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K I N E T I C S  O F  T H E  E S T A B L I S H M E N T  O F  S T E A D Y  H O M O G E N E O U S  

CONDENSATION OF A SUPERSATURATED VAPOR 

A . P .  G r i n i n ,  F . M .  K u n i ,  and A . K .  S h c h e k i n  

The kinetics of the establishment of steady homogeneous condensation is investigated 

on the basis of an equation for the size spectrum of nucleating centers valid at both 

high and low supersaturations. In each unit of volume of the system it is assumed 

that there is a source of condensing matter of constant power and a sink for the 

nucleating centers of the new phase that reach a definite size. Conditions are formu- 

lated under which the steady process will be a stable final state of the system. It is 

shown that the microscopic correction in the expression for the work of formation of 

a nucleating center associated with the dependence of the surface tension on the 

curvature of the surface of the nucleating center plays a decisive role in determining 

the values of the parameters of the system that admit the establishment of a steady 

process. The characteristic times of establishment of the steady process are 

determined. 

I n t r o d u c t i o n  

The subject of the present  paper is the establishment in a nonequilibrium sys tem of nucleating 
centers  of a steady size distribution of the cen ters .  The study of the eonditions of establishment of universal  
distr ibutions is of great  interest  in the kinetics of phase t ransi t ions of the f i rs t  kind. In [1], Lifshitz and 
Slezov found the nucleating center  distribution that a r i ses  during the final stage in the evolution of an 
ensemble of nueleating centers ,  and they called this stage the coalescenee stage. Under cer tain conditions, 
which are  formulated in the present  paper, a steady process  of growth of nucleating centers  can be a stable 
final state of the sys tem and, thus, an al ternat ive to the coalescence p rocess .  

To be specific,  the physical sys tem we consider  will be drops of liquid formed f rom a supersa tura ted  
vapor in the a tmosphere  of a passive gas.  [n each unit of volume of the sys tem we assume there is a source  
of the vapor of constant power and a sink for drops that reach  a definite size.  It is assumed that the mean 
free path of the vapor molecules is much g rea te r  than the d iameters  of the drops formed in it. Since the 
praet ieal  real izat ion of the homogeneous condensation mechanism requi res  a high supersaturat ion of the 
vapor in the sys tem,  we base our investigation on a microseopica l ly  derived equation for the size distribution 
function of the drops that is valid at both low and high supersatura t ion.  The tempera ture  of the g a s - v a p o r -  
drop sys tem during the condensation process  is assumed to be constant.  
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i. E q u a t i o n  for the S i z e  Distribution Function of the Drops 

We consider a supersaturated single-component vapor. We define the degree of supersaturation 
of the vapor by ~=(n,-n~.~)/n,,| where nl is the density of the vapor (the number of molecules in unit 
volume), and n,,~ is the density of the saturated vapor above the flat surface of the liquid phase. As inde- 
pendent variable to describe the size spectrum of the drops we take the number v of molecules in a drop. 

Let n~ (t) be the number of drops consisting of v molecules in unit volume of the system at the 
time t. An important auxiliary entity in the theory is the equilibrium size distribution n o of the drops. It 

13 

arises as a boundary condition to the equation for n v (t) in Lhe region of small sizes (see [2]) and plays a 
decisive role in finding the flux of molecules evaporating from the surface of a drop. The explicit expression 
for n~), as is clear from general thermodynamic arguments, is 

n, (~ = n, exp (--F,) ,  (1.1) 

w h e r e  F is  the  w o r k  of f o r m a t i o n  of a d r o p  c o n s i s t i n g  of  v m o l e c u l e s  e x p r e s s e d  in un i t s  of kT,  w h e r e  k 
is  B o l t z m a n n ' s  cons t an t ,  and T is  the a b s o l u t e  t e m p e r a t u r e .  F o r  the  above  r e l a t i o n s h i p  be tween  the m e a n  
f r e e  path  of the  v a p o r  m o l c u l e s  and the d r o p  s i z e s ,  we def ine  F in a c c o r d a n c e  wi th  

F , = a v  ' l ' -a 'fv ' / ' -  b% (1.2) 
in which  

43o / 3v \ ,/, 
a = . - - ~ [  -~g ) , (1.3) 

b~ ln  (~+ t ) ,  (1.4) 

is  a p o s i t i v e  c o e f f i c i e n t  of  the  o r d e r  of  uni ty ,  ~ is  the s p e c i f i c  s u r f a c e  t e n s i o n ,  and v is  the  vo lume  p e r  
m o l e c u l e  in the l iqu id .  The  s econd  t e r m  on the r i g h t - h a n d  s ide  of (1.2) is  the  l e a d ing  m i c r o s c o p i c  c o r r e c t i o n  
to t h e  w o r k  of  f o r m a t i o n  of  the  d r o p  s u r f a c e ,  and i t  is  due to the d e p e n d e n c e  of  the  s u r f a c e  t e n s ion  on the 
c u r v a t u r e  of the s u r f a c e .  

