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BBenenue

AKTyaJapbHOCTH PabOOTHI.

JlanHasi paboTa IOCBdINEHa HCCIeI0BaHNI0 (Pa30BbIX IIEPEX0/I0B BTOPOIO PO-
Jla, N3BECTHBIX TaKKe KaK HellpepbIBHbIE (DA30BBIE MEPEXO0JIbl, B KOTOPHIX IMapaMeTp
MOpsiJIKa TIPU TIepexojie Yepe3 KPUTHUECKYI0 TOUKy (Touka Kiopnm B Marserukax,
A-TOYKa B YKUJIKOM DeJINH U IIP.) MEHsIeTCs1 HelpepbiBHO. Daz0BbIe TePexo/Ibl TAKOTO
pojia XapaKTepu3yTcs MOBEJIEHNEM BCEBO3MOYKHBIX TEPMOJIMHAMUYECKUX XapaKTe-
PUCTHK (TEIIOEMKOCTD, CpejiHee 3HAUEHNe TapaMeTpa MopsijiKa, BOCIPUIMIHBOCTb,
paJInyc KOPPeJISIIT U [IPOUKe) B OKPECTHOCTH TOUKU (ha30BOTO POJIA. DTO TOBEIeHIe
UMEET BUJ CTENEHHON (DYHKITMH, MOKA3aTe/b KOTOPOil, Ha3bIBAEMbIfl KPUTHICCKUM
UHJICKCOM, SIBJISIETCS SKCIIEpUMEHTaIbHO HabJonaeMoit Beanannoit. Camoe mpocroe
olrcaHue, KOTOpOe OCHOBAHO Ha IIOBEJICHUN CPEJIHEro HapaMeTrpa IOopsiaKa, ObLIO
npeozkeno Jlamngay [1]. Tem ne mMenee, pe3yIbTaThl MpeICKa3aHHBIE TONH MOJIEIIBIO
HAXOJIMJIMCH B IPOTUBOPEUNH C SKCIIEPUMEHTOM U3-3a IIpeHeOpeKeHns (pJIyKTyallusi-
MU TTapaMeTpa HopsijKa, U (pUuHAIBHBIN yjaap 10 9TOil Teopun ObLT HAHECEH TOYHBIM
perterneM jaBymMmepHoii mogenu Msunra. C tex mop, Bmecto Teopun Jlanmgay, padbo-
TAOIEN CO CPeHUM IapaMeTpa MOPsJiKa, UCIOIb3YIOT (OJIYKTYAIIMOHHYIO TEOPUIO,
KOTOpPasi PacCMaTPUBAET IIapaMeTp IMOpsiIKa, B OKPECTHOCTH TOUYKN (ha30BOI0 Iepe-
Xojia, Kak ciaydaitnoe mosie [2]|. Bosee metasbHO MBI HHTEpeCyeMesi HEITPEPbIBHBIMN
daz0BbIMU IIepexo/laMi B KBAHTOBBIX CHUCTEMaX, COCTOSIIUX U3 YaCTUIl, KOTOPbIE
[OTYNHAIOTCS CTATUCTUKE DBo3e-DifHITeiiHa.

Crenenb pa3paboTaHHOCTH TeMbl HccjiegoBaHud OrrcaHne KpUTHIe-
CKOI'O TIOBEJICHUsI CICTEM B OKPECTHOCTH I1€PexX0jia B CBEPXTEKYUyIo (ha3y sIBJIsIeTcs
BayKHOIl M MHTEpecHOil 3ajadeil TeopeTnyeckoit ¢pu3uku. VzydeHne cTaTUIecKux
CBOIICTB 9TOI0 HENPEPBIBHOTO (ha30BOr0 IMEPexoja OKas3aJjo CyIIeCTBEHHOE BJIUSTHUE
Ha Pa3BUTHE TEOPUN KPUTHIECKUX ABJIeHNIT B 1e/oM. Halpumep, BeIauceHne 31eCh
KPUTHIECKOTO HHJIEKCA TIJIOEMKOCTH 2| TPUBE/IO K MOHMMAHUIO BA2KHOCTH CXEM I1e-
PECYMMUPOBAHUST MHOI'OTIETJIEBBIX BHIUNCICHUI. DKCIEPUMEHTAIBLHO STOT PE3yJIbTaT
OBLT IPOBEPEH B M3BECTHOM JKCIIEpUMeHTe Ha opbure 3emutn |[3].

DTa paboTa MocBsIIena 0oJiee CJIOXKHOMY BOIIPOCY — OMUCAHNIO JNHAMIIECKITX
KPUTUIECKUX CBOWCTB CBEPXTEKYYero BeIlecTBa, TO €CThb BJIMSHUIO PaBHOBECHBIX

duryKTyannii Ha KpUTHIECKOE II0BEJIeHNe.



Kunaccuueckune mororpadun [2; 4; 5| yKasblBalOT, YTO CBEPXTEKYUasi KPUTHIE-
CKag JUHAMUKA, OIUCHIBACTCS CTOXACTHYCCKUMU JIMHAMUYIECKIMU Mojeadamu F unn

E. B monemn F cucrema croxacTudeckux ypaBHEHMIT

Dbt = fyr + A1+ iB)[I — g (W3 + g™ + Aggh* (g — m),
OV = fyr + A1 — BT — gy (BN /3 + o] — iAgsb* g b — ),
om = fm — M0 [gr0 TP — m] 4+ iAgs[P O — Yo*P . (1)

cTpouTcsd n3 (HPEeHOMEHOJIOIMIECKUX COOOParKeHmil, OCHOBAHHBIX Ha 3aKOHAX COXPa-
wernns. 3yech P(x,t), YT (2,t) — KoMILIEKCHBIE 1051 TTapaMeTpa Mops/iKa, MoJe m
OTBETCTBEHHO 3a (PJIYKTyallul IJIOTHOCTH U TeMIepaTypbl, g;, b, 4 — KOHCTAHTBI
CBsA3U, A — KHHETU4IecKuii Koapdunnent, f; — ciaydaiiHble CUJIb, JJIsi KOTOPBIX TPe/I-
0JIAraeTCsT TayCCOBO paciipejesienne tuma "bemoro myma'.

BoJbioe 9ucio ¢I0yKHBIX MPOoTaraTopoB u juarpaMM B Mojesan F npusojniio
K HEJIOCTATKY M3BECTHBIX IOPSIJIKOB IETJIEBOro pasJioxkeHusi. Ha ocHoBe ueTbipex-
[ETJIEBBIX PACUYETOB JIsl UHJEKCAa & [2| u pesyiabraroB sKcriepumenta [3], 6bLIO
BBIJIBUHYTO TIpejinoioxkenne, 9to B nHdparpacuoit (UK-) obmacru guHamMuka orm-
cbIBaeTcst 6oJ1ee MpocToii Mojiebio B, it KoTopoii B (1) Hajto mookuth b = go = 0.
Tewm ne menee B [6; 7| 66110 MOKA3aHO, ITO MUKPOCKOIMIECKUIT TTO/IX0/T, CKOPEe, CBU-
JIeTeTbCTBYET B OJIL3y Mojiesin . HecmoTpst na 3aMernbie ynpomenus B F-mofenn,
a TakKe TO, 4TO cOpMyJIUPOBaHa OHA JOCTATOYHO JABHO U IOIBITKH €€ PEeHOPM-
IPYIIOBOIO UCCIIE0OBAHTST HEOTHOKPATHO MTPEIIIPUHIMAICE [8—11], auHamuaeckie
XapaKTEePUCTUKN B Heil JI0 CUX MOP HEU3BECTHHI.

[Ipobsiema uccienoBanust mogueseir B u F cocrosia, B 4acTHOCTH, B HEOOXO-
JuMocTH BbIOopa ycroitunBoit TK-dukcupoannoii Toukn. s 9T0ro HeoOX0MMO
HAWTHU TOIPABOYHbIE KPUTUYECKNE (W-MHJEKCHI, NePTypOATHBHOE BLIYUC/IEHHIE KO-
TOPBIX Ha IOPSIJIOK CJIOYKHEEe, YeM y OCHOBHBIX HHJEKCOB, a CaMU OHU 3aBUCSIT OT
paccMaTpuBaeMoil MOJITIN: B TOM K€ KJiacce KPUTHIECKOH SKBUBAJIEHTHOCTH MO-
JKeT OBIThL JIPYyTroe Y’C/IO 3apsjioB, a 3HAUUT — JPYTroe KOJUIECTBO (W-UHJEKCOB, U
JpyTHe X 3HAYCHUS.

Yrobsl omnpepennthest ¢ UK-yeroitunpoii Toukoit, B [6] ObLia mnpemnpunsiTa
HOIBITKA MPOBEPHUTH ycToituumBocTh MK-1oBeenns nunamudeckoii Mmojuenn F orno-
CUTEJIbHO €CTEeCTBEHHOI'O BO3MYIIEHUsT CPeJIbl (PJIYKTYAIUsMEI THIPOITHAMUIECKIX
MOJI HeCxKIMaeMoit »kujkocti. Ho, B ¢BA3M O CJI0YKHOCTBIO paccMaTpuBaeMoil Mo-

deJIn, IIOAXO/] HE IIpuBeEJI K OJHO3HAYHOMY peE3yJIbTaTy.



Urak, anaynnz MK-ycToiiumBocTH cBsi3aH ¢ aKKypaTHBIM BbIOOPOM HauboJiee
TouHoi Mojeu. [TosTomy B Harreil padoTe Mbl CTapTOBAIM ¢ HAanOOJIee MUKPOCKO-
YIecKn 000CHOBAHHOM MOJEN B3aNMO/IEHCTBYIONNX KBAHTOBLIX YaCTHIl, paCCMaT-
pUBaeMbIX Ha OCHOBE BpeMeHHbIX (DyHKIMiT ['puna npu HeHyseBoil TeMiiepaType B
dopmasnzMe PYHKIIMOHAJIHLHOTO UHTErpaJsia. Mbl ICIIO/Ib3yeM B3anMo/ieiicTBIE THTIA
"IIJIOTHOCTDb — IJIOTHOCTBH , IPUMEHSIEM Pa3sMEPHYIO PEryjdpu3alinio, 4 — € pasJioxKe-
HIEe, METOJ] KBAHTOBO-TIOJIEBOI peHOpMasm3annontoil rpymmbst (PT).

IHeapio nannoii padboOTHI ABISIETCA MOCTPOCHUE HETPOTUBOPEUINBOI MUKPOCKO-
MIYECKOl TeOpUM MPUTOTHON JIJIT ONMUCAHWS HEIPEPBIBHOTO (a30BOr0 Tepexojia B
CBEpPXTEKyUee COCTOSHUE U MOCIeIyIolIee BRIIUCIeHNe KPUTUIECKOTO HHIEKCa 2 OT-
BETCTBEHHOI'O 3a BPEMsI PeJaKCAIIMU CHUCTEMbl K PaBHOBECHUIO TI0J] BO3jeiicTBHEM
paBHOBeCHBIX QuiyKTyannii. Takzke ObLI 3aTPOHYT BOIPOC YCTOMYMBOCTU HaiieH-
Hoit UK dukcuposannoit Touku. B 100aBok OBLIO 3aMedeHO, 9TO NMEHHO MOeab A
CTOXaCTUYIECKOW JTMHAMWKHI OTBEYAET MEePEXO/ly B CBEPXTEKydee COCTOsIHUE.

Hayunasa moBusHa Bce pe3ybrarThl moydeHHbIE B JIaHHOI padboTe sIBJISIOT-
CAd OPUTHUHAJIBHBIMEU PE3YIbTATAMU 110 BBIYUCICHUIO KPUTHIECKOTO MHJEKCA 2 JIJIst
1epexojia B CBEpXTeKydee cocTossHue. Pe3yibrarsl onmyO/JIMKOBaHbl B HECKOJIBKIX CTa-
ThbsX, B OTEUYECTBEHHBIX U 3aPYOEKHBIX KYpHAJIAX.

Teopernydeckasi m TpaKTu4decKasi 3HAYUMOCTh Moje/ib BpeMeHHBIX
dyuknuit I'puna npu KOHEIHOI TeMIepaType MOYKeT OBbITh HCIIOJIb30BaHa, JIJIs KJIac-
ca Mojeseifl B KOTOPBIX MOTEHIa] OTJINYeH OT JeJbTao0pa3sHoro, 0oJjiee TOro 3Ta
MOJI€JIb TaK»Ke, ¢ MUHUMAJIbHBIMU U3MEHEHUSIMI, MOYKET ObITh ITPUMEHEeHa, JIjIsT OlU-
CaHns CUCTEMBI YACTHI], KOTOPbIe MOTINHIIOTCH cTaTncTuke Depmu.

MeTtogosorust u MeToAbl UccaeioBanus Merogomorns paboThl OCHOBaHA
Ha TEOPETUKO-TIOJIEBBIX METO/IaX KBAHTOBOI TEOPHWH T0JIsi, PEHOPMIPYIIIIOBOTO aHa~
Jm3a, QyHKINOHAIBHOTO NHTETPUPOBAHUS.

JlocTOBEpHOCTh TIOJIy4YE€HHBIX Pe3yJIbTaTOB Pe3ybraThbl UCC/Ie0BAHMIT
OIyOJINKOBaHBI B 3apyOeKHBIX U OTE€UECTBEHHBIX KypHaJax. A JOCTOBEPHOCTH CO-
CIMTAHHOIO 2 WHJIEKCA IMOJITBEPXK/IACTCS 3HAUCHHUEM, MOJydaeMbiM nu3 Mojean A
CTOXACTUYIECKON JIMHAMUKI.

ITosoxkeHuss BbIHOCUMbIE Ha 3aIuTy

— IlocTpoennasi Teopusi BpeMeHHBIX (DyHKINI ['puHa Mpu KOHEYHON TeMmIle-

paType aJeKBaTHO OINUCHIBAET JUHAMUYECKYIO KBAHTOBYIO CUCTEMY IIpU

HeHyJIeBoil TeMrieparype. [IpoBeaeHHBINI aHAIN3 pacXOJIUMOCTEl U IocIe-



nyioree noctpoerne WK sddexkTuBHOl Teopun Mo3BoJA€T MPOBOIUTH
HCCJIe/IOBAHIE HEMPEPBIBHBIX (Pa30BBIX MEPEXO/I0B.

— Cocuntan JUHAMUYECKNN KPUTHIECKUN MHJIEKC 2 paccMaTpUBaeMoOil Mo-
nenn. Okazajioch, 9T0 B eJuHCTBeHHON ycroitunboit MK dukcnpoBanHoit
TOYKE, paccMaTpuBaeMasi MOJIE/Ib 9KBUBaJCHTHA MO A CTOXaCTUIECKOi
JIMHAMUKHI, 9TO BeJIET K TOMY, YTO WHJEKC 2 OKAa3bIBAETCs PaBEH WHJIEKCY
3 Mozean A

— Cocunrannas MaTpuIla W B TPEXIIETIEBOM MPUOJMKEHUN TO3BOJIAET YTBEP-
JKJ1aTh, YTO YCTONUMBOCTD e/ inHcTBenHoi VK dpukcnpoBannoit ToUkn coxpa-
HUTCSI I B 9TOM TIOPSIJIKE.

— BBegenne HenyseBoit cxkUMaeMOCTH »KIUJIKOCTH peaynupyer F mojenb cTo-
XaCTUYIECKON JIMHAMUKN K Mojie/in A, 9TO CHUMAeT BOIIPOC O TOM, ITOYEeMYy
KPUTUYECKUI UHJEKC 2 B MOJEIN BpeMeHHBIX (byHKIWI ['prHa mpu KoHed-
HOIl TemIiepaType OKa3aJicsd paBeH WHJEKCY U3 Mojesn A.

Anpobarust pabotsl [1o Teme paboThl, OyOJTMKOBAHBI TPU CTATHH B »KYpPHA-

nax, pekoMmengoBanubix BAK P® u Bxogsmux 8 PUHIL, WOS:

— Honkonen, Juha & Komarova, M.V. & Molotkov, Yu.G. & Nalimov, M.Yu.
(2018). Effective large-scale model of boson gas from microscopic theory.
Nuclear Physics B. 939. 10.1016/j.nuclphysb.2018.12.015.

— Honkonen, J., Komarova, M.V., Molotkov, Y.G. et al. Kinetic
Theory of Boson Gas. Theor Math Phys 200, 1360-1373 (2019).
https://doi.org/10.1134/50040577919090095

— Zhavoronkov, Y.A., Komarova, M.V., Molotkov, Y.G. et al. Critical
Dynamics of the Phase Transition to the Superfluid State. Theor Math
Phys 200, 1237-1251 (2019). https://doi.org/10.1134/S0040577919080142

Pesyibrarsl paboThl JTOK/Ia/IbIBAIICH HA CJIEIYIONTINX KOHMEPEHITUSIX:

— «Science SPbU — 2020»

— VI International Conference "Models in quantum field theory"Saint
Petersburg, Peterhof, Russia from August 27 to 31, 2018

— NEGF and hydrodynamic. THMEC 2019 , JINR, 2019

Jlmawubrii BKJ1a1 aBTopa Bee BLIYUCICHNA W OCHOBHBIE PE3Y/IbTATHI OBLIN TIOJTy e~
HbI aBTOPOM JIMYHO WJIM IIPU €ro MPsIMOM YYacTHH.
CrpykTypa n 00beM padboTbl PaboThbl COCTOUT U3 TPeX IVIaB, 3aK/II0UEHNs,

ojiHoro npuioxkenus. [omHblii 06beM paboThl coCTaBSIET 73 CTPAHUIIHI.



— B nepsoit riiaBe paspuBaercs popMan3M BpeMeHHbIX qpyHkinii ['puna mpu
KOHEYHOI Temmeparype. [IpoBoguTcs aHaM3 OCHOBHBIX OOBLEKTOB KBaH-
TOBOIl TeopW TOJIA, CTPOUTCI COOTBETCTBYIONINE OOBEKTHI: N-TOUYETHBIE
dyukiun ['puna, BbIBoaMTCs, B Hambosee oOmeir ¢popme, Teopusi BO3-
MYIIEHUN I HUX W JIUIIb B CaAMOM KOHIIE KOHKpPETH3upyeTcs dopma
raMuibToHNaHa. /lajee, mMes Ha pyka raMUJIBTOHUAH, ITPOBOJUTCS aHAJINS
BO3HUKAIOIIIX PACXOINMOCTEI, Tpe iTaraeTcs Cliocod X peryJisi pU3aliim, 00-
cyzKJlaeTcd pusndeckuili cMbIC peryisdpusatopa. Marepuast nepBoil riiaBsl
ocHoBaH Ha paborax [12],[13]

— Bo Bropoiil r1aBe, mocrpoenHas Teopus MOJBEPraeTcs pa3sMepHOMY CUETy
quts onpenesnenus MK necymectBenabix wienon. [lyrem ux orOpacbiBanmsd,
crpoutca VK sacdbdexruBras Teopus mpurogHas Jjisd OMUCAHUS PACCMATPH-
BaeMoro azoBoro mnepexona. I[lokasbiBaeTcs, 9TO TaKasd TEOPUs SBJISICTCA
MYJIBTUTLITKATIBHO PEHOPMUPYEMOI U TPOBOIUTCS BBHIYNC/IEHNE B HUIIEM
HopsiJIKe Teopun Bo3MyleHnii. [IpoBouTes paccyer cJie/1yIonero mopsaKa
TEOpUN BO3MYIIEHUI 1 MMOKA3bIBAETCS, YTO COCUUTAHHAs MAaTPUIla (U UMEeT
BIJT ACUMIITOTHYECKOI'O Psijia, UTO TpedyeT repecyMMUpoBanust. MarepuaJibl
9TOI IyIaBbl OCHOBaHbBI Ha [12],[14]

— B Tpetbeil rnaBe, paccMaTpuBaeTCs BBeJIEHNE HEHYIEBOM C:KUMAeMOCTH B
MoJiesib F' cToXacTu4aeckoil JMHAMUKHI, 9TO MPUBOJUT K TOMY, YTO OHA (-
bexkTHBHO peaymupyeTcst K Mogean A. DTa ryiaBa 0CHOBa YHCTO Ha paboTe
14

— B 3axsmoueHnn mpuBoOJINTCS OCHOBHbBIE PE3YJILTATHI U BBIBO/IBI.

— Ilpuioxkenne co/iepKUT COCUNTAHHBIE 3HAYEHUS TPEXIETIEBBIX JUATPAMM

1 UX [IPOU3BOIHBIX 110 HEIepTypOATUBHOMY 3apsily U



I'maBa 1. Bpemennble dyHKnn I'puHa npum KOHEeYHOIT TeMIiieparype

1.1 HepaBuoBecuble dbynknuu I'pmaa. Teopuss Bo3aMmymnieHmit

OCHOBHBIM TIPEJIMETOM HHTEPECa JIJIs HAC ABJIAETCS HUCCJIeJ0BAHUE BJINSHUS
paBHOBecHBIX ryKTyanuit Ha Bosze cucremy BOIM3M TOUYKH (Hha30BOTO IEPEXO/IA
BTOPOro pojia (A-TOYKa B KUJKOM rejini). [JIaBHBIM (GU3NIECKUM apaMeTpoM, Ko-
TOPBIN TTOKA3BIBAET HaM, HACKOJIBKO OBICTPO CHCTEeMa BbIBE/IEHHAST U3 PABHOBECHOTO
COCTOSTHUST PABHOBECHBIMI (DJIYKTYaAIUsIMU MIPUJIET 0OPATHO B PABHOBECHE sIBJISIETCS
TaK Ha3bIBaeMbIil JUHAMIYECKUI Kpurudeckuii uujexc z [4; 5|. as ero Bbraunciie-
HUSI, MBI BBIBEJIEM MOJIEJIb IPUTOJHYIO JIJIs OIUCaHUsT HePABHOBECHBIX Bo3e cucrem
BOJIN3U TOYKM (pa30BOr0 Iepexojia BTOporo poja. s sToro Ham mnorpedyercs: Ha-
9aTh C OCHOBHBIX 00EKTOB B KBAHTOBOIT TEOPUH T10JIsI: TAK HA3BIBAEMbIX 1-TOYETHbBIX
dbyuxruit ['puna [2].

Mmeercst HECKOJTBKO MOJIXO/I0B K TOMY, KAK BBIBOJIUTD IIPEJICTABICHUE JIJIsT 11—
ToUeuHbIX (yHKIMI ['puHa MpUTrogHbIX JIisi TTOCTPOEHUS COOTBETCTBYIOIIEH MOJie-
JIN: TIPSIMOIiE TIOJIXOJT € HMCIIOJIL30BAHMEM ONEPATOPHOrO (phopMan3Ma, WM MOJIXOJ,
B KOTOPOM COOTBETCTBYIOIIIE MaTPUUIHbIE 3JIEMEHTHI CPa3y EepPelnuchIBAIOTCS C UC-
nosibzoBanneM Gopmyssr Peiinmana-Kara [15].

[Tyt P 1T OIepaTOpPb YHIUTOKEHHS I POKICHIsT COOTBETCTBeHHO. Tora

n-toueunas pyHKIMA ['prHa MOXKeT ObITH 3alMcaHa B CJCILYIOMEM BHIE:

Gulwr, -+ ) = Tr (T [bu(a bl (e1) - buleably(@n)] ). (11)
rjie P — CTaTHCTHYeCKuil onepaTop, T, — napa (t,,r,), 31ech x, € R Oueparopst
Uy u ﬂ)}; 3allMCcaHbl B IpejcTapaeHun | eiizentepra:

i (ta) = T I (g)e T

b () = e TN ()T

Y

(1.2)

riae P(z) up*(x) — oneparopst B npejcrasienun peaunarepa. s nanbueiineit
IPOCTOTBI 3aINCH 00bLEJIMHUM onepaTop P 1 KOMILIEKCHO-CONpSZKeHHblil emy P+ B

OJHO ABYXKOMIIOHETHOE CKaJIAPHOE IIOJIE:

1PH(%)

() (13)



Torpa n — Toueunast pyHkmus ['puHa MoxKeT ObITH 3allncaHa B 00Jiee KOMIIAKT-

HOil (popMme Kak:

Gu(@1, -+ xn) = Tr (0T [Qm(21) - - @a(wn))]) - (1.4)

[Tocsietytonue BoIYUCIEHIS B TEOPUN BO3MYIIEHUIT [TOJIE3HO ITPOBOJUTL Cpa3y I0/I-
pasymeBas paboOTy B cXeMe pas3MepHOil peryiagpusanun. JIpyrumum cjaoBaMu MbI
noJjiaraeM, 9YTO Pa3sMepPHOCTL MPOCTPAHCTBA €CTh HEKOTOpPOE TOJIOKUTETHHOE Be-
mecTBeHHoe ducyio d. Paccmorpum cucremy crabo-B3anMOJIEHCTBYIONNX OO030HOB
BOJIN3H TOUKM (ha30BOI0 Iepexojia BTOPOTo POjia B PABHOBECHOM COCTOSTHUU. Y 100HO
paboraTh B OOJILIIIOM KaHOHMYECKOM aHcamOJie, KOTOpbIii Hambojiee XOPOIIO OITH-
CbIBA€T CHUCTEMBI B COCTOSHHUU C II€PEMEHHBIM YHCJIOM dacTull. Bouibop ancamO.is
OJTHO3HAYHO (PUKCUPYET BHUJ CTATUCTUIECKOTO OTEPaTOpa:

e_ﬁ(ﬁ_”N)

_e - 7 15
p 7o (1.5)

rie H raMuabTOHMaH CUCTEMBI, L — XUMWYeCKuil motennuas, a [N - orepaTop dncia
JacTHIl, [3 — odpaTHas TeMIeparypa, g — CTATUCTUIECKast CyMMa PacCMaTpUBaEMOii
MoJlesTi. Bhraucienus B Teopun BO3MYIIEHNI TPAIUIINOHHO TTPOBOJIATCS C MCIIOIb30-

BAHUEM TIPeJICTABIeHHsI B3aUMOJIEHCTBHsI Jjist TI0JIeBbIX oreparopos W™ [2; 15]

~ i(t—tq)

P(t,z) = e T HN ()~ 5 (Ho-u) (1.6)

i(t—to)

Pt (t,2) = e TN+ () T k) (1.7)

3/1ech raMIJIbTOHNAH H 1oJipa3yMeBaeTcs pa30UThIM Ha TaK Ha3bIBAEMYIO CBOOO/I-
HYI0 9aCcThb (FapMOHUYECKYI0) U B3aUMOJEHCTBYIOIIYIO0 YacTh. Jpyrumu cioBamu
H = ]:10 + V. Takxe B IIpeJICTaBJIEHNH B3auMOJIecTBUsT ObLI OTHEeJIbHO BbIJIEIEH
HaYaJIbHBII MOMEHT BpeMeHHU tj, HauuHasi ¢ KOTOPOI'O B CUCTEME YCTAHOBUJIOCH PaB-
HoBecue. Bbioop ty HuKak He Bausier Ha GyHKIUHU ['pruHa B CUIY X TPAHCISIIIIOHHON
NHBAPUAHTHOCTHU 110 BPEMEHH.

Bpemennblie byHkimn ['pruHa 1pu KOHEYHOIT TeMItepaType sIBJISTIOTCS TOITUIIOM
HEPABHOBECHBIX. JTO BbIparKaeTcsi B TOM, UTO JJisi HepaBHOBECHBIX (pyHKIuii ['pu-
Ha HEOOXO/IMMO HCIIOJIL30BATh HEPABHOBECHBIN CTATHCTUYECKUII OlepaTop BMECTO
CTATUCTUIECKOTO OrepaTopa GoJIbIIOro KaHounudeckoro ancam6is B (1.5). Hepas-
HOBeCHBbIe (PyHKIUN ['prHA OYEeHb YacTO BBOJIATCS U BBIYUC/ISIIOTCS Ha OCHOBE
uieii [Isunrepa [16] o, yrnopsijogeHHOM Ha CIIEMUAJBLHOM KOHTYDE, MPOM3BEIeHNN

OIEPaTOPOB JIJIT KOTOPBIX BPEMsl CUNTACTCsST KOMIUIEKCHBIM [17] BMecTO 0OBITHOIO
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yropsiounBanus B (1.4). Kax npaBusio JasHbBIi MOIX0T UCIIOIB3YETCsT J1J1sT U3y IeHs]
pobsiembl Korm ypasuenus Jlaficona (KoTopoe MHOT/IA HA3BIBACTCS yPABHEHUEM
Kayanosa-Beiima) st dynknumit 'puna. OTcroia KOHETHO K€ TOXKE MOYKHO TOJIY-
YUTH COOTBETCTBYIONINE Pa3JI0yKCHUSI.

