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Abstract—The equilibrium profile of a dielectric droplet originating on an insoluble charged nucleus in an
external uniform electric field was found. The relationships obtained in three orders of the perturbation theory
with respect to small deviation from the non-sphericity describe combined field effects of the charged nucleus
and the external field in the coordinate system related to the mass center of the droplet. The dependences of the
chemical potential and the work of droplet formation on the number of molecules in the droplet, the surface
tension, the permittivity, the nuclear charge, and the strength of the external electric field were determined in
analytical forms. The influence of the resultant electric field on the threshold value of vapor supersaturation and
the activation energy of heterogeneous nucleation was considered. Thermodynamic relationships that allow us

to verify theoretical self-consistency were discussed.

INTRODUCTION

Earlier [1], using a dielectric droplet induced by the
dipole condensation center as an example, we formu-
lated an iterative procedure for finding the equilibrium
shape of the surface, the chemical potential, and the
work of the droplet formation in an axisymmetrical
electric field. The results of [1] may be extended to the
essentially more complex case of droplet nucleation on
a charged nucleus in an external uniform electric field.
This case is of great practical importance, because an
external uniform electric field is often used to divide
centers according to their charge sign in the study of
nucleation on charged centers {2, 3]. In an axisymmet-
rical electric field that is presented by the superposition
of the external uniform electric field and the field of the
charged condensation nucleus, the surface of a droplet
of a dielectric liquid originating on a nucleus will devi-
ate from the spherical shape. The difference in droplet
shape from sphericity at a given number of condensate
molecules in the droplet affects the values of the chem-
ical potential of the condensate and the work of droplet
formation, and hence the height of the nucleation bar-
rier and the value of the vapor supersaturation begin-
ning with which the nucleation of a new phase becomes
barrierless.

A great number of studies are devoted to the sepa-
rate effects of the central field of the charged condensa-
tion nucleus and the external electric field on the ther-
modynamic characteristics of droplets. For example,
thermodynamics of ion-induced nucleation was consid-
ered in [4-6] with the impact on the polarization effects
of the surface layer of a spherical droplet. The influence
of the external uniform electric field on the critical size
and the work of formation of neutral droplets in a
supersaturated vapor was studied elsewhere [7]. In that

case, it was assumed that the droplet is represented by
a spheroid with a small eccentricity and that is elon-
gated along the field. The deviation of the equilibrium
shape from sphericity was studied in [8, 9] for conduc-
tive and dielectric droplets. It was shown [10] that, for
calculations carried out with an accuracy up to the
terms proportional to the squared eccentricity, the equi-
librium shape of a surface-charged droplet of an ideal
incompressible conductive liquid in a uniform electric
field and in the gravitational field may be assumed to be
spheroidal. The nonlinear problem of the shape and sta-
bility of a surface-charged droplet of an ideal incom-
pressible conductive liquid in an external uniform elec-
tric field was solved numerically in [11]. The Monte
Carlo simulation of the formation of a dielectric droplet in
an external uniform electric field was performed in [12].
The correlation between the shape of the droplet, its
chemical potential, and the work of formation in the
external uniform electric field was analytically estab-
lished in [13, 14].

However, combined (nonadditive) effects of the
external electric field and the field of the charged con-
densation nucleus were not considered at all in the ther-
modynamics of heterogeneous nucleation. Meanwhile,
it is clear that such effects should take place, and we
discuss below the mechanism of their appearance.

1. INITTAL EQUATIONS

Let us place a droplet with a insoluble nucleus that
is charged and solid at its center in an external uniform
electric field; the size of the nucleus is negligible com-
pared to that of the droplet. The droplet contains v mol-
ecules of an incompressible dielectric liquid (the o
phase) and is surrounded by a vapor (the B phase).
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Hereafter, the o and B indices denote the values that
refer to the liquid and vapor phases, respectively. The o
and B phases are assumed to be single-component; the
effect of the gravitational field on the droplet is
neglected.

The equilibrium shape of the droplet in the electric
field is determined by the balance of pressures at any
point on its surface [15]:

P;IVN—PII\SIN = Py, 1.1)

where P, is the capillary pressure under the curved sur-

face of the droplet, and P%y and P%, are the normal
components of the pressure tensor of the liquid and
vapor, respectively. In the case under consideration, the
external uniform electric field will accelerate the con-
densation nucleus together with the entire droplet.
Assuming that the droplet as a whole is dragged by the
nucleus, in the noninertial reference system related to
the nucleus we have

Piy = P-o%+P, Phy=Pl-ob. (12

Here, P, is the pressure in the corresponding phase in
the absence of the electric field but under the condition
that the chemical potential of the droplet (the chemical
potential of a liquid molecule in the droplet) is equal to
the potential in the presence of the external field; o is
the normal component of Maxwell’s stress tensor at the
surface of the droplet:

2
b - ENEND e PEh’
N 4r 8n
where € is the permittivity, and E and E), are the vector

of the electric field strength and its component that is
normal to the surface of the droplet, respectively. The

(1.3)

contribution of P, to Py, is related to the uniformly

accelerated motion of the droplet in the external uni-
form electric field and is equal to (provided that the
density of gas compared to that of liquid is ignored)

(1.4)

where m is the molecular mass of the liquid, p® is the
number of molecules per unit volume of the liquid, and
w is the modulus of the droplet acceleration; the z coor-
dinate is taken from the droplet center along the direc-
tion of its motion. The gravitational field, which would
balance the droplet at its particular size, could be intro-
duced into consideration. Then, instead of (1.4) we
would have the equation P,, = —mp®gz (g is the acceler-
ation of gravity), and the condition of a balance of pres-
sures (1.1) would refer to a droplet of a given size in the
inertial coordinate system.

Evidently, the larger the mass of the droplet, the
lower the acceleration w. Hereafter, we neglect the
droplet velocity compared to the mean thermal velocity
of vapor molecules. This allows us to ignore the non-

P, = -mp°wz,
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equilibrium effects related to the flux of vapor mole-
cules that condense on the droplet as a function of the
velocity of its motion. Estimation of the characteristic
times of relaxation processes demonstrates that the
droplet has a chance to come into the equilibrium state
between two single acts of attachment or loss of a mol-
ecule. Thermodynamic relationships obtained in this
work are precisely those that will be applied to this state
of equilibrium.