In a c c o r d a n c e  with  (1.1) and (1.2),  the  funct ion  n~ ~ for  b > 0 h a s  a m i n i m u m  at  the  point  v = vc, 
w h e r e  % is  the  c r i t i c a l  n u m b e r  of m o l e c u l e s  in a d r o p  and i t  ha s  the va lue  

r J 3~ - V ,  -z]~ 
v~=v~,o L 1--/z~V~,o + 0 (vo,o) ], 

w h e r e  

v,,o= (2a/3b)  3. (1.5) 

B e c a u s e  the  c o r r e c t i o n  t e r m s  in the  e x p r e s s i o n  for  v c a r e  r e l a t i v e l y  s m a l l ,  we sha l l  h e n c e f o r t h  
i g n o r e  the d i f f e r e n c e  be tween  v0 and v~,0 u n l e s s  we need to c a l c u l a t e  the exponen t i a l  funct ion of the  w o r k  of 

1 z]a 1~ f o r m a t i o n  of a c r i t i c a l  d r o p ,  i . e . ,  exp(F,  ) =  exp( laa~.o - a~f~o,o). We i n t r o d u c e  the h a l f - w i d t h  Av c of the 
m i n i m u m ,  def in ing  i t  a s  the  m a g n i t u d e  of  the  d e v i a t i o n  I v - %1 f r o m  the point  v c at  which  the va lue  of the  
funct ion n(~ ~ is  e t i m e s  g r e a t e r  than the m i n i m a l  v a l u e .  We find d i r e c t l y  f r o m  (1.1) and (1:2) tha t  

Avr ~ I'. (1.6) 

It can  be shown that  unde r  the cond i t i ons  

w h o s e  f u l f i l l m e n t  is  a s s u m e d  in what  fo l lows ,  
funct ion  of the  d r o p s  in the r e g i o n  ~ -> vl, w h e r e  v~Nvr176 

On,(t)  0 f ,  . .  _ On~(t) 

w h e r e  
A ~=3to-~Vm [ ~-q-A-exp (V3av -v') ], 

hv,>> l ,  (1.7) 

hvo/vo<< i, (1.8) 

the  fo l lowing  evo lu t ion  equa t ion  ho lds  for  the  s i z e  d i s t r i b u t i o n  

(1.9) 

(1. lO) 

B,="/zto-tv ,2/" [ ~ + t+exp  (V3av -'i') ], (1.11) 

G~/Z 
to-' = ~ n,,| (43),I, (38) ~, (1.12) 

u i s  the mean  t h e r m a l  v e l o c i t y ,  and ~ is the c o n d e n s a t i o n  c o e f f i c i e n t .  Note tha t  the  c h a r a c t e r i s t i c  Lime t o 
de f ined  by Eq.  (1.12) is  equa l  in o r d e r  of m a g n i t u d e  to the  m e a n  f r e e  t i m e  of the  m o l e c u l e s  of the  s a t u r a t d d  
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vapo r .  

Equat ion (1.9) is a local  c o n s e r v a t i o n  law for  the n u m b e r  of d rops  in the s y s t e m  with flux j , ( t )  of 
drops along the size axis given by 

]v (t) =A~n~ (t) -B~On~ (t)/0v. (1.13) 

This  equat ion was  in t roduced  in [3], though without  spec i f i ca t ion  of its l imi t s  of  appl icab i l i ty  [3]. For  
f u - ~c [ < Auc o r  b << 1, it goes  ove r  into the we l l -known Z e l ' d o v i c h - F r e n k e l  equat ion [2]. 

We f o r m u l a t e  the boundary  condi t ions  for  Eq. (1.9). It can  be a s s e r t e d  that for  ~ << "c an equ i l i -  
b r i u m  s ize  d i s t r ibu t ion  of  the d rops  c o r r e s p o n d i n g  to the ins tan taneous  s u p e r s a t u r a t i o n  is r ap id ly  es tab l i shed  
in the s y s t e m .  As can be seen f r o m  ana lys i s  of the s t eady  d is t r ibu t ion ,  a s igni f icant  devia t ion f r o m  the 
equ i l i b r ium s p e c t r u m  a p p e a r s  only for  r, > v c - A~c, when the r e m o v a l  of d rops  by the flux jv to the r eg ion  
of  l a rge  s i z e s  b e c o m e s  impor t an t .  T h e r e f o r e ,  as  bounda ry  condi t ion at sma l l  s i ze s  we take 

n , ( t ) [  . . . .  = co~ (1 14) n, , .  