B stom meToze, MbI OJHAKO, IIOCTPOUM pa3JIoKeHHe Ha BCeil BpeMeHHOI ocu
¢ TOCJEIYIONNM PEHOPMAaJIN3allMOHHBIM aHAJI30M JJTNHHOBOJIHOBON MOIEN, KO-
Topas Oyler IMoJIydeHa U3 3TOr0 pasjioKeHud. st 9TOro, Mbl IOJIydaeM TEOPHUIO
BO3MYIIEHUIT [IPU TOMOII CTaHjapTHbIX TeopeM Buka [18]. Takxke Mbl mpumersi-
eM (DYHKI[MOHAJIbLHOE TIpejicTaB/ieHue [19], KoTopoe 1103BoJIsieT HaM B OllpejIe/IeHHbIi
MOMEHT TepeiiTn K dpopMan3My (GyHKINOHAJIBLHOTO MWHTEIpaJIa.

st HagaJia, yHOpsLAOYMBAHUE 110 BPEMEHU I'eii3eHOeproBCKUX OIEepaTOPOB B
(1.4) moKHO OBITH MEPEeNUCAHO B TaK HA3bIBAEMOil (hOpMe YIOPSIOIEHHOTO TPOU3-

BeJIEHNS JINPAKOBCKUX omepaTopoB. Ipyrumu cioBamu:

Tlon(@) - ou(a)] = Ultot )T | @(z1) - (aa)e 5 Ultito),

A~

rpe typ >t > t;,Vl = 1,--- ,n. Oneparop ssosmonun U B (1.8) :

O(1#) = ¢ T G- =5k ) (19)

u Vn(t) dyHKIMOHAJ B3aMMOJIEHCTBUSA, 3allMCaHHbII B HOPMaJIbHOI bopMe, TO eCTh
V(@) = N[V,(®)]. 3aecs nmompasymeBaeTcst, ITO XPOHOJOIMIECKOE TPON3BEICHIE
Ha COBIIQJIAIONINX BpeMeHaX OIpeaesseTcs, KaK HopMaJabHOe Ipom3BeeHue. Kpo-
Me TOT'0, MOJIE3HO OTMETUTH, YTO B OTJINYINN OT pyHKIuil ['puHa, XpoHOJIOTTIecKoe
npousse/ienne B (1.8) 3aBucuT oT BpeMeHa oTcUera ty.
MowmenTe! Bpemenn ¢; u ¢ CINTAIOTCA IIPOU3BOJILHBIMUI 1 IIOJIPA3YMBACTCS, 9TO
OHM OYJIyT IOJIOJKEHDI ¢; — —00 U ty — 00 JJlg 00JIerdeHus 1OocJIe/lyIoero cyera
B Teopun BoaMmyIennit. [losTomy Mbl mpesctaBum 06a omneparopa ssosonni B (1.8)
B popMe aHTUXPOHOJOTMYECKON SKCIIOHEHTHI:
L[V (@)
R - T n u))du
Ut t) = ey , (1.10)
rie T — 3nax AHTUXPOHOJIOIMYECKOr0 Ipousseienus u t' < t, a mpejesbl nHTErpa-

JlIa B 9KCIIOHCHTE 3alliCaHbl B €CTECTBCHHOM IIOPDAIKE C MEHBIIMM apryMEHTOM Ha
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HIDKHeM npejiesie. KKoHeuHo, MOyKHO BMECTO aHTUXPOHOJIOIHMYECKOIO ITPON3Be IeHIs]
onieparopos U (t',t) ucnoib3oBarh 00bIUHBIE XpoHOJIOrHUecKue oteparopsl U (t,t')

OolpeacJiIeHHbIEe KakK:

U(tt)=Te "7 . (1.11)

Breraucienusi, KOHEYHO »Ke, HE 3aBUCAT OT TOrO, KaKOl THII OIEepaTOPOB BBIOpAH.
['1aBHOE, 4TOOBI MX BBIOOP OBLI cjlesiaH eauHooOpasHo. st jgasbHeliniero, Tpedy-
eTCsl Iepelucarb CTaTUCTHYECKUil orepaTop @ B HIPUIOJAHOM Buje. s KOHEUHOIt
TeMIIepaTypbl, OKa3bIBAeTCsT YOeauTe/IbHO BbiOUparh ciej (1.4) B obK/agkax cob-
CTBEHHBIX BEKTOPOB cBOGOIHOTO oneparopa Hy — wN. CraTnerndeckuii oneparop p
(1.5) makxke J10JIZKeH OBITH Iepenncan B opMe XPOHOJIOIMIECKOTO MTPOU3BEICHNISI.
J1st TOoro, 9T00ObBI 3TO CJIEaTh, II0JIE3HO 3aMETUTh, YTO COOTBETCTBYIONINI CTATUCTH-
JecKuil oreparop MOKeT ObITh IPEeJCTaB/JIeH KaK OlepaTop dBOJIIOIUN BO MHUMOM
BpEMEHH, TaK Ha3bIBAEMbINl €BKJIMIOB OIEPATOD IBOJIIONNN, KOTOPBIH BBITVIAJIUT CJIe-

JIVIOIIM 00pa30M:

Up(t,0) = er(Ho—uN) o= (H-uN) _ ¢ : (1.12)

¢ OYEBHUJIHOM IOACTaHOBKOM t = [Bh Juis BepxHero mpejesna. B mpejicTaBieHnn B3au-

MOrZLefICTBl/Iﬂj 9BOJIIOIIMA €BKJINIOBBIX OIIEPaTOPOB MOXKET 6bITb 3allliCaHa KakK:
. C(Hy—pB) L (y—pN
Pp(tx) = erM N p(z)enHoml), (1.13)

riae MHJIeKC FE OTHOCUTCS K €BKJ/IMJIOBOM TEOPHH IOJS HOJydaeMOil I0/ICTaHOBKOM
(t — tg) — —it. Koneunoe Bpemsi oTcuera ty 3acTaBjsier HAC UCHOJb30BAThH JIPYTYIO
HOTAIIMIO JIJIST €BKJIMJIOBBIX OIEPATOPOB BOJIIOIUN BMECTO OOBITHONW HOTAITUU JIJIsi
JIMPAKOBCKHUX OIIEPaTOPOB ¢ MHUMBIM BPEMEHEM.

Haxoner, mojcrasisas npegcrasienue (1.8) u (1.12) B (1.4) nosydaem BbI-
pazkeHue I BpeMeHHBIX (yHKIN ['puHa npu KOHEYHO# Temieparype B BHJE
[IPOU3BE/ICHUA YeThIpeX YIOPAJOYCHHBIX 110 BPEMEHU OIllepPaTOPOB.

Wcnounayst BIOOp tg B Buze t; < ty HOJIydaeM:

ty

. . Bh _
—B(Ho—uN) _=1 Vi, (9(t))dt ~ lfvn((f))dt
Gn(x17$2, e 73771) — Tr QZ—TG A bf (@(1)) T@hto '
G
ty to (114)
. . . —+ [ Va(@@)dt | _ % [Va(@(t))dt
. T (P(xl)([)(332) e (p(xn)e t; Te £
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HpI/IMeHI/IB CTaHdapTHBIE TEOPEMbI BI/IKEL7 IIpon3BeacHue YIIOpAAOYCHHLIX IIO Bpe-

MEHU HpOI/ISBe,ZLeHI/Iﬁ MOXKET OBbITH nepeinmcadso B BHJAE €JMHOI'O HOPMaJIbHOI'O

HpOI/ISBerZLeHI/Ie:
~ N 4
—B(Ho—uN) T T/ T o -
e 2 2. 5¢; PllTg, Sog T,
Gup(z1, - 2p) =Tr | ————N |e = e3(x1) - - @3(zs)
Za
L Bn by by )
=5 [ Valen)dt+; [ Valea(t))dt—3 [ Vi(es(t))di+s [ Vi(ea(t))dt
0 to t; t;

P234=0,01=0QF
(1.15)

riae V,(t,@) mopmasibias dbopma QyHKIHOHATA B3ANMOEIHCTBISA U KPOME TOTO MBI
OTJIEJIbHO BBLJEJIMJIN YeTbIpe MHJEKCca JIId KazkJloro 1oJd. Bee nHTerpasibl B cOOT-
BETCTBYIOIINX SKCIOHEHTaX HoApasyMeBatoTcs. OpesieleHIe CBEPTOK CTaHIaPTHOE
[19]. Unjekcbl B HUX OTHOCSTCST K THILY IOJIEil.

MozKHO Tak»Ke 3aMEeTUTD, YTO COOTBETCTBYoIIIE orepaTopb (1.15) HecumvmeT-
PUYHBI OTHOCUTEIBHO MH/IEKCOB. XPOHOJIOIMYECKHe CBEPTKH — KBa[paTnyHast popma
orepaTopa IPUBEJICHUsT U OIIpeIeIeHbl cTanapTHBIM oOpasoM [19]. Cymmapho y Hac

€CTh 4YeTbIpe XPOHOJIOI'MYECKUEe CBEPTKU:

A (z,2") = T[@1(z) P1(2)] — N[@1(z)P1(z")]
Agy(2,7") = T[@a2(2) P2(2")] — N[@a2(2) @2(2)] (1.16)
Asz(z,2") = T[@3(z)@3(2")] — N[@s(x)Ps3(x)]
Ay(z,2") = T[@a(z)@a(2")] — N[@a(z)Pa(z")]

Ucnonb3yst cBoiicTBa XPOHOJIOTNYECKUX CBEPTOK, MOYKHO YBHUJIETH, YTO TOJILKO TPU

U3 HUX pa3JINIHbI, TaK KakK:
A N=A ! (1.17)
»(2,2') = Au(z,2") :
[lects HOpMAIBHBIX CBePTOK B (1.15) MOJIYyIAIOTCA M3 COOTHOIICHS:

n(z.a') = ¢(z)@(z') — N[@(z) ()] (1.18)
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Paccrapiisiss COOTBETCTBYIOIIIM 00Pa30M 3HAKH, 0JIydaeM HabOp HOPpMaJIbHBIX CBEP-

ni2 = ¢1(2)P2(2") — N{[@1(z)Pa(z")]
niz = @1(2)P3(2") — N[@1(2) 3(2")]
Ny = (?1(96)(?4(9:’) — N[(En(ﬂf)(f)zl(l‘/)] (1.19)
o3 = Qa(2)P3(2") — N[@a(z)P3(z)]
ngs = @2(2)Pa(2") — N[@2(z) P4(z’)]
nzy = @3(2)Pa(z’) — N[@s(z)Pa(2")],

rjle OIepaToOphl 10Jisl, 100 CYyTh JUPAKOBCKHE IO/ WM eBKJIMJIOBLL I0JIs, B 3a-
BUCHMOCTH OT HHJIEKCA. 3JeCb U B JaJIbHEIIeM Bce CyMMbl U UHTEIPAJIbI OYIyT
OILyCKATBLCS JIJIs1 IPOCTOTHI 3alliCU. Bhrancenne cpeHux B 00JIbIIEM KAHOHIYECKOM
ancaMbJie OT HOPMAJILHOI'O IPOU3BEICHUS ISl IIPOU3BOJILHOTO OIIEPATOPa MOZKET
OBITH IIPOBEJICHO TIPU TOMOIIHN CJIeyIoleii bopMyJIb, ClIPaBeJInBOCTH KOTOPOI J10-
Ka3bIBAETCsT PA3JIOKEHIEM B psiji obenx dacteil paBeHcTsa [2; 15; 19]:

Tre P YINF(¢))]

Tr @—B(FIO—HN)

= e23v%5 F (@) (1.20)

9

@=0
/
riae byukiwn d(x,x’) sapo cooTBeTCTBYIONMEro (byHKIMOHATBHOTO MiddepeHiimaib-
HOTO onepaTopa. MbI OyJieM Ha3bIBaTh UX TEILIOBLIMU cBepTKaMu. OHE MOI'yT ObITh
COCUMTAHDBI KaK CpejHue 3HAaUeHUs] HOPMaJIbHOI'O IIPOU3BeIeHNsI 10JIei:
Tre PUYIN[@(2) (')
Ty Q*B(HvO*HN)

B cuy Toro, uro B (1.15) Bce mosisi, b0 SBJISIOTCS TUPAKOBCKUMIE, JIHOO €BJIKH-

d(z,2") = (1.21)

JOBBIME U CJIEJIOBATE/ILHO O0JIQJIAIONIUME TeIIOBBIMEI cBepTKaMu u3 (1.21), odeHb
yI00HO 3ammcarb KBaJpaTHIHYI0 4YacTh oreparopa npusejierus (1.15) B dopme
KBaJIpaTHON MaTpuiibl 4 X 4 cocTosIeil n3 cOOTBETCTBYIONINX POIIaraTopoB. DTO
MPUBOJIUT HAc, K MOYTH (pUHAJIBHOI (hopMe MPUTOTHON JIJIsT TEOPUU BO3MYIICHMIT,

JUIs BpeMeHHbBIX (DyHKIM ['puHa 1Ipu KOHEYHOI TeMmIiepaType:

G(x1,- -+ xy) = =5 |e =

Bh iy by )
—5 [ Valen)dt+ [ Vi(ea(t)dt—¢ [ Vi(@s(t)dt+% [ Vi(@a(t))dt
- e 0 to t ti ,

®;=0
(1.22)
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rie Zy = Tr e~B(Ho—uN) T3 s10M sTane MOKHO YCTAHOBUTH COOTBETCTBUE MEKLY
BPEMEHHBIM WHTEIPAJIOM B (PYHKIIMOHAJIE B3aUMOJICHCTBUS U YACTIMU KOHTypa B
KOMIIJIEKCHOM TIJIOCKOCTH. IDTOT KOHTYP M3BecTeH, Kak KoHTyp I[lIBumnrepa-Kembi-
ma. OH TO03BOJIET TepeiiTn K eIMHOMY BPEMEHH, IeHOil TOro, 4TO BpeMs Telepb
mpoberaer 3TOT KOHTYp. B 3TOM MeTojie, B 9TOM HET 10400HOI HEOOXOIUMOCTH.
Ucxonst u3 (1.22) MOXKHO TOJYIUTH CTaHJAPTHBIE (beflHMAHOBCKUE MPABUIIA
JJIst TEOPUU BO3MYyIeHuii. Jlerko BujieTh, 4to jieBast yactb pasencrsa (1.14) HesaBu-
cuMa OT BCeX BPEMEHHBIX IapaMeTpos ty > to > t;. Tem He MeHee ux nogpjienue B
ITPaBOil YACTH COOTBETCTBYIOIIETO PABEHCTBA, JIe/IaeT TEOPUIO BOSMYIIEHU CAUTITKOM
3aIly TAHHOI, MMOITOMY JIJIsi KOHKPETHOI'O cueTa, OHU OYJIyT MOJAaraTbcd Tak, ITOOBI

MaKCHUMaJIbHO YIIPOCTUTH COOTBETCTBYIOHINEC BbIYMCJICHUA.

1.2 Heobbruubie pacxoanmoctu. Perynspusamnus

aJibHeiiiee yrpolenne BblpayKeHus i BpeMeHHbIX (byHKinii ['puna mpu
KOHeuHOIT Temmieparype (1.22) Tpebyer yrounennst (hopMbl raMuibronnana. Harrei
OCHOBHOM 3a/1a4eil ABJIAeTCA N3yYeHe MOBeAeHNd CUCTEMbI, COCTOMIIECH N3 YaCTHUIL,
o IauHsIIoNMXCs: Bose craTucruke, BOm3u ha3oBoro mepexoja Broporo poja. Haun-
6oJ1ee OO TAaMIJIBTOHUAH TTOJIOOHOTO POJia UMeeT CJIeAYIONyio (popMy:

= [ (Db + b b)) (129

[aMuIbTOHMAH 3alcaH B HOpMaJibHON (opMme 1 (PYHKIMOHA B3auMOIEiCTBUSI
MOJTy9aeTcsl TPOCTON 3aMeHOol orepaTopoB Ha COOTBETCTBYIOINE (DyHKINN. XPOo-
HOJIOTMYECKNE U HOPMaJIbHble CBEPTKH BBIUHUC/ISIOTCA 110 IPUBEICHHBIM BBIIIIE
dopmysiam. Bee cBepTK, cojiepzkaliiie Ba oleparopa YHUUTOXKEHIST U POXKIEHU
PaBHBI HYJIIO M3-38 KOMMYTAITHOHHBIX COOTHOIIEHUN MKy HUMHU. B mTore, cBepr-
KU JIBYXKOMIIOHEHTHOTO 110Jist (1.3) MoryT OBITH mpejicTaBieHbl MaTpureii 2 X 2 ¢
HyJIIMH Ha jJuaroHaJii. B 0a3nce BOJHOBBIX BEKTOPOB XPOHOJIOIMYECKNE CBEPTKU

MMEIOT CJleAyIomuii B
AL E) = iGR(t — 1 k) = 0(t — t')e 0R=)
At k) = —iGAt —t' k) = 0t — t)e 0= (1.24)
Ap(tt k) =0(t —t)e @),
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riae Byl (k) ompejesisieTcst UCXo/si U3 CBOOOHON wacTu ramujibroHuaHa (1.23)

w(k) = &) _ % <@ - ) | (1.25)

2m

n paBEH:

Oynkinn G G4 n3pecTHb! Kak 3ama3/sBaoliye 1 onepexaore GyHKimn I puna
JIUIsT HePeJIATUBUCTCKOM KMHETUKH. TemiiepaTypHble 1 HOpMaJibHbIE CBEPTKU OT/IHYa-
I0TCsI JINIIb TEM, ABJISIETCA JIU BPEMsI YUCTO MHUMBIM Wi HeT. [IpsiMmoe Bbrunc/ieHue

¢ ucrnosb3opanrem (1.19) u (1.21) nos3Bosister HafiTn uX:

dpp(t,t' k) = e (t_t/)ﬁ(k)
dep(tt' k) = H/)ﬁ ")
dp(t,t' k) )
dep(t,t' k) = ew(k‘)(z(t )05k,

(1.26)

/\
~
N
(=)
~—
_|_
X
S
N
=N
N—

/1€ MHJIEKCHI TOKa3bIBAIOT KaKne MOJIsl: €BKJINJIOBBIE WU JIUPAKOBCKHIE CTOAT B BhIpa-
kennu (1.21). Ipyrumu cjioBaMu, OHI OIPEJIENSIIOT MOPSIIOK MOJeil B yCpeTHEHHOM
npousseiennn oneparopos (W (t,x) (¢ 2")). m(k) cpennee 3HaUeHMe THCeN 3a10.1-

HeHUs JIJIsi cBOOOJHOro Boze raza:

1

(1.27)
Kak ObLI0 cKazaHO BBINIE, BCE CBEPTKHU, COCTOMAIINE W3 JIBYX YIOPSIOYCHHBIX
OIIEPATOPOB YHUYTOXKCHUS WM POZKJICHUA NCYE3aI0T B CUJY KOMMYTAIMOHHBIX CO-
orHommenuit. OcrajbHble HOPMAaJIbHBIE CBEPTKU MMEIOT OJMHAKOBYIO C TEIJIOBBIMMI
CBEPTKaMU 3aBUCUMOCTHU OT BPEMEHHU, 34 UCKJIIOYEHUEM TOT'O, YTO CpeJiHee 3HAUEHUe

quceJl 3allOJIHEHMA 3aMEHAETCAd Ha €AWHHUILY:

—zw k)(t—t")

tt'k
tt k
tt k
t.t' k

npp
)(t—t)

NEE
—i(t—to)+t') (1.28)

NpE
i(t'—tg)—t)

)
)
)
)

nepp

MozxkHO 3aMeTuTh, 9T0 KOMOMHAIUS BbipazkeHuil ¢ (k) u 6e3 MoxkKeT MpuBeCTH K
BIIOJIHE OIIPEIC/IEHHBIM PACXOIUMOCTAM B T€OPUU BO3MYILEHU. DTa podseMa Oyier
paccMOTpeHa 4yTh II03IKe.

DyukmoHa bHOE TpejcTapietne (1.22) ¢ ucnosbp3oBaHneM orepaTopos P u

T u3 (1.23) Moxker ObITH NPEJCTABJICHO B BHUJIE:
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4 4
1 5 41
2 5257% Z++Z 5¢knk15¢+ 2 Z;

L
Glar, ) = > e S0 ) ()

BH tr
n N — [ dt [ dad P (8203 () + 1 fdt [ dew>(ta)p3 (L)
g (@me1) -y (an) e ° '

fdtfd:mb (ta)b3(tx)+2 fdtfdmb (t,x)P3(t,x)

Y

P =0,p; =0
(1.29)

Matpuna 4 X 4 npornaraTopoB COAEPXKUT COOTBETCTBYIONINE KOMOMHAIMN (DYHKITIH

BbIYHMCJICHHDBIX BbLIIIEC W MMeeT BUA:

Arp+drgrg ngp+degp negp+dep nep+dep

A~ dpE A+dpp npp+dpp npp+dpp (1.30)
_ dpg dpp A+dpp npp+dpp
dpE dpp dpp A +dpp

Hec10:KHO 3aMeTUTH, UTO KaK/IBII 9JIEMEHT 9TOIl MATPHIBI IMEET OCIIJLIAPYIOTILY O
9acTh. Byjer mokaszaHo, 9TO JaHHAsi OCIUJLIAINS TPUBOIUT K BIIOJTHE OIIPEJIC/ICH-
HBIM [TPOOJIEMAM IIPU BHIYUCJICHUSIX 110 TEOPUH BO3MYIIECHU{T U SIBJISIETCA UCTOTHUKOM
MK pacxoammocTeii B COOTBETCTBYIOMINX JIHarpaMMax.

Takke JOJZKHO OBITH OTMEUYEHO, UTO BBIUUC/ICHHE 110 TEOPUN BO3MYIIEHUIl ¢
ucrosbzoBanneM (1.29); (1.30) moxker cuntaTbest HanboJee OOIIUM BIJIOM BpPEMEH-
upix ynkuuit ['puna npu koneunoit remmeparype. MomenTe! Bpemenn ¢ ¢,t; Takxke
KaK I MOMEHT OTCYeTa 110 BPEMEeHHU t( IIPOU3BOJIbHBIE BEJMUNHBI. Bojee Toro B Ka-

YeCTBE CTATUCTUYECKOIO OTepaTop P MOXKET OBITH B3AT JIIOO0I SPMHUTOB OMEpPaTOp,

eF[(P
Tr ef'le]?

MUAaJIbHBII OHepaTOprIﬁ (byHKL[I/IOHa.H. Samena @ KOHEYHO 2Ke BeJIeT K U3MCEHEHUIO

KOTOPBIIT MOXKeT ObITh NMPUBEJIEH K opMme rie F[@] nokanbHblil m01HO-
(hOPMBI COOTBETCTBYIOIINX CBEPTOK orpejesieHHbix B (1.19),(1.16).

Kaxkmast KBaHTOBas T€OpUs IMOJIA C B3aMMOJIEHICTBIEM COJEPXKUT B cebe pac-
XOJMMOCTH, KOTOpPble BO3HWKAIOT IPU CUYETe IO TEOPUU BO3MYIIECHUI 3JIEeMEHTOB
S-MaTpUIbl WK JIIOOBIX APYTUX HADII0aeMbIX BeJinunt. B dpusnke semMenTapHbIX
YACTHUI, 3a9aCTyl0, OCHOBHOI POJ TaKUX IpodJeM umeeT (popMy TaK Ha3bIBae-
MBIX yJIbTpadroIeToBbIX pacxojumocreii. Odenb xopoino ussectao |Bog|, dro
HUCTOYHUK IOJIOOHBIX PACXOJIMMOCTEH MPOUCXOIUT U3 TOro (haKTa, YTO COOTBETCTBY-

IOIIUIT orlepaTop B3auMojielicTBus V,, collepKUT B cebe Npon3Be/ieHre OllepaTOPHbIX
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pacnpejienenuii. [loo0nbie mpon3seieHNsT ONepaTOPHbIX pacipeie/eHnii 3a4acTyIo
TpedyIOT jloorpeiesienus. Tem He MeHee, ¢ PacXOIUMOCTSIMI MOYKHO PadOTATDh MPSIMO
B Dypbe NpeJICTaBIEHNN C UCHOJIL30BAHIEM METOa PEHOPMAJM3AInOHHON TpyTI-
IIbI, KOTOPBIi TT03BOJISIET 1T0JIyYaTh KOHeUHbIe pe3yibTaThl. OJIHAKO, B 6€3MacCOBBIX
MOJIEJIAX TodaBIA0OTCd nMeHHOo VK pacxogmMocTn W OHU ABJISIIOTCA Kyj1a OOJIbITIeit
1po0JIeMOil, JIJIsT KOTOPOiT BCe elle He CYIIeCTBYeT ODINero perenTa.

B namewm ciydae, KpoMe OMUCAHHBIX BBINIE PACXOIUMOCTEHl CyIIeCTBYeT eIle
OJIMH THUIl HEOOBIUHBIX JIJIA MOJIEBBIX MOJIesIell pacxoIuMocTeil Mpyu NHTErPUPOBAHNN
110 BpeMeHu (11 9actore). ICTOYHHKOM 9THX PACXOJAUMOCTEN CTy2KUT OCIUJLIHDPY IO
masi gactu mponararopoB. CyMMapHO 4acTh pacxouMocTeil BozHukaeT u3 Y@ mim
VK cunrynspHocTeil, ¢BA3aHHBIX C TEPMOJMHAMIYCCKUM IPEJIe/IbHBIM 1€PEX0I0M
B MOJIeJIA, & YacTb, Ha IEPBBII B3TJIs, BOSHUKAECT W3 OCIUJIMPYIONINX YacTell B
MAaTPUIE MPOTAraToOpPoB. 3JeCh Mbl PACCMATPUBAEM TOJBKO MOC/JEIHUN BUJ CUHTY-
JIIpHOCTEl, KOTOPhIe BOBHUKAET IPH MHTEIPUPOBAHUN 110 BPEMEHHU.

[ st 6os1ee y1oOHOrO cueTa NPy pas3/IozKEHUN 110 TEOPUU BOZMYIIEHMIT ITOJIOYKIM
ty — 0o,t; — —00. 1 0ObIYHBIX TEOPUN ITOT HepexoJl MOXKeT ObITh NPUMEHEH K
KayKJIOl JinarpamMme OT/IeIbHO, HO B HAIIEM CJIydae BO3BHUKAIOT ITPOOJIEMBI CJIeTyIO-
mero xapaxkrepa. PaccMoTpuM AByXTodeunyio (pyHKIIo ['puna u cocuntaeMm K Heil

[IEPBYIO IIOIIPABKY, KOTOPasl JaeTcs COOTBETCTBYIOIIECH OJIHOIET/ICBOI InarpaMMOii:

Go(x1,29) = Tr <(3gT [ﬂ)g(@)ﬁ)}}(@)b (1.31)

B cuy Toro, 4To y Hac JIBYXKOMIIOHEHTHOE I10JI€, Y HaC €CTh YeThIPe JUATrPaMMbI

paccMaTpuBaeMoOil TOIOJIOTUN:

3@3+3©3+3Qa+3©

GQ(CI?l,.IQ) = 3, (132)
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rie nudpbl HyMepytor Tutl nojeit u3 (1.22). Anaaurndeckoe BbIpazKeHHe sl KarK-

noit amarpammbl 3 (1.32) mmMeer BHI:

Bh
: : — /dt (dDE(t1 — 75)21(1)1%11)1 (nep(t —t2) + dep(t — t2)))> —

w

o

(1.33)

ty

3 2 3 = /dt (nDD(tl — t) + dDD(tl - t)) El(bl;)rlmdDD(t - tQ) -
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3 3 3 = /dt (A(tl —75) —i—dDD(tl —t))z(lgll):s(A(t_t?) +dDD(t_t2)) =

- dt/dp ]( =009t — 1) +7a(k)):

.(e—iw(k)(t—w)(e(t o) + 7 ) dpri(p)e~ 0 (t—ta),

((t —to) + (g — ti +tp — to)n(k) + (tf —t)n%(k))
(1.35)

to

E T e = /dt (npp(ts — 1) +dpp(ts — 1)) Zfl)l;rwdDD(t —1g) =

- dt/dp [9[0] -I-ﬁ(p)] (eiw(k)(tl t)( (k) + 1) —iw(k )(ttQ)ﬁ(k)) _

jlgh dpii(p)e —z(tl—t2)w(k)ﬁ(k)(1 +7(k))(to — t;)

(1.36)
HeoiHo3HaYHOCTH KOTOPAsi TYT MOSAB/ISIETCS CBSI3aHa ¢ HAJIMINEM TITa (PYHKITMH X3~
Brcaiina B Hyse. Xoporno u3BectHo, uTo Beibop 0(0) = 0 masa Momesn cBOOGOIHOTO
Bose raza Bejier kK npasmibHbiM pesysbratam [19]. [Tosromy Besme Mmbl joompe;ie-
JisieM T9Ta pyHKINUIO X3BUcaiijia B Hyse - HyJéM. HTerpas 6epercs 1Mo MMITYJIbCy
IIPOTEKAIONIEMY B COOTBETCTBYIOIIEH 1eTyie. KpoMe Toro, ST MHTErpaibl COJIEPIKAT
B cebe cpejiHee Iucjio IucesT 3amoyiHenns n(p), 9To jieaeT NHTerpasbl HeCHHTYIIsIp-
ubiMi. C Apyroif cTOPOHbBI, MHTErpaJibl 110 BPeMeHH, IIPU yCTpeMmJleHuu ty — oo,

ti — —O0O pPacXOIaATCH.
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OJIHAKO, eCJTM MBI PACCMOTPHUM CYMMY TPEX PACXOJISIINXCs quarpaMm u3 (1.32)

©3+3©3—|—3©

MOYKHO 3aMeTUTb, YTO COOTBETCTBYIOIINE PACXOIUMOCTH COKpalllaloTcsd. boliee jie-

(1.37)

TaJIbHO, CyMMa Tpex guarpamm u3 (1.32) BBIISIUT CIeLYIOMNIM 00pa30oM:

Q.00

ty
_ / &t (noolty — £) + dpo(ts — 1) 1) dop(t — t2)+
o (1.38)

ty

+ /dt (A(t1 —t) +dpp(t1 — 1)) Efpé)Hp (A(t = t2) + dpp(t — t2))+

t;
to

+ / dt (npp(ty — t) + dpp(ts — 1)) z$> o, dpp(t = 1) =
t;

= _4%9 dpn( ) (k)(tl_t2)(7ﬁ1 — tg) [9(151 - 2f2) + ﬁ(p)]

JIMHEHHBITT pocT O BpeMeHHW BUja t; — to BBEPXY HE SIBJISETCS PACXOTUMOCTHIO,
HO TeM He MeHee eCTh HeOObITHOe IOBeJIeHNe OJIHOTET/IEBON JmarpaMMbl IO Bpe-
MeHn. CMBIC/T 9TOTO JIMHEHHOTO pOCTa XOPOIIO BUJIEH, €CIN TepeiTH OT BpeMeH K
qactoram. [lenass Oypoe npeobpazosanust npasoii yacru (1.38) 1o t; — ty mostydaem

cJeyiollee BhIparKeHue:

—4;9 /dpn( ) [_(w — w(lk) T 278 (W — w(k))ﬁ(k:)] =

9 0 i
dpri(p )(9w [w —w(k) +1d

(1.39)

+ 2md(w — w(k))ﬁ(k)] ;
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riae &' — npoussojHas jebTa (DYHKIMU, & BbIparkeHue B KBaJPaTHLIX CKOOKAxX Ha,
paBoii yactu papernctsa — Oypbe mpeobpasopanne mnpomnararopa A + dpp. Bot mo-
gemy (1.38) ecTb HeUTO MHOE, KAK Bejylas MONMpaBKa JAollasi BKJaJ K CIBUTY
JaCTOTY.