In the axisymmetrical electric field, the equation for
the equilibrium profile of the droplet surface may be
written in the following form:

r®).= R+ f(0), (1.5)

where R is the radius of a sphere that has the same vol-
ume as the droplet, and the A8) function makes allow-
ance for the deviation of the droplet surface from the
spherical shape. Polar angle 0 is taken from the z axis.
Hence, denoting the volume of the droplet by V,, we
may write

V, = (4n/3)R’. (1.6)

Note that the volume V, of a droplet that contains v
molecules of an incompressible liquid is equal to V, =
v/p®. It is evident that

3
R = (3/4mp%) v'°, (1.7)

Hereafter, we will consider only such strengths of
the external field and dimensions of the resultant drop-
lets for which

|f®) <R, (1.8)

accordingly, the A6) function will be referred to as the
correction for the non-sphericity of the droplet. In this
case, we have

jr3(e)sinede
0

3" 2
_ .2.%’3_ (1 +3£+3(£) )sinﬂd@
0

27

Vv=_§_

(1.9)

with an accuracy up to terms of the (f/R)? order.

Considering (1.6) and (1.9), we obtain a relationship
for the non-sphericity correction f, which is important
for further analysis:

j (Rf + f*)sin0d0 = 0. (1.10)
(1}

An additional constraint on the f function follows from
the fact that center of the nucleus should coincide with
the mass center of the droplet (in the reference system
related to the nucleus, the droplet is quiescent).
Accordingly, the shape of the droplet should be such as
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to fulfill condition J: r4(9) cos0sin0d0 =0. Neglecting

the terms that are higher than (f/R)? in the integrand of
this expression, we obtain

j(2Rf+3f2)P.sined9 =0, (1.11)

0

where of P, = P (cos0) is the Legendre polynomial of
the first degree. It is condition (1.11) that will deter-
mine the value of acceleration modulus w for the non-
inertial coordinate system or the droplet size R for the
inertial coordinate system in the presence of compen-
sating gravitational field.

2. EQUATIONS FOR THE PROFILE
OF A DROPLET
AND THE ELECTRIC POTENTIAL

The capillary pressure P, under the curved surface
of a droplet is determined by the equality Py =y(1/R; +
1/R,), where v is the surface tension, and R y and R, are
the principal radii of the surface curvature at a given
point. Writing 1/R; and 1/R, in spherical coordinates,
we obtain that the capillary pressure P, assumes the

form
rR_rr
0~ "o
1/2{2+ 2 2

r +ry

- Y
Py = 2 2
(r + re)
where ry = dr/d® and ros = d*r/d8?. Substituting (1.2),
(1.3), and expression (2.1) for P, written with an accu-
racy up to terms of the (f/R)? order into the left-hand
and right-hand parts of equality (1.1), respectively, we

arrive at a differential equation with respect to the cor-
rection f for non-sphericity

Zy Y 1
R R2{2f+ ede(smﬂfe }

E’cote}, @1
.

2¥) 2, f B 2.2)
+R3{f + Smede(smefe)} - Py
LEEY PEY SEY SEY

8n 8n 4n 4r v

where the (E%)2, (EP)?, (Ej':,)2 , and (E,Bv)2 values are
determined for a point at the droplet surface described
by equation (1.5). The boundary conditions for a freely
suspended droplet are written in the form

(df/dB)|g_o = (df/dO)]g_, = 0.  (23)

To specify the right-hand side of equation (2.2) in an
explicit form, we should solve Laplace’s electrostatic
equation for the potential ® in the droplet—vapor two-
phase system with the boundary conditions
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D%, - o = PP, -
eV, )|, 0 = VO, )|, 0  (24)
@®% 5 q/er, O —_E rcos8, (2.5

where ¢ is the charge of the condensation nucleus and
E.. is the modulus of the strength of the external uni-
form electric field at » — oo, The boundary conditions
(2.4) are set at the surface of the droplet; the relation-
ship determining the normal vector n to this surface at
each of its points is known from differential geometry:

re,—rg€q
, 2’
(r +rg)

where e, and ey are the unit vectors in the radial and azi-
muthal directions at each point of the surface. The
applicability of the first boundary condition in (2.5) is
ensured by the above assumption that the size of the
nucleus is negligible compared to that of the droplet.

We will search for the solution of Laplace’s equa-
tion with the boundary conditions (2.4) and (2.5) in the
form

n= 2.6)

D = Qg+ 3D, [0D] <D, Q2.7
where the @, potential satisfies Laplace’s equation in
the droplet—vapor system having a spherical droplet
with the radius R. In this case, the boundary conditions
at the surface of the droplet are transformed for the @,

potential into
Dy, = Db, €°@DG/01)|, = P@DE /00|, (2.8)

The boundary conditions for the @, potential at the ori-
gin of the coordinate system and at infinity are identical
to the boundary conditions (2.5).

Let us now take into account the deviation of the
droplet from spherical shape. In the second order
approximation with respect to deviations of fand o,
the @B potential and its gradient at the surface of the
droplet are written as

g, = @ P, + 80™P|,

aoxP| | 380™P| ol
+ 0 + = 0 ’ .
f or | e or 2 57 R @
Vo™ P, , = Vo[, + Vao© P, 2.10)
5 fOVOLH) By fa(vs@“’“) L Vorh
ar R ar R 2 ar2 R

In the same approximation with allowance for (2.6)
and (2.7), we have for the (E%P)z, . = (VO*P),,

and (E‘:,’B)zlmf = (Vo*P, n)le+f values

-
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The contributions of the order of 2, f0®, and (3®)? hav-
ing the expression (d®,/d0)|, as a coefficient are omit-
ted in the right-hand parts of relationships (2.11) and
(2.12) for the reasons that will be explained below.

The small addend 8® to the @, potential entering
into the right-hand parts of relationships (2.9)~(2.12)
satisfies, as follows from (2.7), Laplace’s equation. The
boundary conditions for 6@

30 —= 0, 5P -——= 0 (2.13)

follow from (2.7) and the coincidence of the boundary
conditions for the ®; and ® potentials at the origin of
the coordinate system and at infinity.

In order to write the boundary conditions for 3P at
the surface of the droplet, we substitute (2.9) and (2.10)
into (2.4). Using (2.6) in the second order approxima-
tion with respect to f and taking into account (2.8), we
obtain
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(807 - 809, = (1 ——) a;:“

R (2.14)
+f—§;(8(1)5 ~ 8™, + %%(@8 - (DS‘)IR,

J o o B B‘ 82 B xB o 1.0
(€ 0D —€" 0D = f—(e"Py~€ D
ar( )R farz( 0 O)R

+ 90 8™ (2.15
% 30, ) (2.15)

R

O Bep
+f——7(8 oP" -

f a (e"‘cbo £ q>0) (£“8<I> —eP5aP) .

fe
R¥ 06 R
The boundary conditions (2.14) and (2.15) complete
the formulation of the problem of finding 3.

