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Abstract—The conditions of mechanical equilibrium were considered, and the generalized notion of the sur-
face tension at an arbitrarily curved surface layer was analyzed on the basis of the total nondiagonal pressure
tensor including the external fields and anisotropic even in the bulk phases. It was shown that the transverse
surface tension can be eliminated using the selection of a dividing surface; however, in the general case, this
surface does not exhibit the properties of the tension surface. On the whole, three-dimensional and nondiagonal
character of the tensors of excess surface stresses determined by the integration over the volume and the cross
section of the surface layer is retained at any selection of the dividing surface.

1. INTRODUCTION

In the theory of capillarity, the surface tension is
associated with the tension of two-dimensional mem-
brane located at the boundary between two phases. In
the absence of a field, the tensor of excess surface
stresses (which is used to introduce the surface tension)
isindeed two-dimensional for plane surfaces; however,
for the spherical surface, the transverse surface tension
(the normal component of the tensor of excess surface
stresses) appears, which can be nullified by a simple
selection of the position of the dividing surface asaten-
sion surface [1]. In the presence of external (even such
simple as gravitational) field, the transverse surface
tension can hardly be eliminated by some conditional
procedures. As a result of the permanent presence of
three-dimensional aspect, the theory of interfacial phe-
nomena begins to loose its inherent simplicity and
attractiveness. How can this problem be solved? One of
the possibilities is self-evident: if nothing happens in
the absence of afield, the theory should be constructed
using the total pressure tensor, which includes external
fields and whose condition of mechanical equilibrium
has exactly the same pattern asin the absence of afield.
This possibility we would like to implement in this
work; however, it is associated with one complication.
As arule, the common pressure tensor (where only the
short-range interaction is taken into account) is diago-
nalized together with the metric tensor in a system of
orthogonal curvilinear coordinates corresponding to
the metrics of the surface layer. Therefore, in atheory
of curved nonspherical surfaces (for example, see [1-
8]), the pressure tensor is usually assumed to be diago-
nal and in the bulk phases, even isotropic. The case of
the nondiagonal tensor of the surface tension (whose
principal directions do not coincide with the curvature
lines at the surface) has been considered only in [9],
although the pressure tensor in the bulk phase was

assumed to be isotropic. Meanwhile, already in an axi-
ally symmetric electric field, the total pressure tensor is
nondiagonal [10] (the droplet in the field of the electric
dipole of the condensation nucleus [11] or the droplet
in the external homogeneous field [12] can serve as
examples). In similar systems, during the determina-
tion of the tensor of excess surface stresses by the inte-
gration over the volume and cross section of the surface
layer one has to deal with different three-dimensional
nondiagonal tensors. It is necessary to study, using the
tensors, how we can express the conditions of mechan-
ical equilibrium at the surface, and is it possible to
reduce these tensors to two-dimensiona pattern by the
selection of the dividing surface eliminating nondiago-
nal elements and transverse surface tension. This work
is devoted precisely to the solution of these problems.

2. METRICS OF A SURFACE LAYER
AND THE DIVIDING SURFACE

The dividing surface was determined [1] as the
coordinate surface (u,, u,) of a system of orthogonal
curvilinear coordinates u,, u,, and u, (u; is the coordi-
nate normal to the surface), which diagonalizes the
metric tensor of the surface layer considered asthe Rie-
mann surface with a curvature. Components of the met-

rictensor § have the form:
3
O =r, Oy, = Z (0x;/0u;)(9x;/0uy)
i=1

(ibk=1,2,3),

@2.1)

wherer is the radius vector of the surface point; r, is
the partial derivative with respect to coordinate line u;
(i=1,2, 3; thevector r,, istangential to the coordinate
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lineu,); X, =X, %, =Y, X; = zare the Cartesian space coor-
dinates; and the point denotes the scalar product of vec-
tors. The tensor § is diagonalized in the orthogonal
system of curvilinear coordinates, |eaving only compo-
nents g;. The variation in the length ; of the coordinate
line is connected with that of corresponding coordinate
u; by the relation:

dl; = Jg;du; = h,du,

where h, = ,/g;; are the Lamé coefficients (i = 1, 2, 3).
Correspondingly, we have

2.2)

ry = he, (2.3)
where e; is the unit vector directed along the coordinate
line u,. The differential of the volume is set by the
expression:

dV = h;h,h;du,du,du; = h,du;dA,
(i=1,2,3),

where A, is the area of the coordinate surface normal to
the coordinate line u;.

The dividing surface satisfies the condition u; =
const; however, its value remains arbitrary to some
extent, i.e., any coordinate surface within the bounds of
the surfacelayer or closeto it can be selected asadivid-
ing surface. In this case, the orthogonal coordinate sys-
tem is characterized by the coincidence of its lines of
curvature with the coordinate lines at the dividing sur-
face. Thisimplies that the radii of curvature R, and R,
of the dividing surface directed along the unit vectorse,
and e, corresponding to u, and u, are principa radii
(maximal and minimal out of all radii of the surface
curvature at agiven point). As aresult, the smple Rod-
rigues formula of differential geometry

(i=1,2), (2.5)

where n is the unit vector of a normal to the dividing
surface, isvalid. The geometric relation

dlnh/hdu; = VR (i =1,2)

isalso fulfilled.