DTa MompaBKa MOXkKeT ObITh MHTEPIPETHPOBAHA KAaK CJIBUT (I PEHOPMAJIH-
3alisl) XUMHYECKOro moTeHImata [ Ha sejnduty ¢ [ dpfi(p). Taxkxke 910 MOXKHO
YBUJIETD, €CJIU UCIO/IL30BAaTh TEXHUKY IPUBEJIECHHBIX BEPIINH 110 OTHOIIEHUIO K Ie-

HEpaoun TEIIJIOBBIX CBEPTOK, 9YTO B O6LLL€I71 HOTallW BBLITJVIAJINT KakK:

solsa V (@), (1.40)

N[

‘/red((p) =€

KOTOpas B ciaydaer B3ammojeficteust B (1.23) maeT BbIpaKeHme CJIeIyoIiero Buja
(HHTErpaJibl B COOTBETCTBYIONINX (DYHKIIHOHAIAX MOAPA3YMEBAIOTCS U OMYIIEeHbI J[Ts]

IIPOCTOTHI 3AIIICH):
Viea(p™) = 3755 (Fp2y?)

(1.41)
=Sy g [ o) e+ 5 [ dom(p)?

[Tocennnii BKIaJ JaeT OOLIYHYIO KOHCTAHTY, KOTOpas MOKeT OBLITh OTOpOIIeHa,
a BOT BTOPOil BKJaJ naeT (BpJIyKTYaAIMOHHYIO IIOIPABKy K XHMHIYECKOMY IMOTEHIINA-
Jy. 3aTeM HCIOJb3yeM TOT (hakT, UTO MPHU UCIOJH30BAHUN IIPUBEICHHBIX BEPIIHH
OOJIbIIIe He BO3HHUKAET 3aMKHYTBIX II€TeJIb, COCTOANINX U3 OJHOTO IIPOoIararopa B
deitnMaHOBCKIX Tpadax st Mojean. BoT moueMy, Bce KayKyIIecs: pacxoQIMOCTI,
BO3ZHUKAIOIIIE 13-38 TAKUX I1€TEJIb, COCTOANINX U3 OJHOIO IIPOIararopa MOIyT ObITh
COKpAIlleHbl cpa3y U BO BCEX IOPsIKax.

OHAKO, OCIIJLIIPYIOIIas II0 BpeMEeH! YaCTh IPOIIaraTopoB BeJAeT K TAKIM »Ke
mpobJieMaM BO BCEX JmarpaMMax, reHepupys "pacxoanMoctn' mogobHoro poga. 9o
JIOBOJIBHO HEYI00HO KayKJIblil pa3 coOMpaTh COOTBETCTBYIOIINE CYMMBI JHAIPAMM U
COKpAIATh 9TH MCEBI00COOEHHOCTH, TIO9TOMY YI0OHO BBECTH HEKOTOPYIO PETYJ/ISIPH-

3aIlUIO 110 BpeMeHH, 9TOObI M30aBUTHCA OT IOAO0OHOIO POJIa IPOOJIEM.
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HauboJiee mpoctoii criocod BBECTH peryJsigpu3alliio B MOJIE/Ib, 9TO BBECTU €€ B

IIPOIIAraToOPhl HaIlell MOJEIN CJIEAYIOIIIM 00Pa3oM:

Apeg(t,' k) = 8(t — t')e @Ry
AT@g(tat/,k) =0(t' —t)e —iw(k)(t—t")+y(t—t")
dDDreg(t t ]f) _Zw(kxt_t/)_’y't_t/lﬁ(k

)
dpEre t,t k) = ewk(_i(t_t0)+tl—Y|t—f0Dﬁ k
o g( ) ( ; (1.42)

dED?“eg(tatlak) = €w(k)(_t"_i(t/_t())_\"t/—toDﬁ(k}
NDDreg(t,t' k) = o iw(k)(t=t)=y|t—t|
NpEreg(t,t' k) = e®® o)+ =y]i=t|

nEDreg(t’t/,k) = ew(k)(_t+i(t/_t0)_y|t/—t0‘)

Yrobbl perysasipu30BaTh MMPOHAraTopbl, BBOJUTCA HEKOTOPBIH (hakTop Y, KOTOPbIii
JlaeT 3aTyxaHue B 00e CTOPOHBI 110 BpEMEHU. 3aBUCUMOCTD 3TOro 3aTyXanud y > (
OT BOJTHOBOT'O 4ucJjia k Oyjier onpe;iesiena moszxke. Pu3nydecku, 9Ta peryasspu3aliist 1o
BpEMEHN ABJIIeTCd HIYEeM WHBIM, KaK BBEJEHNEeM JINCCUTIAINY SHEPTUH B TAMUJIBTO-
HUAH KBAHTOBOI CHCTEMBI. JTO 3aTyXaHHe — 0COOEHHOCTH, KOTOpast ObLIa MOJIydIeHa,
IIPU [TOMOIIN TIETJIEBOI TONPABKU B TEOPUU BO3MYIIECHUI 1 Kak OyJIeT BbIICHEHO Jia-
JIee SIBJISIeTCsT KJII0UeBbIM (DAKTOPOM, KOTOPBIi OIpeie/isieT peHOPMAJIN3UPYyEeMOCTh
mogiesin. ViMest perysisipusoBanibie mpornaratopsbl (1.42) MOXKHO mepeiitu K mpejiesy
ti — —oo and ty — oo. Tenepn BcrioMHMM, 4TO (bU3MUECKUIT CMBICT BpeMeHn iy
— BpeMsI peJIaKCAIlNN CUCTEMbI BBIBEJICHHON M3 paBHOBECHs PABHOBECHLIMU (DJIYKTY-
anusiMu. U Termepb MBI cTaJKUBaeMCs € JBYMs BO3MOXKHOCTAMU. Ecin moIoKuThH
ty paBHBIM HEKOTOPOMY KOHEUHOMY YHCJIY, TO BEPIINHA, KOTOpas OTHOCUTCS K CTa-
TUCTHIECKOMY OIIEPATOPy P OCTAETCsl CBSI3aHHOW C JIPYTUMH U Mbl UMEEM IOJIHYIO
teoputo Boamytnernit (1.29),(1.30). IogobHbIil BHIOOD MOJAXOIUT JIJIsT UCC/IEIOBAHIS
1IPOOJIEMbl BPEMEHHBIX MaCIITa0OB BPEMEH PeJIaKCallnn K pABHOBECHUIO. 3/IeCh 2Ke, OC-
HOBHOI 3a/1ateil siBIsgeTcs onucanne (pazoBOro Mepexoia BTOPOro poja Wl MePexo/ia,
B CBepXTeKyUee cocTosinne. Torma paccMarpiuBaeMble BpeMeHa HAMHOTO OOJIbIIE, TeM
BpeMs PeJIaKCaIli, UTO MO3BOJIFET BhIOpATh tg — —o0. Takoii BEIOODP MPUBOIUT K
TOMY, 4TO QYHKIUK dDEreg,dEGreg:MDEreg 1 MEDreg OKA3bIBAIOTCH PABHBIME HYJIIO, &
TakzKe youpaer BKaj Teriosbix noseit 11, B (1.29) us munamukn. Takske MOKHO
3aMETHUTD, YTO CTATUCTUYIECKUIT OIlepaTop mepecTaeT 3aBUCeTh 0T BpeMenn. VmeroTes
apyrue crocobsr [17], Kak 00paIaThest ¢ CTATHCTHIECKUM YCPeIHEHIEM YIIOPsiT0IeH-

HBIX OIEPATOPOB B T'ei3eHOEPrCKOM TIPEJICTaB/ICHNN, KOTOPbIE TYT HE 00CY K IaI0TCS.
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Wroro, ocye coBepiieHns BeeX MPeAeabHbIX IEePEX0oa0B, MaTPHUIIA ITPOIIaraTo-

pos (1.30) mpuBoauTCst K O0Jiee MPOCTOMY BHLY:

Ap+dgg 0 0
éreg - 0 A7“eg + dddreg N DDreg + dDDreg (143)
0 dDDreg Areg + dDDreg

CTpyKTypa MpoIaraTopo Takopa, uTo mapa orneparopos B u \y oTiemisgores
OT OCTAJILHBIX B 9TOM TOAXOJE. TaKkzke MOXKHO 3aMeTUTh, 9TO (hyHKIMOHAIBI B T
u Py Jal0T IPOCTOIN BKJIAI %; Taxum obpasoM, QpyHKIMOHAJIBHOE IIPEeJICTaB/IeHIe

(1.29) mMoxkeT OBITH MEPENUCAHO B CJIEIYIONIEM BUJIE:

ii Tegllé 5 f dt [ dap? f dt [ dap?
Gn($17 T >xn) - =R i 1|)3(£C1) 1I);,_(-%'n) >

;s
(1.44)

C peryJisipu3npoBaHHOIl MaTpuileil 1mpornaraTopos:

A1"eg + dDDreg "D Dreg + dDDreg (1 45)

Dreg —
dDDreg Areg + dDDref

Terepb MOXKHO TTPOBOJUTL BBIYKMCJIEHUsT B TEOPUU BO3MYIIEHU B 3Toit "yIporeH-
moit" momesn. Ilosesno ormernTh, 9TO Tpees ty — —00 MOKHO PacCMaTPUBATD,
KaK OTOpachblBaHIE BCEX KOPPEJSIU B Ha4aJbHOM PAaCIpeIeJIeHIH JaCTHII.
JlanbHeiiee ynpoIeHnn BBIYUCICHUI U aHan3a pacXoguMOCTeil B Teopun
BO3MYIIEHUI OKa3bIBaeTCs YJIOOHBIM IepeiiTn K JpyroMmy Habopy dpyHknuii I'puna.
Y100BI 9TO ¢eaTh, TPON3BE/IEM 3aMeHy ToJIei 11)3,11){{,11)2,11); TaKUM 00pa3oM, 4TO-
OBl ellie cujIbHee YIPOCTUTD BUJL MaTpuiibl nporaratopos (1.45). [ogobuast 3amena

obL1a mpejioykena Kespimes B ero pabore [20] u oHa BBITVISIUT CJIEIYIONIM 00-

pasoM:
n U3 — o
nt 1| by — by
S 1.46
& V2 | b+ (1.46)
£" V3 +by

B tepmunax stux nosteit naspiBaeMbix RAK(Retarded-Advanced-Keldysh) mossivu,

olepaTop IPUBEJICHUs JJIsi TEOPUH BO3MYIIEHHUI BBIIVISIUT CJIEIYIONINM 00pa30M:

S A 5 S S ) K S
P — e HA ?—F?‘EAregmi‘FEAreg&j’ (147)
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rje Areg peryispusoBaHiad QYHKIUS Kesbima:

AE = @ ®t=)YI=¥1(1 | 97(k)) (1.48)

reg

C ucnosib30BaHneM JIAHHON 3aMeHbI 10J1eil, (DYHKIMOHAJ B3aUMOJIECTBIS IIpeBpa-

IaeTcs B:

SinmtEEY) = / at / dr (32 — P22 =

, (1.49)
=7 / dt/dx(ﬂ+5+52 +EPEN+HEMT +nTNE) =

rJe B IpaBoil YacTH paBeHCTBa HIpPUMEHEeHa COKpallleHHas 3allCh JIJIs 9eThIPex TH-
1oB B3ammojeiicTBusd. [lo3zxke 11 npuMeHeHUsS pPeHOPMAaJIM3allMOHHON TEXHUKH, B
KaxKJblil V; OyneT BBedeH CBOI 3apsiji ¢; BMECTO OO0IIero 3apsijia ¢g. Temepb Momesb
MOXKET OBITH II€peIcaHa ¢ UCI0Ab30BaHneM (PYHKINOHAJILHOIO NHTErpaJja IIpu I10-
MOIIT CTaHIapTHOTO criocoba [2; 19], ato jgaer B uTore cieyromiee BoIpayKeHne Jisi

SKCIOHEHTBI OT OllepaTopa MPUBEICHUSI:

5 A K
e TAregéng"‘saATegé ++5gAreg55+ —

_ i/'DE/DE+/DX/DX+6_X+[<%+iw(k)_y]E_E+[gt+iw(k)+y]X_2E+Y(1+2n(k))E‘
C

5
Lot B X g+ Xt px
(1.50)

rJie HOpMUPYIOIas KOHCTaHTa paBHA:

c!

(2m)? {gt“w(k)*@ [gtﬂw(k) v]! (1.51)

JIuneiinble 1O BpeMeHHN IPOU3BOIHBIE JAI0OT CIIBUTU B IIEPEMEHHBIX HHTEIPUPOBAHUSI.
Bor nouemy, dyukimonabao-auddepenimaibioe npejcrasierne (1.44) dyunkuunii

FpI/IHa Jal0T CJIEeAYyIoIIee€ BbIpazKCHUE B BUIE (bYHKLLI/IOHaJIbHOFO NHTETrpaJla B TEP-
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muHax RAK mnoJieii:
I K
G(A,A",B,B") = e~ T lres 5T T oe e sy TRE A 5

. e%SI(nﬂn+7£7£+)+A+£+B+H+A£++Bn+ _

n=0,6=0,cj

/Dn/Dn /DE/D5+ —Er[riw(k)—yIn-nt[§Hiwk)+y]E,

Ty(1+2n(k)n+£Sr(EETnnT)+ATEL BT+ AET+Bn T

(1.52)

Hannasg dopmysia CyIecTBYeT TOJBKO B PEry/sipu30BaHHON Mojenu, riae y > 0
K . .
u A, He ABJIAETCS DellleHueM ypaBHEeHUi JBUzKeHns ist Mojiesn 6e3 B3anmojieli-
CTBUsI, IOTOMY 9TO B IIPOTHBHOM CJIydae, MaTpuiia mpornararopos (1.45) He MoxkeT
ObITH OOpallleHa U3-3a TOT0, YTO PO COOTBETCTBYIONIErO OIIEPATOD COJIEPIKUT B cebe
HEHYJIEBbIE PEIIeHNs] COOTBETCTBYIONINX YPABHEHUI JIBUXKEHUS.
B mpejcrasiennu (1.52) renepupytomux dyuximii ['puna 3ammcaHHbix ¢
ucrnosibzoBanneM RAK mosteit marpuria nponararopos (1.45) Bbrancisiercst Kak 00-
paTHbIi AuddepeHnnaabHbIil ollepaTop, COOTBETCTBYIONIEH KBaIpaTUIHON (DOPMBI B

JIefiCTBUM. DTO IO3BOJIsIeT BOCCTAHOBUTD JIECTBHE JIJIsI PEry/IsipU30BaHHON MOJIEIN:

0  h2k?
_|_ . . .
So(mm™,EET) /dt/dkn (t, — k) (zhat o +u+zhy> &(t,k)+
+/dt/dk£+(t — k) LA n(tk)+ (1.53)
’ ot 2m ’ '

42 / dt / it (1, — k) [(1+ 27hy) n(6.5)

Paznenenne 3ama3bIBalONInX 1 OMEPEXKAIONIIX IPOIAraTopoB IO3BOJISIET HAM HC-
110JIb30BaTh TEOpeMy 00 MeT/IsAX, aHAJOIMIHYIO TeopeMe B CTOXACTHIYECKON Teopun
noJist |2]. U iest ocHoBaHa Ha JIBYX CBOHCTBAX MPOIATATOPOB B ONEPATOPE TIPUBEICHUST
B (1.47). IlepBoe, TOIBKO 3aI1a3/IbIBAIOIIIE 1 OLIEPEZKATOIIIE TPOIATaTOPbl HMEIOT Ha
cebe 1moJieBbIe apryMeHTh N 1N B dyHKIMoHAIE B3anMoeiicteust. Bropoe, B 3amas-
JIBIBAIOIIINX U OIlePeKaloInX IpornaraTopax apryMeHT ¢ MEHbIIINM BpEMEHEM BCerjia
IpUKpeIIeH K 1] may 1. Bor nodyeMy, B yIOPsI04EHHOM 110 BPEMEHH IIPOIIAraTope

KOTODBIil CTapTyeT U3 BEePUIMHLI ¢ T] WK 1|7 BpeMsl pacTeT n3 3TOM JIOKAJILHOI 110
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BpeMeHH BepinHe. B Beprimuax u3 dynknuonana s3anmojeiicreus (1.49) Beeria
eCThb 10 KpaiiHeil Mepe 0JHO 1moJie | mix 7 KOTophle JaloT BKJIaJ B, 110 KpaiiHeil Me-
pe OJINH, BPEMEHHO yIOPSJI0YEHHBI ITporaraTop ¢ BpeMeHeM KOTOPOe UJIeT U3 TOi
BepIInHBL. Tak:ke B BepIINHAX B3aMMOJEHCTBUS BCETIa €CTh 10 KpaiiHeil Mepe OJIHO
nose & wm £ KoTopoe Jies1aeT BO3SMOKHBIM NPUKPEINTD K 3TOi BEpIINHE BPEMEHHO
YHOPSI0UYEHHBIN ITpoITaraTop ¢ HaIpaBJIeHueM BpeMeHn B 3Ty BepmuHy. [3-3a srmx
CBOICTB, €CJIM B CBA3HOM I'pade MMeeTcsd BPEMEHHO YIIOPSIOYEHHBIH IIporararop
MEXKJIy JIByMsl BEpPIIMHAMUI TOTJIa B 9TOM I'pade ¢ HeoOXOIUMOCTbIO UMEETCsI Iellb,
COCTOAINAsT U3 BPEMEHHO YIOPSJIOYEHHDBIX ITPOIAraTopoB ¢ OJMHAKOBBIM HallpaBJie-
HeM BpeMeHHU BO BceX HuX. Jlasbine nmeioTesd aBe BOBMOKHOCTH: KOHEIHbIE TOUKN
IIEIIN, COOTBETCTBYIOT BHEIITHUM I10JIEBbIM apryMeHTaM CBsI3HON dpyHKImn ['prHa nin
ernb GOpPMUPYET TETIII0, U B 9TOM ciydae nosisisiercs daxrop 0(0) = 0 xkoTopsiit
JleJaeT BCIO JuarpaMMy paBHO# HYJIIO.

DTa TeopeMa UMeeT BaKHOe CJIeJICTBUE: OJMH HEIIPUBOUMbIe Ipadbl ¢ BHEII-
HYMHI [IOJIEBBIMU apryMenTamu & &1 paBHLI HYJIIO B CHJIy TOTO, YTO OHU JIOJIKHDI
cofiepkaTh 3aMKHY Tyt 1eriio ¢ 0(0) = 0, 4To jemaer ux HyJIE€BBIME. DTO CBOHCTBO
COXpaHsieT CTPYKTYpy MaTpuiisl nporaratopos (1.30) Bo Beex Mopsijikax TeOPUN BO3-
Mymennii. Tem He MeHee, eCTh eIie OJHO CJACJCTBHE: M3 9TOH TeOPeMbI IMOJIYIaeTCsd,
qTO OJIUH HenpuBOJUMble MYHKIMHN ['sgz+g+ = 0, MO3TOMY IIPU PEHOPMUPOBKE He

BOBHHKaCT JOIIOJIHUTEJIbHBIX BEPIINH.

1.3 ®Pusumveckuii CMbICJ Y

[Tapamerp perymnsipusaiiu y B (1.42) 6611 BBeI€H 15T TOTO, ITOOBI M306ABUTHCST
OT CTPaHHBIX PACXOJAMMOCTEll BOBHUKAIOIIUX B Teopunu BosMyleHnii. OJgHAKO, cam
apaMeTp Y MOKeT ObITb MHTEPIPETHPOBAH, KaK BeJINUNHA, KOTOpas OTBETCTBEH-
Ha 3a (husnIecKkoe 3aTyxaHue IpsIMO U3 MIeTJIEBOIl MMOIpaBKU K mponaraTropam. s
JaJIbHEHIIIero Mbl JIOJZKHBI 0003HAUNTH JUArpaMMHBIE [IpaBM/Ia, KOTOPbIE ITOJIyda-

torcst 13 (1.47). Obo3HaIMM MTpOIaraTopbl Areg,Areg,Af(eg CJIeYIOMINMI JINHUASIMUA:

AK |

reg

Aoy — | (1.54)

|
_Areg —
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C rakuM cooTBeTCTBHEM KaxKjasi guarpamMma dDeifHMaHa MOXKeT OBbITH 3alllCaHa B
KoMIIaKTHOI popme. UToObI 00CYKIATH IPONCXOXK IeHIe IICCUTIAlNN, KOTOpasi Obl-

Jla, TIpeICTaB/ICHa IMapaMeTPoOM Y paccMOTpHM ypaBHeHue /laficona:
Dl=A"1-1%, (1.55)

rje D MaTpuia MmoJHbIX IIPOraTopoB, a A MaTpHIla 3aTPABOYHBIX IIPOIAraTOPOB B

HePeryJIsipUu3upoOBaHHON MOJE/IN:

0 —A
A= K« (1.56)
A A
Tyt MBI omyckaeMm 3HaK "reg" st TPOCTOTHI 3AINCH 1 Y COAEPIKUT rpadbl OTBECT-
BEHHBIE 38 COOCTBEHHYIO sHepruio. IlepBast mompasKa K 3aTpaBOYHBIM IIPOIAraTOPaM

dopMupyerca U3 3aMKHYTBIX IeTesb. g mpumMepa:

I (1.57)

Ho B pasieiie Bbilie ObLIO 0OHAPYZKEHO, UTO 11OJ00HBIE ITeT/Ii He nMeroT ¥ P pacxo/iu-
MocTell 13-3a npucyTcTBust 1. OHU TOJIBKO IEPEOIPeaesioT 3HaUeHne XUMITIECKOIO
noreHnuaa. Ilosromy HeoOXOAUMO PaACCMOTPETh JBYXIIET/IEBbIe JauarpaMmbl. [Ipu-
HUMas BO BHIMaHUE TEOPEMY O IeTJISIX U3 IPOIILIOr0 pasjiesia, MaTPHIIla Y COAEPIKUT
B cebe CJIe/lyIoNnue 3JIeMeHTDBl: Ypn+, 2ty U Xgty. OTH JIEMEHTBI — JUarDaMMBbl C
sremanMu koramu N,N+, N, u £ n coorBercrenno. Pacemorpnm smement Xy + g

B JIByXIeT/eBoM mpuo/mzkernn. OH colepKuT B cebe Ceayonne JuarpamMmbl;

N —

,@ L1 @ (1.58)

3J1ecb UHJIEKC CBEPXY IOKA3bIBAET IOPSIJIOK TEOPUU BO3MYIIEHUN. DTU JUATrPAMMbI
cojiepkatr B cebe YD pacxoIUMOCTHU, IIO9TOMY, 9TOObI OIEHUTH POJib Y HYZKHO BBe-
CTH Peryiasapu3aIiio 1o UMITYJIbCy. B 9ToM paszese, Mbl XOTUM OIEHUTL BKJIA, a He
IIPOBOJIUTD IIOJIHOE Bhruncenue. Ilosromy, B KauecTBe TaKoil perysiasipusalun BbiOe-

peM obpesaHne ¢ HeKOoTopoil KoHcTanToit A. Torma 3HaueHnst KaxkI0il J1rarpaMmbl
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MOI'yT OBITD JIET'KO ITOJIY4€HBbI:

:m _ (29; E / i / dq]odte(t)(2n(k)+1)(2n(q)+1)-

[kl<A fql<A =00

exp (v t] (4 — mA? (* + ¢2)) + mth?(k — q)(vk — (v + 2i)q) — 2(y + Z-)Wg>
oh

(1.59)

@ :—(29;)6 / dk / dq7odt9(t)(2n(q)+1)(2n(kq)+1)

k<A lg<A o

(y It (4 — mh? (k* — 2kq + 2¢%)) + t (mh?* (vk* — 2ikq + 2ig?) — 2(y + z)u))
exp

2h
(1.60)
Im :_(2%6 / dk / dq/dte(—t)
U k<A gl<A =9 (1.61)
exp (t ((=3y —i)u+mh* (Yk* — (y + kg + (v + i)(f)))
h

HeckombKo 0IMHAKOBBIX BKJIAI0B COKPAIIAIOTCS W 3aTeM MBI TIOJIydaeM CJeyIoniee

BbIpazkeHue(B Gypbe MpejICTaB/IeHIn ):

I];JIH IIPOCTOTHI, BbIpazKeHUA IIPEACTaBJIEHbI Ha HYJIEBOM BHECIIHEM MMIIYJIBCE W Ya-

CTOTE COOTBETCTBEHHO. CyHlGCTBOBaHI/IG 3aTyXaHnd TI'apaHTHUPYETCAd HEHUCHE3aHNEM
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peaHbHOﬁ JaCTH 93TOI'O BbIpazKCHMA. MCHOHI)SyH ciaeayronee BbIpazKeHne MOXKHO 110-

)i (R R R(k—q)? w
/dtexp [_Z<2m_2m+ 2m _ﬁ> t] B
0

.KW he® h(k —q)? ”)t]1+ (1.63)

JIYUUTb:

2m  2m 2m h
(hk* hg® | R(k—q)? u
+ 7 <_Z<2m_2m+ 2m _ﬁ) t)

MozKHO 3aMeTHTh, 9TO HEPBBIil WieH u3 mpasoii dactu (1.63) BeseT K pacxoganMOCTH

= —1

o A munmoii wactu (1.62), oHaKo BTOPOiT WiIEH U3 9TOr0 BIPAZKEHNST JaST MOTO0KNI-
TEJILHYIO CXOJANLYIOCA BeIeCTBeHHYIO 9aCTh Yn+g. 1orjia MaTpuna D~ tpeyrosbna

n BOT IIOYEMY:
det D™' = —det D/, det D, (1.64)

HYJII/I 9TOro JeTepMNHaHTa JaloT KBa3nU4YaCTUYHBI CIIEKTD CHUCTEMDI. MozkeT ObITh
IIOKa3aHO, 4YTO Cpeu HYHeﬁ 9TOI'0 BbIpazkKeHusd CymeCTBYIOT KOMIIJIEKCHBLIE, YTO
ABJIACTCA HPAMBIM IIPU3HAKOM HaJIMYHUA 3aTyXaHUA B CUCTEME. Taxzke 310 6yILGT

YaCTUYHO 3aTPOHYTO IIPU PEHOPMUPOBKE MOJEJIN.
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I'maBa 2. UK >ddekTuBHass Teopusi. Berauciaenue z mHaekca