3. THE PROFILE OF THE DROPLET
AND ELECTRIC POTENTIAL IN THE FIRST
APPROXIMATION IN THE DEVIATION
FROM SPHERICITY SHAPE

Retaining the summands of the order of fin the left-
hand part of equation (2.2) and substituting relation-
ships (1.4) at z = (R + f)cos 0, (2.11), and (2.12) written
with an accuracy on the order of fand 6@ into the right-
hand part of equation (2.2), we obtain a linear differen-
tial equation with respect to f:

2
J—Rl2{2 — ede(smefe)} o_ph
2
SEHG
8n 00 ea ar R
23(1)08 o B p
{ T a(_)(e 3D - £"'3d") 3D
-2¢ Ba§)° (50 - 50P)
Ba 0 a o
-2f¢€ 2(<I>0 L )} —mp w(R+ f)cosB.
R

We also excluded the summand with the f f(acbg /00)|r

coefficient from the right-hand part of (3.1), because it
was beyond the limits of the first approximation. The
solution of equation (3.1) should satisfy conditions
(1.10) and (1.11), which in the first approximation in
terms of the deviation from the sphericity have the fol-
lowing form:
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j’ fsin8do = 0, j fP,sin0d0 = 0. (3.2)

The 3® function entering into the right-hand part of
equation (3.1) satisfies Laplace’s equation with the
boundary conditions (2.14) and (2.15) at the surface of
the droplet, which in the linear approximation with
respect to f are transformed into

(8% - 80°)|r = (1-€%/€") f@DE/3N], (33)

i((-:"‘8(1)"‘ -€
3

(3.4)
f (e"cbo £2®Y)

R

Let us represent the @, potential entering into the .

right-hand parts of equations (3.1), (3.3), and (3.4) as
the superpositions of the ®,, and @ electric potentials

(DO = (I)Oq + (DOE » (3-5)

which satisfy Laplace’s equation with the boundary
conditions (2.8) at the surface of the droplet and, corre-
spondingly, the boundary conditions (2.5) at the origin of
the coordinate system, and at infinity and are written as

1 1\g, ¢
D5, = (gﬁ—gx)k+£_u;‘ (r<R),
(3.6)
o), =-L (>R
By
and
3e’E
Dy = ——ai—i%-cose (r<R),
(e +2¢€")
8 3.7
-eHE, R
(DOE— (e-¢) 5 cos® —E.rcos® (r>R).
(e* +2¢ )r

Similarly to the case of a spherical interface, the
potential of electric field in the vapor and the droplet,
whose profile is set by relationship (1.5), may be repre-
sented as the superposition

D=, +P 3.8
where
D, = Dy, + 3D, [0D] < [Dy}, 3.9
Dy = Opp+ 0D, 5Py < Dy, (3.10)
and
3D = 3D, + 0D 3.11)

The 3@, and 8®; correction potentials, satisfy
Laplace’s equatlon exactly as does 0. It follows from
the identical boundary conditions for the @, @, D,
and ®; potentials at the origin of the coordinate sys-
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tem and at infinity that 3, and 3®;, exactly like 6®,
are equal to zero at the ongm of the system and at infin-
ity. The boundary conditions (3.3) and (3.4) at the sur-
face of the droplet with allowance for (3.9)—(3.11) and
(3.6), (3.7) may be conveniently divided for the 8<I)
and d®; functions as

(30 - 50%), = (l—f-a)f(ag)f")

0, ogqg
'a";(e 8q>q —€

’

k (3.12)

=0,
qR

odP
o B _ _& 0E
oo (1- 2405,
i(»s"‘&pz -ePsdb) (3.13)
or R
= 8ﬂfaz¢gE (E — EB)feaq)()E
or* e

The deviation of the droplet surface from spherical
shape in the first order with respect to the small value
fIR is attributed to the angle 6-dependent axisymmetri-
cal contribution @y from (3.7) to the potential entering
into the first braces in the right-hand part of (3.1).
Therefore, in the first approximation concerning the
deviation from sphericity, one should take into account
contributions containing ®,; in the right-hand part
of (3.1), while the summands containing 8@ should be
omitted in view of inequality (3.10). Hence, in this

approximation, 8% = §@2 = 0.
We will search for the deviation of the droplet sur-

face from the spherical shape in the form of a series
expansion in the Legendre polynomials:

f= Ri C,P,,

n=0

(3.14)

where P, = P,(cos6) are the Legendre polynomials of
the nth degree and C,, are coefficients of the series. The
solution of Laplace’s equation for the 8@, function,
with the zeroth boundary conditions at the orlgm of the
coordinate system and at infinity, and conditions (3.12)
at the surface of the droplet with allowance for (3.14),
may be written in the form

o 1 1 - r"
5% = _(--—) n+1)0,C——P,,
q EB ea Z( ) Rn+l
(3.15)
0P = (-%--%)qz [1=(n+1)0, ]C R p

€ n=0
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where the notation
o, = e2/[ne® + (n+ 1)e?] (3.16)

was introduced.

Substituting expressions (3.5)~3.7), (3.11), (3.14), and
(3.15) into the right-hand part of equation (3.1) and taking
into account definition (3.16), we obtain the equality

o YZ(n 1)(n +2)C,P, = P - P

n=0
(3 AL
8Tt aot R4

3 g
+ [5(1 ~3a)E - m,p"‘wR]Pl

(e — Mo EL +
@317

4
3;€0P2

11 1\'-
+R(;ﬁ" E-(;L);e—é’;)[(n- 1)= 2n+ 1) + D), IC, P,

where the notation

9(1 - 3a,)e’EZR

62 =
0 16my

(3.18)

was introduced.

Comparing coefficients at identical Legendre poly-
nomials in the right-hand and left-hand parts of equal-
ity (3.17), we find coefficients C,

_ _Rjpo_ p 2L 3 e Pya B
(3.19)
1(1 1 -
+8n(—-£—) }[1—40)(1—15&2)]
_[31-3a)Eq 3 (1 1)<_1f
C'_[ mr T WR]/[Ma' & & R"]’
and (3.20)
C,=¢€/3, C,=0 (n>2), (3.21)
where the following notations
o = ——'—(-'--l)q—z(l-lsa )
16ny\eP /R 62

€ = /(1 -0)

were introduced.

