign of the vector will not be indicated for

E and D.
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electric saturation with the aid of (5) and (6) and Egs. (2)-(4). In particular, it is not
difficult to obtain an expression for the correction pad to the value of the chemical poten-
tial of a molecule in a droplet of radius r for electrostriction and dielectric saturation
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Here the infinity sign («) is used to indicate quantities determined for liquid-vapor equi-
librium at an assigned temperature T and a planar phase boundary:
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Expression (7) is valid under the condition that all the dimensionless parameters §,, §j,
and 8, are small in comparison to unity. This restricts the minimal size of the droplets
under consideration, but only to a slight extent, as is clear from numerical evaluations of
8§,, 85, and 8. We note that the numbering of the parameters here and in the following cor-
responds to the order in [10].

In view of the fact that our purpose is to apply the results to the theory of nucleation,
it is convenient to express the thermodynamic parameters of a droplet as functions of the
number of molecules in it v. We find the relationship between v and r with the aid of the

relation (3, Eq. (22)]
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Here ny*(T, u) is the number density of the molecules in a macroscopic volume of liquid with

a spherical boundary of radius R, in the absence of a charged nucleus at assigned values of

p and T; n®(T, u, D) is the dens§ty of the liquid at the same values of y and T, but in the
presence of the nucleus; R(r) is the radius of the equimolecular surface of the droplet, which
is related to the radius of the tension surface r by the expression '

where the small parameters §, and §, have the forms
bi=huir, 8 =(antrt)(S22) (12)
o Jr

Aw is the distance between the equimolecular surface and the tension surface for a planar
surface layer between the liquid and the vapor, and £, is the spontaneous surface polariza-
tion. The difference between the number of liquid molecules at given T and u within a sphere
of radius Ry in the absence of a nucleus and in its presence is denoted by means of vj.

The convenience of Eq. (10) is due to the fact that knowledge of the density n®(T, u,
D) only at r' 2 R is required for the determination of v. This eliminates the problem of
determining the density of the liquid in the immediate vicinity of the nucleus, where the
nonlinear electrical effects are known to be strong and relation (1) becomes inapplicable.
In the case of droplets with values of r for which (1) is valid, the quantity n®(T, u, D)
in (10) can be determined with the aid of (6) for r = r'. Hence it follows that condensation
of the dielectric saturation has no effect on the number of molecules in a droplet when the
radius of the tension surface is assigned. Next, reasoning precisely as in [3], from (10)
with consideration of (6), (8), (9), (11), and (12), we find
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Here we have used the following notation:
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In addition, x® = (3 1nn%/3p)p is the isothermal compressibility of the liquid. The term
with the coefficient v, in (13) takes into account the finite nature of the dimensions of
the nucleus in a first approximation with respect to the small parameter v,v™! « 1. Al-
though data on the absolute values of v, in the case of condensation on ions were not encoun-
tered in the literature, the value of v, may be appreciably greater than unity, since the
density of the liquid in the immediate vicinity of the nucleus varies significantly. The
value of v, should obviously be dependent on the values of the charge and radius of the ion
and, in the case of polar liquids, on the sign of the charge of the ion.

Substituting r = r(v) in form (13) into Thomson's relation [3, Eq. (11)] for the chemi-
cal potential of a molecule in a droplet in the absence of corrections for the curvature and
into expression (7) with maintenance of all the terms associated with consideration of dielec-
tric saturation, electrostriction, and the finite nature of the dimensions of the nucleus,
in a first approximation with respect to the curvature parameter we find
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Here k is Boltzmann's constant;
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Relation (15) can be used to determine the corrections to the values of the enthalpy B, and
the entropy o,, of the transfer of a molecule from the vapor into a droplet of size v expressed
in thermal units and to the value of the work of formation of the droplet F,. Using the gen-

eral thermodynamic relations
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where any quantity x marked with a tilde has the form x = —d lnx./d 1InT.
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The expression for the work of formation F, of a droplet makes it possible to find the
height of the activation barrier for nucleation AF = F, - F, , where v, and v are roots
of the equation dF,/dv = 0 (v, > vg). The influence of the corrections associated with di-
electric saturation, electrostriction, and the finite nature of the dimension of an ion inves-
tigated on the intensity of the formation of droplets on ions under the conditions of a Wil-
son cloud chamber can thereby be evaluated.