2.1 UK sddekTuBHasg Teopusd

Mpu1 cobupaemcst nccieIoBaTh KpUTHIECKOe MoBejlenne bo3e cucreMbl B OKpecT-
HOCTH A-TOYKH C IIOMOIIBIO METOja PeHOpMAaIn3allnoHHON rpyiibl. OCHOBHBIE
PACXOIMMOCTH, BO3HUKAIOIINE B TAKOM POJIE NEPEXOJI0B ABJISIOTCA NHPPaKpacHbIe
PACXOUMOCTH, TIO9TOMY JIJIsl €0 OIUCAHIST HeOOXOIUMO ITOCTPOEHIEe TEOPUN B KOTO-
poii oroporensr Bce K mecymecTBennbie dieHbl. st peHOPrpyIIoBOro aHam3a,
HEOOXOJIUMO MOCTPOUTH 3(HD(DEKTUBHYIO KPYITHOMACIITAOHY O MOJIE/Ib (BOJHOBOM BEK-
top kK — 0) ¢ BIHOJHE ONPEJIETCHHBIMI KAHOHHYECKUMU DPA3MEPHOCTSIMU T10JIeH
u rmapamerpoB. dddeKTuBHas MOe b (GAa30BOr0 MEPExo/ia BTOPOro Pojia JOJIZKHA,
IPUHUMATh BO BHUMAHUU JIJIMTHHOBOJIHOBBIE (DJIYKTYallll, KOTOPbIE UTPAIOT IIEPBO-
CTCIICHHYIO POJIb B OKPECTHOCTU KPUTUYCCKOIl TOYKN, B KOTOPOU KOPPEIAITNOHHDIN
pajuyc r. ctpeMuTcesd K beckoneunoct. Bor nmouemy, Bce UK mecymecTBennble BK1a-
JIbI B TAKOI MOJIEJI JIOJIPKHBI OBITL OTOPOIIEHbI. U TOOBI ONpeie/TNTh, KaKie BKJIa bl
spistiorTcs K-necymecTBeHHBIMI TpeOyeTcs COCUNTaTh KAHOHMIECKIE Pa3MEPHOCTI
mogtesin 2], JIyist Toro arobbl 9TO OBLIO BOZMOXKHBIM, TPOMATATOPBI JIOJXKHBL 00J1a-
JlaTh CBOMCTBOM OOOOIIEHHON OJHOPOJHOCTH. B OKPECTHOCTH KPUTUUECKON TOUKH
cpejiHee 3HAYEHe TNCeT 3a0JHEeH st 71(P) COIEPIKUT PACKOAUMOCTH B KDUTUIECKOIT
obsactu p? ~ w — 0. [Tono6HOe MoBeIeHne 03HAUAET, UTO /7T GOJIBITNX OTHOCUTE/Ihb-
HBIX paccTostHuii |x — x| — 00 wim, 910 TOXKE camoe, 4To JJisi MaJbIX BOJHOBBIX
qucesi k — 0 BblnosHsIeTCsT HepaBeHcTBO T > 1. OjHaKo, U3-3a HAJUYIUS HEHY-
JIEBBIX TeMIIEPaTyPHBIX CBEPTOK d, IpomnaraTopbl g moseir Mogean P, ho, g,y
HE YJIOBJIETBOPAIOT CBOMCTBY OOOOIIEHHOI OJHOPOAHOCTH. pyrumu cjioBaMu, B 13-
HavaJIbHBIX IIePEeMEHHBbIX OIlpejeseHie KAHOHUYIECKUX pasMepHOCTell 3aTpyIHeHO
CTPYKTYpOll junamumdeckux mporaratopos A + dpp 1 D + dpp B KOTOPBIX TeM-
nepaTrypHas cBepTKa dpp JaeT BeJIyluil BKJIaJ B KAHOHUYECKYIO pa3MepHOCTL B
UK upenene, aro Bejger K morepe AuHaMuKi Mojean. CUTyalms MeHsIeTCs Kap/iv-
HaJIbHBIM 00pa30M IpH Iiepexo/ie K HoBbIM moJistM 1,0 ,&, &1 u3 (1.46). [Iponaratopsr

B (1.47) obamaioT cBoiicTBOM 060OIEHHOI OTHOPOHOCTH U eJIMHCTBEHHOE YITPOIIe-

K

HUE, KOTOPOEe HEOOXOMMO CJIeJIaTh, 9TO PACCMOTPETDH MMOBEJIEHUE TTPOMATraTopa Amg

u3 (1.47), B OKPECTHOCTU KPUTHIECKON TOUKH.
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B s70it okpecTHOCTH Heperyssipu3oBaHHasi GyHKIUs KeJiiblia ecThb:

A (@ k) = 47@0671(2))(;)w(k)) |

ryie T KpuTudeckasi TeMIiepaTypa B SHEPreTUICCKUX eJIMHUIAX. DTOT IPOIaraTop

(2.1)

KOHEYHO 00J1a/1aeT 0000IIEHHOI OJIHOPOHOCTBIO 110 YACTOTE U BOJIHOBBIM UKCJIAM C

KQHOHMYECKOI Pa3sMepHOCThIO —4 TIpU CJIeIyIONNX PACTIKEHUAX:

w — Nw

2.2
kE— Ak (22)

Bor mnouemy, 1mogo0HBII IIpomaraTop MOYKET OBbITh HCIIOJIB30BaH, YTOOLI MOJIYIUTh
KAHOHMYECKNE PAa3sMEPHOCTH PEryJIIPU30BAHHBIX IIPOIAraTopoB. PeHopMmrpyiimoBast
Teopud IPUMEHsIeTCd TYT JJjIsl aHAJIn3a KPYIITHOMACIITAOHOI'O IIOBEJICHHUSI MOJIE/IN B
TOM 2Ke KJIfoUe, KaK U B TeOPUH KPUTUIECKOTO ITOBEJICHNS 1 CTOXaCTUIECKOI TNHAMUI-
ku. [Togo0HbBI 110/1X0/1 0OCHOBaH Ha TOHKOI cBsaA3mu Mexkay Y@ u K pacxoaumocTsix
B KPUTUYECKOI pasMepHOCTNA ( B TaKOll Ha3bIBAEMOIi JIorapudMUIecKoil Teopun )
3 mepBoii raBbl U3BECTHO, YTO HEpPEry/sipu3oBaHHbe Mpornararopbl (1.30)
He TO3BOJIAIOT IOJIYUYUTH JieficTBUe MOJIe/IM, B CUJYy TOI'O, YTO COOTBETCTBYIOIIAs
matpuiia rporararopos (1.30) He mmeer 0bpaTHOil. DTO MPUBOAUT K TOMY, UTO Ka-
HOHUYECKNE Pa3MEPHOCTHU JOJYKHBI CUMTAThCS ¢ UCHOJIb30BaHueM Y@ 9KCIOHEHTHI

OJINH HEIPUBOIUMOIO rpada y Hepery/aspu30BaHHON MOJIEJIN:

d+2
c@zd+2+@—4W&Hd—®%+d%+d%——%—Mﬁ—
d+2  d—2 d—2 (23)
— g M Ner = N,

riae V; uucso Beprind ¢ ( moMedeHHbIX coryiacho (1.49) ) B OJMH HENPUBOIUMBIX
rpadax 1 Ny+, Ny, Ng+,Ng 4nciio BHEIIHUX apryMeHTOB COOTBETCBYIOIINX IOJISIM
nTn,&1E. Uenonbsyst (2.3) MOXKHO HaiiTH KaHOHUYECKHE Pa3MEpHOCTH I10Jiel B

KPUTUYIECKON pasmepHocT Mojenn d.. Bosiee TodHo:

-t
=41
%:g+1 (2.4)
=241

d. =4
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Kpowme Toro, nucro/b3ysd pe3yabTaThl BbIIE, MOYKHO 3aKII0UYNTH, YTO KAHOHMYECKUE
pasmeproctu Beprint V3,V B (1.49) ¢Tporo mosioyKuresibHbie, M0ITOMY 0TOPACHIBa-
are ux He Biauser wHa VK (undpaxpachoe) nosegenue [19).

Opinako, cBs3b Mexk iy YO n UK pacxoaumocTsiMu He TaK OYEBHJIHA B PEryJIs-
PUBHPOBAHHOI MoJiesin. YTOOBI IPOSICHUTH 9TOT (PaKT, PACCMOTPHUM JIBYXIIETIEBYIO
BEJLYIIYIO IIOIPaBKy K OJUH Henpubojumoit dynkuuu I'y+y ¢ yderoMm mnocrosdmuo-
ro dpaxrTopa 3aryxanus Y. EnuHcTBeHHasT ABYXIIET/IeBas JuarpaMma, KOTopasd J1aeT

BKJIaJl B L'+ MOzKeT ObITh IpejicTaB/ieHa CJIe/lyIONUM 00pa3oM:

K o

JlmarpaMmMa COJIEPKUT TPU PEryIdpU30BaHHbIe KeJJIbIIeBcKre PYHKIU. B mpe/i-

crapjeHnn Pypbe 3TOT MIPOIATaTOP UMeeT CJIeIYIOIINIT BIJI;
K 4y 2 2
AIRTeg(wak) - T_Chw(k) [(w - w(k)) ‘|‘Y } (26)
OrbpachiBas HecyllecTBeHHbIe KO3 UIIeHTbl Mbl IToydaeM (371ech u jajee y' 0bo-

3Ha4dacT Fpa(b Y € HYJIEBbIMU BHCEIIHUMU HUMIIyJIbLCaMH 1N YaCTOTaMM, I'’I€ MHIACKC

0003HAYACT UNCIO TETEJD):

42 Ny/ dg / dk ! 1
i @2m)? ) 2m)dw(k)w(qwk + q) (w(k) + w(g) — w(k +q))* + (92Y;)

Cortacuo opmasibHOMY cuery pacxojaumocteit, Dypbe nHTErpasi Jalomunii BKIa1 B

I+ UMeeT pasMepHOCTb pPaBHYIO:

d, = 2(d — 4) (2.8)

O,HHaKO7 B per.HﬂpI/ISOBaHHOﬁ MOJEJIN BcEé HeMHOro nHade. B KPUTHUIECKOM OKPECT-

HOCTH XUMUYIECKUI MOTEHIINAJ CTPEMUTCS K HYJIIO, 9TO BeJIeT K TOMY, 910 W (k) ~

Z—’:}j. B srom ciyuae, uarerpasn (2.7) YO cxomurces st pasmepHocreit d < 5 u s

Heé 3aBHCUMOCTb KO3 UIMEHTa 3aTyXaHUsl Y MOXKET OBITh IMOJIydYeHa MacIiTaOu-

POBaHUEM:

D i dq dk 1 1
Yain Y / (2n)d/ Gt wlijeolg)eols +a) (i) + wla) —wlk+dF 4 8
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[IpaBast yactb Bbipakenus (2.9) mokasbiBaet, uro mpejgesn Y — 0 pacxopurcst B
ciyyae d < 4. DTO CUTHAIUBUDPYET O TOM, UTO B Mojean upucyrcrByior MK
PACXOJIMMOCTH B Pa3sMEPHOCTH MeHbIle 4eThipeX. B Toxke Bpems, YO mnoBejieHue
COOTBETCTBYIONINX MHTErPAJIOB OTJINYAIOTCSI OT MH(PPAKPACHOTO, YTO 3aTPYy/IHACT
HAIPAMYIO HCITOJIL30BAThL METOJI PeHOpMaJIm3allnonHoi rpynnsl. Ho, mpuamMmas Bo
BHIMaHIe TOT (PaKT, UTO BOOOIIE IOBOPs IapaMeTp 3aTyXaHHUs Y NPOU3BOJIbHBIII,
MOXKHO BBIOpaTh ero TakKuM 00pas3oM, 4TOObI CKOPPEeKTHPOBaTb Yd IIOBeleHMeM,
¢Jles1aB ero MPUTO/IHBIM JIJIs UCIIOJIL30BaHNA METO/a PEHOPMAJIM3aIMOHHON TPYIIIIHL.

B kpuTndeckoit 06/1acTi BpeMEHHOE TTOBeIeHUE CUCTEMbI XapaKTePU3yeTCsT TaK
Ha3bIBAEMBIM KPUTHIECKIM 3aMeJjIeHueM, TO €CTh hcUe3alneM BPEeMEHHDBIX ITPOI3-
BOJHBIX C POCTOM BOJIHOBBIX umnces. M it Toro, 4ToObI NPUHSTH BO BHUMAaHUE
9TO CBOICTBO 1 coxpaHuTh cBoiicTBO MK perynsgpuszanun, cBa3aHHOll ¢ 3aTyXaHUEM,
HEOOXOTMMO BLIOPATH 3aBUCHUMOCTD 3aTYXaIOMero hakTopa Y OT BOJHOBOTO HHC/IA
B Bijie Y ~ k2. C Texnmaeckoil TOUKN 3pEeHus, 3TOT BBHIOOD MO3BOJIAET ITPUMEHUTD
METO/I, PEHOPMaJIN3AITMOHHIT TPYIIILI JI/I aHAJM3a KPYITHOMACIITAOHOTO TTOBEICHUSI,
IIOTOMY YTO OH IMPUBOJIAT K MO/Iesi, B KoTopoit MK pacxonmMocTn BOSHUKAIOT B pas3-
MEPHOCTU MOJEJIH, KOTOpas siBJIsseTcs JiorapudMuieckoii s Heé. leficTBUTEIbHO,

BbIOpaB Y = aw(k) ~ k2, rae oo HOJOKUTEILHOE YUCIO0 Mbl TIOJIYIHM:

0 dq dk 1 y
Yo y/ (W/ <2n>dw<k><f<q>w<k+q>
“(wk) + wlg) — wlk+ )2 + (k) + w(q) + w(k + g))%a®

(2.10)

BMecTo (2.9). Ternepb pasMepHOCTDb 3TOrO WHTErpaJsa paBHa 2d — 8, KOTOpasi paBHA
Pa3sMepHOCTH B HEPEryJIA3UPOBAHHON MOJIe/I. DTa MOBEPXHOCTHAs CTEIIeHb PACXO/IU-
MOCTH COOTBETCTBYET 0ObIuHOMY Y@ IOBEJIEHUIO B YeThIPEXMEPHOM IIPOCTPAHCTBE,
K KOTOPOMY IIPHUMEHSIETCsI METO]I PEHOPMAJIN3aIMOHHON IPYIIIe ¢ Pa3MepHOil pery-
napuzanueil. Hakonen, Y® u MK pacxoamMocTu OKa3bIBalOTCs CBA3aHHBIMU, YTO
II03BOJISIET IIPUMEHUTD CTAHIAPTHYIO TEXHIKY PEHOPMAaIN3allnOHHOI Ipy bl Boipa-
xkerne (2.10) obramaer KoHEIHBIM pejiesioM o« — 0 ( 9T0 OyeT moKa3aHo Mo3/Hee)
1 OHO JIaeT BKJIaJl, KOTOPBIil IOJHOCTBIO MEHSIET CTPYKTYPY TEOPUH BO3MYIIEHHS B
dyHKImoHaIbHOM IpejicTapieHnn. CyTh B TOM, 9TO 13 HaOOpa M3HAYAJIbHBIX IIPOIa-

raTopoB HeJIb34 IIOJIYYUTh KBaJAPaTUIHYIO 9aCTh ﬂeﬁCTBHH, TaK KaK KeJIIbIIIEeBCKaAd

K

reg(Y = 0) siB/IgIeTCs perennemM oJIHOPOJIHBIX NOJICBLIX ypaBHEHHil JBH-

dyuxius A

JKEHUsI U TI0O9TOMY $JIPO COOTBETCTBYIOIIErO OllepaTopa B CBOOOIHOM YacTu JIeicTBUs
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HE SIBJIFETCSI HYJEBBIM. DTO BEJET K TOMY, 9TO OOpaTHBIN OlepaTop He CYyIIeCTBY-
er. OHAKO, ABYXIIET/IeBasl MTOIPaBKa K KeJIILIIIEBCKOM PyHKINN coXpaHsaeT (hopmy
Peryasspu30BaHHON (PYHKIINN, B KOTOPOIl X B YUCUTE/IE 3aMEHSICTC KOHEUHOM BeJTU-
unHoil nopsiyika g2. C ucnob3oBaHeM Toil onpasKy, Habop mponararopos (1.30)
MOYKeT ObITh OJHO3HAYHO OOpallleH, 9TO JlaeT HaM XOPOIIO OIIpejie/IeHHOe JIeficTBIs
B dyHknnonagibHoMm uHTerpase (1.52).

Tak>Ke MOXKHO 3aMeTHTb, YTO 0e3 KO3 uIneHTa 3aTyXaHnsd Yy JeiicTBIe Mo-

Ad€JIn CUMMETPHUIHO OTHOCHUTEJILHO cneﬂylomeﬁ 3aMeHBbI MOJICI:

n—g
T]+_>E»+
& —
£ -,

(2.11)

TaK Kak B jeficrsun Her wiena ¢hopMbl 171N, Beegennem mapamerpa saTyXaHus Yy
TEM HE€ MeEHEE€ HapyllacT 3Ty CUMMETPHUIO U ITO3BOJIACT BBECTU Pa3HbIC KaHOHUYE-
CKHEe PA3MEPHOCTH COTVIACHO PA3MEPHOMY CUeTY BbIpazKkeHust (2.3) Jist moJei mpsiMo
n3 JieiicTBud.

st mpocToThl, MBI OyJieT paboTarh B 6€3MaccoBOil cxeme, ITOObI UCCJIE]I0-
BaTh KPUTHYECKOE IIOBEJIEHNE CHUCTEMbI. DTO oO3HadaeT, 910 L = 0 u 3TO0 BEmET

K YIIPOIEHUIO BBIPAYKEHUsI [JIsi CPEJIHEro 4duc/ia duces 3amnojaenus n(k) = 2"];‘?0

HomnomHaureabuble napaMeTpbl T w A MoryT OBITH yOpaHbl U3 IIPOIAraropoB pac-
Tsi>KEHUEM KOODPJMHAT, BPEMEHHM U I10Jieil. DTO HPUBOIUT K CJCAYIONIEMY BUJLY

nponararopoB MK sdbdexTusnoii Mogesn:

E+ t', — k) = AK +E) — ze—iqu(t—t’)—ock2|t—t’|

(E(t,k)ET( ) Threg(BR) = 5
Mmtkm*™ (', —k))o=0 019,
EERNT(E, — k)0 = Areg(tk) = Ot — t/)e k() okt

<E‘(t’k)n+(t/7 o k)>0 - _Areg(tvk) = —e(t/ — t)e_iUkQ(t_tl>_°‘k2|t—t/|,

¢ Oe3pa3zMepHBIMU TapaMeTpaMu & W . BaXHO OTMETHTb, UTO MPOMaraTopbl
cojiepxKaT B cebe 3aryxatoniue dakTopbl. CoryiacHo MPOBEJIEHHOMY aHAIN3Y U3 Pa3-
Jlesia 1.3, B Hepery/aspu30BaHHON MOJIeIN 3aTyXaHUe BO3HUKAET, KaK pe3yJbTar
JIBYXIIETJIEBOI TMONpaBKMW, U OHO peryisapusyer Bosumkatomume VK pacxommmocTn
B JMarpaMMax. 9To BeJeT K TOMY, 4T0o (OpMaJbHO MaJblii HapaMerp ~ g¢° Io-

dABJIIETCSd B 3HaAMeHaTeJse B IIeTJIeBOil IIOIIpaBKMN. D10 BEAET K 3aTPYAHCHUAM IIpU
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BBIUHCJICHUSIX 110 T€OPUH BO3MYyIeHuit. Yroobl n3be:kaTh 110I00HBIX IPOOJIEM, BBe-
JIeM 3aTyxalollle BKJIaJIbl B IIPpOIaraTopbl ¢ caMoro HadaJa. [lapaMerp 3aryxaHust &
MOYKHO PaCcCMaTPUBATh KaK JIONOJHUTEIBHBIN PEryasapr3aTop, Ubs MAJOCTh HUKAK
He CBsI3aHa ¢ ITapaMeTpoM pazjioxkenus g. C OMOIIBIO 9TOr0 apaMeTpa CTaHOBUTCS
BO3MOKHBIM ITIOCTPOUTH TEOPHUIO BO3MYIIEHUI OYEHb IIPOCTBIM 00pa3oM. SHAUYCHHe
« = (0 cooTBeTCTBYET M3HAYAJIBLHOI HEpEry/asipu3npoOBaHHOIl MOJIe/I, HO KaK Oy/eT
II0Ka3aHO B JlaJIbHelIIeM, HeHY/IeBOIl X TeHepUPYeTcsl B XOJIe IPOIEyPbl PEHOPMU-
poBku Teopun. C TeXHUIECKON TOUKN 3PEHHUs] MbI MMeeM JeJI0 ¢ TaK Ha3blBaeMOoil
refeparieil BKJIaJI0B J100aBJIEHHBIX B UCXOJHOE JICHCTBUE PEHOPMUPYEMOil Mojesn
3apanee, YTOObI CJle/IaTh MOJIEe/Ib peHOpMUpPYyeMoii. Tak»Ke 10JIe3HO BCIIOMHUTH, 9TO
3aTYXaloMIi WwieH 61T BeIOpaH B dhopmMe ak?, m3-3a TOro, 4TO MBI paboTaeM B Ge3-
MaCCOBOI TeOPUU 1 HAM TPedyeTCs, YTO KAHOHUYECKHe PasMepHOCTH Y (MEeKTUBHOI
K momemn m cBazb Mexkay YO u MK pacxommmocTaMm coxpaHsijiach B PeryJis-
PU30BAHHOII MOJIEJIN.

Ob6pairieHie MATPHUIIBI TPOIAraTopoB u3 (2.12) mo3BossieT HaM MOy IUTh Jeii-
crue MK sddexTuBHOl MOjiem (3HAKI HHTEIPAJIOB MOIPA3YMEBAIOTCS 1 OITYIICHBI

3/1eCh U B JIAJIbHENIIeM, Jijisi TPOCTOTHI):

0 0
S=—domm+nt |- +V(iu+ )| E+ET |—= + V7 (iu— «) | n—

i i
- Pprgree - Pere,
2 2
re g1 = go = gT—Z(‘{\—Qf)d. 3jech Ar TelioBas JUIMHA BOJHBLL jie¢ Bpoiiist Bbi-

qUCIeHHAsT JIJIsT KPUTHUIecKoit Temieparypbl To. B geiicrBun (2.13) KoHCTAHTBI
B3aMO/IEIICTBUSA (1,g2 PaBHBI TOJBKO B HEPEryJIsIpU30BAHHONI (SanaBquOﬁ) TeO-
pun. 3HAUYKU y STUX KOHCTAHT IOKAa3bIBAIOT JIHUIIbL TO, YTO COOTBETCTBYIOIINE
pepmuHbl B3aumogeiicreua NTETEE and ETETNE uMmeroT pasHble KOHCTaHTBI pe-
HOPMUPOBKIU.

Mogenb (2.13) 6bL1a CKOHCTPYHPOBAHA JIJIsT PEIIEHHsT 3a/1a1 CTOXACTHIECKOiT
JIMHAMUKHI W BOT IIO9TOMY, YJAOOHO IepeiiTh K 0DO3HAUYEHUAM IPUHATHIM B CTOXa-
CTHYECKIX TEOPHUsIX, a UMEHHO, lepeiiieM oT MHOKUTeNIs € B yHKIHOHAIBHOM

S

UHTerpaJie, KOTOPbIl NMPUHATO INHUCaTh B KBAHTOBOI MexXaHUKe, K € ~, KOTOpPbIii

HCIOJIb3YeTCsT B cTaTucTudeckoii dusuke. Ipyrumu cioBamu neperuiiem (2.13) B
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CJIEJIYIOIIEM BUJIE:

0 0
S =4om™+n* 5t v (—iu — oc)] E+&F [E + 2 (—iu 4 o) |+

+ Dnrgres + Lergrng,

(2.14)

B a1uHaMIYecKIX MOJEJSIX IIPUHSITO Pas3/e/isiTh TUIILI pa3MepHOCTEel B COOT-
BETCTBHUU C T€M OTHOCATCS OHU K II€PEMEHHBLIM HMEIOIINM Pa3sMepPHOCTh BpeMsl WJIn
K IIepeMEeHHBIM NMEIOIINM Pa3MepHOCThL IPOoCTpaHcTBa. IlpuasaTo cunrars, 9To pas-
MEPHOCTH BpPEMEHM ¢ 1 HPOCTPAHCTBa I paBHBL d = 1 di = —1,d£ = 1.d =
—1,d¥ = di. = 0. OHE OPEJENISIOT NOJIHYI0 PA3MEPHOCTH, COTVIACHO CKEflJIMHIOBBIM

cBoiicTBaM napabosmdaeckoro jnddepeHnnaibHOro oneparopa B geiicrsun (2.14):
k

C IIOMOIIIBIO 3TOI'O COOTHOIICHIA CTAaHOBUTCA BO3MOXKHBIM BbIYMC/INTD KaHOHNYECKUEC

PasMepPHOCTH TI0JIell U MapaMeTpoB IPUHAIEKAIIX Mojen ¢ jeiicrBuem (2.14):

dy +dyr +1=0

dy +di =0

dg+ +dyy =0

i +2d; +die +diy +1=0
dys +df —d=0

dy +di+ —d =0

dpy +df —d=0

dy + 2d + dgs + dyr —d =0

(2.16)

B UTore, KaHOHM4YEeCKHUE pasMEpPHOCTHU oJieilt u IIapaMeTpoB MOI'yT OBITD CBE€ICHDI

B OJIHY TaOJINILY:

Tabnuna 1 — Kanonnueckne pasmMepHOCTH T10J1ell U TTapaMeTPOB.

EET Imn’ ||y
B-5 (1 [o|2
L[4 o]
dg |4—-114+1]0|4—d
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2.2 MynabTUINIMKATUBHAS PEHOPMUPOBKA TEOPUN

NK sddexrusnast mogens ¢ gefictsuem (2.14) paccmaTpuBaeTcsi B IPOCTPAH-
cTBe pazmepHocTH 4 — €. YD MOBEpXHOCTHBIN WHJIEKC PACXOJIUMOCTU 1-HEIPUBOIN-
MbIx pynknumit ['puna ' onmpenensercsa nmocpeacTsom YD mokazaTess COCIUTAHHBIM

B KPpUTUYECKOIl pazmepHocTn d. = 4, TO eCTb:
dpr =6 — 3Ny+ — 3N, — Nev — Ng (2.17)

Crpykrypa jeiicrBust (2.14) J0TMOJHSAET 9TO PABEHCTBO JIOMOJTHUTEIBHBIM COOTHO-
menueM Ny+ + Ng+ = Ny + Ng. Hcnonbsysa TeopeMy o HeTyiax U3 pasfesa 1.2
MOYKHO YBUJIETh, 9TO He CYIIECTBYET 1-HEMPUBOMUMBIX (DYHKIUI (MU KOHTPUJIEHOB)
oe3 moseit MM Takux Kak [g+g,le+grge U Dgrgrgrgee. Bor mouemy, pacxos-
muecs rpadbl MEJTMKOM COJIEPYKATCd B CJACAYIONUX 1-HEMPUBOAMMBIX (DYHKIHAX:
Dgtn Irre Iy, I'qrevee 1 Dgrgrgy. CrresioBarensno, dynxiyn ['puna mogenu ¢ jiefi-
crBueM (2.14) MOTyT OBITH PEHOPMEIPOBAHBI IOCPEJICTBOM TI0/ICTIETA CTEIeHel, KpoMe
9TOr0 HUKAKIX HOBBIX KOHTPUJIEHOB OTJIMYHBIX 110 CTPYKType oT (2.14) He BO3HUKA-

eT. llToro penopmupoBanmoe JieiicTBIe MOXKET OBITH 3aIICAaHO B CJIeIyIoNIeil (popme:

0 0
S=Zom 0" Zi 4+ 27 ) E+ &Y ( Zs= + 2477 | n+

ot ot (2.18)
+ ZmTETEE + ZsETETME
C KOMILIEKCHBIMM IIOCTOSSHHBIMU /1, -+ , Zg. 1aK KakK Zs U g He SIBJISIOTCH

TOXKJIECTBEHHO PaBHBIMU BeJIMUMHAMU, HaM IPUXOJNTCSA paccMaTpuBaTh KOHCTaH-
Thl PEHOPMUPOBKU B3aUMOJICHCTBUA (1,02, KaK abCOJIIOTHO pa3Hble BEJIMYUHBI.
Kpome Toro, sarpaBodHble KOHCTAHTHI B3aUMOJIEHCTBUsI OBLIN YUUCTO BEIECTBEH-
HBIMHI 9HUCIaMU, 3J/IeCh Ke, M3-3a TOI'0, YTO KOHCTAHTHI PEHOPMUPOBKU L1, - -+ , Lg
KOMILJIEKCHbIE YHCJIa, Mbl BbIHY2KJIEHbl TPAKTOBATh KOHCTAHThl PEHOPMUPOBKHU B3a-
UMOJIefiCTBISI KaK KOMILJIEKCHbIE BEJINYUHDBI.