Further, we will assume that 0 < ®? < 1. This ine-
quality is secured by the small size of the condensation
nucleus compared to the droplet size.
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Expansion (3.14) for the f function is compatible
with conditions (3.2), provided that equalities

Co=0, C;=0 (3.23)

are fulfilled.
The first of equalities (3.23), with allowance for

(3.19), determines the pressure drop Py — Pg in the

first approximation concerning the deviation from
sphericity and, thereby, as we will see below, the chem-
ical potential of a condensate molecule in the droplet,
whereas the second of equalities (3.23), with allowance
for (3.20), results in the relationship for the accelera-
tion w of the noninertial coordinate system or for the
droplet radius R in the inertial coordinate system where

w=g:
3(1-3a,)E.q

YT T aRmp® G2

If it is assumed that o, = 0 in (3.24) (i.e., that the liquid
comprising the droplet is conductive), the charge will
be distributed over the surface of the droplet, and from
(3.24) we have the simple relationship w = E_g/M,
where M is the mass of the droplet.

Substituting (3.21) and (3.23) into (3.15) and (3.14),
we find that

o 11 2r
aq)q = - ;—a—'—a q(l2€ 3P2,
) (3.25)
It 1
8@2 = 5(;3——)q(1 —3(12)€ 31')2,
f = €2§ P, (3.26)

Relationship (3.26) indicates that, in the approxima-
tion considered, the equation for the profile of the equi-
librium surface of the droplet formed on the charged
center in the external uniform field is identical to the

equation for the spheroid elongated along the field with

the center at the origin of the spherical coordinate sys-
tem, the volume and the eccentricity of this spheroid
being equal to (47/3)R? and e, respectively. Comparing
(3.26) and (1.8), we have ascertained that € is the small
dimensionless parameter of a theory. It also follows
from relationships (3.18) and (3.7) that @y has the
order of €; and according to (3.26) and (3.25), the val-
ues of f/R and 8@, have the order of €2, whereas it fol-
lows from inequality (3.10) and expressions (3.13) and
(3.26) that 8@ has the order of €3. This justifies exclud-
ing the contributions of the f2, f6®, and (8®)? orders
containing coefficient (0®y/08)|z from (2.11) and
(2.12), as well as neglecting the summand proportional

to AODE /06) in the right-hand part of (3.1).
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4. THE PROFILE OF THE DROPLET
AND ELECTRIC POTENTIAL IN THE FIRST
APPROXIMATION IN
THE DEVIATION FROM SPHERICITY

Note now that an allowance has been made for the
summands of the f®yg, 0P, and 3@ orders in the
right-hand part of equation (3. 1) and in the boundary
conditions (3.13), it is possible to find the contributions
to f with an accuracy of the €3 order. In this approxima-
tion, the 8@ potentials differ from zero and, as is seen
from the substitution of expressions (3.7) and (3.26)
into equalities (3.13), satisfy the boundary conditions at
the surface of the droplet:

(6D2-8 )|R = Ke *RQP, +3Py),
4.1
o _ 8 B.. 3 ( )
_(g SDP;—¢ = T§£ Ke (- P, +6P;),

where the introduced parameter

x = [ny(1 - 0))/e"R])" 4.2)

has the dimensionality of the electric field strength.

The solution of Laplace’s equation for the 8P func-
tion with the zeroth boundary conditions at the origin of
the coordinate system and at infinity and conditions
(4.1) at the surface of the droplet have the following
form:

S} = —galKe3rP1,

43
R, 4 3R “3)
P+ xe —Ps.
r r

B _ 1. 8 .3
8@ = (1-30,)5Ke s

Now, in order to find 3®,, let us write the function
that sets the deviation of the droplet surface from the
sphere with radius R as

f = R( Py+e ZA P,,],

n=0
where coefficients A, will be determined below. The
substitution of (3.6) and (4.4) into (3.12) yields

o p _ 1 1\q € 3 -
(3D; - 8®y)|, = _(E_§)§[§P2+€ %Anp,,),
(4.5)

4.4)

a 4 o
E,(e 0D, -0, . = 0.

Corresponding solutions of Laplace’s equation for the
d®, function are written as
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1 1

50" = _(___)

! e’ ¢
) 4.6)

q[e aZTQ—P2+€ ,,Zo(n +1)o, AannPn}
and
p_(Ll_1)[(-30)R
3D, = (SB ea)q{ 3 > P2

4.7

+e Z[l—(n+l)a 14,5 ey }

n=0

As is apparent from (3.24), (3.22), (3.18), and (4.2),
the acceleration w should be sought in the form of
expansion

0 1
w=w%+wPe+ ..,

(4.8)

where

0 X
w® = Z 3
mp R

4.9

and wV) is determined by the second condition of (3.2).

Substituting relationships (4.4), (3.5), and (3.11)
with allowance for equalities (3.6), (3.7), (4.3), and
(4.6)—(4.9) into the right-hand part of equation (3.1),
we retain the contributions of the € order. From the
solution of the resultant equation we find the coeffi-
cients A, made with an allowance for (3.2)

A,=0 (n#3), (4.10)

and

1 gx 25 4 21 1403\
As = 25Rny(1_2a2)(1 59 T-150 ) @.11)
It follows from equation A; = 0 that
K 6
w = 1 3(—§al). (4.12)
Tmp R

Substituting (4.10) and (4.11) into (4.6), (4.7), (4.4),
and (1.5), we obtain

507 = —(lﬁ _ lu)

g ¢
, 4.13)
Xq(e az 3P2+4€3G3A3 4P3 N
1 1
8c1>“=(———)
q eﬂ Sa
-3 , 4.14)
Xq[ 2(——“—3—“—2)5P2+ (1- 4a3)A3R4P3}
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and

2
HO) = R(l +%P2+e3A3P3). 4.15)
Let us compare dependence (4.15) with the equation
for a spheroid elongated along the z axis with the center
at the origin of the spherical coordinate system, the vol-
ume and the eccentricity of this spheroid being equal to
(41/3)R? and €, respectively, i.e., with equation

2 106

(1-¢€7)
@) = R————.
(1 —ezcoszﬂ)“2

The series expansion of (4.16) in powers of €2 (at €2 < 1)
with an accuracy up to the summands of the €* order yields

_ € s 1 10 3
HO) = R[l + 3P2+e( Eralt 351{,)}
@.17)

As is seen, equation (4.15) for the profile of the
equilibrium surface of the droplet differs beginning
with the terms of the €’ order from the equation for a
prolate spheroid. Since, at 4€* > 19¢B, A; > 0 (which is
essentially fulfilled for the majority of dielectrics), the
€’A;P; summand in (4.15) indicates that the droplet
with the charged center has an egglike shape; i.e., it
is prolate in the field direction and oblate at the oppos-
ing end.