The mutual position of the coordinate surfaces is
determined by the metrics of the surface layer; gener-
ally, one cannot state whether they are paralel or at
least conform each other [1]. Gibbs[13] and then other
authors took advantage of the approximation of con-
form surfaces where the passage from one position of
nonspherical curved dividing surfaceto the other isper-
formed by a simple displacement of each part of the
surface along its normal. The meaning of this approxi-
mation can be explained as follows. Let in some posi-
tion of the dividing surface u; = u,,, the value of the
Lamé coefficient h; (i = 1, 2) in a given surface point
equals hy,. After the displacement of the dividing sur-
face by small value Au;, the selected point passesto the
new position with the Lamé coefficient h,. Expanding h;

(2.4)

n, = r./R

2.6)
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near h;, in powers of Au, with allowance for Eq. (2.6),
we have

h _ 1+ hapAus
hio Rio
2.7)
+}[1+&)alnh3 10R }m_30Au3]2+
- — D ] D DR
2 h dus, 0 hxoau, 0 Rio

It is seen from this expression that the expansion is
actually performed with respect to the dimensionless
parameter A/R,,, where A = hyAus,.

If the coordinate line u; is the straight line (h; =
hy,=1,A=Au;, R =R+ A, 0R /OA = 1), thethird term
in the right-hand side of Eq. (2.7) and all subsequent
terms of aseriesvanish; asaresult, Eq. (2.7) transforms
into the exact expression:

where A denotes the displacement of the dividing sur-
face along the normal (i.e., the conformal transforma-
tion of the surface in its new position). In this case, we
deal with the specific model of the surface layer with
any (not definitely small) curvature. The Gibbs model
is an example of the metrics of the surface layer; this
model is rather genera (the shapes of coordinate lines
U, and u, and the dividing surface are arbitrary) and, at
the sametime, israther simple (the coordinateline u, is
the straight line) for analysis. Thissignifiesthe advance
as compared with the spherical surface, where only one
coordinate line is also the straight line but two other
coordinate lines are characterized by the constant and
equal curvatures.

On the other hand, addressing now to dlightly
curved surfaces and considering the displacements of
the dividing surface within the bounds of the surface
layer (whose thickness is much smaller than principal
radii of the curvature of dividing surface), we can sim-
ply ignore the third term in the right-hand side of
Eqg. (2.7) and the subsequent terms of a series, because
the expansion is performed precisely with respect to
small parameter A/R,,. Then, we arrive again at expres-
sion (2.8), however, in this case, as an approximation
for dlightly curved surface layer with an arbitrary met-
rics. Hence, expression (2.8), largely simplifying the
theory, retains its certain generality. It will be used
below due to these considerations.

3. TOTAL PRESSURE TENSOR
Mechanical state of two-dimensional a—3 systemis

characterized by setting the field of stress tensor E (r)

or pressure tensor p (r) (they differ only in sign). The
latter tensor is more widely applied to the fluid systems
and we take advantage of its symbols. Generally, pres-
sure tensor is nondiagonal; however, it is always sym-
metric and is characterized by not more than six differ-
ent values out of nine components.
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In the presence of the external field, acting on the
unit volume of a system with force f, the condition of
mechanical equilibrium is expressed as:

O = f, 3.1)

where the point denotes the scalar product of a tensor
by vector (it produces the vector). Condition (3.1) rep-
resents the balance between internal and external forces
acting on the unit volume of a system (notation pattern
using a Hamiltonian is convenient, because it is inde-
pendent of the selection of the coordinate system). As
is known for the gravitational field, f = pg, where p is
the local density of a system, and g is the vector of the
strength of gravitational field (gravitational accelera
tion); for the electromagnetic field, we have [14,
pp. 346-347]

f = (pe+POE+(MB = OOTw, (3.2)

where p, is the local density of a space charge; P and
M are the vectors of eectric and magnetic polariza-
tions, respectively; E is the vector of electric field
strength; and B is the vector of the induction of the
magnetic field. The value

Tw=DOE+BOH-(E¥2+B%2-M [B)1 (3.3)

characterizesthe known Maxwell stresstensor (D isthe
vector of electric induction; H is the vector of the mag-
netic field strength; O symbolizes tensor product of the

vectors; and 1 is the unit vector). Tensor products
appearing in (3.3) include nondiagonal components
(for example, thetensor D [0 E consists of components
D,Ey). Substitution of (3.2) and (3.3) into (3.1) yields
the condition

O0p = OO (3.4)

Theexternal field isgenerated by theforeign bodies,
i.e., by the bodies, which are not included into the sys-
tem under consideration. However, the problem of
which bodies should be included into a system is actu-
ally conventional. Interfacial phenomena can be con-
sidered the behavior of each of two contacting phases
in the field of another phase. However, we aready
included both phases into the system considered. All
other bodies (including the Earth) generating external
fields can also be included in a system. With such an
approach, the external field is always absent, and the
condition of mechanical equilibrium (3.1) iswritten in
the following form:

OP =0, (3.5)
where P isthetotal pressure tensor including the con-
tributions of the fields, which we assumed to be the
external fields prior to the inclusion of external bodies
in a system. In other words, the total pressure tensor
composed of the common pressure tensor and a certain
tensor whose divergence is equal to —f. For example,
comparing Egs. (3.4) and (3.5), we concludethat, in the
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case of the electromagnetic field, the total pressure ten-
sor is composed of the common pressure tensor and the
Maxwell stress tensor taken with the minus sign
(because the pressure differs from the stress in sign).
The use of the total pressure tensor considerably sim-
plifies the formulation of the conditions of mechanical
equilibrium, because the pattern of principal Eqg. (3.5)
remainsthe same at the simultaneous action of any num-
ber of fields and coincides with the equilibrium condi-
tion in the absence of the field. At the same time, the
structure of the pressure tensor per se becomes compli-
cated during the passage to the total pressure tensor.

Vector equality (3.5) correspondsto three scalar equal-
itiese - P =0 (i = 1, 2, 3), which can be written as

3 |: 1
kZl hhohsou D hy

(i=123).

Equalities (3.6) are fulfilled in the surface layer as well
as in both bulk phases; moreover, because the pressure
tensor includes externa fields, generally it cannot be
considered an isotropic or at least adiagonal eveninthe
fluid bulk phases in the selected system of curvilinear
orthogonal coordinates connected with the metrics of a
surface layer. However, if wedigressfrom the existence
of a surface layer, the system of curvilinear orthogonal
coordinates (its selection depends on the externa
fields) diagonalizing the total pressure tensor can
always be found in any bulk phase. In this coordinate
system (connected with the metrics of the pressure ten-
sor in the bulk phase and, generally speaking, is not
coinciding with the coordinate system connected with
the metrics of asurface layer), conditions (3.6) are sim-
plified and written as

(3.6)

3
P, dlnh, .
a_ui + kZl(P” - Pkk) au| - O (I - 1, 21 3) (37)

In the well-studied case of spherical symmetry
(P]] = P22 = PT, P33 = PN’ hl = I', hz = I’Sine, and h3 = 1),
equalities (3.7) at i = 1, 2 lead to the condition of the
constancy of tangential pressure in the tangential direc-
tion, and the equality at i = 3 connects Py and Py by the
relationship [15]:

dP./dr = 2(P;—Py)/r. (3.8)

The latter expression is agood example of the relation-
ship between the inhomogeneity and anisotropy of the
equilibrium pressure tensor containing in Eq. (3.7) (this
relationship vanishes only during the passage to the zero
curvature). If the pressure tensor is isotropic (Py = Py), it
is aso spatialy homogeneous (dP,/dr = dP;/dr = 0) in
this and, hence, in any other coordinate system includ-
ing that connected with the metrics of a surface layer.
As we aready know, the latter is always inhomoge-
neous and ani sotropic; these considerations are of prac-
tical significance for the bulk phases.
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In the other thoroughly studied case of cylindrical
symmetry (P,, =Py, P2, =P, P33 =P, h,=r,and h, =
hy= 1), equalities (3.7) at i = 1, 2 result in the condition
of the constancy of the tangential pressure Py, in the
direction of the variations in angle ¢ and pressure P,
along theaxis, and the equality at i = 3 connects Py, and
P, by therelation

a(rP”)/ar = P¢¢ (39)

4. TOTAL TENSOR
OF EXCESS SURFACE STRESSES

The idea of passing to the total pressure tensor to
introduce the surface tension [16] was exploited for a
simple case of a spherical surface layer in the central
electricfield [17—-22]. Now our task isthe consideration
of a more general case. Taking advantage of the com-
mon procedure for excess values [13] and method used
in [1] for the common pressure tensor, let us introduce

the total tensor of excess surface stresses E = y per

unit area of an arbitrarily selected dividing surface
between the a and 3 phases, which represents the coor-
dinate surface (u,, U,). Let this surface be located at

U; = Uy, and the surface layer extends from u; = u3 to

Uy = ug . Let us single out the small part of atwo-phase
system (the narrow “flow tube” of the coordinate lines
U;) in preset intervals Au, and Au, of the variation of
coordinates u, and u,. Passing through any coordinate
surface (u;, U,), this“flow tube” cuts-out the small area
AlLAl, = hh,Au,Au,. Correspondingly, the area Al Al =
h,h,Au,Au, is cut out at the dividing surface. Extrap-
olating Au, and Au, to zero, we establish therelation [1]

¥ = (1/hyphy)

B
Uzp Uz

x J’(ﬁ“—ﬁ)hlhzhsdu3+ I(ISB—IS)hthh3du3 ,

a u
Us 30

4.1

which determines the tensor of excess surface stresses
asan excesslocal value with respect to the pressure ten-
sor. Considering the coordinate line u, to be the straight
line (h; = 1, u; = l5) and passing to the variable A = u; —
Uy = |5 — |5, We can write Eq. (4.1) also as:

¥ = (1/RyRy)

0 AP

q - IR “4.2)
x J'(P —P)Rled)\+I(P —P)R,R,dA |,
A° 0

where Eq. (2.8) istaken into account. Note that, in this
model, all values of R, in the integrand refer to the
unique center of curvature located in the first principal
cross section (we call it the first center of curvature);
similarly, al values of R, refer to the unique second
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center of curvature; moreover, both centers are located
at the same straight coordinate line u;.