[Tox jeiicTBrEeM KOMILIEKCHOTO COIIPSI?KeHNsT, HCXo/Hoe jeficTBue (2.13) moguan-
HACTCST CJIYIONIe CuMMeTprn (Kak OBLIO YIIOMSIHYTO paHee, & CTPOTO MOJIOZKI-

TeJILHOE THCJIO):

S(n+7n7£+a£791792) — S*(—ﬂ+7 - ﬂ7£+7579>2k>g>1k) - S(n+7n7 - £+7 - aag;LgT) (2]‘9)
BLLGCB noapasyMeBacTCsd MHTCI'PUPOBaHUE 110 9aCTAM N OT6paCbIBaHI/Ie I'PpaHNYIHBIX

BKJIQJIOB, YTO BO3MOYKHO B CHJIy XOpoIlero yobiBanus moJieir reopun. [lojodHas cum-

MeTpud HaKJIaJbIBaceT OIIPE/JCJIEHHbIE COOTHOIICHNA Ha KOHCTaHTbI PEHOPMHUPOBKH,
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a UMEHHO MbI UMEEM CJICJYIONLYI0 CUCTEMY Ha KOHCTAHTbhl PEHOPMUPOBKMU:

Zo(91,92) = Z;(93,91)

Z1(91,92) = —Z3(93.91) (2.20)
Z5(91,92) = —Z1(95:91)

Z5(91,92) = —Z(93,91)

Takrke MOYKHO 3aMETHTh OCTATKN KaJaunOpoBouHO# cummerpun B (2.14). Ipyruvm

cjaoBaMu, JeficrBue obJiajlaeT CeyIoneil 0ueBuIHON CUMMEeTPHel:

E,—>E,€ic
&Jr N £+€fic
o > e (2.21)

n—l— - n+€—zc

C HEKOTOpOil KOHCTAHTON €. DTa CHUMMETPHs IO3BOJISIET BBIOPATH OJHO M3 MOJel

cyry0o BeleCTBEeHHbIM. /[jisl TPOCTOTHI JIaJIbHERIIEro cueTa Mbl 110/Ipa3yMeBaeM, 4To

KOHCTAHTBI PEHOPMUPOBKH ToJieit N1 cyrybo BelecTBeHHbIE YHCIIA.
JByxmeTieBoit BKJIa B Zy MOXKHO COCIUTATh B cxeMe MS (cxema MUHIMAJIb-

HBI{l BEIYUTAHUIT) U OKA3BIBAETCSI, IYTO OH MMeeT KOHedHbIi mpejen mpu o« — 0:

2
gi v 3x
Zy =4o — T + 2 t — - —
0= 647t (u? + o?)e U swaretan | o T
4096 (2.22)
+alog

(u? + o) (u2 + 902)

rje oJpa3yMeBaeTcs, 9TO go = ¢p. JlaHHoe BblparkeHne MM SKBUBAJECHTHOE €MY
MOXKeT OBITh IIOJIYYEHO HECKOJIBKUMU criocobaMu. UTo BaKHO, 9TO BhIpasKeHue I10-
Ka3bIBaeT, 9TO Z( CTPEMHUTCSI K KOHEUHOI BejmauHe B mpejeie & — 0, 91or daxT
JIEMOHCTPHUPYET, YTO X IeHepUpPyeTcss B XOJe IIpoliecca PEeHOPMUPOBKHU. ['mioresa
O CBSI3U MEXKJIy JIMCCHUTIAIIAE B TUJIPOIMHAMUYCCKOM IIpejesie U BJIMSTHUE YKECTKUX
MOJI Ha, MSITKHE 3JIeCh 00OCHOBBIBaeTCsl TeM (DaKTOM, YTO IapaMeTp 3aTyXaHHUd &
remepupyercd 3aech B xone Y@ penopMupoBku. MoKHO Takke ckazaThb, 9To YD
PEHOPMHUPOBKA, SIBJSIETCS METOJIOM IIPU IOMOIIM KOTOPOI'O MOYKHO YYE€CTh BJIUSIHHE
JKeCTKUX MOJI Ha, MATKHUE B CMbIce mpeobOpa3oBanus Kajganosa. Bazosoe jeiicrBue
(2.14) comepsxut B cebe o u /2. CpaBHUBast €0 ¢ KJIACCUYECKUMHI JIMHAMUYeCKIMUI
CTOXaCTHYECCKUMU MOJEJISIMI MOYKHO TPaKTOBaTh KOI(MPDUIMEHT K, KaK KIHETHIe-

cknit koadgpdunument. YrodObl BbIIEIUTH €r0 sIBHO B JIefiCTBUU IIepej] OlepaTropoM
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Jlammaca BBejieM HOBBINM 3apsi w. B 9Toit Mojenn, v urpaer posib HernepTypoaTuB-
HOT'O 3apsijia, KOTOPDLIN OOBITHO TOSB/ISIETCS B MOJEIAX CTOXACTUIECKON JTMHAMITKH.
Macmrabupys mapamerp u — oxu noaydaeM ciaemaytonuit Buj MK-scddexTuroro

ﬂeﬁCTBHH MO/JECJIN:

0 0
S =4om™m+n" pria V2 (—iuo — o) | &+ ET pTR Vi(—iuo + o) | n+
g1 O o X
nretes+ et e,

M

(2.23)

B 3T0M BbIpaskeHun, y HaC eCTh JiBe pasHble KOHCTAHThI B3anMojeiicTBust. Kak 6b110
3aMeveHo paHee, OHU ObLIH CIeJIaHbl PA3IUYHBIMI TOJBLKO [IOTOMY, YTO OHU PEHOP-
MUDPYIOTCs 110-pa3zHoMy. TeM He MeHee TOJIbKO MHIEPIHOBEPXHOCTD ¢ = (4 TI03BOJIsIET
cllesiaTh PEHOPMUPOBKY MYJIbTHILINKATHBHONW. HeoObIuHbIe pACXOAMMOCTH PACCMOT-
peHHbIe B paszjiesie 1.2 IpOsB/ISIIOTCS B BUJIE MOJIOCOB IO &. VIMEeHHO mosToMy, dieH
C o BBIJIEJIEH TIepe]] 3apsiaMu g1 U go B dopmysie (2.23).

Cummerpuiinbie paencTsa (2.20) MO3BOJSIOT 3aK/IIOTHTD, ITO jJeficTre (2.18)
MOKeT ObITh MYJbTUILITKATUBHO PEHOPMUPYEMBIM TIPU TIOMOIIM KOHCTAHT PEHOPMI-
POBKH 110JIell U 1apaMeTpoB Ly, Zn+, s, Ls+,4g, Ly, Zy. KpoMe Toro, B cuity Toro,
YTO TTapaMeTphbl & U U BEIIECTBEHHbIE, COOTBETCTBYIOIINE KOHCTAHTHI PEHOPMUPOBKU
Zy U Z, TaKKe BEIeCTBEeHHbIE BeJINUYNHbBI. DT KOHCTAHTHI PEHOPMHUPOBKHU CBSI3AHbI

CUCTEeMOIl ypaBHeHHil, KoTopasi OyJeT peliaTbCs UTepaTUBHO:

ATy T Ty =

Tt Ze = 74
InZer = Zy (2.24)
i 2T Zog Zo X+ Ly L ZogX = Zy

TZT]+ZE,ZE,+Z91 - Z5
B MS cxeme, KOHCTaHTbl PEHOPMUPOBKU Lo, Ly, Ly, Lg, L+, L, L g, ABIAIOTCA CyM-
MO eJIMHUIIBI U YJIEHOB UMEIOIINX I10JTI0Ca 110 €. B 9TOM ciiyuae, cucreMa ypaBHEHMUiT
(2.24) MozkeT OBITH OJJHO3HAYHO pa3pelieHa Ha PACCMATPUBACMO THIEPIIOBEPXHOCTH
g1 = g5. HT00BI M30aBUTHCA OT KOMIIJIEKCHBIX TapaMeTPOB, Pa3/e/NM BeIeCTBEH-

Hble 1 MHUMbIE YaCTH 3apsA0B. Apyrumun cioBaMu g1 = g1, + 1g1; U o = Gor + 1G9;.



40

Torma ypasrenus: (2.24) MoxkeT ObITH pas3perinMo Ha pPacCMaTPUBAEMOil TUIIEPIIO-

BEPXHOCTH KaK:

T = 7
Zgr = 7}
Tyt Ze = 74
1
Zo = —Re(ZyZ{1)
oi (2.25)
AV EZOZ;I
1 _
Zy = @Im(ZQZl 1
i o1
Z, = _le(XZ5ZOZ1 2z tz !

2.3 /IByxmetJieBoe BbIYHMCJIeHE KPUTUIECKOTO MHIEKCA 2

B mepBom mopsjike Teopuu BO3MYIIEHUI CYIECTBYET HECKOJIHKO HEHYJIEBBIX
l-nenpusojumelx gynknumit, a umenno: In+g, Ige+, Dgrntee 1 KOMILIEKCHO conpst-
»kerHble. CHavasa Mbl OCTaBJIIeM HEM3MEHHBIM Ipaduydeckue ImpaBuiia JIjid TeOPUH

BO3MYIIEHUIL:

"

(tK)ET(H, — k)Y —
(tkmt (', — k) —
(£ (', — k))o —

<
<
<

B Ge3maccosoit Teopun(To ectb Teopun B Kotopoit L = 0) u pasmepHoil perysspu-

(2.26)

I,

m;m

3allMl TaK Ha3bIBaeMble JrarpaMMbl Tuila "rosoBacTuk' ciieyromeil TomoJornm:

(2.27)
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PaBHBI HYJIIO. BHa‘-H/IT, CylIeCTBYET JIMIIL JdBa THIIA TOIIOJIOTUIA AJunarpaMM, KOTOpPLIE

Hdal0T BKJIa/J B KOHCTaHTblI PEHOPMUPOBKH, a UMEHHO!:

Bble U3 HUX MbI M HA3bLIBATh "phIOKAMU BTODDI Mu" .
[le e u3 OyieM Ha3bIBaTh "pbiOKaMu' a Bropble "apOyzamu'

(2.28)

"Ppiokn"

OUYEBUJIHO JIAIOT BKJaJ B cooTBercTBylomue l-nenpusogumble dyuxiun Iy, rae V;

gepumibl u3 (2.53), To ectb Vi = NTETEE wm Vo = nEETET. "Prioku" moryr

OBITH BBIUNCIEHBI 0e3 BesKme mpodeM. CyMMAapHO CYIIECTBYET IMECTb JIHarpaMM

110/I0OHOM TOIIOJIOIMH, KOTOPhIE IIPUBEICHBI B TAOJINIIE HIYKE:

Tabymma 2 — FishDiagrams

Ne Diagram s.c Z; | value
1 3 Zs m
2 L% e
3 1 Zs Qg
4 3 Zs | st
; R
6 1 Zo |
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JmarpaMmbl n300pazkeHbl BO BTOPOM CTOJIOIE, B TPETHEM CTOJIONE MPUBEICHBI CUM-
MeTpuitHble KO3(MMUINEHTBI, YeTBEPTHIN CTOJIOEI TOKA3bIBACT B KaKyI0 KOHCTAHTY
PEHOPMUPOBKI BHOCHUT BKJIJl JJaHHAs JUarpaMMa, U HaKOHeIl, IsThIi cToJIOel] JaeT
3HAUYEHHE OJIOCHON JacTu Juarpammbl. [IponsBejienne 3HadeHnst B ISITOM CTOJIOIE
Ha CUMMETPUIHBIN KOI(PMUIIMEHT U3 TPEeThero cTojda JaéT BKJIAJ JuarpaMMbl B
KOHTPYJIEH PEHOPMUPOBAHHOTO JIEfiCTBUSI.

Ucnonp3yst cuvmerprio (2.20) MOZKHO CHU3UTH KOJI-BO BBIYNCJICHUI, 15T 9TOTO
JIOCTATOYHO HAWTH 3HAYEHUE TePBbIE TPEX JUarpaMM KM BOCIIOJIb30BATbCS CHUMMET-
puii. B 1eiicTBUTEILHOCTH MOYKHO BBIYHC/IUTD JINOO Z5 U Uepe3 Hero HalTu Zg, 100
Ha000pOT. /It TOJHOTHI cUeTa, Mbl BBIYHUCJIUM BCE HMIECTh JUArPAMM, HO B Ja/IbHeii-
1meM OyJieM 0JIb30BaThCA YKa3aHHOI BbIllle cuMMeTpueil. s npumepa paccMoTpum
[EePBYIO JUarpaMMy U3 TabOJIIbl BbIIIE (JHArPAMMBI JTAHHON TOMOJIOIUH BBIUUC/IsI-

I0TCA Ha HYJIEBOM BHEIIHEM HNMIIYJbCE 1 I{aCTOTe)Z

dl{ 29 ) —20tk?|t|+2i ok tu
2 N

:/<dk (_ i >:_ i _i(2—y-|—log(47t))+0(€>’€_>0

2m)% \ okt (u — 1) 8o (u — i)e 160t (u — 1)

Rd

(2.29)

3nech, € = 4 — d, rie d — pa3MepHOCTh IIpocTpaHcTBa. MHTErpupyst mo k MOXKHO

BOCIIOJIB30BaTbCA CTaHAapPTHBIM TPIOKOM:

R/d (;lff)d (_ ock“(i - z‘)) B R/ (2i];—d <_ (k2 + Tri)Q(u — @)) (2.30)

1 3aTeM BOCIIOJIb30BaThCA CIPABOYHON (DOPMYJIOIi:

(2n)_d/dk(k2+m)_°‘ = (4m) a2/ (2.31)

Rd
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I[pyrne JdruarpaMMbl ,ZL&HHOﬁ TOIIOJIOTMN MOT'YT OBLITH BBLIUMCJICHLI B TAKOM K€ CTHUJIE:

7 dk [ 20(—t)e 2R
/‘”/(m)d{ P }

oo R (2.32)
Cfdk 11 24y —log(dm)
B / (2m)? okt Soum2e 16 02 +0(e).e =0
Rd
B 7 » / di [ 20(—t)e M)
= (27 2 =
—o00 R (2.33)
B dt 1 =247y —log(4m) 1
B / (2m)d okt 1672 e | Ole).e =0
Rd

Ocrasimecs Tpu JuarpaMMbl MOT'YT OBLITD IIOJIYY€HBbI C UCIIOJIb30OBaHNEM CUMMETPUN

(2.20), Tem HE MeHee MBI TIPUBEJIEM 3/16Ch UX BHOE BBIUHCIICHUE:

[ [l [ 20(—pje i ziakn
— t _ _
/ / (27r)d L2
R4

—00

B dk i 2~y +log(4m) i
- / (2m)¢ ( ak*(u + i)) = Tord (1 tiw)  E(arae T OO
R
(2.34)
7 £\ p—2ak?[t|
:/dt/ i [ 20(=t)e _
2n) P
e R (2.35)
B dt 1 1 —2 4+ v — log(4m)
N / (2m)d okt Soum2e 1602 +0(e), e =~ 0

Rd
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+0O(e),e = 0

B / dk 1 —24y—log(dm) 1
B (2m)d okt 1672 8m2e
Rd

Jlerko yBuJeTh, UTO 3HAYEHHUS STUX TPEX AMarPaMM, MOIYT OBLITH [OJIyYeHLI U3
MEPBBIX TPEX C HCIoJb30BanneM cummerpun (2.20) geiictsus (2.53). Uroro, Bee of1-
HOIIET/IeBbIE JIHArPaMMbI Jatoline BKIaj B 'y, ObLIN YCIeNHO MOCYUTAHbI. SHAUNT,

B JIMJUPYIOIIEM IIOPsiJIKE TCOPUU BOBMYIICHUN 5 MMeeT CJICIYIONIII B

gl gle  gie i
T2 16(1 +iu))m®e  8me  8mle

(2.37)

Y100BbI MOJIyUYUTh KOHCTAHTHI PEHOPMUPOBKU /(,/1,Z9 CIEAyIONINe JUATrPaMMbI

JLOJI2KHDBI OBITH BLIYUCJICHDI:

Tabnuna 3 — Melon Diagrams

Ne S.C Z; value
| < 1 g1920My
1 L b 2 ZO 43mtte
2M’ 2 2
9 > I 1 ANA giMs _x(u+2i)gy

27mte ) 287 e (u+31)

9192 My —g1ga(uti)
AR 28mte 7 28(u+3i)mhe

Z3,Z4 C.j

N[

—_

Z3,Z4 C.j

OODDS

31ech BKIAJ B 21,5 1atoTcs Ko3DhUINEHTOB Hepe i a BKIAIb B Lo, Z4 1iepes k2
B TEIJIOPOBCKOM PA3JIOYKEHUN JuarpaMM, Kak (DYHKIUI BHEIIHUX HMIIYJIbCOB U Ya-

cTOT. 3HAUEHNE STUX JuarpamMm MOzKET OBITHb BBLIYNICJICHO HECKOJIBKUMU CIIOCOOAMI.
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Haunbosiee crangapTHBIN 0IX0/I K BBIYUC/JIEHIIO MHOTOIIET/IEBBIX JITArPAMM 9TO Me-
TOJI M3BECTHBIIT 101 Ha3BaHueM Sector Decomposition(SD) meros, Tem He Menee 910
YUCTO YMCJICHHBI METOM, KOTOPBII He MO3BOJIIeT HOJIYUYUTh JUarpaMMbl, KaK (DyHK-
nun HerepTypbaruBHoro 3apsiyia. Ho cymecrsyer mertos 21, kKoropsiil mo3BoJisier
MOJTy9aTh TOUYHBIE OTBETHI JIJIA JJUarpaMM OIpe/Ie/IeHHOI Toroiorun. JIByxXierieBbie
U TpexIeTyeBble quarpaMmbl Mojenn (2.53) obsagarorT HeoOXOAUMO Tomo/Iornei,
YTOOBI IPUMEHHUTH 9TOT MeTo1. Mbl KpaTko omuineM SD MeTo/1, KOTOPbIil I103BOJISIET
[0JIy9aTh OTBETHI B HE3ABUCUMOCTU OT TOINOJIOrMK JuarpamMmbl. OJIHAKO METOH U3
[21] mosBosisieT mosydaTh IS JaHHBIX JIHATDAMM OTBETHI B BUJIE aHATUTUIECKIX

QYHKIIIU OT HENepTypOATHBHOTO 3apsijia U.

2.4 Metox Sector Decomposition

Beraucienne quarpavm merogom Sectod Decomposition(SD) ocHoBano Ha cite-
nytomeM dakTe, KOTOPbIil MOXKeT ObITh J0Ka3aH HelocpeicTBeHHo. BoJiee 1101podHo,

PACCMOTPUM HPOCTYIO MOJEIb @F ¢ 3aTpaBOUYHBIM JeiicTBUEM:

S(e) / da (8;9)2 + T;pQ + 9554 (2.38)
Torma TunmmyHOE BhIparkKeHue JJjisi JuarpaMm JaHHON MOJe/In MOYKeT ObIThb 3allnca-
HO KakK:
1 N
Jn = W/dkl . -danEgl (2.39)

3/ech n 4KCIO 1eTeb B JuarpaMmme, N ducio JuHUi B quarpamme, a F; = kf +T
CTAHJAPTHBII IPOIATaTOP C UMIIYJILCOM k Mojean Tuia @ DToT HMIIYIbC ecTh JIi-
HeliHasi KOMOMHAIS UMITYJILCOB NHTerpupoBanusi. BoT modyemy, 1aHHOE BbIpazKeHHe

MOKeT OBITH Ipeobpa30BaHO B CJIEAYIONIYIO (DOPMY:

l
1 Y
1=1

rje [ 4KMCJIO pasHbIX SHEPruit M A; YUCAO JIMHUI HECyIIuX 5Ty SHEPrur. 3Ha-

MeHaTeJ/Ib BbIpaKeHHU:d BbIIIEC ABJIACTCA IIPOU3BCACHHEM KBadpaTHYHBIX (i)OpM 110



46

OTHOIIIEHNIO K UMITy/IbcaM nHTerpupoBanud. Vcrnonb3ysa DeiffHMaHOBCKOE TTPEJICTAB-
Jlenue, 1ojIobHoe TPON3Be/IeHne MOXKET OBITH CBEJIEHO K OJIHOI KBaIpaTUIHON popMme

C MHTEIrpupoOBaHud 110 HEKOTOPLIM AOIIOJIHUTC/IBbHBIM ITapaMeTpaM I;:

(Zxk—l)H@"A’“ :

Fe-A) Ll
E?l---EnNmof---O/dxl---d [iE Fﬂk (2.41)
=1 ELE

k=1

3HaMeHaTe b 9TOr0 BbIpayKeHUsl eCTh KBaJIpaTudHasd popMa UMITYJIbCOB HHTEIPUPO-

BaHus k;. Bor mouemy, 1omo0HbBII HHTEIPaAJ MOXKET ObITh BHIYUCJIEH 110 CIIPABOYHOI
dopmyiie:
1 1 (471)" 3T (ot — @) (det (u)) 2
- [ dky - dk, =
(27’() (aijkikj + b;k; + C) F(OC)(C — (a_l)ijbibj)o‘_T

rjae & = Y A;, npobjieMa BbIUUC/IEHUsT COOTBETCTBYIONINX JIHarpaMM Obljia CBejleHa

(2.42)

Y

K OoJiee IIPOCTOI, Ha IEePBBI B3IVIsi) IIPoOJIeMe, MHTeIPUpoBaHus 110 (peiilHMaHOB-
CKIM IapaMeTpaM ;.

Pasmepnbrit anans mogesnn (2.38) MOKa3bIBACT, UTO €IMHCTBEHHbIN DaCXOjisi-
uiicss TUI JuarpaMM, 9TO TaK Ha3blBaeMble YETBIPEXBOCTKH M JIBYXBOCTKH. VX

o0IIMIT BUJI JIA€TCs CJICIYIOIIUM BbIPaXKCHUEM:

1 1 Vi

r ”8 (2 — £ - —

et 2
2" H L(A) % 0

1 1 \i .
[7?) _ F(f)g (2-3%) /d:vl _ --/dxn i=1 i=1 7
2" _I:IIFOV) 0 0

rje n obo3HavaeT 4ducIo 1ereib B guarpamme, C' u det x onpeessiiorcs cieyio-
UMI POPMYTaMHU:
_ -1

n 2 , (2.44)
Z Eix; =14 cp” + 2b(p,k;) + aij(ki,k))

i=1
riae p — BHemHu umiyibe, a ([J,0J) obo3HadaeT ckajsipHOe TMPOU3BEICHIE MEXKITY
coorBercTByIONMI BekTopaMmu. Ctpykrypa Besmnana C' u det x MoxkeT OBITH TOJTY-

yeHa 0e3 IpsIMOr0o BbIUHCIeHUs jauarpaMM. bostee mojapobdno: det x mjst n-merieBoi
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JiiarpaMMbl paBeH CYMMe BCEBO3MOKHBIX IIPOM3BEJICHNI (PeiTHMAHOBCKIX Iapa-
METPOB C YHUCJIOM CJlaraeMbIX PaBHBIM YHUCJIY IleTejJb B JuarpaMme n3 KOTOPBIX
UCKJTIOUCHBI 3allpeIlieHHble KOMOMHAIINN. 3ampelleHHble claracMble UMEIOT BU/L 3a-
KOHOB COXpaHEHHs HMITYJIbCa, KOTOPBI BO3HUKaeT B juarpammax. Begwmauna C
paBHa CyMMe BCEX BO3MOYKHBIX KOMOWHAaIN (peiHMAaHOBCKUX ITapaMeTPOB C YNC-
JIOM CJIaraeMbIX Ha OJIUH OOJIbIIIE YeM YKCJIO TIeTe/Ib, 38 UCKJIIOUEHIEM ITPOU3BEICHUIT
3alIPENIeHHbIX 3aKOHaMI coxpaHenuii. /[1s mpuMepa paccMOTPUM CJIEIYIONIYIO Tra-

rpaMMy: 3JIeCb N = 2 U BCEro UMeeTcs 4YeThbipe (PelHMaHOBCKUX ITapaMeTPOB.

Pucynok 2.1 — JIByxmerseBas guarpaMma TeOpHn @,

CyMMa BCEBO3MOZKHbBIX UX MPOU3BEJCHUN BBINJIAJIUT KaK XT1T9 + XT1X3 + T1T4 +
ToX3 + Toxy + x374. B mmarpaMme ectb HECKOJIBKO 3allPEIeHHBIX TEPMOB, a MMEH-
HO: T124,L903%4,2122T3. Cpeau HUX BayKeH TOJBKO T1X4. VICmoyib3yst 9T npaBmia,

MO>KHO IIOJIYHUTH BbIpazK€CHUE [JId AETEPpMHWHaHTa JalpaMMBbI:
det x = 2129 + 123 + Tox3 + Toxy + X324 (2.45)

[Too6HbIe paBmia MOrYyT ObITH 000OIIEHbI Jist JeiicTBus oTandHbIX 0T (2.38). Te-
1ephb IpojieMoHcTpupyeM Metosr SD Ha npumepe nuarpammb 2.1. Eé deilinmanoBckoe

IIPEJICTABJICHIE MOXKET OBITh MOJTyIeHO C UCIOJIb30BaHneM (2.43) 1 OHO MMeeT BU/T;

1 €
Jo=-T(e)T*(2—-=)J
0= 2~
1
J f[ d 6(1 — X1 — T9 — T3 — 374) (246)
= Ly €
1 (2122 + 2123 + Toxg + Toxy + 3x4)* 2

3nech d = 4 — €, d — pasMepHOCTb IIPOCTPAHCTBA. SHAMEHATEIb MOYKET PACXOIUTCSI,
KOIJIa T'1,T9,23 UayT K 0, a x4 K 1( BRIIOUast Je/ibTa~-QyHKINIO) WIN KOTJA T1,T2,T4
niayT K 0 a r9 K 1 u nocsensas BO3MOXKHOCTb Korjla Xo,r3 U T4 WIyT K 0, HO T
K 1. 9Tu CHUHIYJISIPHOCTH B IIOJUHTEIPAJbLHOM BBIPAyKEHUU BEIYT K PACXOIUMMOCTH
JaHHoro mHTerpaja nupu € = (0 um uMeroT BHJ HoJifoca 1o € korga € — 0 Sector
Decomposition MeTo1 1103BOJIsSIeT U3BJIEKATH BHIUEThHI U3 COOTBETCTBYIOIINX OJI0COB

B dABHOM BHJE. A.HFOpI/ITM COCTOUT U3 ABYX IIIaros. B IIEPBOM, HN3HaYaJibHasl 30Ha
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UHTEIrPUPOBAHUSI JIEJINTCSI Ha CEeKTOopa, IJie OJuH nu3 (PefHMAHOBCKUX IIapaMeTpPOB
00bABJIAETCS TVIABHBIM U €0 3HaYeHre OOJIbIIe UeM BCE OCTAJIbHDbIE. 3aTeM KayK bl
CEKTOP, IMOJXOMINell 3aMeHOM, BO3BpaIlaeTcsl K eJUHUIHOMY KyOy. DTH JIBa Iara
JIeJIAl0TCsI JIO TeX II0pP, HOKa CHHIYJISIDHOCTL He BBIJIEJINTCS B sIBHOM BHJIE. 3aTEM
BBIYET IIPU IIOJII0CE MOYKET ObITh IOJIYYEeH IPSIMUKOM U3 BBhIPAXKEHUSI JJIs JTHArPaM-
MbL. [Iponeraem sTu marum ajs auarpaMMmbl Buja 2.43: IlepBasi cekTopuam3aliyst

1 IIOZACTaHOBKMU:

1
/dajz f(xla'” 7334) -
=1 0

T

dxlfdxgdxgdmf(ﬂ?l, S Ty)
0

dxg/dl‘ld{tgdlef(wl; to 7$4)+
0

dx3/da:1dx2d:v4f(:v1, e Ty)+
0

dx40/dx1dfc2d$3f($1v"' ) = (2.47)

~ 3 - ~ ~
dzy || dz;xy) f (v, Tom1, T30, L4701 )+
i=2.3.4

~ 3 ~ ~ ~
+ [ dxo H dz;xs f(T122,09,T3%2,T422)+

i=1,3,4

~ 3 ~ ~ ~
+ [ dx3 H dzxs f(T123,T923,23,T423)+

i=1,2,4

~ 3 ~ ~ ~
+ [ dxy H dZ;xy f(T124,T904,T324,24) =

i=1,2,3

:j1+j2+j3+j4

L S O o S o S o
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3areM MBI OIATH JIeJIaeM Iar OJINH JIJIsd Kaxkoro J;. Apyrumun cioBamu:

1 1
dxq dl’g/dilf:g/d334f(3317$2>333ax4) -
0

O'\H

(2.48)

0
1,3+ j2,1 + j2,3 + j2,4 + j3,1 + j3,2 + j3,4 + j4,2 + j4,3

+ O\._.