4.16)

5. THE PROFILE OF THE DROPLET
AND ELECTRIC POTENTIAL
IN THE SECOND APPROXIMATION
IN THE DEVIATION FROM SPHERICITY

As will be demonstrated below, in order to deter-
mine the contributions to the chemical potential of the
droplet in terms of its deviation from the spherical
shape, it is necessary to take into account at least the
terms of the €* order. This necessitates a consideration
of the next (second) approximation according to the
deviation from the sphericity. Let us now write the
equation resulting from Laplace’s equation with an
accuracy of the (fIR)? order. To this end, we substitute
expresstons (l4)atz=(R +f)cose (2.11), and (2.12)
into the right-hand part of equation (2.2). As a result,

we obtain '
vy Y 1 a( Qi)
R Rz{zf * smeoe " %38
L2 f 0 I\ _ po_ pb
R {f * smeae(s‘“eae)} = Po—Fo

NG —ef)[ 1 0@k ool ’
s 2
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B
l{ 20Dy 9 asgn_ePoah

n| g 08 08

2 aa%[am“_aacp J-2re pa% 'y _ 9P
or | or or arr  ar

_ePy (adhy o
2(8R3€ )f( 89) } —mp*w(R + f)cos®

2of) (3%a%)
+ 2 8]3 0] .o 0
{f [ or’ c or’

f2 Ba(DO a q)o a (DO
orl ar o

_.2..(..8.._“-8">(§£)’€_B(§2'3)2
R2 89 ea ar

+2fe aa%[a 250" 3'50" ]
or ort

’dhIsd®  ,9°DFsD*
e? ol 0
+ Zf{ ort or € or: or

0ty oe’ e
e

C5r) (5]

1 [ea(a&b“)z _ ep(a&b”)z]
R? a0 a9
R
Additional constraints on the solution of differential
equation (5.1) are still set by equalities (1.10) and (1.11),
whereas the expression for & entering into the right-hand

part of equation (5.1) satisfies Laplace’s equation with the
boundary conditions (2.13), (2.14), and (2.15).

Let us find the expression for the d® potential in an
explicit form as a function of spherical coordinates r
and 8 with an accuracy up to summand of the €* order.
To this end, we will search for 8@ in the form of (3.11).
Hence, in order to derive the equation for the droplet sur-
face in the second approximation according to the devia-
tion from the non-sphericity, it is necessary to determine
d®; and 5P, with an accuracy of the €* order.

According to (2.14) and (2.15), the boundary condi-
tions at the surface of the droplet for Laplace’s equation

é.1
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for the 8®, function, with allowance for expressions

(3.6) for the tbgq and <ng potentials, may be written as

) 20}
(502 - 5P|, = (1——-)f S

i (5.2)
+ fg_r(acpg — D))o+ fz-ga?(cbgq - cbg‘q)l :
R
and
2
(P30 - £507)|

0, asra BoabB| _ 0
5;(€ 0D, —¢ 8(1)[,. T fF

(730" - P50h)| . (53)

2feae

R

The deviation of the droplet surface from the sphe-
roidal shape described by equation (4.17) will be
sought in the following form:

) = [ P,+e€ A 1P;
54

4 1 10 3
+e( 5 63P2 35P4)+e ZB P,,},

where coefficient A; is set by relatlonshlp (4.11) and
coefficients B, are to be determined below.

In order to write the right-hand parts of the boundary
conditions (5.2) and (5.3) in an explicit form, let us substi-
tute (3.6), (4.13), (4.14), and (5.4) into the right-hand parts
of equations (5.2) and (5.3), and, retaining the contribu-
tions of the €* order, we obtain the following equalities:

a By _ (1 1)\g €’
(307 -3@;)|, = (J‘—E‘)E{_ 3P~

4 1 Oy 2 10
+€ [(—‘—G+—3—)+(—§+21a2)P2

€3A3P3

(5.5)

and

a o o
3,(¢ 3D, —¢

5 5 10 30
Xe [(21 7 )Pz (7 7 az)P4].

The solution of Laplace’s equation for the 3@, func-
tion with the zeroth boundary conditions at r — 0 and
r — oo and conditions (5.5) and (5.6) at the surface of
the droplet is expressed as

(5.6)
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2 3
1 1 2. r 3 r
8(1):; = (e_ﬁ—e_(l)q{_e a2;5P2—4€ (X3A3-I?P3

4 1 0n1 3 5 2
B[RS

3 - r'
+50% 5Py Y (n+ l)a,,B,,FP,,} }

n=0

2
.
)Epz 7

and

p_ (1 1Y) [ (0-3)R
Sd)q = (gﬁ—g—u)q{E '—T—r3 P2

2
2 19 5 2)R P,

3
3 R 4
+e(1 —4a3)A37P3+e [(§—z—la2+,—,a2 F

4
(1 6a2+3a4)R 5
7 r

(5.8)

- -
+) [1-(n+ l)oc,,]B,,F—an:,}.
n=0

The boundary conditions for Laplace’s equation for
the 8@, function at the surface of the droplet are still set
by the relationships (3.13). In order to write them in an
explicit form, let us substitute expressions (3.7) and (5.4)
into the right-hand parts of (3.13). As a result, we obtain

8 4
(I)BE)lR = KR[€3(“EP1—§P3)

+e'a (- 173P2 - -1:/§P4)]

By _ ..B 8 16)
£ R—KE[ ( 15Pl 5P3

24, .80 (5.10)
re'a (-7192 : m)]

The solutions of Laplace’s equation for the 3@,
function with the zeroth boundary conditions at r —= 0
and r — o and conditions (5.9) and (5.10) at the sur-
face of the droplet are written as
8 460

dD; = K(— e3§a| rP, -

(8D~
(5.9)

%(e“Sd)Z —¢

=4, RP2) (5.11)
and
8 R* 4R’
50° = K{e [15( -3a)%P, +§?P3]
(5.12)

4 |
e4[1—2-(1 ~50,)4,% p,+ L4 K PJ}
7 ahety
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Let us now substitute relationships (5.4), (3.6),
(3.7),(5.7),(5.8), (5.11), and (5.12) into equation (5.1).
After rather complicated calculations we obtain, with
allowance for conditions (1.10) and (1.11), that coeffi-
cients B, in (5.4) are equal to:

1 29 4 1 4
B, = ——{ o+ [ + -0
(1-0)|[315 75 355

(5.13)
——S-oc 1 N 12(2-250a,)
1477 63(1 - 15a,) 175(1-15%)]
_ 1 o2 10 2(1-81ay)
By = {"5?3“” [T8_9“§°‘2‘189(1—15a2)
(5.14)
L A 324-490y) 1l 201504 -1
1575(1-15a2)] [ T 3(1-150,) ]
B,=0 (n#2,4), (5.15)
where
(!
A= (-0 %)
(e~ lie (5.16)
25 4 21 -1405\"
(1‘7 Z)(I"S“’ 1—15(12) '

Substituting (5.4) into (5.1) and using (5.13)—(5.15),
we find

2
@) = R[l + S P+ AP
e .17)
+€4( = 63P2+35P4)+e (32P2+B4P4)]

Another important result obtained from the solution
of equation (5.1) with allowance for conditions (1.10)
and (1.11), respectively, is represented by the expres-

sions for the difference P5 — Ph and the acceleration w.