We shall use N to denote the number of droplets observed at the end of the condensation
process. In experiments of various types performed with a Wilson cloud chamber, the value
of N and the height of the activation barrier AF at the maximum degree of supersaturation
of the vapor [ are related by the expresion

N=Ae-2r (21)
The explicit form of the parameters A and B is determined by the conditions of the experiment.

For example, in cases in which the process of the formation of new droplets ceases as a re-
sult of the exhaustion of the vapor by droplets growing under free-molecule condition, the

parameters A and B have the forms (11, Egqs. (36) and (37)]
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(n is the number density of the ions in the.vapor).

Using the method developed in [4], we shall find the dependence of the chemical poten-
tial of the vapor b corresponding to the maximum degree of supersaturation of the vapor (
on the number N of droplets formed. This can be done with any accuracy with respect to the
small parameters c,v /3, cgv*/3, cqv™*/3, and v,v"! with the aid of relation (21). We
write the expression for the height of the activation barrier for nucleation without con-
s1defa§ion of the corrections with respect to the curvature parameter in the form AF\°) =

(o) , where
(0)
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The latter of relations (22) defines the relationship between b = b(° on the one hand, and
Voo and vgg, on the other hand. With the aid of the ex?ress1on for th° , it is then not
difficult to establish the relation between AF'°) and bl® Since the values of AF\?) and
N for assigned experimental conditions are related by Eqs. (21), a unique correspondence be-
tween N and b'?) can be established.

We shall now consider how b{°) varies for an assigned value of N, if the corrections

for electrostriction, dielectric saturation, and the finite nature of the dimensions of the
nucleus are taken into account in the height of the activation barrier. At an assigned value

of N, with the aid of (21) we set
AF® (b)) =AF(b)

or
F§),— FY, = F$) — F{) 4 Fy! — FY (23)

where b, v., and v, are determined from the equation a(r,(°) + F v34)/dv = 0. Using (20) and
(22) and expanding the right-hand side of (23) in a 7aylor se7ies rela}ive to Voo and vg, ac-
cording to the largest of the small parameters c,v” , R , and vnv'l, in a
first approximation we find
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According to the latter of relations (22), the first and second terms on the right-hand side
of (24) compensate one another. Thus b is not dependent on v,. As the degree of supersatura-
tion o§ the vapor is increased, the value? of vgp, and v, tend to v, = Zaq/a, and the value

of b(?) tends to its threshold value bpax °) =(1/2)av,” '3, which corresponds to barrier-free
nucleation on the ions. It can be shown that the multipliers in front of c,, c¢s, and c, in
(24) increase with increasing degrees of supersaturation. Performing the limiting transi-
tion at vy * Voo * Vo in (24) and taking into account the equalitycs=(1/4)v,c,, which fol-
lows from (14) and (16), we find that the maximum relative contribution of electrostriction
and the dielectric saturation of the liquid to expression (24) for the chemical potential

of the vapor is defined as
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With the aid of (25) it is easy to evaluate the role of the corrections investigated
in the calculations of the initial supersaturation of the vapor for an assigned number of
droplets formed in a Wilson cloud chamber. The absence of a correction with v, in (24) and
(25) indicates that the rate of the condensation process on ions in a Wilson cloud chamber
does not depend on the size of the ions. Hence it follows that the asymmetry of the rate
of nucleation on ions of different signs cannot be attributed to the difference between the
sizes of positive jons (which are usually ions of alkali metals) and negative ions (which

are usually halide ions).