A s s u m i n g  fu r t he r  that  in the c o n s i d e r e d  s y s t e m s  the d rops ,  having r e a c h e d  a c e r t a i n  c h a r a c t e r i s t i c  
s i ze  with ~a = ~2' w h e r e  

%>>vo, (1.15) 

leave the volume occupied by the supersaturated vapor, we write the boundary condition in the region of large 
sizes in the form 

n,(t) ] . . . .  =0. (1.16} 

An impor t an t  spec ia l  c a s e  of Eq. (1.9) is the s t eady  d i s t r ibu t ion  function n{ *) c o r r e s p o n d i n g  to 
s t eady  flux ](') of d rops  along the s ize  ax i s .  For  n~), in a c c o r d a n c e  with (1.13), (1.14), and (1.16), 

ny~=]c,~ 2 & '  r ; '  . A.,,~ J-K:,  x'f-J f .1 t 
v 

In a c c o r d a n c e  with (1.14) and (1.17), the s t eady  flux ](~) for  given s u p e r s a t u r a t i o n  is 

The in teg ra l  in (1.18) can be ca lcu la ted  by the method of  s t eepes t  descen t  by v i r tue  of the condi t ion (1.8).  
Af te r  s imp le  t r a n s f o r m a t i o n s  that  take into account  Eqs .  (1.10), (1.11), and (1 .2) - (1 .6) ,  we obtain 

](') = (a/a)V'n, ,  . t o - '  ({+1) = exp (-F~o). (1.19) 

If we know the n u m b e r  J0 of  vapor  m o l e c u l e s  suppl ied in unit  t ime  to unit  vo lume of  the s y s t e m ,  
then the flux jm can be d e t e r m i n e d  f r o m  the s t a t i ona r i t y  condi t ion 

]0=]('~v2. (1.20) 

In this  ca se ,  Eqs .  (1.19) and (1.20) a r e  to be r e g a r d e d  as equat ions  for  finding the s t eady  value of  the d e g r e e  
of  s u p e r s a t u r a t i o n  ~m and the c o r r e s p o n d i n g  c r i t i c a l  n u m b e r  vo! ~ of  mo lecu l e s  in a d rop .  Using (1.2)-(1~ 8), 
we obtain in the ze ro th  app rox ima t ion  in the sma l l  p a r a m e t e r  vo-' 

[5 ]" v~ "~ ~ In [ (a/n)V~n, ,~vJto]o] . (1.21) 

In the comple t e  r a n g e  of va r i a t ion  of  u, p roceed ing  f r o m  (1.17), we can obtain s i m p l e r  a p p r o x i m a t e  
e x p r e s s i o n s  for  n(~). Thus ,  in the in te rva l  

v,<~ v<~2, (1.22) 

where lJ s is a value of ~ satisfying the condition u s >> Uc, we find 

n~ ~ ... ]I'~to/3v'J'~. (I. 23) 

The a s y m p t o t i c  behav io r  (1.23) is su i table  in p r a c t i c e  until  u -~ ,�89 s ince  the boundary  condi t ion (1.16) has  
inf luence only in a sma l l  ne ighborhood  (v2-v 'g  (r of  the point v2. 

inves t iga t ing  Eq. (1.9), we r e a d i l y  d i s c o v e r  the main  f ea tu re s  in the e s t a b l i s h m e n t  of  the s t eady  
d i s t r ibu t ion  (1.17) under  condi t ions  when the s u p e r s a t u r a t i o n  of  the vapor  is kept  cons tan t .  It can be shown 
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that a steady distribution n~ ') and, therefore, a steady flux ](~) are formed successively, beginning with 
small values of v, and in the interval I < v -< v s this process is completed during a time t s of order 

t,~v,Avo/B~o. (1.24) 

F u r t h e r ,  the b o u n d a r y  v ( t )  d e t e r m i n i n g  the r e g i o n  v < v ( t )  in which  a s t e a d y  d i s t r i b u t i o n  has  been  
e s t a b l i s h e d  by the t i m e  t m o v e s  wi th  c o n s t a n t  v e l o c i t y  [4] dv(t)/dt=2](')/n~)-A~(,). When v >_ ~Js, th i s  v e l o c i t y  
goes  o v e r  in a c c o r d a n c e  wi th  (1.10) and (1.23) to the  a s y m p t o t i c  b e h a v i o r  

dv ( t) /dt ~ - 3v~l'~/to. ( I .  25) 

Us ing  (1.25),  we e s t i m a t e  the  t i m e  t~, d u r i n g  which  the  s t e a d y  d i s t r i b u t i o n  is  e s t a b l i s h e d  in the  i n t e r v a l  (1.22):  

t~,=tov2" /~. (1.26) 

An i m p o r t a n t  r e s u l t ,  which  m a k e s  it p o s s i b l e  to s i m p l i f y  the  fo l lowing c a l c u l a t i o n s ,  is  a l so  tha t  the  d i f fus ion  
t e r m  in E q . ( 1 . 9 )  can  be i g n o r e d  when t >- t s in the  r e g i o n  u > v s . 