Like the pressure tensor, the tensor of excess surface
stresses can be characterized by three vectors:

Y.=V8y, v,=y[k, y3=y[h (4.3)

or by nine scalar terms (out of which no more than six
terms are different). Among them, the diagonal ele-
ments,;, Yan, and ys; =y are the largest. The first two
vectors are responsible for the scalar surface tension,
which, asis known, is expressed by the equation

Y = (Yu *VY2)/2, 4.4)

and thethird vector isthetransverse surfacetension [1].
In accordance with Eq. (4.2), we can write

Y11R10R20
0 AP 4.5)
= J’(Pgl —P1u) R RdA + J’(Pgl —Pu)RR,dA,
A 0
Y22R10Rz0
0 AP 4.6)
= [(P2—Py)RR,d\ + I(sz —Px)RRdA,
A° 0
YnRoRz0
0 AP 4.7)

= I(Pg3 —Pg) Ry RdA + I(Pgs —Pg) R RdA.
A° 0
Multiplying the left- and right-hand sides of Eq. (4.5)
by the unit angle 86, = dl,/R, = dl,,/R,,, we abtain
Y11R10R2006;

0 I\ (4.8)
= [Ru(Pl —Pr)Ro38,0\ + [[Ry(Ply — P1y) Rp30,0).

A% 0

It is evident that y,,R,,08, = V;,0l,, is the excess force
applied to the arc dl,, at the dividing surface and
directed along the e, vector. Sincethey,;R,,06, forceis
directed perpendicular to the radius vector R, (perpen-
dicular to the vector of normal n to the dividing sur-
face), the y;;R,;R»06, product can be considered as an
absolute value of the moment of this force with respect

to the first center of curvature. The integrand (P}, —

P,)R,88,d\ = (PJ; — P,,)dl,d\ isthe excess force act-
ing on the unit area dl,d\ and directed perpendicular to
radius vector R,. Consequently, the product of this
force by R, isthe absolute value of the moment of this
local force with respect to the first center of curvature.
The integration yields the torque for the whole surface
layer, and hence, equality (4.5) determines the equiva-
lence between the dividing surface and the real surface
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layer through the torque of the surface tension with
respect to thefirst center of curvature. Similarly, multi-
plying the left- and right-hand sides of (4.6) by 86, =
ol,/R, = &l,,/R,,, we are ensured that the dividing sur-
face allotted by the tension is equivalent to the real sur-
face layer also through the torque of the surface tension
with respect to the second center of curvature. As for
the transverse surface tension yy, it isdirected along the
normal n, and, hence, its torque with respect to both
centers of curvature is equal to zero. Therefore, equal-
ity (4.7) for the transverse surface tension does not have
the same meaning as equalities (4.5) and (4.6) have for
the components y,; and y,, of the tensor of excess sur-
face stresses.

Let us consider the dependence of § on the position
of the dividing surface at the fixed physical state of a
system. Differentiation of (4.1) with respect to u,, gives

0Y/h3,0Ug + YO INn(hyohy)/hz0us,
= IE>O((Uso) - |5B(U30)

or, with allowance made for (2.6),

4.9)

0V/013 + Y(1/Ryg + 1/Ry) = ﬁ)(}((Iao) _'56030)- (4.10)

Asisseen, thetensor of excess surface stresses depends
on the position of the dividing surface. Let us assume
that the a phase islocated from the side of higher pres-
sure (from the concave side of the surface, if both radii
of surface curvature are of the same sign), and the dis-
tance |5, of the coordinate line to the dividing surfaceis
counted from the boundary of the surface layer from
theside of thea phase. Then, R, = R + 15, and (4.10)
acquires the form of differential equation:

R R -1 a -1
0Y/0lz+Y[(Ry +13) + (R +1g) 1]

A A B _A
= P (150) = P"(130) = Pe(l30),
where, for brevity, the tensor of a capillary pressureis
denoted as P..

When total pressure tensor in the bulk phasesis set as
afunction of spatial coordinates, Eq. (4.11) issolved as.

@.11)

. . RIRS
Y(l3) = y(0)—; S
(Ry +130)(Ry +130)
. - (4.12)
+ fapy D

(R} +130) (RS + 159)

where, according to (4.1), constant y (0) isdetermined as:

5

~ 1 AB A

¥(0) = —————— (P  =P)h;h,hdu;.  (4.13)
hl(ug)hz(ug)u[
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In the smplest case of the constancy of the tensor of

capillary pressure P. (for example, asin the case of the
gravitational field) relation (4.12) is reduced to:

RIRS
(RY +130) (R; + 1)
(RS + R3)5/2 + 2|§0/3}
(R +130) (RS + 1)

Note that in the case of adightly curved surface layer
with an arbitrary metrics, the terms of the order of

(I3/R})? and (I5,/R3)? and higher in relation (4.14)
should be omitted.