For the difference P3 — Ph, we find

R 8m\gh o)pt
& F (5.18)
_3(] 3(X1)8BE __§_1€4+E'Ym2 4
8n 45R" 45R

The acceleration w in the considered approximation is
determined by relationships (4.8), (4.9), and (4.12).

VARSHAVSKII, SHCHEKIN

6. THE CHEMICAL POTENTIALS
OF CONDENSATE MOLECULE
IN THE DROPLET AND THE VAPOR

Let us now determine thermodynamic parameters
that are required to describe heterogeneous nucleation.
We begin this consideration with the chemical potential
of the condensate molecule in the droplet.

It follows from the Gibbs—Duhem equation that the
chemical potential b, of a droplet composed of v mole-
cules of incompressible liquid, expressed in kT units
and calculated with reference to the chemical potential
of the bulk liquid in equilibrium with its vapor at a flat
interface, is equal to

b, = (PY-PPy/kTp" (6.1)

Substituting (5.18) into (6.1), passing from the R vari-
able to v in the resultant expression with the help of
(1.7), and using definitions (3.18) and (3.22), we find

_2_ [, 1 2 4 4
by = 3av [1 A -30,) 45‘}
| (1-15a,) 6.2)
-4 ;) 2 4
- 34,V [1—3(1_30‘1) 45(1 15a,)€ ]
where the following notations,
0= m( 3 )2/3
"~ kT \4mp®)
113 (6.3)

- 5
9 2kT\gP g 3
are introduced.

As follows from definitions (3.18) and (3.22) with
allowance for (1.7), the € value is a function of v.
Using (6.3), we obtain

2. % -3a)agv"”?
2a-a,(1-150)v™"

where the new dimensionless value a is defined by the
relationship

(6.4)

_3(1-3a)e°EL

8np°kT

The meaning of the dimensionless value az becomes
understandable if we neglect in (6.2) the summands of

the order of €. In this case, substituting (6.4) into (6.2),
we find

6.5)

2 1 an
b, = zav ——§aqv —ag.
As is seen, in the approximation considered, the ag
value is responsible for a decrease in the chemical
potential of the condensate in a droplet due to the pres-
ence of the external uniform electric field. This

(6.6)
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decrease appears to be identical for droplets of all sizes
(for which €? > 0). However, it follows from the more
general formula (6.2) that allowances made for sum-
mands of the order of €* leads to a v-dependent addend
to the chemical potential:

2 s 1 un
bv = gav ——§aqV ~ag
3 2 2 8a—7a,,(1—15012)\’—1 113 1)
—5(1‘30‘1) ag R

[2a-a,(1-150,)v""]

As follows from (3.19) and (3.23), in the first
approximation with respect to small parameter € the
variation in the droplet shape does not affect the chem-
ical potential (it is determined by the sum of the ®, and
@, electric potentials). The deviation of the droplet
from the spherical shape starts to affect the chemical
potential only in the second approximation in the devi-
ation from sphericity [the fourth summand in the right-
hand part of equation (6.7)].

Note now that if it is assumed that, in (6.6) a, = 0
[i.e., if it is assumed that, as follows from (6.3), g = 0],
the ay value will be responsible for a decrease in the
chemical potential for the homogeneous droplet in the
external field. However, with the allowance made for
the summands of €* order in (6.2), the correction to the
chemical potential seems to be different at ¢ = 0 and
g %0 (the corresponding formula at g = 0 was derived
earlier in [13, 14]). Hence, it is the allowance made for
the summands of the €* order that permits us to describe
the joint effects of the central field of the charged
nucleus of the droplet and the external uniform electric
field in the thermodynamics of heterogeneous nucle-
ation.

Let us now find how the chemical potential of the
condensate molecule in vapor changes in the presence
of the electric field at a given vapor supersaturation. It
follows from the Gibbs—-Duhem relationship that the
chemical potential b of the condensate molecule in
vapor, expressed in k7 units and calculated with refer-
ence to the chemical potential corresponding to the
equilibrium between vapor and liquid at the flat inter-
face, may be written as

1 (B’ oef

— B

(6.8)

where by(pB(r)) = In[pP(r)/p” ] in the approximation of
the perfect gas. Here, pP(r) is the density of the number
of vapor molecules at a point with the coordinate r,
EP(r) is the strength of the electric field at the same

point, and p? is the density of the number of molecules

in vapor in equilibrium with the liquid at a flat interface
at the same temperature, but in the absence of the elec-
tric field. In the bulk vapor, at a sufficient distance from

the droplet, we have EB(r) —= E.., and pB(r) — p".
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Then, using the Clausius—Mosotti formula (ef — 1)/(eP +
2) = 4np® x8/3, where B is the polarizability of vapor
molecule, equation (6.8) may be rewritten at €8 ~ 1 as

b = by(p?)—b;, (6.9)
where
bo(P®) = In(1 + ©), (6.10)
B2
_xEL
bg= T (6.11)

and { = (p? - p®)/p® is the vapor supersaturation.

The threshold value &, of vapor supersaturation,
beginning with which the generation of droplets on
nuclei becomes barrierless, is an important thermody-
namic characteristic of heterogeneous nucleation.
Denoting the threshold value of the chemical potential
of vapor by by, we obtain from (6.9) and (6.10)

Cth = exp(b,h+bE)— 1. (6.12)

Given that b, = maxb,, where maxb, is the maximal
chemical potential of the condensate in a droplet and
the fact that in the absence of the external field the coor-
dinate of the point of maximum b, at the v axis is equal
to vy = 2a,/a, we find from (6.7) and (6.12) that

1 a 173 bE 2(15 zaq 1/3
G 1= exp 3a(57-) ]{1 (-3

(6.13)

J1 (bE B 1)2 (1-3a,)’(3 +350,) [ga_E(z_aq)'BT}
Nag 5(1 + 5a,)’ al\a ’
where it is taken into account that expansion (6.7) is

applicable in the vicinity of the point of maximal chem-
ical potential, when the strong inequality

Aag/a)2a,/a)” < 1

(6.14)

is fulfilled.