Th i s  p r o c e s s  of  e s t a b l i s h m e n t  of  a s t e a d y  d i s t r i b u t i o n  is  r e a l i z e d ,  as  we have  a l r e a d y  sa id ,  if a 
s t e a d y  s u p e r s a t u r a t i o n  of the  v a p o r  is  m a i n t a i n e d  in the vo lume  of  the s y s t e m .  We use  what  we have  done 
above  and i n v e s t i g a t e  the m o r e  g e n e r a l  c a s e  when the e s t a b l i s h m e n t  of a s t e a d y  d i s t r i b u t i o n  o c c u r s  s i m u l -  
t a n e o u s l y  wi th  the  e s t a b l i s h m e n t  of  s t e a d y  s u p e r s a t u r a t i o n .  

2 .  E q u a t i o n  f o r  t h e  C r i t i c a l  R a d i u s  

We augmen t  the evo lu t ion  equa t ion  for  the  s i z e  d i s t r i b u t i o n  funct ion  of the d r o p s  by the  m a t t e r  
c o n s e r v a t i o n  law in the f o r m  

]o = n,,~ d~ (t) + dN (t) + Jz (t), (2.1) 
dt dt 

w h e r e  N ( t )  i s  the  to ta l  n u m b e r  of m o l e c u l e s  in the  d r o p s  at  the  t i m e  t ,  def ined  in a c c o r d a n c e  with  the  
formula 

~2 

N(t) ~- ~ dv ~n~(t), (2.2) 
o" 

and Jz(t) is the number of molecules which leave unit volume of the system in unit time in drops consisting 

of ~2 molecules. We assume that the steady value v(~ ~) corresponding to the given J0 and v 2 satisfies the 
condition (i. 15). We begin our consideration by taking a certain instant of time at which the instantaneous 
value of v c (t) also satisfies the condition (i. 15) and the bulk of the liquid phase is in drops with ~ >> % (t). 
Therefore, when studying the region of sizes that is most important for the integral (2.2) we can ignore the 
diffusion term in the evolution equation (i. 9) and simplify the coefficient in the flux term. 

In the simplified equation we go over to the dimensionless radius p defined by 

p=v '/~ (2.3) 

and to the new unknown funct ion g (p ,  t ) ,  which  is  r e l a t e d  to n~(t)  by 

g(p, t) =3~1~n~ (t). (2.4) 

F r o m  (1 .9 ) - (1 .11 ) ,  (2.3),  and (2.4) ,  we Qbtain 

Og(p,t) ~(t)to-' 8g(p,t) (2.5) 
8t Op 

We denote  by  po, p~), p(t) ,  p~, p~ the v a l u e s  of  the  r a d i u s  n c o r r e s p o n d i n g  to the  v a l u e s  vc, v~ ~), v(t),  v~, v2 of 
the v a r i a b l e  u. Equa t ion  (2.5) ho lds  in the i n t e r v a l  

p~<p<p2, (2.6) 

which  c o r r e s p o n d s  to the  i n t e r v a l  (1.22) of v a r i a t i o n  of the  v a r i a b l e  v. If in the c o n s i d e r e d  s y s t e m  the 
r e l a t i v e  change  in the  c r i t i c a l  r a d i u s  Pc d u r i n g  the t i m e  t s is  s m a l l ,  which  we a s s u m e  for  the  t i m e  be ing ,  
then the va lue  of  the  unknown funct ion  g ( p ,  t )  a t  the  po in t  pz can  a l w a y s  be a s s u m e d  equal  to i t s  s t e a d y  va lue  
for  the c u r r e n t  s u p e r s a t u r a t i o n .  Thus ,  we a r r i v e  a t  the  b o u n d a r y  cond i t ion  

g(p, t)lp=~=g(~) (t),  (2.7) 
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where the t ime argument  t of the function g(~) (t) indicates that the steady distribution is taken at the cu r ren t  
supersa tura t ion .  Solving Eq. (2.5) with the boundary condition (2.7), we find 

g(p, t)=g<~)(/), (2.8) 

where  t -= ~(p, t) is the re ta rda t ion  t ime, which depends on p and t and is determined f rom the equation 
t 

! dt't~l~ (t') ----- p. (2.9) 
t 

For the function g<~)(t) we obtain f rom (1.23) with allowance for (1.19) and (2.4) 

g(~> ( t )  = (a/~)~'n~, ~ _ '  (t) [~ (t) + 1] ~ exp ( - F ~ , ) ) .  (2.10)  