Similar expressions can also be written for each (out
of nine) component of the tensor of excess surface
stresses. The most significant are the expressions for

the diagonal components of the tensor of excess surface
stresses:

V() = ¥(0)
(4.14)

+ ﬁ)cl 30|:1 -

0
Vi = J.(Pﬁ = Pi) (14 A/ Ryo) (1 + A/ Ryo) dA

A

g (4.15)
+ [ (PL=Pi)(1+ MRy (1 + M Ryo)dA;

0
OVildlo + Vil (R + 1) + (R 1) T

= Pii(l) ~Pi(ls0);
Yii(0)
i(l30) =
Vill) (1+ 15/ RE) (1 + 150/ RE)
4.17)

’

2
- (PY_ Pﬁ)ls{l_(R‘; + Ry)5/2 + 2|30/3}

(R} +130) (RS + 159)

5
1 B
hl(Us)hz(Ua);[

Considering formula (4.17), let us attract our atten-
tion to the fundamental difference between the depen-
dences v, (l55) and y,,(15), on the one hand, and ys;(15,) =
Yn(l30), on the other hand. We believe, as of today, that
this difference is related to our understanding of the
behavior of the tangential and normal pressures inside
the surface layer. Tangential pressure (both P,, and P,,)
changes its sign inside the surface layer and acquires
quite large negative values (otherwise, we cannot
explain the experimental values of the surface tension),
whereas the normal component of the pressure tensor
varies monotonically (by our assumption, it decreases)
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Cross section of the surface layer.

while passing from the a to 3 phase. As a result, in
accordance with Eq. (4.18), y;,(0) > 0 and y,,(0) > 0;
however, y(0) < 0. In the case of y, the first termsin
the right-hand sides of Egs. (4.15) and (4.17) are nega-
tive, while the second terms are positive. As the divid-
ing surface moves from the a to 3 phase, the y), tension
passes from negative to positive values, so that we can
always find the position of the dividing surface inside
the surface layer for which yy = O (in this way, we can
eliminate only one of non-two-dimensional compo-
nents of nondiagonal tensor of excess surface stresses,
which remains three-dimensional as a whole). In con-
trast, y;, and y,, are always positive and do not change
their signs during the displacement of the dividing sur-
face. Situation changes if we differentiate Eq. (4.17)
with respect to I5,: then, on the contrary, there are
alwaystermsfor y,, and y,, of opposite signsindicating
the possibility of vanishing the derivatives of y,, and
V»2, Whereas derivative dy,/0l 5, does not changeits sign
during the displacement of the dividing surface. This
means that y;, and y,, can pass the extremum (the min-

imum is especialy evident at small values of R and

R ) athough they remain positive, whereas the trans-
verse surface tension does not exhibit extreme points.

5. EXCESS STRESSES IN CROSS SECTIONS
OF A SURFACE LAYER

Above, we defined the tensor of excess surface
stresses by the integration over the volume. However,
excesses can also be taken by the integration over the
cross section of the surface layer at a given position of
the dividing surface. Selecting the cross section as a
narrow band of the coordinate surface (u,, Us) within

the u,, u, + Au, and Uz, ug ranges (figure) and extrap-
olating Au, to zero, we state, similarly to Eqg. (4.1), that

RUSANOV et al.

==
h20

U o (5.1
x I(ﬁ“ — P)h,hydu, + I(ﬁ)B — P)h,hydus, |.
ug Uz
Multiplying scalarly Eq. (5.1) by e,, we obtain:;
g = 1
L= =
Mo (5.2)
Uz ug
x I(ﬁ“ —P) [k, h,h,du, + I(ﬁ*‘—ﬁ) (B, h,hydus.
ug Ugo
Under the linearity of the coordinate line u; h; = 1 and
U; =I5 using variable A = u; — Uy, = 13— 5, with allowance
for Eg. (2.8), we can express Eq. (5.2) also as

0
YiRy = J'(|5°‘_|S) [, RdA

A (5.3)

AP

+I(|5‘3—ﬁ>) &, R,dA.
0

Multiplying both sides of Eg. (5.3) by the unit angle d,
(figure), in the left-hand side we obtain the excess force
acting on the R,,d0, area of the cross section of the
dividing surface. Integrands in the right-hand side are
the excess forces acting on the unit area R,d6,dA, and
integrals give the total excess force acting on the cross
section of the surface layer in the unit angle dg,. Hence,

expression (5.3) determines the excess force y; per
unit length of the cut-out of the dividing surface, which
is equal exactly to the real excess force acting on the
corresponding section of the surface layer.

All that has been said above refers to each compo-

nent of force ¥}, of which the most interesting is the

component of surface tension yy; . From Eq. (5.3), we
have

0 AP
YRy = J.(P(lxl —P11) R0 + J.(Pgl —P1y)RAN.(5.4)
A° 0

This relation demonstrates that the surface tension in
the u, direction is equivalent to the total excessforcein
the surface layer in this direction.