= Jip2

N3-3a CUMMETPpUUN AHal'PaMMbl, MOXKHO YBUAETL CJIeAYIOIIMEe COOTHOIICHMWA ME2KIY

HJaCTAMU:
j2,3 = j3,2
Jio=J13
j1,3 = j4,2
Jio = Jus (2.49)
j2,1 = j3,1
j3 1= j2,4
j2,4 = j3 4

B cumy 9TuX COOTHOIIEHUI, CYIIECTBYIOT TOJBKO YEThIPE PA3JIMIHbIC BEJIUINHLI U

pe3yJjibTaT MOZKET OBLIThL 3alncaH KakK:

2

(1 + To + o3 + x2x4)_5

Ty 2(1+ 23+ ox3 + Toxy + Tow3xy)

d$2d$3d$4

,_.
o
I

I
St O~ O~
O\H O\H o“\H

24

(1 + X123 + T3 + ZE4:U3)_£

T3 2(1+ 21 + 2123 + 14 + 2374) 773

dxodrsdry (2.50)

(1 + 1 + 2311 + 564561)_8

ld

[N}
=
I

d$2d$3d$4 1—¢ s
T, ? (1 + 3+ 2103 + 4 + 5131:C3$4)2_§

O\H O\H O\H

Hecnioxkuo yBujers, ato B (2.50) MHTErpajibl IMEIOT CHHIYJISIPHOCTD 10 OJTHOM Iie-

peMeHHoil. B obmem ciydae, rmocjie M30/ISIUN CUHTYJIAPHOCTEH, MOI'YT OBITH JIBa

BOBMOYKHBIX clieHapus. [lepBblit M3 HUX: €c/lM CHHTYJIADHOCTb MMeeT Buj T 1 11¢
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TOI'Ia BBIYMCJIEHNE BblY€Ta B IIOJIIOCa IIPOBOAUTCA CJICAYIOIINM 06pa30M:

1 1 1 1

/:UHmf(a:)dx = /:UH”ef(x)d:c—l—/xH”Ef(())dx— /x1+”£f(0)dx =

0 0 0 0

(2.51)

MaTerpaJ 1o nepeMeHHoil a IO3BOISCT YIYUIINTh YICICHHOE HHTerpupoBanue. ITo-
ro, MoJIMHTerpaJJbHOe BbIpaKeHue B [MOCJIeIHEM cJIaraeMOM IPeICTaBJISETCS KaK Psil

110 €. Bropoii cuenapuii: ecim cuHrysisipHocTh nmeer dpopmy T rie m > 1.

1

/x_ermf(x)dx

0

1
B el — @) or1(0) | ALF(0) £(0)
—/dm oy e e T
0

(2.52)

[Tonsojst utor, sector decomposition MeToJ1 1103BOJISIET SIBHO BLIUYMCJIUTH BbIUET B
nostoce. OHAKO, OJMH U3 IJIABHBIX HEJIOCTATKOB 9TOIO METOJa — OOJIBIIOe HTICJIO0
CEKTOPOB JIJIsI MHOI'OIIETJIEBBIX AuarpaMM. Tem He MeHee sl AuarpaMM OIIpejiesIeH-
HOIT TOITOJIOTUN MOXKHO HMCIIOJIb30BaTh JAPYTrUe METOJIbI JIJIsl BBIYUCICHUS JITarPaMM.
Vcronb3yst crienna/ibHbII BUJI IIPOIIAraTopoB MOXKHO IIPOBECTH CEPUIO0 TpaHCdOopMa-
[, KOTOPbI€ I03BOJIAIOT TaK»Ke BbIJIEJIMNTH IIOJIIOC B SIBHOM BHJIE. DTOT METOJ MbI

Ha30BEM — METO MHTETPUPOBaHUA TEITOYKHN BIIEPBLIC HpeﬂCTaBHGHHbIﬁ B pa60Te [21]
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2.5 - dbysHkIuu 1 AMHAMUYECKAN KPUTUYIECKUI WHJIEKC 2

Benmomamm penopMupoBantoe JieficTBue Haleil Mojen, KOTopoe ObLIO BbIBe-

JIeHO paHee:

0 0
S=Zmm" +n" (%a + ZQV2> E+&F (Z?,a + Z4V2) n+

+ ZmTETEE + ZsETETE,

(2.53)

rje napamMerpbl & U U JIefiCTBUTE/IbHBIE UNCJIa 110 OIPEeJIe/IeHII0. DTO JIefiCTBUE CO-
JIEPKUT JIEBITH HE3aBUCUMBIX WIEHOB U TOJIBLKO BOCEMb II0JIeil U IapaMeTrpoB, Uero
HEJIOCTATOYHO JIJI MYJIBTUILIMKATUBHOI peHopmupyemoctu. OHaKO IIPUHUMasT BO
BHUMaHUE CHMMeTputo jeiicTBust (2.19) MOXKHO yBHUJETH, YTO T'HIIEPIIOBEPXHOCTD
g1 = g5 JaeT HaM HeJIOCTalolee COOTHOIIEHNE, YTOOB! CIeJIaTh PEHOPMUPOBKY MYJTh-
TuiIMKaTuBHON. Ko3addunmenTsl B KOHTpUIeHAX Z; ObLIN COCIUTAHbI B cxeme MS
B BEJLyIIeM IIOpsiJIKe TeOpun Bo3MylleHuii B Tadsuie 2 u 6. OHu MOryT OBITH 3allu-

CaHbl B CJIEAYIOIIEM BHIE:

g1g20My

43mhe
giMs  g1gaMy
27mte  28mie

oc(u + 2i)g? xg1go(u + 1)
28mie(u+3i)  28(u+ 3i)mie
ige Ha A i

2 16(1 +iu)m?e  8m?e  8m’e

Zy =4+

Z1 =1+

(2.54)

Zs5 =



02

rie
M, — A+ 3B — mu — 2uarctan(C_)
b u?+1
A — (u — 1)?(2i arctan(2C, ) — i — A — B)
o (u? 4 1)
Mo — (u+17)*(B — 2i arctan(y))
3 (u? +1)?
A =log(u® + 1) (2.55)
u®+9
B =1
o835
u® + 3
. =
" 4u
u? —3
- = 4du

mes Ha pyKax KOHCTAHTHI PEHOPMHUPOBKN MOXKHO Pa3pelinThb CUCTEMY YpaBHEHMIT

(2.24). Tlo onpenesnennto B 1y GYHKIMNA MOJEIN ONPEeJeTeHbl KaK:

07
By, = —€9n + €gn Im —
! m;Q OGm
0z,
B = eu ;22 934, (2.56)
07
Yo = _en;2 dn agn

C 1OMOIIBIO COCUYNTAHHBIX KOHCTAHT PEHOPMUPOBOK I10JIeil 1 IIapaMeTpPOB MOYKHO
MOJIYIUTH COOTBETCTBYIONIME OeTa U raMMa (DYHKITUH TT0JIeil 1 ImapaMeTpoB:
2(2u” +3)g192 + ugs — ugi
Po =~ S2(u? + 1) B
2ug1gs — (4u? + 5)g5 + g3
B 8m?(u? + 1) G

(2.57)
692




Bu:

o3

(91 4 ug2)((u” 4 6)g2 — ugy)
6470 (w2 + 9

(@ 1) [(gF + @) Im(Mo) + 2(g7 — g5)Im(M3) + 4g1g2 Re(Ms)]

CX:

Yn

Ye =

1287t

391 + 2ugigs — (2u° +9)g5 n (97 + 93)(ReM; — UImM2)+

12870 (u2 + 9) 1287
(g7 — 2ugig2 — g5)ReMz  (ugi + 29192 — ugi) ImMs

647t 647t
397 + 2ug1gs — (2u* + 9)g3 B (g2 + g3)(M; + ReMy — ulmMs) B
25674 (u? 4 9) 2567

(97 — 2ug1g2 — g3) ReMs N (ugi + 29192 — ug3)ImMs

12874 1287
391 +2ugige — (20" +9)g5 (g7 + g3)(ReMy + (u + 2i)ImMy — M)

25674 (u? + 9) 2567t
(g7 +2(u +2i)g1g> — g3)ReMs  ((u+2)g7 — 29192 — (u + 2i)g3) Im M

12874 12874

(2.58)

B ommuun ot mogesnn E (1 ocobenno F) rie nasmdme MHOXKeECTBa HyJsieil Gera

dyukmuit 3arpyauser Boibop NK-ycroitunpoit dbukcupoBanHoii TOUKH, 3 — (DyHK-

mun (2.57),(2.58) obpamarorest B HyJb B TPEX CJIydasix:

— TpusnajbhHast (pUKCHPOBAHHAA TOUKA 15 = §ox = 0 JIJIsT IPOU3BOJIBHOIO 1.

Eé marpuna w;; uMeer ciemyiomniue cobcrsennble yuciaa (—e, — €,0), 4To

noaTeepkaaeT ee MK HeycToiunBOCTH

87m2e
5

w;; ectb (€,0.2¢,0.023¢?). TlonoKUTENBHBI 3HAK BCEX COOCTBEHHBIX THCET

Chnyuait g1 = 0, gox = — u u, = 0. CobCcTBEHHBIE UMC/Ia MaTPHUILDI
JIOKa3bIBAET, UTO JanHas Touka VK ycroitanpas.

Ciy4aait go, = —27e, W, = % = ( J/Isl IIPOU3BBOJIBHOIO (4. 3/1€Ch, DECKO-
HEYHOe 3HaUeHUe U MOyKeT ObITh BBIOPAHO M3-3a TOrO, UTO JAHHBIN 3apsi]l
He SIBJISIeTCsI HepTypOaTuBHBIM. [t 9T0il (PUKCUPOBAHHON TOYKU HMEeM
cilejiyrone cobcTBennble Yncaa wy; are (&, — 15,0). Takum obpasom, 310
buKkcupoBaHHasg TOUYKA THUIIA CE/JIO. ITO TOUKA COOTBETCTBYET KBAHTOBOME-
XaHIIECKOMY TIOBEIEHNIO CUCTEMY C OCHIJLIMNPYIOMINMI IIPOIaraTropaMu 6e3
KaKoro-anbo 3aryxanns. HeynnBureabHO, 9TO 3Ta TOUKA HE UMeeT OTHOIIE-

HUSI K PACCMaTPUBAEMOMY (ha30BOMY ITEPEXO/LY.
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Boeraucisist y— dyukiun B HaiigerHoit NK-dgukenpoBaHHO TOUYKE 1TOJIyYaeM CJiejly-
Iole KPUTHIECKNEe pa3MepPHOCTH:

2

. €
Ye = 900
g2 4
= _— (12log=- — 1
Vi =15 | 12log (2.59)
g2 4
& (1 _6log=

Barkno samerutb, uTo B ejuHcTBeHHOil MK-ycroitunpoii dpukcupoBaHHOil TOUKH,
3apsA/ibl ¢ U § YUCTO MHEMBIE. B sToMm ciydae, jgeiicteue (2.13) omimuaercs or m3-
BectHOrO MSR-11eficTBIsT IBYXKOMIIOHEHTHO# Mozie/n A cToXacTuaecKoil TMHAMIKIA:

/ !/ (X«
Sp=—ap + @ ((%(p—ocA(erEg 3> (2.60)

3aMEHOIl IIePEeMEHHDIX:

nt = @ +ig,
_ /+Z /
2 (pl' P2 (2.61)
" =@1+ 19y
&= @1 — 1@y

U TPUBHAJIbHBIM PACTS?KEHUEM I0JIel U TapaMeTPOB. 3HAK 2, COOTBETCTBYET 3HAK B
mogiesin (2.60). VimerHO 110 9T0i IpUdnHe HOHSITHO, oueMy pe3y/brar (2.59) coBra-
JlaeT ¢ IEePBBbIM MOPSJIKOM € pas3JIoyKeHUs KPUTUYECKUX pasMepHocTell sl Mojen
A. Takoke MOKHO 3aMETUTDH, YTO CPEJIN MHOI'HX JIPYTUX MOJesieil, 0000Imaronmnx Mo-
nemn A nefictsue (2.13) mostydeHHOE 3/1eCh NMEET MHOTO CXOXKEro B CBOeii CTPYKTYPE.
Ho onm oTimyaroTest B pU3nIecKux MpeJIinooKeHIAX, KOTOPhIE JIeJAI0TCA B MOJICIIH.
K mpumepy, B cTOXaCTUIECKOM IO/IX0JI€ K OMMCAHUIO JIeHrMIOpOBCKOiT TypOyIeHTHO-
CTU B ILJIa3Me, MPUBOJIUT K KOMILIEKCHOCTH KUHETUIECKNX KOI(POUIIMEHTOB, HO 9TO
SIBJISIETCS TTPOSIBJICHIEM XOPOIIIO M3BECTHO 3aTyxaHus Jlangay. B croxacTmdaeckom
ypasuennn ['pocca-IInTaeBckoro Tak»ke NpUCYTCTBYIOT KHHETHYecKne Ko3ppuim-
CHTDI, HO OHU CBA3aHbI ¢ HEPABHOBECHBIM ITPOUCXOXKIeHneM (ha3oBoro mepexojia. B
Haleil »Ke MOoJIe/id, KOMILJIEKCHBI KUHETHIeCKUil Kod(pOUIUEHT BO3HUKAECT CTPO-
ro NpU ONMUCAHUU PABHOBECHBIX (DJIYKTYAIUil B OOJIHIIIOM KaHOHMYECKOM aHcaMoJe.
Koneuno, anajmTnyeckas CX0:KeCThb JIeHCTBUIl BeJeT K (POpMaIbHON CXOKECTH CO-
OTBETCTBYIOIUX juarpamMM. [logbIToKuBast BBIIIECKA3aHHOE MbI OOHAPYKUJIN U

HCCsIeIoBaIl AMHAMITIECKIH KpuTndeckuii nujgexe mozenn (1.23) ocHoBaHHOIT Ha
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MUKPOCKOITMIECKOM I10JIX0jle U BpeMeHHbIX (byHkuuii ['pura. O coBnas ¢ JuHamMu-
YECKIM KPUTHIECKIM HUHIEKCOM Z JIJIsl IBYXKOMIIOHEHTHO# Momenn A KpuTudeckoii
JMHAMUKHI, TJIe OH OBL COCUNTaH, KAK MUHIMYM JI0 TTOPSIIKA 0(54). MHmuororetieBbie
BBIYUC/IEHISI MOT'YT JIUIIb OATBepanTh VK yeroitanBocTh e 1MHCTBEHHON (hUKCHPO-

BAHHON TOYKMN.

2.6 CrabuabHocts B UK (pukcupoBaHHOII TOYKHN B TPEThEM ITOPSIKE

JImarpaMMbl garomiye BKJIAJAbI B CJICAYIONIEM TOPAIKE TEOPUNI BO3MYIIEHII K

1-HenpuBoauMbIM byHKIUAM 1" JesaTced Ha cjiegyIonue TUIIbl TOIOJIOT NI

(2.62)

(2.63)

(2.64)

B cuny Toro dakra, aro coorsercrByioniue 3 u y dyskipn B (2.56) MOryT ObITH
COCYMTAHBI C UCIOJIH30BAHNEM BBIUETA B IIPOCTOM IOJIOCE 2|, cUeT BBIYETOB MpU
BBICIITIX TTOJTIOCax He TpebyeTcsd W He JlaeT BKJIAJ B KpUTHYeCcKue Mokasarean. Bor
noueMy, JuarpaMMbl Bijia (2.63) MOryT OBITH OIYIIEHBI, TOTOMY YTO OHU SIBJISTFOT-

Cd IIpoUu3BEeACHHUEM 1—H€HpI/IBO,HI/IMbIX AJnarpaMM M He coAepzKaT IIPOCTOI'o II0JIXOoCa.



o6

Bblpa)KeHI/IH HJId KOHCTaHT PEHOPMMHPOBOK B CJIEAYIOIIEM IIOPAIKE IIPUHUMaIOT TO-

rja BUI;

xgrgaMi(u) | (—=i)g195Qa(u) | (—i)g792Qs5(u)

Z = do—
0(917927U’) x 2 . 1627T4£ 13 + €
2 N 3
giMs(u)  grgeMa(u)  (—1)g97Q6(u)
Z =1 -
1(91.921) + 1627te 2 - 1627mte + 3 +
n (—i)g%?@?(u) N (—i)glzgc?s(u)

gi o2 — iu) _ 919201 — iu)
162704(3 — iu)  162(3 — i)
(—1)g/Qo(u) N (—4)9192Q10(u) N 9195Q11(w)
3 £ £

i gl gl gqigax

2 16(1 4 du)m?e  8m?e  8m’e

P r 2 ; 2

tg t919 tg19
= = Q) = TE0u(u) - =2 Qs(u)

+

Z5(g1,92,u) =

TyT KaK ObLJIO CKa3aHO BbIIIE, MbI OIIYCKa€M BKJIQJbl BHUIa 5%7

KOTOPbIE, KaK Obl-
JIO OTMEYEHO paHee He JaloT BKJIaJ B KpUTHUECKHe Tokasaresnn momgenn. Q;(u)
COOTBETCTBYET CyMMaM JuarpaMM C CHUMMETPHIHBIMU KO3(MDdUIMEHTaMI TOIOJIO-
ruit (2.62),(2.64). Takke MOXKHO 3aMETHTh, YTO JIHATPAMMBI COOTBETCTBYOINX
TOIOJIOTHIL coslepyKaT pacXofdiyecs noarpadnl. DToT (akT 3acCTaBjsgeT Hac BOC-
MOJIb30BAThCS COOTBETCTBYIOMIE R omeparnueil Bbrantanust |2|, 9T06bI C/eaaTh
JquarpaMMbl Hamreit Moxenn Y@ KoHedHBbIMU. UTOOBI HOATBEPAUTH CTAOMIBLHOCTD
Halllell yCTONIMBOI TOUKM HEOOXOIMMO COCUUTATH COOCTBEHHbBIE YUC/Ia MATPUIILI W),
COCTOsAIIEll U3 COOTBETCTBYIONINX IIPOM3BOAHBIX OeTa (DYHKIUI 110 MX 3apsijiaM, B

UK ycroitunBoit (pukcupoBaHHON! TOYKH:

OBy, OBy, OBy,

KO & a?su

_ g2 g2 g2
w=[Zz G (2.66)

0B IBu  9Bu

dg1  0dg2  Ou

Brrauciienne coOCTBEHHBIX YHCEJ ITOI MaTpHUObl B TPETLEM IIOPAAKE TCOPUU BO3-
MYLLLGHI/Iﬁ ,[LaéT cieayromee pa3jiozKenne CcOOCTBEHHDBIX YHCEJI B BuaE CJIE€AYIOHIETO

€ Pa3JIOKEHUS:
£ + 0.68¢2

0.2¢ + 0.245739¢” (2.67)
0.0230146¢ — 0,0258336¢°
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Hecmorpst Ha To, 9To npu € = 1 0j1HO COOCTBEHHOE 3HAYEHIE MEHsIeT 3HaK, XOPO-
110 U3BECTHO, YTO IOJ00HDbIE PSAJbI ABJISIOTCA ACUMITOTHUYCCKUMEI PACXOAAIIMUCS
psiiamu. Wcnonb3yst nepecymmvuposatne Bopessi [22| ¢ usBecTHON acHMITOTHKOL
BBICOKIX MOPsIJIKOB Mojiesin A 23] mostywatorest ciiejyioniie coOCTBEHHbIE JHCIA
maTpuisl w: (0.254264,1.09057,0.00703(e = 1). D1o noareepzxkaet, uro UK duk-

CHUPpOBaHHas TOYKa ABJIAETCHA YCTOﬁqHBOﬁ B JaHHOM IIOPAJJIKE.
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I'maBa 3. CBenenue moaean F' K mogean A

PesysibraThl 1pejpliyliero pasjesa BOILIM B dBHOE IIPOTUBOpPEYME C KJlac-
CHYeCKIMU paboTaMi TpeIecTBeHHIKOB |2; 4], B KoTopbix nmenHo E-mopesb
npejiaraeTcs Jijis OlucaHus paccMaTpuBaeMoro spjenus. s nojrsepkienns Ha-
MIUX Pe3yJIbTaTOB HEOOXOAMMO OObSCHUTDH IPUPOLY JAHHOIO ITPOTHBOPEYUSI.

[TocTpoenne croxacTuuecKnx ypaBHEHUN KPUTHIECKON NUHAMUKN Oa3upyercs
Ha M3BECTHOI CTATHIeCKOi (pABHOBECHOI) MOJICIN KPUTHIECKOro mosejernst. Cra-

MUOHAPHOE JIefiCTBIE 9TON MOJEIN MOZKeT ObITh BBIOpAHO B BHjE [2]

+1ly)2 2 2
S = ooy + PEE g g 4 1 OOV

rie nous P, Pt — KoMILIeKCHBII mapaMeTp IopsijiKa, COOTBETCTBYIONINI CpeJHIM

(3.1)

OO30HHBIX OIIEPATOPOB II0JIS 1Ab, 1A|)+, ojie m — JinHeiiHasg KOMOMHAINA BHYTPEHHEH
SHEPTIUU U IJIOTHOCTHU, 3P (MEKTUBHO ONMUCHIBAIONIAS PIYKTyaIllnl TEMIIEPATYPHI, P —
1oJIe TJIOTHOCTH CPEJIbl, U — BEKTOPHOE I10JIe CKOPOCTH, g1, G2 — HEKOTOPbIe HOBBIE
110 CPaABHEHUIO C TPEJBIAYIIMI pa3jie/laMi KOHCTAHTBI CBS3M, W — HEOOXOMMAas
pasMepHast KOHCTaHTA.

Bo BpemeHa HAIMCAHUA KJIACCHIECKUX PAOOT €IMHCTBCHHBIM M3BECTHBIM [TPH-
MEpOM CBEPXTeKydIecT ObLT (PasoBbIil TEPexXo/ B KUJKOM TeJIud, TP KOTOPOM,
ciieyst Kiaccndeckoii monorpadun Jlaumay u Jludmmna [24], kugkocTh 00bsABIIs-
Jlach HeczKnMaeMoil. Vexois u3 pasMepHOro aHaIu3a, MaKCcBe/IoBeKuil €wien pv?/2
B (3.1) maer s MK-HecyiecTBeHHbIE BKJIa/Ibl B CTOXACTHYECKHE YPABHEHUST |2
4]; ofiHAKO, €CJIM €ro MPOCTO OTOPOCUTh, TUHAMUIECKIE YPABHEHUST TOJTHOCTHIO Tepsi-
I0T 3aBUCUMOCTH OT TAKUX BarKHBIX XapaKTEPUCTUK CBEPXTEKYUero MOBEJCHUS KaK
CKOPOCTh U BsA3KOCTb. [losTomy B pabore [6] Oblia mpeanpuHsiTa MOMBITKA YIeCTh
JMHAMIYECKIe BKJIAJbl B CTOXaCTUYECKNE YpaBHEHUsI Ha OCHOBE PEryJIspHOTO pas-
JIOKEHU 110 JIBYM IMapaMeTpaM; IIPHU 3TOM, 10 TPaJIUIIHI, CBEPXTEKYyYas *KUJIKOCTh
paccMaTpuBagach HECKNMAEMOI.

U3 pazBuTOro B mpeabLIylnX pasjesax MIKPOCKOITMYECKOTO aHAIN3a HeCKI-
MaeMOCTb HUKaK He cjieayeT. [[oaToMy mocMoTpuM, K 9eMy MPUBOJUT B OKPECTHOCTH
A — TOYKH YUET CXKUMAEMOCTH JIjII (PEHOMEHOJIOTHIECKN CKOHCTPYUPOBAHHBIX ypaB-
Henuit F-monenn.

B coorBercTBuE ¢ Kiaccudeckoit Monorpadumeii 2|, cucrema croxacTuaecknx

ypasrenuit s @, € {p P m,v,} npn onmcaHun KpUTHIECKHX DaBHOBECHBIX
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duryKTYyanuii g0J2KHa UMETb B/

at(pa — (Ocab + Bab)é—t +T]a7 (32)
()

koappurmenTsr OH3arepa Xq, 1 MEXKMOJIOBOI CBSI3N [345 Y/AOBJIETBOPAIOT YCJIOBUSM

dBan(T; @)

T T ab\T5; P

Kah = & = — —— =0. 3.3

ab ba > E’ab Bbcm 5(Pa($) ( )
3jiech T — CUMBOJI TPAHCIIOHUPOBAHUA; ero JeficTBue Ha onepaTopbl 0; = —d; Noji-

pa3yMeBaeTcs.

Y100bI BKJIIOYUATH T10JI€ CKOPOCTH B JMHAMIYECKY0 F-Mojens (1), yioBaerBo-
puB npu 3ToM TpeboBanuaM (3.2, 3.3), B ypaBHenus JlaHkeBeHa JIjisi BBEJIEHHBIX
panee nojeit P, p*, m, a rakke B ypasnenne Hapbe-CTokca JOJIZKHBI ObITH
BKJIIOUEHBI JIONOJHUTEIbHbIE YJIeHbI, TAK YTO CUCTEMa CTOXACTUYECKUX ypaBHEHUI

IIPpUHUMaET BU/

(O + w0 ) =
2

= A(1 4 ib) {821|) — %tlﬁllﬂ + ggmll)} + iAgs [ggllﬁtl) —m — rw%] + for

(ﬁt + Uzaz)llﬂ_ =
2

:Au—wﬂwa—%wﬂwwywwﬂ—wMﬂﬁpmﬁw—m—ww%]+m

2 9
oym + (T i -+ 1) 0;(mu;) =
Po
P
— _Aud? |:921Jr)11)+ —m— rw%} +iAgs [T OMD — WOPWT] + f,

Yoo BCHY)0ui oL T g1 _
Oyu; = p06 u; + 300 0;(uiu;) o0 [8 31]) P +ggm1|)}
1o 1 o+ 910 +

ot = o) [ = M g 4

rc? 1 4 wru?
+ (E‘FE)@@ [gﬂl) P —m— 5 ] + fu

(3.4)

riae Y u ( — caBUronast u 00bEMHaAsSI BA3KOCTh, A — KHUHETHYecKuil Koadpdumuent, b u
g3 KO3 DUIMEHTH MEXKMOJIOBOI CBA3U, U — HeepTypOaTuBHbIN 3aps F-momnenn, ¢
— CKOPOCTB 3BYKa, Po — CPEJIHSIS JIOTHOCTh, IIPU BBIBOJIE T0JIAraJioch P = Pg + rm,

rJe 7 — HOBBII pa3MepHbIil mapaMeTp. B ypaBuennm mpounssejiena 3aMeHa P Ha g,
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OTOPOIIIEHHBIE TTPU 9TOM BKJIaJIbl COOTBETCTBYIOT CTapIIuM HejnHeiHocTsM. Hero-
CPEJICTBEHHOI TOJICTAHOBKO# MOXKHO ybOemuTbest, 910 (3.4) coorBercTByeT hopme
(3.2, 3.3).

[To ypasrenusim (1) crasgapTHbIM 00pa30M HECJI0KHO ocTpouth MSR-jmHa-

MUYecKoe JleficTBre, BBOJIA BeroMmorare bhblii Habop noseit {\' b+ m' v}

~Sayn = b = bam &P’ + by + budju;diu; + arh™ P + agh P+
+ agm Opu; + agm 0*m + a5u;02ui + aﬁu;@-@juj—k
+ am%(‘?im — o — P Ot
—m Om — v du+ P+ [—uiaitl) + agO YW + agmp + aloll)uﬂ +
+ [—Uiai1|)+ + an(V) P + appmpt + CL131P+U2} +
+m [-mou; + a140°0* (V) + a150%u? + argh M + a1 h* Pt +
+ U; [_aj(uiuj) + a18(8i1|)+)621l) + a1 P20 T + asgrmponp T+
+ a21(8i¢)]3211)+ + a22(1|)+)21l)82-11) + agzmh oD + ag40; (V) + CL25(9¢U2]
(3.5)

[Ipu sroM B HYHKIMOHAILHOM HHTErpajie Mbl  UCIOJIL3YeM (OpMY  3allucu
exp(—Sayn), XapaKTepHyIO JJI CTATUCTHYECKOi (hu3nKu.

[Ipusesiennast hopma MSR-neiicTBus yo0Ha JJisl JaJbHENRIIEro peHOPMIPYII-
I0BOIO aHa/n3a, CBsi3b Kodbuimentos a;, b; (i = 1,2..25 7 = 1273) ¢

dusnueckuMu mapameTpaMy MpuBejieHa B Tadsuie 4.

Tabsura 4 — [Mapamerps! JuHAMIYECKOTO JeiicTBust (3.5): COOTBETCTBIE BBEIEHHDBIX

0003HaUYeHNl peasibHbIM (PU3MIECKIM BEJIMTIHAM.

b1 2\ as Y/Po ais | iAgswr/2 || a —p(%w

ba Au ag (3C+v)/(3po) a4 —Augs a9 3501(”

b3 Y/po ar rc?/po + 1/ (rw) ais | Auwr/2 || as —

by | (Y +30)/(3po) || as | iAgsgz —A(L+ib)g1/3 | aie iAg3 a24 ~ 50w

a1 A(1 4+ ib) agy A(1 +ib)ga — iAg3g2 air —iAg3 ass —% — %
a9 A(1 — ib) a0 —iAggwr /2 ais | —1/pow

ag | —r?cw/po —1 || a11 | —iAgaga — A(1 —ib)g1/3 || a19 | g1/(3pow)

as —Au a1z | A(l —ib)gs + iAgsge azo | —g2/(pow)
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3.1 Pasmepuniii anaans, UK addekTuBHass Teopust

Kax u nojiozkeno mpoussojibHoMy jeiicteuio MSR mogiesn (3.5) obiajaer oji-
HOBPEMEHHO U ITPOCTPAHCTBEHHON M BPEMEHHOI MacIITaOHONH MHBAPUAHTHOCTHIO [2],
MO9TOMY JIJIsT BCEX IOJIell W IapaMeTpoB MOXKHO BBECTU HE3aBHCHMbBIC NTPOCTpPaH-
cTBeHHYI0 dP 1 BpeMeHHy0 d¥ KaHOHMYECKHEe pasMepHoCcTH. /laHHble pa3zMepHOCTH
npusejienbl B tabiute 5. Tpajuionno nosaraercs db = d = —1, d} = d¥ = 0.