We different ia te  (2.2) with r e spec t  to the t ime and t r ans fo rm the der ivat ive  of its r ight-hand side 
using the evolution equation (1.9). Then, using (1.13), we obtain 

dN(t) P2 

p/]p~(t) +3 f dp p2]~ (t). (2.11) 
dt 

o 

The f i rs t  t e rm  on the r ight-hand side of (2.11) is the flux of mat te r  f rom unit volume of the sys tem 
in unit t ime, i . e . ,  p~3]o,(t)=.12(t). We consider  the integral  on the r ight-hand side of (2.11). Since its value 
is basical ly  de termined by the behavior  of the integrand in the interval  (2.6), it follows f rom (2.5) and (2.8) 
that we can wri te  

p: P: 

3 ~ dp p']~ (t) ~--3~ (t)to-' fdp p~g(~> (~). (2.12) 
0 0 

Invoking fur ther  Eqs.  (1.20), (1.19), and (2.3), we r ep re sen t  the flux J0 in the form 

P~ 

]o= (a/~)'/~n~, ~to -~ (~(~)+ 1) 2 exp (-Fp(2) 3 f dp p~. (2.13) 

Finally, we express  the der ivat ive  d~( t ) /d t  in t e rm s  of the corresponding der ivat ive of the cr i t ica l  radius 
Pc(t) in accordance  with (1.4), (1.5), and (2.3): 

d~(t!= 2 a [ ~ ( t ) §  ) dp~(t) (2.14) 
dt dt 

Using (2.10)-(2.14), we obtain from (2. I) the required equation for the critical radius: 

p2 

(~(s)+ i)2 exp(--Fp~s)) ~'dpp'~ ~(t)[~(~')+ i]~ -- t \ .  (2.15) dpc(t)dt ~-9(an)-v~t~ ~(t)~-i  J ( ~(~)[~(~)+t] ~ exp(Fp~) Fo~(-6)-- 
f 

0 

3.  R e l a x a t i o n  to  S t e a d y  S t a t e  

We consider  evolution t imes  of the sys tem of drops for which the difference po(t)-p~)~-6pc(t) becomes 
small ,  so that in gq.  (2.15) we can go over  to the approximation l inear  in 5pc. Ignoring also the t e rms  small  
by vir tue of the conditions (1.7) and (1.8) when we l inear ize  with r e spec t  to @c, we obtain f rom (2.15) and 
(2.9) 

d6p:(t) P~ 

-- c[ dp p~[6p~(t--t~)§ ], (3. 1) 
dt d 

o 

where 
c= (a/~)v~3to -t (~('),§ (p~" ('))~ exp (--Fr 

k~J 

p=(~(')§ )~ 

and tp=top/~ (') is the t ime of growth of a drop to the size p for constant value 
saturat ion.  

We investigate the spec t rum of re laxat ion t imes  of Eq. (3.1). 
a superposi t ion of the express ions  

5p~ (t) -~const e -q', 

(3.2) 

(3.3) 

[(') of the degree  of supe r -  

The solution of (3. I) has the form of 

(3.4) 
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w h e r e  q a r e  unknown n u m b e r s ,  in g e n e r a l  c o m p l e x .  The r e a I  p a r t  of q is  the  r e c i p r o c a l  t i m e  of r e l a x a t i o n  
x-* to the  i n v e s t i g a t e d  s t e a d y  s t a t e ,  and the  i m a g i n a r y  p a r t  is  the f r e q u e n c y  o., of  p o s s i b l e  o s c i l l a t i o n s  of the  
c r i t i c a l  r a d i u s  n e a r  p ~). Subs t i tu t ion  of  the  so lu t i on  (3.4) in Eq.  (3.1) l e a d s  to a d i s p e r s i o n  r e l a t i o n  for  q: 

P2 

q--c ~ dp p~ (eel+p) =0.  (3. 5) 
0 

We i n t r o d u c e  conven ien t  a u x i l i a r y  v a r i a b l e s  z and z ' ,  de f in ing  t h e m  by 

In the  new v a r i a b l e s ,  Eq.  (3.5) b e c o m e s  

w h e r e  

z=qtp,, z'-~qtp. (3.6) 

�9 (z) § (3.7) 

z 

S * t 2 z*  r  -~ d z  z e , 

0 

We shall assume that for all values of z and ~(z) 

(3.8) 

l=~(8) /tocp~ ~. (3.9) 

I 3z(I) (z) I >>P, (3.10) 

whose  v a l i d i t y  we sha l l  p r o v e  in what  f o l l o w s .  In th i s  c a s e ,  f r o m  the e x p r e s s i o n  (3.7) we have  

r  (3.11) 

We r e p r e s e n t  Eq.  (3.11) a s  a s y s t e m  of equa t i ons  for  the  r e a l  and i m a g i n a r y  p a r t s  of the funct ion:  

Re O(z) = l ,  (3.12) 

i m  r (z) =0.  (3.13) 

if ou r  l i n e a r i z a t i o n  of  Eq.  (2.15) i s  to be va l i d ,  we r e q u i r e  Re z > 0. By v i r t u e  of th i s  cond i t ion  and 
the obv ious  equa t ion  ~ * ( z )  = r  i t  is  su f f i c i en t  to i n v e s t i g a t e  the  s o l u t i o n s  of the  s y s t e m  of equa t ions  
(3.12) and (3.13) in the  r e g i o n  0 -< a r g z  < ~r/2. 