Differentiating Eg. (5.1) with respect to u,, and tak-
ing Eqg. (2.6) into account, we arrive at asimple differ-
ential equation for the dependence of ¥' on the position
of the dividing surface
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LV
aIBO R20
that is similar to Eq. (4.10). Generally, the solution of

Eqg. (5.5) [written in the variables of expression (4.12)]
can be represented as

= P%(I50) = P*(130), (5.5)

7(12) = V(O) +J'dIP (|) ”RZ (5.6)
1 30 RZ |30 2
where
uj
7(0) = = [(P*—P)R,au 5.7)
Rg.[ 2 3 .
and, in the case of constant P, = P* — P*, as
~ o + a
V(1) = O (7 phy1, T 102 5

Similar speculations can be performed aso for
another principal section of the surface layer. The ten-
sor of excess surface stressesis determined for this sec-
tion by the relation

V' = (1hy)

B
Uz Uz

J'(P — P)h;h,du, + J'(P —P)h;hydu, |,

U3

(5.9

and its vector component at the coordinate line u, is:

Y5 = (1/hy) m“ —P) [&,h;hydu,

ug
(5.10)

5

+ I (ﬁ)I3 - |5) [e,h;hydus |,

that is equivalent to the condition
0

Y;Rlo = J‘(|5°‘ - |5) [&,R,dA

)\C(

i (5.11)
+ J’(ﬁ>B —P) [&,R,d\.
Correspondingly, condition
0 AP
Y22 R =I(sz —Py)RydA +I(sz —Px)RidA (5.12)
A 0
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indicates that the surface tension in the direction of u,
is egquivalent to the total excess force in the surface
layer in the same direction. From expression (5.9), we
have the differential equation

= p° (I30) = P (|30)

~An

o', ¥

(5.13)
al30 Rio

that describes the dependence of ¥ on the position of
the dividing surface. The solution of this equation at a

constant P* — P® difference [written in the variables of
expression (4.14)] has the form:

N V" ~q a 1+15/2R]
P = L0 (B B2 (5.14)
1 |30/ 1 30/Rl

Note that Egs. (5.8) and (5.14) for the components y;;

and y,, of the surface tension are characterized by a
single minimum.

6. CONSISTENCE BETWEEN THE DEFINITIONS
OF THE TENSOR OF EXCESS SURFACE
STRESSES DURING THE INTEGRATION

OVER THE VOLUME AND CROSS SECTION
OF THE SURFACE LAYER

Aswas shown in Sections 4 and 5, the integration of
excess stresses in the surface layer over the volume or
cross section allows us to determine the components of
the tensor of excess surface stresses, so that the corre-
sponding dividing surface is equivalent to the real sur-
facelayer through the torque of the surface tension with
respect to corresponding center of curvature or through
the force at the corresponding section of the surface
layer. Let us consider now how these definitions agree
with each other.

Let us compare expressions (4.17) and (5.8) for vy,
and vy}, . In the limit of infinitely large R} and R; val-
ues, these expressions result in the same linear depen-
dence; however, for finite RY and R, the y;,(I15,) and

y11 (I30) curves are characterized by the different slopes

and can intersect each other, so that it becomes possible
to select the position of the dividing surface from the
condition

Y = Y (6.1)

when the dividing surface is equivalent to the surface
layer both through the force and the torque acting in the
u, direction (such a dividing surface is called the ten-
sion surface). Similarly, comparing expressions (4.17)
and (5.14) for y,, and v, , we also arrive at the conclu-
sion of the possibility of determining the position of the
dividing surface (tension surface) from the condition

Yoo = Voo (6.2)
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In the case of the surface layer with the spherical
symmetry when the radii of curvature of principal nor-
mal sections coincide, conditions (6.1) and (6.2) are
identical, and the position of the tension surface is
determined uniquely from any of these conditions.

Let us consider now what conclusions follow from
conditions (6.1) and (6.2) in the case of the surface
layer with cylindrical symmetry. As at the end of Sec-
tion 3, we assumed that Py, = Pyy, Py, = Py, P33 =Py,
h;=r,andh,=hy;=1. Liquid cylmder possessthefinite
curvature only in one of the principal normal sections
(along the variation of the ¢ coordinate). Let us select
the cylindrical dividing surface in the surface layer at
r= RIO = R(l)

From Eg. (4.1), we find that the component of the
tensor of surface tension vy,, defined as the excess
torque acting in the surface layer aong the variation of
axial angle ¢ isequal to

Ry Ry
Yoo Ry = J’(P$¢—P¢¢)rdr +I(P$¢—P¢¢)rdr. 6.3)
R} Ry

From Eg. (5.1), we find that the component of the ten-
sor of surface tension v, defined as the excess forces

acting in the surface layer along the variation of axial
angle ¢ iswritten as

Ry R
Rg Ry

In accordance with (6.1), we seek for the tension
surface of a cylinder from the y,, = 4, condition. As

follows from Egs. (6.3) and (6.4), this condition
uniquely determines the R, radius. Because the curva-
ture in the second of principal normal sections (along
thevariation of coordinate z) isequal to zerointhecylin-
drical surface layer, then, asfollows from Egs. (4.6) and
(5.12), the equality

Yo = Vi

B
: R¢(P" P,rd Rq)(PB prar|
=5 22— Pg)rar+ 22— Fz)lar
Al |
RS Ry

takes place at any value of R,. Correspondingly, condi-
tion (6.2) isfulfilled together with condition (6.1), and
the tension surface is uniquely determined in this case.
Note that formulas (6.3)—(6.5) aready appeared in
[23]; however, it was concluded in this work that it is
impossible to determine the single tension surface for
the cylindrical surface layer. This conclusion [23] was
related to the use of determining tension surface as cor-
responding to the maximum at the dependence of y,, on
the radius of the dividing surface. Such a dividing sur-
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face actually exists and its radius differs from R, but it
is not equivalent to the real surface layer through the
mechanical torque, because the arm of excess force at
the dividing surface in the direction of the z axis is not

equal to R,.