Inequality (6.14) plays an important controlling role
in the theory of heterogeneous nucleation, because it
allows us to make estimations of the influence of the
external field that are independent of the size of nucle-
ating droplets. For example, for the nucleation of water
vapors we have a = 10 and a, = 160 at T = 300 K. For
the fulfillment of inequality 26.14), it is necessary for
the inequality az < 1.6 to be fulfilled. As follows from
(6.5), this inequality limits the highest permissible values
of the strength of extemnal field E..: E,, < 4 x 10° V/m.,
It is evident that condition (6.14) is virtually always
fulfilled.

Let us find the bg/a; ratio. Using (6.5) and (6.11)
and taking into account that the polarizability of vapor

molecule P is determined by the electronic xf and ori-

-
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entational p?/3kT contributions (p is the value of the
dipole moment of a vapor molecule), we have

2
B, P_
et 3kT)'

by 4m(e®+ Zeﬂ)p"(
B 2R TR Y (6.15)
ag 3 (g*-eP)ef *

As is seen from (6.15), the b/ag ratio is positive and
independent of the strength of the external electric field
and the droplet size. For vapors of polar liquids, this
ratio cannot be larger than unity. For example, for water

vapor at T=300K, e* =81, 3’ =144 x 1030 m?, p =
1.84 D, and p* = 3 x 10% m3; correspondingly, byfa; = 4.
The fact that the bg/a, ratio can be larger than unity
implies that the critical and threshold values of super-

saturation for the corresponding vapor increase in the
presence of the external uniform electric field.

7. THE WORK OF DROPLET FORMATION

Let us now consider the work of droplet formation.
The work F, of formation of the droplet composed of v
condensate molecules is equal to the difference of the
free energies of the resultant nucleus—droplet—vapor
system and the initial nucleus—vapor system. Expressed
in kT units, this work is determined by the relationship

F,=-bv+W/kT+ W, /kT+F,. a.1)
Here, W, is the work of the droplet surface formation;
Wy is the work of field sources at a given chemical
" potential b of vapor; and F, is a constant that is inde-
pendent of the number of condensate molecules in the
droplet and secures the tendency of the work of droplet
formation F), to vanish at v — 0. In the general case,
this constant has the meaning of the work of wetting of
the condensate nucleus by the bulk condensate. This
work is expressed in kT units and includes both the
electric contribution and the contribution related to the
intermolecular forces at the nucleus—liquid interface.
When the size of the nucleus compared to droplet sizes
[see the first of boundary conditions (2.5)] and the con-
tribution of intermolecular forces at the nucleus-liquid
interface can are neglected, we have F, = —(1/ef -

1/€®)(q*/2kTR,), where R,, is the radius of the condensa-
tion nucleus.

Let us first determine the W, contribution. We intro-

duce the @ and <I>2 potentials of the response field
acting on the droplet nucleus and of the sources of the
external field in vapor, respectively. Let us represent

®% and ®8 as

o2 = o*--L

1 (7.2)
Er
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and

o8

@ = P+ E_rcosd = %‘:;—B+ 2 c,,—"l-;-iP,,,
n=0

’
e | 1.3)

where P is the value of the dipole moment in the

expansion of the q)ﬁ potential in the Legendre polyno-

mials. The droplet-size-dependent electric contribution
to the work of droplet formation is determined by the
formula [16]:

1 1
Wy = 5 D, . 297’E,g,.
The @ and ®P potentials are defined by relation-
ships (3.8)—(3.10), which are opened in an explicit form
using (3.6), (3.7), (5.7), and (5.8) [with allowance for
(5.13)«(5.15),(5.11), and (5.12)]. Substituting the thus-
obtained ®* and ®P values into (7.2) and (7.3) and tak-
ing into account definitions (3.22), (3.18), and (4.2) for
the €2 and K values, we obtain

- (l_l)_q_(l_l"-lS(xze“)
re0 =\ )R 5 )

P =(1- 3a|)eBE,.,R3[1 + %(1 - 3a1)e2].

(1.4)

Dy

(7.5)

Substituting (7.5) into (7.4), we finally obtain the
expression for W,

1 1\¢ 1-15a, 4
'T P g2R 45

—%(1 - 3a,)e”EiR3[1 + %(1 - 30(1)&2:].

(7.6)

The work of formation of the droplet surface is
equal to

W, =18, (1.7
where S is the surface area of the droplet whose profile

_is set by relationship (5.17). Considering that in the

considered second approximation according to the
deviation from the sphericity

n 2
- 2nr?[dosing| 1 + 2L + Lo 4 1o
S = 2nR J‘d(-)sme(l + R +R2+2R2 , (1.8
0
we find
_ 2 2 4
W, = 4nyR (1 +15¢ ) (7.9)

Passing from the R variable in expressions (7.6) and
(7.9) to v with the help of formula (1.7), substituting the
resultant expressions into the right-hand part of (7.1),
and also using (3.16), (3.18), (3.22), and (6.3), we find
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_ e 2 2 2 4
F, =-bv+av [1_9(1—3a1)€ —45e]
1-15 (7.10)
-173 Oy 24 1
+ay 1 o 300c t il - 150)c’|+F,

Considering (6.4), (6.9), and (6.10), we can repre-
sent expression (7.10) for F, in the following form:

F,=-In(1 +{)v+ av? + aqv‘”3 + (bg—ag)v
413 (7.11)
_2(1 =3¢, Y —+F,.
5 (2a-a,(1-150,)v")

8. CRITICAL AND EQUILIBRIUM SIZES
OF THE DROPLET AND THE ACTIVATION
BARRIER OF NUCLEATION

Now let us write the expression for the activation
barrier of nucleation, which is determined by the differ-
ence between the maximum and minimum of the work
of droplet formation at a given value of the vapor super-
saturation C,

The critical v, and equilibrium (stable) v, sizes of
the droplet, whose works of formation F,, are character-
ized by the maximum and minimum, respectively, are
determined by the roots of equations

b"l":"c = b, bV|v=ve =b 8.1

and conditions
(3°F,/3v%) @ F,/v)|i.y,>0. (82)

Let us first discuss the problem of the applicability
of the expressions for chemical potential b, and the
work of formation F,, which are derived in previous
sections, for determining critical and equilibrium drop-
let sizes. As follows from (1.8) and (3.26), expansions
(6.7) and (7.11) for b, and F, are valid when the ine-
quality 0 < €%/3 < 1 is fulfilled. In addition, the sizes of
equilibrium and critical droplets should be sufficient to
neglect the sizes of the charged condensation nucleus.