Each  of Eqs .  (3.12) and (3.13) de f i ne s  a f a m i l y  of c u r v e s  on the c o m p l e x  p l ane .  The  c u r v e s  
c o r r e s p o n d i n g  to Eq.  (3.12) depend  p a r a m e t r i c a l l y  on l; a m o n g  the  f a m i l y  of  c u r v e s  d e s c r i b e d  by  Eq.  (3.13) 
t h e r e  is  the  p o s i t i v e  h a l f - a x i s  a r g  z = 0. The  po in t s  of  i n t e r s e c t i o n  of  the  two f a m i l i e s  g ive  the  r e q u i r e d  
s o l u t i o n s  of Eq.  (3.11) .  

If Eq.  (3.11) h a s  s e v e r a l  r o o t s ,  then  the m a i n  c o n t r i b u t i o n  to the  s u p e r p o s i t i o n  of s o l u t i o n s  (3.4) wi l l  
be made  by the t e r m  wi th  the  s m a l l e s t  d a m p i n g ,  c o r r e s p o n d i n g  to the  r o o t  wi th  the  s m a l l e s t  r e a l  p a r t .  It is  
on ly  such  r o o t s  in which  we s h a l l  be i n t e r e s t e d  in wha t  fo l l ows .  

The  g e n e r a l  p r o p e r t i e s  of the  r e a l  r o o t s  of Eq.  (3.11) can  be e s t a b l i s h e d  d i r e c t l y  f r o m  the f o r m  of 
the funct ion  r  ). Be ing  p o s i t i v e  on the c o m p l e t e  r e a l  a x i s ,  the  funct ion ~(z  ) i n c r e a s e s  unbounded ly  as  
z ~ +0 and z -~ co. [n the r e g i o n  z > 0, the  g r a p h  of the  funct ion is  c o n c a v e .  At  the  poin t  z = z 0 ~- 1 .26 ,  
i t  r e a c h e s  i t s  m i n i m a l  va lue  O(z0)~/0~-0.7 in the  r e g i o n  z > 0. T h e r e f o r e ,  for  l>lo in the  r e g i o n  z > 0 
Eq.  (3.11) h a s  two r e a l  r o o t s  z 1 and z 2 s a t i s f y i n g  z~ ~ z 0 <- z 2. With  d e c r e a s i n g  l ,  the  r o o t s  z~ and z 2 
f i r s t  a p p r o a c h  each  o t h e r ,  c o m i n g  t o g e t h e r  a t  the  po in t  z 0 when t=lo, and they  then  move  a p a r t  on the  c o m p l e x  
p lane  with  f u r t h e r  d e c r e a s e  in 1. In F i g .  1, a s  an e x a m p l e ,  we show s e c t i o n s  of  four  ( including the r e a l  ax i s )  
c u r v e s  in the  c o m p l e x  p l ane  on which  Im e ( z )  = 0. The  mot ion  of the r o o t s  z l ,  z 2 tha t  we have  d e s c r i b e d  
t a k e s  p l a c e  f i r s t  a long  the r e a l  a x i s  to the  poin t  z = z0; t h e r e a f t e r ,  the  r o o t s  move  s y m m e t r i c a l l y  u p w a r d  and 
downward  a long  the c u r v e  i den t i f i ed  by  a .  B e s i d e s  the  r o o t s  z t ,  z 2 t h e r e  a r e  a l s o  c o m p l e x  r o o t s  on the 
c u r v e s  7, 5, e t c .  H o w e v e r ,  in a l l  c a s e s  when a s t e a d y  s t a t e  is  a t t a i n a b l e  t h e s e  r o o t s  have  a l a r g e r  r e a l  
p a r t  than  the c o r r e s p o n d i n g  r o o t s  on c u r v e  a .  