In the general case of arbitrarily curved surface
layer, each of conditions (6.1) and (6.2) separately
determines the position of the dividing surface asaten-
sion surface. Simultaneous fulfillment of these condi-
tions for a given dividing surface can result only from
the occasional coincidence. Asaresult, the tension sur-
faces in different directions are generaly different;
however, for the large radii of curvature or small devia-
tions from the sphericity of the surface layer, the differ-
ence in their positions inside the surface is negligible
and it can beignored.

7. CONDITION OF MECHANICAL EQUILIBRIUM
AT THE SURFACE

Earlier we formulated the condition of mechanical
equilibrium using local relations (3.6), which act both
in the bulk phases and inside the surface layer. Passing
now to the excess values, we express conditions of
mechanical equilibrium in terms of surface tension.
The most important out of these conditions is the con-
dition of equilibrium across the surface layer (the Laplace
formul@), which can be derived using only the third of
relations (3.6). Thelatter relation, with alowancefor (2.6)
and the linearity of coordinateline u, (h; = 1), hasthefol-
lowing form:

110 0 0
ri 5 (NePa) * o (haPaa) + 51 (uhaPio)|
(7.1)
Pu Pe_
ROR

Let us apply this equality to the narrow section of
the surface layer within the range of coordinates u; <
U <uy, U, <U < Uy, Ul <u < ul. Multiplying (7.2)

by (2.4), integrating over this section, and using (2.8),
we obtain

J' Py dA; — J' Py dA, + J' Py,dA,

u=uj u=uy u=us

uy ug = ud us=ug (7.2)
o b
dA P..hydus + Pxh,dus| = 0O,
.[ 0 RthZOJ- e 3 ZOhIOI 2 3
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where A, is the area of the dividing surface within the
bounds of selected section. Let us write the same
expressions for the a and 3 bulk phases with respect to
the regions of the selected section of the surface layer
adjacent to these phases on both sides of the dividing
surface and subtract these expressions from (7.2) using
“force” definitions of the components of the surface
tension in accordance with (5.1) and (5.9). As aresult
of these manipulations, we arrive at the condition

Yealga s [yl
Ry Ao I Y310l

up = uj

15333 Pl — z;llo
(7.3)
- I Yl + I Yaodl 10— I Yl = 0.

up=up up = U; Up = Up

Combining pairwise the latter four summandsin (7.3),
we can transform them into the form similar to that of
the first summand

I Yol — I Yl

Up = U up =U

(7.4)
0 V-
I V31d Updly = I%::dAO’
A
I Yaodlo— I Yadl g
u2 =uy Up = Uy (7.5)

" 9
f Nl = f a‘l’szo

Substituting (7.4) and (7.5) into (7.3) and taking into
account that the equality of the unique integral (which
was obtained earlier) to zero should be fulfilled irre-
spective of the dimensions of the dividing surface, we
obtain the condition of the mechanical equilibrium of
the surface layer as

0¥z

Vi1 + Yo OV
al 20 !

Px—P% = R. R."3l..~
10

(7.6)
where all values refer to the dividing surface whose
position can be selected arbitrarily. The equation simi-

lar to (7.6) and describing the mechanical equilibrium
of the curved membrane was derived in [24].

In the case of the diagonal pressure tensor and,
hence, the diagonal tensors of excess surface stresses,

Yz = Ya = 0, relation (7.6) transforms into common
Laplace's formula. Thus, relation (7.6) significantly

generalizes Laplace's formula for the case of nondiag-
onal tensor of excess surface stresses.
COLLOID JOURNAL
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8. TRANSVERSE SURFACE TENSION

Let us consider now the transverse tension, which,
according to (4.7) and (2.8), can be written as

_ _ 1
yN - y33 R]_O Rzo

0 AP 8.1)
X !AJ- (P% — Pg) Ry R0\ + J-(Pgs -Px)R; de)\]
0

a

0 AP
= lohzol-[(ng’ P33) h hzd)\ + I(P33 - P33) h h d)\]

Integrating in parts (with allowance for the fact that
the pressure difference is nullified within the limits of
integration A® and AP) and using (7.1), we arrive at the
expression:

1
R1ORZO

yN:_

0 AP
X !J’(Pgl —P1)RoAdN + J.(PEl —P1) Rz)\d}\]
a 0

0 AP
1 a B
— Po,— P O)RAAN + [(P5, — P,,)R,AdA
R10R20!J-( 22 2)Ry '!( 22 2Ry ]
)\C(

0
1 O.0[hy(P3—

+
hlohzog-[ ou,

)\ﬂ

Pall,

8.2)