With allowance for (6.4), inequality €*/3 < 1 can be
rewritten as

3(1-3a)av'” <2a-a,(1-15a,)v7".  (8.3)

Inequality (8.3) reflects the correctional character of
the effects of the external electric field, whereas the
effects due to the central electric field, which are
responsible for the very existence of an equilibrium
droplet, are taken into account in the principal order in
relationships (6.7) and (7.11) via the summands with
the a, coefficient. At the value of vapor supersaturation
Cn correspondmg to the threshold of barrierless nucle-
ation, when the v, and v, sizes are identical, inequality
(8.3) is transformed into inequality (6.14), setting a
constraint on the maximum value of the strength E,, of
the external field. It is easy to see that, at virtually the

v=v, <0,
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same constraints on E_, inequality (8.3) will be fulfilled
even at lower (than threshold) values of vapor supersat-
uration  that fit the 0 < § < {,, range, where v, is not
too small, whereas, in contrast, v, is not too large com-
pared to vy = 2a,/a. The activation barrier of nucleation
may still be overcome precisely at these values of
supersaturation {; hence, the process of heterogeneous
nucleation of the droplets in vapor may actually be
observed in practice. In a typical case of water vapor
nucleation on single-charged ions, the equilibrium
droplets contain about 15-30 water molecules and
noticeably surpass the ion size in the pre-threshold
range of supersaturations, which is our main concern.

Solving equations (8.1) with allowance for (6.7),
(6.9), (6.10), and (7.11) according to the perturbation
theory, we obtain

VvV, =V 1- 9aE(bE 1)__\.,&_
e T Te0 2a (Vo— Vo)

2702‘ s/3 (4"7(030)(1—3051)2
+ _—zveo 2
20, (Vo= Veo) (1-02)

5 (bE ) (4v.0—Tvy) }
S LA P
2 ag (VO_VeO)

Oag (b v;‘(f
v, = vco{l + — >a (aE 1)(——-Vco—vo)

274 snf (-4 +T05) (1 -30y)’
2022 (Veo=Vo) (1 -ly)

b 2(4v, TV
+ gvgo(_E - ) ( il g) :l }’
ag (V(:O - V0)
where v, and v are the sizes of equilibrium and criti-
cal nuclei in the theory of nucleation on charged nuclei

at the same value of vapor supersaturation £, which are
determined by relationships

ag

8.4

and

8.5)

2 . 1 -

gaVC(I)B - 3 q cgls ln(l + C)

2 s | -4/3 8.6
-3'(lVeo - 5 q =1In (1 + Q) ( )

@’ FP/0vH)|v2v, <0, @ FP/73V)|yov,>0

(F (VO) is the formation work of the droplet composed of
v molecules and the charged condensation nucleus:
F® =-In(1 + §v + av?® + a,v'# + F,). In the right-
hand parts of relationships (8. 4) and (8.5), we used also
expression (3.22) for w?, which, after passing from the
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R variable to v and using notations (6.3) and vy = 2a,/a,
acquires the form

o = (vo/4v)(1 -15a,). (8.7

It was also assumed that 0y = ®|, ., and @, =

Ofy 2 v,y

Substituting now the thus-derived expressions (8.4)
and (8.5) into the condition determining the activation
barrier of nucleation AF, = F,|,_, - FVIv=v, and
using expression (7.11), we obtain

AF, = AFY + (bp—ag)(Veo=V.0)

. 9_a§{v4/3 (be/ag= Vv _20-30)"] oo
461 <0 (VCO - Vo) 5(1 - (’030)

2 2
N v:ga (bp/ag—1)"v, + 2(1 - 30;1) },
Vo V) 5(1— )

0) . . . . .
where AF") is the activation barrier of nucleation on

the charged nucleus at a given vapor supersaturation in
the absence of the external uniform electric field:

AFY = —In(1 + §)(Veo = V.0)

213 213 -113 -3
+ a(ch - VeO) + aq(Vco —Veo )'

(8.9)

If we assume in previous relationships that by = 0
and substitute the chemical potential b of vapor instead
of In(1 + {), we may obtain relationships for the sizes
of equilibrium and critical nuclei and the activation bar-
rier of nucleation in the presence and absence of the
external field at a fixed chemical potential of the vapor.
From (8.8) at bg/ag > 1, it is easy to establish that, at a
given vapor supersaturation in the presence of the
external field, the activation barrier becomes higher (as
was first noticed in [12]), whereas, in contrast, at a
given chemical potential it becomes lower.

Let us now specify four control relationships, which
allow us to check the self-consistency of the thermody-
namic characteristics of the nucleation on the charged
nucleus in the external uniform electric field, which
were derived in this communication.

Firstly, note that the expression for the chemical

potential b, of the droplet can be obtained using the
common thermodynamic relationship

dF, = by—b.
dv |1.4.E.
Secondly, relaﬁonships (7.6) and (7.9) are valid for

any spheroid with a small eccentricity. The substitution
(in an explicit form) of expression for F, into the con-

(8.10)

VARSHAVSKII, SHCHEKIN

ditions for the mechanical equilibrium of the spheroidal
droplet

2
OF /3¢ 1,05y =0, FF /AN 105 >0
8.1D

makes it possible to determine the second order eccen-
tricity of a spheroid. Substituting (7.1) [with allowance
made for (7.6) and (7.9)] into condition (8.11), we
arrive as expected, at expression (3.22) for €? and ine-
quality 0 < ? < 1.

Thirdly, the common thermodynamic relationship,
which allows us to check the validity of the expressions
obtained for the activation barrier of nucleation AF,
(8.8), the sizes of equilibrium v, (8.4) and critical v,
(8.5) nuclei, is the equality

dAF,/db|; , ;= ~(V.=V,). (8.12)

Fourthly, for the droplet-size-dependent part of the
work of formation F,, according to any procedure and
accuracy of determination, the following general
expressions

oF, 1 o
el = —=® ,

3q |rve. KT Mlizo (8.13)
oF, 1 P B ’
el = —(P-vy'E.),
aan T,V.q kT( x )

should be fulfilled, which are in agreement with (7.4).
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