Heiicreue (3.5) AMKTyeT JMCIEPCHMOHHOE COOTHOLIeHue B dopme iw ~ k2.
[ToaToMy moJiHasT KaHOHUYECKasi Pa3MepHOCTh dp olpejesisiercss (hopMmyson dp =
2d¢ + dY. [2]. VImenno st pasmepnoctn onpejensior VK cyiecrBeHHOCTD Hin
HECYIIEeCTBEHHOCTh OTJE/BHBIX YJIEHOB JleiicTBus (3.5), U OHM TakyKe MPUBEJICHBI
B Tabsmie 5.

3 Tabauipsl BuHO, uTo Hambosee VK-cyrecTBeHHBIM TTapaMeTPOM TEOPUN
siBJisieTcst a3. Ecim Obl 9TOT napamerp siBJIsl/ICS HepTypOaTUBHBIM 3apsijiOM, JIJIst
noctpoennd MK-addekTunoit Teopun ciegoBago Obl B JUHAMUYECKOM JeiicTBUN
IIPOCTO OTOPOCHUTDH BCE IIPOUNe, MeHee CyIIeCTBeHHbIe d4ieHbl B3anMojeicTeust. O -
HAKO, B JIAHHOM CJIy4ae ag siBJIAeTCsd KOIMAMUIUEHTOM IIPU KBaIPATUIHOM I10 HOJISIM
wiene geiictus m'd;(v;), MOTOMY €ro BIIMsTHIE HA JUATDAMMBI TEOPUH BO3MYIIEHMUIT
AlpUOPH HEOUEBHJIHO. AHAJOINYHAS CUTYyallus UMeT MecTo, Harpumep, B H-momenn
KPUTUYECKON JMHAMUKHI (PAa30BOT0 Mepexojia *KIJKOCTb — Iap, U B COOTBETCTBUH C
|2] Tpebyer crermaabHOrO aHaIM3A.

B pabote 25| 6611 Tipei/iozKeH caMOCOTIACOBAHHBIN TTOIX0/ K TAKOMY aHAJII3Y,
OCHOBaHHBII Ha nccienoBannn MK-cymecTBerHOCTH BCell COBOKYITHOCTH IIPOITaraTo-

poB mozesn. IIpumenum ero B Hareit pabore.
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Tabmma 5 — Kanonndeckne pazMepHOCTH 1101l 1 TapaMeTpOB MOJIeH

F Il)al-l)+ 1-1)/711)_'—/ mym/ v v bla b2 b37 b4

d|ld/2—1ld2+1| a2 |[-1|d+1| -2 | =8

d%’ 0 0 0 1 —1 1 3
dp d/2—1 d/2+1 d/2 1 |d—1 0 —2
F | ay,a2,a4,a5,a6 | ag,a11 | ag,a12,a14,a16,a17 | Q10,013 | a3 ais
d% —2 2—d —d/2 2 d/2 —d/2
dl‘# 1 1 1 —1 0 1
dr 0 4 —d 2—d/2 0 d/2 —2—d/2
F |l aig,a21 | arg,a22 | ag0,a93 24 ay 25

& | —2—d|2—-2d| —-3d/2 | —d |—-d/2—2] 0

dr | 2—d |6-2d|4—3d/2|4—d| 2—d/2 | 0

Kpaaparnanas gacts jefictBus (3.5) onpejessieT mporaraTopbl moJeit

b1 1 1

v = (a1k? + iw)(agk?® — iw)’G‘bﬂl’/ T ask? —iw’ Gy = ar1k? +iw

a _ bg(a§6k4 + w2)k2 + a§b34k4 a. = P, a _ b4]€2PJ_
m RyR_ PO ggk? —dw’ T a2kt + w?
Gv”m _ a3b34(z'w — CL4/€2) + a7bg(a56k2 + Zw)l];, GU = b34k2(aik4 + CUQ) + a%bzkAPH

R.R_ 11 R.R

ask? + iw asek? + iw z'a7/; ia;;E
Gv‘llvu - ( R. >[)||’ Gm/m - R. ) Gm/vu - _R—+7 vll‘m - _R—+

as6 = a5 + ag, b34 = bg + b4, Ri = CL36L7]€2 + (a4l<:2 + z’w)(a56k:2 + ’L(,U)
(3.6)
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3/1ech MBI HCIOJIB30BaIN 0003HadeHusa | 1 P s nonepevHoro u HpojoJIbHO-
I'0 IIPOEKTOPOB, PH@2 = 0;0;, PL + P| = 1. KoacbpunuenTs! npn KBapaTHIHbIX
yjIeHaxX ¢BOOOIHON YacTu JuHaMudeckoro MSR jeiicTBUst IMEIOT pas3Hble KaHOHUUIe-
CKHIe Pa3sMepPHOCTH, II09TOMY HEYJIUBUTEILHO, YTO U IIPOIIAraToOpPbl COIEPyKAT BKJIA/IbI
B pa3Hoil crenenu cymecrsennbie B VIK-obmactu. B coorBercTBUN ¢ IIpOBEIEHHBIM
pasMepHbLIM aHaM30M B IIporararopax moJei m,m/ ,v||,v|’| IJIABHBIMU OKa3bIBAIOTCsI
qeHbl ¢ Koadduimentom az. OrdOpacbiBasi B Iponararopax MK-mecyiiecTBeHHbIE
BKJIQ/Ibl, 3aMEeTUM, UTO HEKOTOpble U3 HuX yupoiraoTcd n B NK-ahdexkTuBHOi Teo-

pun TpuoOpeTaroT BUJ;

b34 a56k2 + 1w ZE ZE

Gmm - T 9 Gm’m T ) Gm’v — T T 9> Gv’m — T T o)
a2 asark? I ask? I ark?
a3b34(iw — a,4k2) + a7bQ(a56k2 + ZCU) = bg

Goym = Pa2k? ik, Gy = ppllﬂ

3WT7 3
G o a4k2 + 1w
W T g (3.7)

B sTux BbIpakKeHUsIX Mbl OCTABUJIN JIMIIbL TIJIABHBIE, OJHOPOJHbLIE C yUYETOM
HCII0/IBE3YEMOr0 JUCIIEPCUOHHOIO YPaBHEHNS WIeHbl B UUCAUTESIX 1 3HaMeHATe IsIX
nponaraTopoB. HaJyimame koddduiimenTa ag ¢ MOJOKUTETHHON KAaHOHMIECKO pas-
MEPHOCTBIO B KBaJPATUYIHON YacTU JIeHCTBUs MPHUBEJIO K TOMY, YTO B UHUCJIATE]IE
nponararopa Gy, BCTpedaeTcst KOMOMHAINST HapaMeTpoB asbsy, conepkamas hop-
MajbHo MK-HecyiecrBennblit Koaddunment bgy. CoorBeTcTBYIONAas KOMOMHAINS
00J1a/1a€eT, OJHAKO, HY/IeBOIl KAHOHUYECKOI Pa3MepHOCTbHIO, T.e. MapruHAaJIbHA.

Emé 6osiee BaxkHo, uto nponaratopbl G, Gm’v||7 GU”m, GUHU” " Gvﬁvn co-
nepxkar MK-cymecrBennblii KoadduimenT az B 3HameHarese. Jto jgenaer NK-
HECYIIECTBEHHBIMI BKJIAJIbI BCEX JAMArPAMM CO BCTaBKAMU 9THUX IIPOIAraTopoB. AHa-
JIOTUYHO MOXKHO OTOPOCHTBH BCe BKJIJIbI TponaratopoB Gy, 1 Gy, TaK KakK OHH
nmeroT NK-HecyIecTBeHHbIIT MHOYKUTED b3y B UnC/IUTENE. 31€Ch BaYKHO OTMETHUTD,
YTO HECYIIEeCTBEHHbBIE IIPOIAraTOPhl MOXKHO OTOPOCUTH, IIOCKOJIBKY B COOTBETCTBHUU
¢ pesysbratamu Tabiuipl 5 B jeiictun (3.5) npu BepIInHAX HET 3apsijiOB C T0JI0-
JKUTEJILHON KAHOHMYECKON Pa3sMEpPHOCTBIO.

Nurepecysach KpUTHUYECKOR AMHAMUKOI moseil mapamerpa mopsiyika P, P+,
3aMeTHM, 4TO BCe IpolaraTopbl, cojepzkamue mnojs m’, okasamuch VK-mecymie-
CTBEHHBIMU. 3HAYUT, BEPUIMHLI C [oJjieM m’ He JAl0T BKJIAJa B BELyLMe YJICHBI
NK-acummroruk dpyukiuit ['puna stux nosteii. Obpaliast MaTpHILy OCTaBIINXCS Map-

IIHAJIBHBIX 11ponaraTopoB Gynp+, Gyy+: Gy, Gv‘flm, v, v, U OTOpachiBast Bee



64

NK-necymecrBennbie Beprnnbl jefictust (3.5), sanumem VMK-scdhdexruBhblii mpo-

n3BOAAIIMI pynknmonas pynknuit ['puna moseit mapamerpa mopsjika B BUJIE

Gesp = /D1P+D¢D1P'+D1P'DmDm’Dva’ 8% (m/) e~ Sty TAVTHATYHAP LAY
(3.8)
rie seegiennt A, AT, A, A — ucrounuku noseit, 87(...) — dynxumonanbuast jeanTa-

dyukms, a jeiicTBre MMeeT BUJT

— Sy = bW + a O + agh’ OV + asv 0%vL + arvOm

YO — WO — 0 By + 0 [—0id () + ash I + agm + aygbe?

+ ' [—0,000T + annp PP + aggmp™ + a131b+1)2] + m'[—mov; + a14(‘32(1l)+1|))
a0 4 a1 I V] + vi[—0; (viv;) + a2, (W) + az590°[3.9)

[Tosst V', v|’| B (3.9) urparor posb MHOKHUTEEl JlarpaHxka, WHTErpHpOBaHUE
o HUM B (3.8) MOXKeT OBITh BBIIOJHEHO $IBHO M HMPUBOJUT K MOSIBJIEHUIO HOBBIX

PYHKINOHABHBIX JICIbTa-(PYHKITNIL:
8" (01 + PL(vVv) —v*v1), 8" (a;Vm — Pj(vVv) + aa V(W) + aVo?).

JlukTyemas repBoii d-pyHKIMeH CBA3b IPeJCTaBIsieT co0oil nmpocTo ypapHeHue Ha-
Bbe-CTokca. B pacemarpuBaemom ciiydae paBHOBECHBIX (DJIyKTYaIiit OHa, O9€BUJIHO,
paspemaercst Tpusnajbio, v = 0. Torga BrOpast CBsI3b TPUBOIUT K COOTHOIIEHHIO
m = —agq (W) /a; va paccmarpuBaemoM MHOXKecTBe yObIBawomux mojefi. Cru-
Mas B (3.8) uHTErpUpOBaHUsI 110 MOJIAM M, M’ 1 ¥ IPU HOMOIIM (DYHKIIMOHAbHBIX
O-pyuknuit, moayaum okondaresbHoe NK-adpdexkruproe nunamudaeckoe MSR-meii-

CTBUE JJIAd OIIMCaHuA KpI/ITI/I‘{eCKOﬁ JMHaMUKN OCHOBHBIX [HoJIeit:

—Saymefs = b0V + arp O + a0 YT — YO — WO + P [asp Y’
—agagy(V?) /az] + P [an (0 ) — arpags (W) /af3.10)
HeCﬂO?KHO YCTaHOBUTDL, 9YTO JaHHOE ﬂeﬁCTBI/Ie TaKz>Ke OTJIn4daeTCd OT JNHaMI4YeCKOI'O

JIeHiCTBIS CTOXaCTUIECKON MoJie/in A JIUIIBL PACTSAZKEHUEM TOoJIel 1 ITapaMeTpPoB, UTO

IIoATBEP2KAACT PE3YJ/IbTAaThl aHa/Jl3a pa3dciia 2 JTaHHOM pa6OTbI.
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SakJiroueHue

B pesynbraTe mpoBeeHHOTO aHAJM3a Mbl TOKA3a/1, 9TO WMEHHO CTOXaCTHU-
Jeckasi MOJIeJIb A OIHUCBIBAET JMHAMUYECKOE IIOBEJIeHNEe B OKPECTHOCTH A-TOUKI.
JnnamMuyeckuit KpUTHIECKIII NHJIEKC 2 TP 3TOM MOXKHO CUHTATh yCTaHOBJIEHHBIM.
13 Bcex cTaHJapTHBIX CTOXACTUYECKUX Mojiesieit A-Mojiesih, caMasi IpoCcTasi, UC-
caenoBaHa Jydiie Bcero. VIMeHHO B Heil BIepBble OBLIN MPOBEIEHBI TPEXTIETIEBbIE
BeIunCaeHns (21|, B Hacrostiuii MOMeHT 4 — € pas3/ioKeHHe HHJEKCa 2z H3BECTHO

[26] 10 nopska e:
2 =2+ 0.0145218¢% + 0.0110586¢% — 0.00526542¢.

AcuMIToTHKA BBICOKUX TOPSIIKOB KBAHTOBO-ITOJICBOTO PA3JIOKEHUS JIJIsd JINHAMUIC-
CKOTO KPUTHYECKOTO HHJeKca B Mojenn A uccieioBana B [22]. Haubosee Toutbie
pe3yJIbTaThl JIJIST UHJEKCA 2 B A-MOJIC/IM COOTBETCTBYIOT OOpE/Ib-TIepecy MMIPOBa-
HUIO YeThIPEX MOPSJIKOB €-PA3JIOKEHNs € YIeTOM aCUMIITOTUKN BBICOKUX TOPSIJIKOB
1 HEKOTOPBIX JIOTOJTHUTE/ILHBIX COOOPAaYKEHIIT O TIOBEICHUN PsAJIOB TEOPUN BO3MYIIIE-
auit [26]. K coxasenuio B qanHoit pabore He MPUBEJIEHBI PE3Y/IBTATHI PACUETOB JJIst
unTepecytoleii nac Teopun @4(n = 2). ITosromy HauGosiee TOUHBIM OIYOJMKOBAH-
HBIM 3HAYEHHEeM MCKOMOTIO JIMHAMUYECKOTO MHJEKCA CJIe/lyeT TPU3HATH Pe3y/IbTaT
pabotbl [23]:

z(e = 1) = 2.0141)1%.

JlaHHBIN pe3ysIbTaT CYyMIECTBEHHO OTINYIACTCS OT IMpecKa3aHmuili cToXxacTudecKnx F-
n E-moneneit, rae, XoTd 3HaUYEHUS IUHAMIYIECCKOTO MHACKCA U HE OMPeJIe/IeHbl, Hal-
0oJiee BEpOSITHBIM CUMTAeTCs 3HadeHue z = 1.5.

[HoarBep:K ieHHbIE SKCIIEpUMEHTAJIbLHBIE PE3YJ/ILTAThI 110 U3MEPEHUIO 2-UHIEKCA,
B KPUTUYECKNX CBEPXTEKYUNX CUCTEMaX aBTOPY JAHHOI JJuccepTaln Hen3BeCTHDI; B
CBA3M CO CJOZKHOCTBIO TTPOBEJIEHUS SKCIIEPUMEHTOB CYIIEeCTBYIONas TOYHOCTH N3Me-
peHusi ToKa, HeJ0CTaTOUHa JIjIsI 0O0CHOBAHHBIX 3aKJ/II0UeHIl. Y1c/IeHHbIe CUMYJISIIIIN
OorpaHMYeHbl HEOOXOIMMOCTBIO BbIOOpa IHPaBUJILHON MOJEIN, & KOPPEKTHBINH ydeT
I'UJIPOJMHAMUKI C2KUMaEMOro pJrronjia, BeJeT K HPaKTUIeCKH Hepas3pelImMbIM Ha
COBPEMEHHOM BBIUUCJIMTEJILHOM YPOBHE CJIOXKHOCTSIM. TakK 9To Hallle 3aKJII0UeHNe
MOYKHO CUNTATH OPUTMHAJIBHBIM PE3YJIbTATOM BBIYUC/IEHUS JTUHAMIIECKOTO UHIEKCA

A-TOYKMU.
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Mogens Bpemennubix byHKII ['prHa MoXKeT ObITH aJIeKBATHO HCIOIH30BaHA
JUIS cUeTa JUHAMUYECKOTO KPUTHUYECKOI'O MHJCKCA YK€ B HU3IINX IOPAJIKAX Teo-
pun Bo3Mmytennii. Tem ne Menee, cyeytoniue MOpsa K TPeOYIOT epecy MMUPOBaHN T
[0 TIPUYUHE TOrO, YTO Psjbl JIJI MATPUILl (U HAYMHAs yKe CO BTOPOI'O IMOPsIKa
BEJIYT ce0sd KaK pacxXo/ANInecs acuMIITOTHYeCKNe psibl. TeM He MeHee UX IepecyM-

MUpOBaHne JoKa3biBaeT, uTo eanHcTBennas MK dpukcupoBannas Toduka sBISETCHA
YCTOMYMNBOIA.
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ITpunoxxenme A

Byx u TpexmetjieBble auarpaMmbl. VIx 3nadenue mocie R’ omeparum

A.1 ImarpaMMmbl Jafolnue BKJIAA B Zy

BKH&,ZL JruarpaMMbl B Z5 I[moJryda€rcd YyMHO?KECHVMEM 3HA4YCHUA JIUal'DaMMbl Ha

COOTBETCTBYIONINN CUMMETPHUITHBIN KO3 @UITMEHT U3 BTOPOro CTOJOIA.

Tabymma 6 — /IluarpamMMbl Jaloliyue BKJIaI B Zs

Ne | [Tuarpamma | c.K Zs (u=0) D, Z5(u = 0)
1 ><> 1 _ igtlos(3) _otloe(5)
64mte 167e
9 9 ig (log(57)-1) g} (~1+141og(2) ~Tlog(3)
w 2567 e 2567t e
; ><> ) ig} (log(8) 1) gt (log (%) -1)
25674 1287mte
A ><> 5 ig (log(§4)-1) g} (=3+141og(2) ~Tlog(3))
25674 2567e
; y | e 0-ove(3)
| - 6dnte 1927%e
6 9 igf(lJrlog(%)) 9%(1+10g(%))
o 25674 e o 384mie
- 1 ig{’(1+log<%)) 9?(14'10%(%))
u T 256mte T 256mte

IIpodosoicenue na caedyroueti cmpanuye
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Tabuna 6 — Hawa.ro na npedvidywet cmparuie

Ne | Tuarpamma | c.k | Suadenue (u = 0) | 3uavenune D,(u = 0)
3 ><> 9 ig%(log(%)—l) g3 (—1+141og(2)—71og(3))
2567 e 2567
9 ><> 1 ig}(log(53)—1) g3 (—3+141og(2)—Tlog(3))
25671e 25677
10 ><© 9 iglgﬁ(log(%‘%)—l) g193(1—1410g(2)+7log(3))
25677 e 25617 e
11 9 iglgg(log(g—‘;)—l) 9195(103(%)_1)
25674 e o 128mte
ingQIOg(é) 9192(10g(%)—1)
12 % 1 B ~gorie
3 ) iggs (1+10g(4)) gt92(log(57) 1)
2567t e 7681t e
nggQ(lJrlog(é)) 2
. ><© 2| e 2
15 ! igtg(log(52)—1) gigz(log(B3') 1)
) o 2567 256mie
3igig2log ()
10 ><} 1 1647r4£ : 0
3ig% g0 log(é)
17 ><> 2 1647I4£ : 0
18 9 ig%gg(log(g—‘;)—l) gfgz(log(lfgﬁ)_w
o 2567e 128m%e
\

IIpodoaotcerue na

cAeyULETE CMPanuLe
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Tabuna 6 — Hawa.ro na npedvidywet cmparuie

Ne | Tuarpamma | c.k | Suadenue (u = 0) | 3uavenune D,(u = 0)
) ><5 L | o)) | (i)
) - 2567e 2567ie
igzgg(log(@)—l) gzgz(log(ﬁ)_l)
. >@ ’ - 2567'[422 —= 1287‘[495
51 1 ig%gg(l—i—log(%)) 9%92(10g(%)_1)
2567 ¢ B 25674 ¢
nggg(log(@)—l) 9292(10g(ﬁ)_1)
- ><> ’ — 2567'[42; —= 1287'[495
igig2log(3)
23 ><> 1 1 64mie : 0
iglgz(log(%)fl) glgz(log(@)fl)
] ><® ’ : 2567142; - 12871315

A.2 ImnarpaMmbl gaioiime BKJIAA B £(,4 1,4

JlmarpamMMbl Jrafomme BKJIaJ B £y — AuarpamMMbl 1o Homepamu 1 — 6. Tak
KaK OHU He JaloT BKJaJ B [3, 3HaYeHHe UX IIPOU3BOJHLIX He Tpedyercs. st mguma-
rpamm 7 — 17 1mepBoe 3HaYEHNE COOTBETCTBYET BKJIaJLy JIMarpaMMbl B Z1, BTOPOE B
/5. Bee 3nadenust jpmarpamMm u UX IpomM3BOjiHbIe OepyTes npu v = 0. Bxiaj jana-
I'PAMMBI B COOTBETCTBYIOIIHIT Z; TIOJIydaeTcss YMHOYKEHNEM 3HAYeHHs JuarpaMMbl Ha

CUMMETPUIHBIN KOI(MDUIIMEHT U3 BTOPOIO CTOJIONA.
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Tabyma 7 — JInarpamMMbl jafolnue BKIaI B Ly, 41,4

Ne Juarpamma C.K Z; D, Z;

1 1 | —=7.69766 - 10 7ig2g —

9 1 | 7.69766 - 10 7ig g2 —~

3 0.5 | 7.6976610 "ig;g3 -

4 1 | —7.69766 - 10 Tig2gs —

5 0.5 | —7.69766 - 10 "ig2gs —

6 1 | 7.69766 - 10 "ig2g, -

- . 3.89026 - 10 %ig3 —1.64641 - 10 "¢}
—6.17611 - 10 %3 | —1.25562- 10 7¢3

. . —3.89026 - 10 %igigs | —1.40674 - 10~ "g7gs
6.17611 - 10 %igigo | —5.66049 - 10 %¢7gs

; || 38902610 %igig3 | 9.52617- 10 "g1g3
—6.17611 - 10%g1g2 | 1.38559 - 10 3¢;¢2

" || 45881210 7ig} 7.02411 - 107 7¢3

2.45901 - 10~ 7ig? 1.82199 - 10~ 7¢3
. 05 —4.58812 - 10 "igigs | —1.91228 - 10~ 7gigo

—2.45901 - 10~ "ig3go

—1.40869 - 10~ 7¢%gs

IIpodoasicenue 1a caedyroueti cmpanuye
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Tabnuna 7 — Hauanro na npedvdyuweti cmpanuue

Ne duarpamma C.K Zi D,Z;
b . —4.58812 - 10 "igigs | —2.31183 - 10 "gigs
—2.45901 - 10 "igigs | —1.64529 - 10 %7 g»
3 || —LALTIT 1077ig; | —8.9346-107 8¢}
—6.42517-107%ig} | —7.1044 - 1093
y || L5ITIT-107Tigigs | 178565 - 107" gigs
6.42517 - 10 %ig%g, | 5.46681 - 10 3¢2g,
. || —3:89026 - 10"%igigy | —1.40674 - 10 Tgg,
6.17611 - 10~Yigig, | —5.66049 - 10%g7 gs
y 05 | ~LOITIT-10"Tigig | 3.67808 - 10 Tgign
| —6.42517- 10 %ig3g | 2.14054- 107" gig
. || 3:89026- 10 %ig} 1.86087 - 10~7¢?

—6.17611 - 10 %¢g?

9.9354 - 10~ 8¢
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Introduction

Revelence of the topic This thesis is devoted to study of phase transition
of the second order also known as continuous phase transition. In these kind of
transitions, so called order parameter is continuous function at critical point. At
the vicinity of critical point phase transition of such order are characterized by
behaviour of numerous thermodynamic characteristic such as heat capacity, mean
of order parameter, magnetic susceptibility, correlation radius and other. Such
behaviour has form of a power function and its exponent called critical exponent
are vital measurable characteristic that can be measure by experiment. The most
basic framework for such kind of problems was introduced by L. Landau in [1]
. However, such naive model leads to the contradictions with experiment. The
main reason of this is neglecting of the order parameter’s fluctuations. Later,
instead of a naive Landau’s theory, the new fluctuation theory was introduced
[2]. In this theory at the vicinity of critical point order parameter are treated as a
random field. Such assumption allow to construct a theory without contradiction
with experiment. More detail, the main goal of this work is to develop methods to
calculate so called critical dynamic exponent z, which characterize the dynamic
properties of the phase transitions of the second order.

The elaboration extent of the topic Describing the critical behavior of a
system in a neighborhood of the transition to the superfluid phase is an important
and interesting problem in theoretical physics. Studying the static properties of
this continuous phase transition significantly influenced the development of the
theory of critical phenomena as a whole. For example, calculating the critical
index of the heat capacity [2] led to understanding the importance of resummation
schemes in multiloop calculations. This result was experimentally verified in the
well-known experiment in Earth orbit [3] . This paper is devoted to a more
complicated problem, namely, to describing the critical properties of a superfluid

substance, i.e., to the influence of equilibrium fluctuations on the critical behavior.
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The classical works [2; 4; 5] , indicate that the superfluid critical dynamics are
described by the stochastic dynamical models F or E. In model F, the system of

stochastic equations

O™ = fur + AL +ib)[0* T — i ()T /3 + g ] + igah T (g T — m,
Ot = fur + A1 —ib)[0*YT — g1 ()T /3 + gamp ] — idgsyt[gar T — m,
om = fn — Mud?[gp™ —m] + i\gs[vTO*) — YO*T]. (1)

is constructed from phenomenological considerations based on conservation laws.
Here, ¢(x,t) and " (x,t) are complex order parameter fields, the field m is re-
sponsible for the density and temperature fluctuations, g;, b, and u are coupling
constants, A is the kinetic coefficient, and fi are random forces, for which Gaussian
distribution of the “white noise” type is assumed. In view of the many compli-
cated propagators and diagrams in model F, the number of known orders of the
loop expansion turns out to be insufficient. Based on four-loop calculations for
the superscript « [2] and on the experimental results in [3], it was assumed that
the dynamics in the infrared (IR) region is described by a simpler model E, for
which b = go = 0 (1) must be set in formulas . On the other hand, it was shown in
[6; 7] , that the microscopic approach tends to favour model F'. Despite noticeable
simplifications in model E and also the fact that it was formulated rather long
ago and studying its renormalization group (RG) was attempted several times [8—
11] , its dynamical characteristics are still unknown. In particular, the problem
in studying models F and F' consisted in choosing the IR-stable fixed point. For
this, we must find the correction critical w-indices, whose perturbative calculation
is more complicated by an order than for the main indices, and they depend on
the considered model: the same critical equivalence class can contain a different
number of charges and consequently a different number of w-indices and other
values of them. To decide on the IR stable point, an effort was made in [6] to
verify the stability of the IR behavior of the dynamical model F under the nat-

ural perturbation of the medium by fluctuations of hydrodynamic modes of an



incompressible liquid, but the approach did not lead to an unambiguous result
because of the complexity of the considered model. Analyzing the IR stability is
thus related to correctly choosing the most exact model. Therefore, we begin our
presentation here with the most microscopically substantiated model of interact-
ing quantum particles considered using the time-dependent Green’s functions at a
nonzero temperature in the formalism of the functional integral. We use an inter-
action of the “density—density” type and apply a dimensional regularization, the
4 — e-expansion, and the method of the quantum field RG. We find that a single
IR-relevant fixed point exists in the first nontrivial order of the perturbation the-
ory, while two points claim the IR-stable role in the stochastic model E' [1], and at
least three points in model F' [4]. The nontrivial coordinates of the IR-stable point
that we find show that neither model F' nor model F is appropriate for describing
the critical dynamics in a neighborhood of the A point. The simplest stochastic
model A of the critical dynamics corresponds most completely to the microscopic
description taken into account. We note that the phenomenological applicability
of model A for describing the critical dynamics of the superfluid state was already
discussed but rejected . If the stochastic model A describes the considered critical
dynamics, then its dynamical critical index was already calculated in the fourth
order of the e-expansion , and the calculated results were resummed including the
known higher-order asymptotic approximations of the perturbation theory and
were given in The contradiction to previous research papers force us to seek a
possible reason for such a discrepancy. After the classical monograph appeared,
liquid systems were regarded as incompressible in hydrodynamic problems. For
a long time, liquid helium was the only experimental example of superfluidity.
Taking hydrodynamic modes into account in the incompressible liquid approxi-
mation therefore seemed to be quite justified. Paper was also written from this
standpoint. On the other hand, transitions to a Bose condensed state of a gas
system are now widely studied. It is therefore important to also generalize the

critical superfluidity models to them. In the second part of this paper, we take the



influence of the compressibility on the critical properties of model F into account.
Our analysis shows that the compressibility affects the stability of the IR-relevant
fixed point and reduces the dynamical critical properties of the superfluid phase
transition to model A, which corresponds to results of the microscopic approach
implemented in the first part of the thesis

The main goal of this work is to develop consistency microscopic theory
appropriate for description of the continuous phase transition at the superfluid
state. Moreover we calculate critical exponent at lower order and then confirm
stability of the infra-red fixed point. Furthermore we discus reduction of the F
model of the stochastic dynamics to A model.