AP
Onu(Ph =P, O
.I ou, D

0

0
1 O.0[h(Pg—

+
hohoc)  ou;
)\C(

P2l i

AP
Ia[hl(Pé‘z—Ps,z)] rr B
Guz 0

0

L et us use now relation (2.8) so that the substitution A =
R, — Ry isused in thefirst, A = R, — Ry, in the second,
A = Ryy(h, —h,p)/h,y inthethird, and A = Ryo(h, — hyp)/hy
in the fourth of four summands of expresson (8.2).
Remembering definitions vy, Yz, Va1, Va2 Yazs Yoo Yau
and yg,, according to (4.1), (4.2), (5.1), and (5.9), we
obtain rather remarkable relation:
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Yn = (Vi —VYa1) + (Vo2 —Va2)

' n (8'3)
- (%[ Rio(Ya1 —VYa1)] — (%[ Rao(Yz2 —Ya2)] -
10 20

Asisseen from (8.3), even simultaneous fulfillment
of conditions (6.1) and (6.2) does not lead to the elimi-
nation of the transverse tension in the genera case of
nondiagonal total pressure tensor, because for nullify-
ing the right-hand side of (8.3) it is necessary to fulfill

additional conditions of mechanical equivalence y3, =

Vs, and Y3, = Ys,. Simultaneous fulfillment of all these

conditions can result only from the occasional coinci-
dence, because it isimpossible to select the position of
the dividing surface satisfying four independent condi-
tions. Although, aswas mentioned at the end of Section 4,
the dividing surface, for which yy = 0, always exists. In
the general case of nondiagona pressure tensor, this
surface is not the tension surface.

Let us consider the case of total nondiagonal pres-
sure tensor in more detail. In this case, the third and
fourth summandsin (8.3) vanish, and the elimination of
the transverse tension can result from only one condi-
tion:

Vit VYo = Vit Vo, (8.4)

which is expressed as an equality of the sum of surface
tension components determined by the force and the
torque. Such a position of the dividing surface can
alwaysbefound and it can be taken as atension surface
of anonspherical curved surfacein the case considered.
Taking the definition of scalar surfacetension (4.4) into
account, condition (8.4) can be written as

ARV (8.5)

where

f_YutYe  m_YutVYaz
Y=o Y =73
represent the surface tension determined from the force
and torque in the surface layer, respectively.

Let usillustrate all what have been said above by the
examples of spherical and cylindrical surface layers. If
we select the sphere with radius R as a dividing surface,
the transverse surface tension yy, for the spherical sur-
face layer has, according to (8.1), the following form:

(8.6)

R R’
Ve = J’(P,‘:—PN)I’Zdr+J’(PE_PN)r2dr' (8.7)
R R

Similarly, using Egs. (4.5), (4.6), (5.4), (5.12), and
(8.6), for the selected dividing surface, we find:

R R®
V'R = I(P$—PT)rdr+J’(P$—PT)rdr, (8.8)
o R

R
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R R

V"R = J'(p$_pT)r2dr+J’(p$—PT)r2dr. (8.9)
R" R

It can be easily seen with allowance for (3.8), (8.8),
and (8.9) that, under the fulfillment of condition (8.5),
the right-hand side of (8.7) can be reduced to zero. In
the case in question, Laplace's formula (7.6) for the
spherical tension surface can be rewritten in the form:

o« _pb o= 2)
PR—PN = . (8.10)
Hence, the right-hand side of the Kondo equation
[resulted from (4.16) or readily derived by the differen-
tiation of Eg. (8.9)]

oy" _ pa_pp_2y"
6R_PT Pr R

for the tension surface, determined at the total pressure
tensor, does not vanish, and, at yy = 0, the equality
dy"/OR = 0 (which took place in the absence of the
field) is not fulfilled.

According to (8.1), the transverse surface tension
for the cylindrical surface layer acquiresthe form

8.11)

Ry R
YnRy = I(P?r—P”)rdr+J’(PEr—P”)rdr. (8.12)
Ry Ry

Integrating in parts the right-hand side of (8.12) and
using (3.9) and (6.3), we find

a 0
Yn = Rq)EPrr_PEr_MD- (813)

Re

Noting that, in the case considered, Laplace's for-
mula (7.6) can be rewritten for the cylindrical surface
in the following form:

P?r - PEr = %l
we are ensured that yy = 0 under the condition (8.5)
with alowance for (6.5) and (8.6). We can a so see that
the right-hand side of the Kondo equation [resulted
from (4.16) or easily derived by the differentiation
of (6.3)]

(8.14)

0oy _ pa _pp Y
a_qu)f = Pyy —Pgo = %
for the cylindrical tension surface determined at the
total pressure tensor does not vanish, and, at v, the
equality dy,,/0R, = O (taking place in the absence of
field) isnot fulfilled.

(8.15)
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CONCLUSION

The analysis performed indicates that the three-
dimensional aspect appears also in the total tensor of
excess surface stresses. Selecting the position of the
dividing surface, we can eliminate the transverse sur-
face tension; however, we cannot avoid of the nondiag-
onal components of the three-dimensional tensor of
excess surface stresses. Nondiagonal components of
thistensor are present also in the condition of mechan-
ical equilibrium across the surface layer generalizing
Laplace'sformula
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