A s s o c i a t i n g  each  point  of the  i n t e r v a l  [0,  z 0] and each  point  of the a r c  of the  c u r v e  a for  Re z >- 0 
wi th  the  va lue  Re O(z )= / ,  we e s t a b l i s h  the  c o r r e s p o n d e n c e  be tween  the v a l u e s  of a and the c o r r e s p o n d i n g  
v a l u e s  of the  s m a l l e s t  r e a l  p a r t s  Be z(l) of the  r o o t s  of Eq.  (3.11) .  The  g r a p h  o f  Be z(l) i s  shown in F i g .  2. 
The  r e g i o n  l>~lo, c o r r e s p o n d s  to the  i n t e r v a l  [ 0, z 0] of the  r e a l  a x i s ,  the  i n t e r v a l  lo>l>icr~-O.15 to the  a r c  
of  the  c u r v e  ce. The  r a n g e  of  v a l u e s  of  Re  z ( / )  i s  the  i n t e r v a l  O<~Rez(l)<.z~--i.26. 
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We now turn to the inequality (3.10). In accordance wiflh (1.7), (1.8), and (3.3) the coefficient p is 
much less than unity in magnitude. For  the regions of variat ion of I z I and I +(z )1 for complex z in Figs.  1 
and 2 we have 13z~(z)l ~ 1. In the region of rea l  values of z, using the lower bound O(z)~(3z) :  ~, we 
obtain 13z@(z)I~t. Thus, the relat ion (3.10) is indeed satisfied.  

It follows f rom Fig. 2 that the inequality 

l>l cr ~-0A5 

is the condition required if a steady state is to be attainable. 

(3.14) 

We cast this condition in a more perspicuous 

Pm 

form.  To this end, we introduce a cer tain limiting radius •m, defined by the relat ion ~('~n,~= ~ dp p3g('L It 
0 

is obvious that the drops nucleated at the given degree of supersaturat ion ~(s~ only slightly deplete the vapor 
until they reach  radii  of order  Prn" By virtue of (2.10), D~ is given by pQ=4(a/n)-'/'(~"~)2(~(s~+l) -~ exp (F@). 
This last equation enables us to write the inequality (3.11) in the form (pjp~)'<<t. Thus, when a steady state 
is attainable, the mass  of the excess  vapor appreciably exceeds the mass  of the liquid phase in the sys tem.  
[n this sense,  the conditions of formation of a steady condensation process  are  opposite to the conditions 
corresponding to transit ion to the coalescence stage [1]. 

[n accordance  with what we have said above and Eq. (3.6), the time of relaxation to the steady state 
is z=tJRez(l).  The change in the supersaturat ion in the sys tem for values of the pa ramete r  I in the 
interval /cr < ~ < l0 can be charac te r ized  not only by the relaxation time but also by the oscil lation period 
T~=2ntJImz(l)i The theory we have developed is valid if for all values of r and % the condition of quas i -  
s ta t ionar i ty  is satisfied, i . e . ,  the relat ive change @c( t )  during the corre la t ion t ime t s is small .  This 
condition can be writ ten in the form of the two inequalities t~/~<<t, t,/~<<l. F rom (1.24), the expressions 
for T, T~, tp~, and f rom Fig. 2, we find that these inequalities impose a lower bound on the possible values of 
02' namely, 

p~>p~3~('~/(~('>+t). (3.15) 

The condition (3.15) obviously agrees  with the condition (1.15) previously imposed, but it is s t ronger .  

Besides ~ and t~,, we consider  one fur ther  charac te r i s t i c  time ~-~, which we take equal to 
~=(~(~)§ ~/1o. This time is obviously required in the absence of condensation p rocesses  to ra i se  the degree 
of supersaturat ion of the vapor in the sys tem to the value ~=~('~. Under conditions when a steady state is 
attainable, quite definite relat ions must be satisfied between the t imes t0, and T~ and ~" and T~. Indeed, it 
follows from (3.14), the definition of l, and Eq. (3.2) that (p~'))~v~/tp~>0.15: Hence, by virtue of (1.7) and (1.8), 
we have z:/tp,>i. Thus, the supersaturat ion of the vapor should proceed much more  slowly than the process  
of growth of the drops .  In exactly the same way one can show that r~ >> T for 1 > lcr and ~-~ ~ ~- for [ ~ lcr. 
Therefore ,  for l > lcr the total t ime of evolution of the sys tem from the beginning of the supply of vapor to 
the establishment of the steady state is made up in the general  case of the t imes ~-~ and ~- and in order  of 
magnitude is T~. 

Finally, we discuss  the compatibil i ty of the inequalities (3.14) and (3.15). Choosing as independent 
variables  P2 and p~), we write both inequalities in the form of conditions on ~: 
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(s)  3 2 (s)  
p~ ) [l--exp(--/3a/po ) ] < < p 2 < [ ( ~ / a ) ~ / g O . 4 5 ] ' / ' [ t - - e x p ( - - 2 / 3 a / p r  ') ) ] V ' e x p [ ' l t 2 a ( p C o  ") . . . .  (,~ , , ,  m ) - -  i ~ a ~ p c  lttPc )01,, (3.16) 

where  we have used the exp re s s ion  (1.2). The condit ion (3.16) must  be augmented by the inequal i ty  
( , )  ~ (mtn) p~min) Pc pc , where  is the min imal  drop r ad iu s  for which the condit ions of app l i cab i l i ty  (1.7) and (1.8) 