Table 1 presents the values of the parameters €%, n.%, v,, a,%, €%, n%, c,, cs, and
cy for carbon tetrachloride, benzene, chloroform, water, methanol, and ethanol. The values
of a,* were calculated from the experimental values of (e* — €,%)/E2 presented in [5, 12,
13] for a liquid placed in a strong homogeneous electric field of strength E. When the data
from these experiments were treated in the original works, the contribution of electrostric-
tion to the measured values of (e — €,%)/E? were excluded. Therefore, we may set

& —e2

a ———————
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The values of 6, were found with the use of the formula 6.% =n%y ®g%/R®. This relation for
8, follows from the definition of 8 in (9) under the condition that

de® ae®
(55),<(5),
As was shown in [14], this condition is, in fact, fulfilled for the liquids under considera-
tion. The substances in Table 1 were selected according to the following criteria. Water,
ethanol, and methanol, which are liquids with high dielectric constants, large values of
(e® — €,%)/E2, and relatively small molecular weights, are traditional objects of nucleation
theory. Carbon tetrachloride and benzene are nonpolar compounds with small dielectric con-

stants and large values of a,%, and chloroform is a polar compound with a relatively small
dielectric constant and a relatively high value of a,%.

We see that the value of c, for water is very small, while the values of c, and c; are
comparatively large. The values of ¢y, for the alcohols are an order of magnitude greater

TABLE 1. Values of the Principal Parameters Appearing in the
Relations for the Correction due to Electrostriction and Dielec-

tric Saturation (T = 293 K, q = 1.6:107%° C)

Substance e a%, m-? ve a‘:- e mef | Te na 2 cs I
Y!
ccl, 2,24| 6,2.10 | 9,83 —1,9 ]0,22]0,36]0,09]0,21 | —0,90
Benzene- 2,28( 6,8-10* (10,09 —2,3 |0,35]0,36 (0,09 | 0,23 | —1,25
Chloroform 4,80 7,5-100 |[16,57( +6,6-10-* | 0,35 | 0,38 [ 0,04 | 0,15 | 4-0,28
Water 80,08 3,3.10% 135,45] 4-2,4-10-3 | 1,46 | 0,08 | 0,08 | 0,68 | 40,04
Methanol 32,35( 1,5-10% |[50,61) 46,2.407* | 1,54 ] 0,34 | 0,02 | 0,27 | 40,06
Ethanol 25.000 1.0.10% |35.62| +1.2-10-1 | 1.76 | 0.32 1 0.03 | 0.22 | +0.07
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than the value for water, but they are appreciably smaller than the values for the other sub-
stances listed in Table 1. The values of ¢, and c; for the alcohols are close to the corre-
sponding values for benzene, carbon tetrachloride, and chloroform. The largest values of c,
are observed for benzene and carbon tetrachloride.

Thus, the results of the thermodynamic investigation carried out here of the combined
effects of dielectric saturation and electrostriction in the theory of nucleation on charged
nuclei are as follows. In calculations of the thermodynamic quantities of a droplet, these
effects result in the appearance of corrections with the coefficients cg; and cy4. It is seen
with the aid of the values presented in Table 1 that in the case of a unit charge on the nu-
cleus, the relative role of these corrections in the expressions for the chemical potential
and the work of formation of a droplet is small, but their role in the expression for the
enthalpy and especially for the entropy per molecule in a droplet may be significantly great-
er. As the charge of the droplet nucleus is increased, the values of cs and cy increase as
22, vwhere z is the multiplicity of the charge of the nucleus. The contribution of the correc-
tions with these coefficients for the thermodynamic quantities of small droplets will in-
crease accordingly. With respect to the consideration of electrostriction and dielectric
saturation in the kinetics of the condensation of droplets under the conditions of a Wilson
cloud chamber, as is seen from Table 1 and relation (25), the value of the maximum correc-
tion badxfortheeffects under consideration in the dependence of the chemical potential of
the vapor on the number of droplets formed is small. When the charge of the nucleus is in-
creased by a factor of z, theterms (1/4)c,v,~*/3and (1/3)cev,~"/2 in (25) decrease by a factor
of z2/3, Therefore, at any value of z the value of (b — b{®))/bl?), which is determined ac-
cording to (24), will certainly be small. This allows us, in general, to neglect the correc-
tions for dielectric saturation and electrostriction in calculations of the rate of the nucle-
ation of droplets in a Wilson cloud chamber and to use the tabulated values of the dielectric
constant of the liquid. We should also mention the additional finding that in the first ap-
proximation with respect to the curvature parameter of a droplet used everywhere in this work,
the rate of the nucleation process on ions does not depend on the size of the ions.
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