of the mac roscop i c  theory  a r e  s t i l l  s a t i s f i ed .  We see f rom (3.16) that the p r e s e n c e  of the leading m i c r o -  
scopic  co r r ec t i on  for the work of format ion  of the drop sur face  leads  at l a rge  s u p e r s a t u r a t t o n s  to an impor tan t  
bound on the poss ib le  values  of P2 for which a s teady s ta te  a r i s e s  in the s y s t e m .  Bas i ca l ly ,  for mac roscop i c  
values  of P2 the inequal i ty  (3.16) r e m a i n s  compat ib le  up to values  of the c r i t i c a l  r ad ius  sa t i s fy ing  po~p~min< 
Thus, the cons ide red  s teady p r o c e s s  of homogeneous condensat ion can be es t ab l i shed  for p r a c t i c a l l y  all  the 
values  of the degree  of supe r sa tu r a t i on  a d m i s s i b l e  in the m a c r o s e o p i e  theory .  
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D Y N A M I C S  O F  M O D E L S  W I T H  T E N S O R  ORDER P A R A M E T E R  

N E A R  AN I S O L A T E D  P O I N T  ON T H E  P H A S E - T R A N S I T I O N  C U R V E  

13. A.  S t o r o n k i n  and Y u .  V.  S y s h c h i k o v  

The dynamics  of models  with t enso r  o r d e r  p a r a m e t e r  near  an isola ted  point on the 
p h a s e - t r a n s i t i o n  curve  is inves t iga ted .  The in te rac t ion  between the o r d e r  p a r a m e t e r  
and the dens i t i es  of the conse rved  quant i t ies  is cons ide red .  The method using the 
dynamica l  r e n o r m a l i z a t i o n  group and ~ expansion is used to ca lcu la te  the lowest  F 
approx imat ions  for the dynamica l  c r i t i c a l  exponent and the exponent of the anomalous 
behavior  of the Onsager  coeff ic ient .  

i. In the present paper, we investigate the dynamics of the 0 model [1] and the Askin-Teller-Potts 
model (ATP model) [2,3] near an isolated point on the phase-transition curve. In these models, the order 
parameter is a P-dimensional symmetric traceless tensor, diagonal in the ATP model. The special case of 
the Q model for P = 3 describes the transition of an isotropic liquid into a nematic liquid crystal. The ATP 
model is a generalization of the [sing model and describes a system in which each site on the lattice can be 
in one of P states. In addition, the results of the ATP model in the limit P --~ 1 describe the percolation 
problem [4]. The static behavior of the models near the singular critical point associated with the vanishing 
of the coefficient of the cubic interaction in the effective Hamiltonian was considered in [5, 6]. 

In the paper  p resen ted  here ,  using a s ta t ic  s c a l e - i n v a r i a n t  solut ion,  we inves t iga te  the dynamics  of 
these  models  in (4 - ~ ) -d imens iona l  space .  We use a method that is a gene ra l i za t ion  of the r e n o r m a l i z a t t o n -  
group and ~-expansion method [7, 8] to the field of dynamica l  phenomena [9, 10]. We find the quadra t ic  t e r m s  
in the F expansion of the dynamica l  c r i t i c a l  exponent and the exponent of the anomalous  behavior  of the 
Onsager  coeff ic ient  for both models  for al l  P. We also d i s c us s  the quest ion of the influence of the in te rac t ion  
between the o r d e r  p a r a m e t e r  and the dens i t i e s  of the conse rved  quant i t ies  on the c r i t i c a l  dynamical  o r d e r  
p a r a m e t e r .  We show that the in te rac t ion  with the angular  momentum dens i ty  can be ignored,  but that the 
in te rac t ion  with the energy  densi ty  in gene ra l  influences the r e l axa t ion  of the o r d e r  p a r a m e t e r .  For  the 
l a t t e r  case ,  in the f i r s t  ~ approx imat ion ,  we obtain s ta t ic  and dynamic r e c u r s i o n  r e l a t i ons ,  which we solve 
exp l i c i t ly  for the Q model  with P = 3. For  this  case  we show that the r e l axa t ion  r a t e s  of the energy and the 
o r d e r  p a r a m e t e r  a r e  equal.  

2. We cons ide r  the poss ib i l i t y  of extending the set  of fundamental  v a r i a b l e s  and take into account 
the in te rac t ion  between the o r d e r  p a r a m e t e r  and the dens i t i es  of the conserved  quant i t i es .  The f luctuat ions 
of the pa r t i c l e  number  densi ty  can be ignored,  s ince r e a l  liquid c r y s t a l s  behave l ike i n c o m p r e s s i b l e  f luids .  
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No. 1, pp. 138-146, July,  1982. Original  a r t i c l e  submit ted  March  10, 1981. 

706 0040-5779/82/5201-0705.r �9 1983 Plenum Publishing Corporation 