Scientific novelty The goals and problems of the thesis that were formu-
lated above are new. All the main results of the thesis were obtained for the first
time, which is confirmed by their publication in leading domestic and international
journals and approbation at the international conferences.

Theoretical and practical significance Framework of the time-dependent
Green’s at finite temperature can be used for a class model with arbitrary inter-
actions, moreover this framework could be applied to the systems with Fermi
statistics.

Methodology and research methods

The methodology of the thesis is based on the use of field-theoretical methods
— the method of functional integration, Feynman diagram technique, diagram re-
duction method, renormalization theory and renormalization group, the numerical
calculation of the diagrams by Sector Decomposition method, Borel resummation
method of the divergent series.

The reliability of the results is ensured by proven field-theoretical meth-
ods. The results of the research conducted in the thesis, published in leading
peer-reviewed journals, were reported at Russian and international conferences.
The calculations were also verified by comparison with previously obtained results

of other authors.
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Thesis statements to be defended

e Framework of the time-dependent Green’s function at the finite temperature
are adequate for description phase transition occurring in the quantum-field

systems at non zero temperature.

e Critical exponent z are calculated at lowest order of perturbation expansion.

Obtained value coincide with those from model A of stochastic theory.
e (Calculated and ressumed w confirm that IR fixed point are stable one

e Introduction of non zero compressibility allow model F be reduced to the

model A of stochastic field theory.

The approbation of the research Three articles were published in jour-
nals, on the topic of the thesis, recommended by the Higher Attestation Com-
mission of the Russian Federation and included in the RSCI, Web of Science and

Scopus databases.

e Honkonen, Juha & Komarova, M.V. & Molotkov, Yu.G. & Nalimov, M.Yu.
(2018). Effective large-scale model of boson gas from microscopic theory.

Nuclear Physics B. 939. 10.1016/j.nuclphysb.2018.12.015.

e Honkonen, J., Komarova, M.V., Molotkov, Y.G. et al. Kinetic Theory of Bo-
son Gas. Theor Math Phys 200, 1360-1373 (2019). https://doi.org/10.1134/5004

e Zhavoronkov, Y.A., Komarova, M.V., Molotkov, Y.G. et al. Critical Dy-
namics of the Phase Transition to the Superfluid State. Theor Math Phys
200, 1237-1251 (2019). https://doi.org/10.1134/S0040577919080142

The results of the work were reported and discussed at the following scientific

conferences:

e <Science SPbU — 2020>



e VI International Conference ”Models in quantum field theory” Saint Peters-

burg, Peterhof, Russia from August 27 to 31, 2018
e NEGF and hydrodynamic. THMEC 2019 , JINR, 2019

Personal contribution of the author All the main results were obtained
by the applicant personally, or with his direct participation in the inseparable
co-authorship.

Thesis structure The thesis consists of Introduction, four Chapters, Con-
clusion and three Appendices. The full volume of the thesis is 72 pages. The

thesis contains 2 tables and a list of references from 29 titles.

e In the first chapter framework of the time-dependent Green’s function at
finite temperature are introduced and developed. Corresponding analysis of
the main objects of the quantum field theory are conducted. From that the

theory is constructed and perturbation expansion are derived. Material of

this chapter is based on [12],[13]

e In the second chapter of the thesis constructed theory analysed and all IR
irrelevant terms are dropped. Infra-red theory is constructed and it is shown
that such theory are appropriate for further calculation. It’s shown that
the theory in fact are multiplicative renormalized and further calculation
of z critical exponent are provided. Three-loop calculation proved the IR

stability of fixed point. This material are based on [12],[14]

e In the third chapter introduction of non zero compressibility allow to reduce

F theory to A theory. This are based on [14]
e The Conclusion of the thesis presents the main results and findings.

e In appendix A the main three-loop calculation are presented.
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Chapter 1

Time-Dependent Green’s functions at finite

temperature.

1.1. Nonequilibrium Green’s functions.Perturbation

theory.

The formal description of every experiment can be split into two phases.
[1] Firstly, one has to determine the initial state of the system at a given time
to. However, to know the initial moment of time is not sufficient to determine
the exact state. That is why, we are obliged to describe initial preparation in
a probabilistic way. In other words [4; 5], a probability distribution function p
must be taken. This leads to the well-known concept of the density matrix from
quantum mechanics. Then expectation value of an arbitrary observables O at t
can be yield by following:

(O(to)) = Tr [p(to)O(to)] = Y _(n(to)|p(n)O(to) n(to) (1.1)

n

The most intriguing observable measured in experiments are, of course, two-point
functions:

(O(t, 1)) = (O1(t) O2(t)) (1.2)
In many theories, such functions known as correlation functions. With their help,
every one-particle property may be derived. However a several problem arises.
The first impending problem is that in solid-state physics the system is usually
in interacting many-particle system at time ¢y,. Hence states |n) occurring in the
definition of density matrix are many-particle states. And secondly, the time-
development operator corresponding to the equation of motion involves many-
particle contributions via Hamiltonian H (¢).The main interest of the present work

is to calculate critical exponent of the Bose system near A-point. In other words,
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we are interested in effect of equilibrium fluctuation on critical behaviour of the
system. For that purpose, let us define n-point Green’s function.

There is, at least, two equivalent ways to define Green’s functions: using
classical operator-like approach and the second one is to derive Green’s function
within framework of functional(path) integral [15]. Both of them begins with
classical expression from quantum field theory. Let @2 and @E* be annihilation and
creation operators respectively. Then n-point Green’s function can be written in

the following form [2] :

Gulr, - s @a) = T (pT [du(e)dfi(0) - du(e)ii@)])  (13)

Here p is a density operator, z,, is a pair (t,,z,), where € R%. The operators 1

and 1" are written in Heisenberg representation:

le(t; %) = ewm_ﬂmlﬂ(x)e_@(ﬁ—ﬂﬁ)

Dt (1 1) = e TN o () T )

(1.4)

9

where ¥(z),1)" (x) are the operators in Schrodinger’s representation. We unite the

operator field ¢ and complex-conjugate field )" into complex scalar field:

R @H(SU)
)= 1. (1.5)
’ i (@)

Then n-point Green’s function could be represented in a more compact form:

Gu(zr, -+ wn) = Tr (0T [@n(21) - - Pu(wn))]) (1.6)

For the purpose of the following calculations, it is useful to consider the dimension

of the spatial space to be positive integer d. Our system is considering of weak-

interacting bosons near A transition point in the equilibrium state. That is why,

it is appropriate to work in the most suitable ensemble for such system. Grand-

canonical ensemble gives us certain expression for the density operator p:
o0 )

g (1.7)

p:
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where H is a Hamiltonian of the system, i — a chemical potential, N — is a particle

number operator, [ —is a thermodynamic beta(f = Za— a partition function.

T
Perturbation expansions is usually being constructed with the aid of interaction

representation of the field operators 1,4

Blt ) = e 7 N (e T ) (18)

@;_"_(t’ x) _ e_i(t%tO)(ﬁo_/‘LN)q;—i_(aj) i(t— to)(HO ,uN) (19)

Here Hamiltonian is assumed to be able to split into so-called ”free” Hamiltonian
and interaction part. In other words, H=Hy+V. Moreover, to analyse the effect
of various auxiliary time instants introduced in the construction of the perturba-
tion theory we have introduced explicitly a reference time instant for operator
evolution ty. However, due to translation-invariance of the system consisting of

R the time-dependent Green functions at

weakly interacting bosons in whole
finite temperature are independent of .

Time-dependent Green’s functions at finite temperature are a subtype of
non-equilibrium one. Subsequently, the expectation value is calculated with aid
of some non-equilibrium density operator instead of the grand-canonical one in
(1.7). Non-equilibrium Green’s function are often introduced and calculated on
the basis of the idea of Schwinger [16] of a contour-ordered product of operators in
a complex time plane [17] instead of the usual time-ordered product used in (1.6).
In this approach the main goal is not perturbation expansion but the Cauchy
problem of Dyson equations(called Kadanoff-Baym equations in this context) for
Green’s function, from which, of course, perturbation expansion may be inferred.

Here, our aim is to construct the standard perturbation expansion on the
whole time axis with the subsequent renormalization-group analysis of an effec-
tive large scale model inferred from perturbation expansion. For this setup of

the problem we find it useful to resort to the construction of the perturbation

theory on the basis of standard Wick’s theorems [18]. Here, we apply the el-



12

egant functional-differential representation, which also allows a straightforward
transformation to a functional integral in a way, which, in particular, elucidates
the problems appearing in the construction of the functional integral for time-
dependent Green’s functions at finite temperature [19].

Firstly, the time-ordered product of the Heisenberg operators in (1.6) should

be rewritten in the form of the time-ordered product of Dirac operators. In other

words:
tf
. i . ) i favaew |
Tpu(ar) - fulwn)l = Ulto, t)T | p(a1) -+ lan)e U(ti, to),
(1.10)
where ty > t; > t;,Vl =1,--- ,n. The evolution operator U in (1.10) is
O (1,1) = &7 (HopN) M5 (H V) =500 (Hy ) (1.11)

and V,,(t) is the interaction operator functional written in the normal form | i.e
V(@) = N[V,(¢)]. This implies the amendment of the definition of the chrono-
logical product at coinciding times as the normal product. Moreover, unlike the
Green’s functions, the chronological product (1.10) strictly dependent on the ref-
erence time instant %.

Instances of time ¢; and ¢y are arbitrary ones and assuming t; — —oo and
ty — oo are quite fruitful for calculation expectation in perturbation expansion.
For that reason, we use the representation on both evolution operators in (1.10)

in the form of antichoronological exponential:

t
A - 5 [ Val@(u))du
Ut t) =Te" , (1.12)
where T is a antichronological product and ¢ < t, but the time-integral in the
exponential is written in the natural ordering with the lesser time argument as

the lower limit. Of course, instead of antichronological representation of operators
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U(t',t) one can use chronological one of U(t,t') defined as:

U(t,t) = e e (1.13)
Though choosing representation must be cohesive, the calculations are not depen-
dent on such choice because it determines orientation of time-axis.

To use Wick’s theorem to obtain corresponding representation one should
transform density operator p in a appropriate form. At a finite temperature it is
convenient to take trace in (1.6) in the basis spanned by the eigenstates of the
free operator Hy — uN . In case of using grand-canonical ensemble with (1.7),
then corresponding factorization of the density operator transforms exponential
of grand canonical density operator into evolution operator of the Euclidian field
theory. Such evolution operator can be represented as usual evolution operator

with imaginary time. More precisely:

Up(t,0) = erHo—nN) =i (H-uN) _ 1, (1.14)

with the obvious substitution of ¢ = A for the upper limit. In the interaction

picture evolution of the Euclidean field operators is given by the following rule:
op(t,x) = e%(ﬁo_“m@E(x)e_%(Ho_”N), (1.15)

where the subscript E refers to the Euclidean field theory obtained by the sub-
stitution (¢t — tg) — —it. The finite reference time ¢, forced us to use different
notation for operators with Euclidean time evolution instead of using typical Dirac
Operators with imaginary time.

Finally, substitution of representation (1.10) and (1.14) in (1.6) gives rise

to the expectation value of a product of four time-ordered products of operators.
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Using the choice t; < ty one can obtain:

~BH—uR) =Ty eena . b [ Val@)t
G”(‘Tl?x27”' 7xn) =Tr ¢ Te b[ v e to
Za
tf ) to (1-16)
. . —L [Va(g@)dt | _ £ [ Va(@(t))dt
T |¢(z1)@(xa) - p(n)e Te' i

Here applying Wick’s theorems, product of time-ordered products can be trans-

formed into single normal-ordered product of the following form:

N N 4
—B(Hy—uN 1 0 0 6 6
. gy [P T e ot
n(x, e x,) =Tr 7 e = w3(x1) - - p3(y)-
G

Bh ty tf to

-1 g Vil)dt+L [ Vi(a(t))dt—% [ Vo(ps(t)dt+L [ Vi(pa(t))dt
to £ i

$0234=P,p1=PF

(1.17)

where V,,(t,¢) is the normal form of the interaction functional and moreover
we have denoted explicitly all four field arguments, whose labelling follow the
order of factors in the operator product in (1.16). All integrals in corresponding
exponential differential reduction operators are implied. Contractions are defined
in a classical way [19]. Here subscripts refer to enumeration of the fields.

One could note that the differential reduction operator in (1.17) is not sym-
metric one in field indices. Chronological contractions in the quadratic form of
the reduction operator are defined by the standard technique. Overall we have

four chronological contractions obtained by following formula [19]:

(1.18)

From the properties of chronological contractions, one can obtain that only three
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of them are distinct. In other words:
AQ?(xa LC/) - A44('567 xl) (119)

Six normal contractions in (1.17) are constructed according to the following ex-

pression:

n(z,z') = 4(z)(z') — N@(x)@(a)] (1.20)

niz = ¢1(x)P2(2) — N[p1(z)P2(2")]
niz = @1(x)P3(z") — N[p1(z)Ps(a”)]
niy = ¢1(x)pa(z’) — N[p1(z)Pa(a")] (1.21)
noz = ¢a(7)P3(z) — N[pa(z)p3(a")]
(@) pa(a’) (@)@a(a’)
(@) a(a’) (@) (@)

where the field operators are either Dirac operators or Euclidean free field oper-
ators depending on the label of the field argument (1.17). Here and hereafter,
all sums and integrations over variables and indices are implied in the shorthand
notation in the reduction operator (1.17) and will be omitted.

Calculation of the grand-canonical expectation value of the normal product
for arbitrary operator functional is yielded by following formula which can be
proved by functional perturbation expansion of both sides following expression:

T —B(I:IO—NN)NF D 1
re NEFON _ pgat pp| (1.22)
Tr e=B(Ho—puN) w=0

where function d(z,z') is the kernel of above functional differential operator.We
will call it thermal contraction. It can be calculated as expected value of the

normal product of fields. In other words:

d(.’]f ﬂf,) _ Tr B_B(HO_’UIN)N[@('%)@('I/)] (1 23)
’ B Tr e—ﬁ(ﬁo—ﬂN) '
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Since in (1.17) all fields can be either Euclidean or Dirac functional operator and
consequently there are a set of functions (1.23) with different temporal behaviour,
it is convenient to write the quadratic form of the reduction operator (1.22) as
the completed square over the four field of (1.17), which adds the functions dy;
to all matrix elements of the 4 x 4 propagator matrix in (1.17). In summary, the
almost final form for generating the perturbation expansion of the time-dependent

Green’s function at finite temperature are obtained:

4 4
1 ) ) 1) ) 1 ) )
o 2o | 2w st s e T 2 T sy
(w1, ,20) = 7. € ’ p3(1) - p3(wn)-
G

ty by ot
[ Valea 0= | Valoatt)dr f V(1)) dt

to i i

Bh )
0
Y

®j=0

(1.24)

where Zy = Tre ¥ (Ho—uN ). Here, we could establish a correspondence between time
integral in the interaction function and parts of a contour in the complex time
plane with a single field variable. Such contour are known as Schwinger-Keldysh
contour. We discus this approach some latex using functional integral formalism.
Here, for our purpose, it is more convenient to preserve the rather complicated
structure of propagators in the expression for the Green’s function.

The standard Feynman rules for diagrams are produced by functional deriva-
tion of the reduction operator in (1.24). It is obvious observation that left-hand
side of (1.16) is independent of all time parameters ¢ty > t; > t; but these time
parameters appear explicitly in the components of the perturbation expansion de-
termined by the right-hand side.This makes constructing the perturbation theory

rather tedious.
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1.2. Non-standard divergence.Regularization.

Further simplifications of the (1.24) require specifying the Hamiltonian of
the system. Our main area of interest is critical behaviour of a boson system in a
neighbourhood of the transition to the superfluid phase. One of the most common
Hamiltonian for such system has following form:

= [as( a5

2m

2

Yilt,2) + 40 (400 (it 0,0 ) (129

which, following the tradition of quantum field theory, is written in the normal
form, so that the interaction functional V), is obtained by simply replacing the
field operators by the corresponding functions, i.e by omitting operator hats. The
chronological contraction and normal ones can be evaluated by corresponding
formulas. More precisely, all contractions of two annihilation operators as well
as two creation operators vanish due to commutation relations between them.
Overall, the contractions of the two-component field (1.5) can be represented as
2 X 2 matrices with zero diagonal elements. In the time-wave-vector representation

the chronological contractions are(in the plane-wave basis):

At k) =GRt —t, k) = 0(t — ¢)e k=)
At k) = —iGAt —t' k) = 0(t' — t)e k) (1.26)
Ap(t,t' k) =0(t —t")e w1

where dispersion law w(k) defined by free part of the Hamiltonian (1.25) and has

the following form:
e(k) 1 (h%k?
k)y=—"=—-|—=—— 1.27
(k) h h ( om ! (1.27)

and GT.GA are well-known restarted and advanced Green’s functions of non-
relativistic kinetic theory. Thermal and normal contractions are differed by the

rule of time evolution of the Euclidean and Dirac operators. Direct calculation
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using (1.21) and (1.23) allow one to obtain corresponding non-zero contractions:

(1.28)

where the subscripts refer to the time evolution of the field operators defined in
(1.23). In other words, subscripts define the order of times in the averaged oper-
ator product d(z,2') = (¢t (t,2)(t',2')). n(k) is the mean occupation number

of the state with wave vector k£ in the free boson gas:

1
(k) - eﬁe(k) —1

n

(1.29)

All simple contractions generated by normal-ordered products of two fields op-
erators vanish due to commutations relations between creation and annihilation
operators. The rest of contractions have the same time dependence as the thermal

ones, however the mean occupation number is replaced by the unity:

_ omiw(k)(t-)

—w(k)(t—t)
(1.30)

I
o

One can observe here that combination factor with (k) and without can lead to
certain divergences in the perturbation expansions. This problem will be exposed
a bit later.

In terms of field ¢ and 9™ corresponding to the field operators in (1.25), the
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functional representation (1.24) transform into the following form:

4 4
1 ) 1
a ZO 5125 ZA 5¢++Z 5¢k”k15w++2klzlawkdkl5
(ajl’...7a’;n):_ e = )

iy (@) U3

-5 f dt [ dap?(tx) i (te)+2L fdtfdm/) (t,z)3(t,x)
Py (Tme) -1y () € :

fdtfd:m/} (t,z) Y3 (t,x) fdtfdxw (t, )3 (t,x)

(1.31)
The complete 4 x 4 matrix of contractions contains different combinations of

functions defined above. Corresponding matrix has the following form:

(AE +dgg ngp +dgp nep +degp nEp + dED\

d A+d npp +dpp npp +d
A— DE pp npp+dpp npp+dpp (1.32)
dpg dpp A+dpp npp+dpp
\ dpp dpp dpp A+ dpp /

One can note that each matrix element contain an oscillating part. It will be shown
later that such oscillations lead to certain problem in the perturbation expansions
and is the source of unusual IR divergences in the corresponding diagrams.

Also it should be noted that the perturbation expansion (1.31), (1.32) refers
to the most common case of time dependent Green’s function at finite temper-
ature: the time moments ¢7,t; as well the reference time ¢, are arbitrary ones.
Furthermore the density operator p can be choose arbitrary Hermitian operator

eF

of the form F—;, where F[p] is a local polynomial operator functional. Such

change of p, of course, leads to the certain alternation of contractions from defi-
nitions (1.21),(1.18).

Every quantum field theory with interaction contains of divergences occur-
ring in the perturbation expansion of S-matrix or any other physical observables.
In particle field theories the main problem are, so called, UV divergences in the

Fourier space of wave vectors. It is well known, that source of such divergences
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lies in position space where corresponding interaction operator V,, represented as
a product of operator-valued distributions. Such products of operator-valued op-
erators should be treated very carefully and firstly was considered in. However,
usually problems with divergences in interacting field theory can be dealt with by
the theory of renormalization group framework which allow to arrive at a mean-
ingful physical theory. Nevertheless, in massless models IR (infra red divergences
which occur at small wave vectors k or at big relative distance x in position space)
are one of the biggest problem, to which there is no generic solution yet. In rela-
tivistic models of particle physics wave vectors and frequencies may be treated on
equal footing due to the definite structure of propagators. On the other hand, in
non-relativistic field theory, which is our case, wave vectors and frequency vari-
ables should be treated separately. In the latter, all divergences are brought about
by the wave-vector space. But there is some unusual divergences which appear
in the time(frequency) integration of Feynman diagrams. Such divergences are
direct consequence of the oscillatory behaviour of the propagators ( in contrast to
the exponential attenuation in stochastic field theory).

Some of these divergences are due to peculiarities of representation and dis-
appear order by order in perturbation theory, others are genuine UV of IR singu-
larities related to the thermodynamic limit of the model. Here the main concern
will be discussing apparent temporal divergences brought about by the structure
of perturbation theory.

In the perturbation expansion of ordinary Green functions - calculated as
expectation values of time-ordered products of Heisenberg operators in the ground
state instead of the grand-canonical trace over all basis state — the limit ¢y —
oo,t; — —oo is customary to facilitate the use of Fourier transform. In case of
the usual Green functions this limit may be carried out in each Feynman graph
of the perturbation expansion separately. Alas, this is not the case here. Let us

consider the most simple one-loop self-energy contribution of the physical fields
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to the two-point Green function:

Galwr,w2) = Tr (paT |5 (a2) ) (1.33)

The one-loop correction include of four diagrams of the following topology:

200 0.

where labels represent numbers of fields. Analytical expression for each part in

G xlaxQ

(1.34) can written in the following form:

Bh
N /dt (dDE(t - twfplllw (nep(t —t2) +dpp(t — t2)>)> -

@
-

ty

3 2 3 = /dt (nDD(t1 —t)+dDD(t1 —t)) Efpl;w}QdDD(t_t?) -

/ dt / dp [0[0] + 71(p)] ( —iw k) =) (7 (k) + 1)e—iw(k)(t—t2>ﬁ(k)) _

@9

=29 [ dpa(p)e O Wm(h) (14 7)) (~to + )

(1.36)
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T

% s:/dt(A(tl—t)erDD(tl—t))Z(l) (A(t —t2) + dpp(t — t3)) =

to
3 4 2 = /dt (nDD(tl — t) + dDD(tl - t)) 21(/)12121/14dDD(t - t2) =

i
. to
=29 [at [ aploio) + ) (e =10 r) + e () =
ti
= [ dm(p)e Bk (14 7(k)) (b — 1)
(1.38)
Here, the convention #(0) = 0 are implied which mean that a chronological con-
traction equal to normal one at coinciding time arguments. The wave-vector p
integral of the propagators with coinciding time arguments is taken over the closed
loop. Moreover, the wave-vector integral consist of the mean occupation factor
n(p) which makes such integral convergent. On the other hand, the time integral
gives rise to terms which diverge in the limit {; — oo, t; = —oo. It should be

noted that if the model is analysed in the frequency representation on the whole
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time axis this singularity appears in the form of a pinch singularity( integration
contour in the complex plane pinched between two poles of propagators of con-
traction) as a product of two frequency 0 functions with coinciding arguments.

However, taking into account sum of three diagrams(with Dirac operators

only) in (1.34):

one can notice that corresponding diverges are cancelled. More specific, the above

(1.39)

sum can be written in the following form:

Qs+3©s+s©

ty
_ / dt (npp(ty — #) + dop(ts — 1) S, dpp(t — t2)+
fo (1.40)
ty

+/dt (At =) +dpp(t = 1) By (At = ta) + dpp(t — 1))+

t;
to

+ / dt (npp(ty — 1)+ dpp(t = 1) 25 dpp(t —t5) =

t;

= 29 [ apm(p)e 0 — 1) (1~ 12) + ()

The linear growth in time ¢; —t5 of the above formula is not a divergence, but nev-
ertheless is unusual behaviour of the loop correction. The meaning of this linear
growth is more transparent in the frequency space: the Fourier transformation of

the right side of (1.40) with respect to t; —to gives rise to the following expression:
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—Zg - ! — 7l (w — w n —
| ) [ (w0 —w(k) +i0)? 2mid ( (k)) (k)] i
4gh dpn(p )51 L} — w(zk) Y + 270 (w — w(k*))ﬁ(k;)} ,

where § is the derivative of delta function and the expression in square brackets
on the right side is the Fourier transform of the propagator A + dpp.That is why,
(1.40) is just the leading term of an expansion in a shift of the frequency. Curious
fact, that (1.41)is not obtainable by direct substitution Fourier transformation in
propagators.

Now one can notice, that the term (1.40) in frequency space could be in-
terpreted as a shift(renormalization) of the chemical potential by the amount
g [ dpn(p). More conveniently this fact may be seen by the use of the reduced
vertex (1.26) with respect to the generation of thermal contraction,i.e(in generic

notation):

N
Ov‘eq

Viea(p) = €245V (), (1.42)

which in the case of interaction in (1.25) amount to (integrals in functionals are

implied):

Viea(th, %) = ene ' (Syt2y?) =

(1.43)
=Sy g [ dpno))we v+ [ o)

The last term on the right side is an unimportant constant, however the second
one directly yields a fluctuation correction to the chemical potential. Then one
can use the fact that when reduced vertices are used, there are no more closed
loops of single propagators in the Feynman graphs of the model. That is why the
apparent divergences produced by closed loops of single propagators may be dealt
with explicitly once and for all.

Nonetheless , oscillating time dependence occurs in other graphs as well with

the subsequent generation apparent divergences. It is quite tedious to collect all
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such divergences for every type of the diagrams. That is why, it is convenient to
introduce some temporal regularization to deal with this kind of divergence.
The most obvious way to introduce regularization is to alter propagators of

the model in the following way:
Aveg(t,t' k) = 0(t — t/)e_iw(k’)(t—t')—v(t—t’)
Apeg(t, 1 k) = 0(t' — t)e Wk =)7(t=t)
dpDreg(t, 1, k) = e W)=~ Ig )
ApEreg(t,t', k) = ekttt 1) (1.44)
dEDreg(t, t' k) = k) (—t+i(t —to) =y [t ~to]) (k)

NDDreg(t, 1, ) = e~ =l

NpEreg(t,t, k) = e (k) (=i(t—to)+t'—|t—to]

NEDreg(t,t, k) = e (R) (=t+i(t —to) = [t' o))
Here, to regularize the propagators we introduce some attenuation v with respect
to time in both time direction. The dependence of the attenuation coefficient
~v > 0 on k will be specified later. Physicality, this temporal regularization corre-
sponds to introduction of energy dissipation to a Hamiltonian quantum system.
The attenuation is a feature brought about by loop correction in the perturbation
expansion anyway and, as will be demonstrated and discussed in the following sec-
tion, is a crucial feature in the renormalization of the model. Having regularized
propagators (1.44) allow one to safely pass to the limit ¢; = —oo and t; — 0.
Now we recall that physical meaning of ¢, is a relaxation time in the system and
one faces two possible option. If we put tg(or choose any other finite value), then
the vertices of the density operator field remain connected to others and we are
left with the full perturbation theory (1.31),(1.32). Such choice is appropriate
for problems with time scales of the order of relaxation time(to equilibrium if
steady state). Here, our main concern is describing the critical behaviour of a
system in a neighbourhood of the transition to the superfluid phase. Therefore

the time considering here is much larger that the relaxation time and in this case
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it is reasonable to send the reference time ¢y to —oo, which makes the correlation
functions dpgreg,dEGreg,MDEreg and NEprey vanish and also removes the contribu-
tion of the fields 14,1 in (1.31). It should be noted, that in this argument the
density operator is time-independent. There are other options to deal with sta-
tistical averaging of the time-ordered products of Heisenberg operators, which are
not discussed here.

Overall, after passing considering limits (1.32) are transformed in the follow-

ing form:
Ag+ dgg 0 0
éTeg - 0 Areg + dddreg NDDreg + dDDreg (145)
0 dDDreg A1"(39 + dDDreg

The structure of the propagator matrix reveals that the pair the fields ¥} and
is decoupled from the rest in this approach and the only temperature dependence
remains in the propagators. Also one can notice that the functional in ¢} and 4

gives rise to %7 thus the functional representation (1.31) is replaced by [17]

3 . 0 . o
SN = W[ dt [doyd*i—22 [ dt [ daipi?ep3
Gn(xh .. ’xn) = |el=2 oYy gll M)?— ¢3(x1) Ce w;)r(xn)e4h—oo 2T A —oo 87
=l
(1.46)
with the regularized propagator:
Aveg + dpDreg MDDreg + dpp
A= e " (1.47)

dDDreg Areg + dDDref

This gives rise the perturbation theory for the time-dependent Green’s function
at finite temperature proposed by Keldysh [20]. From this line of argument it is
clear that the limit ) — —oo in the presence approach is equal to neglecting all
correlations in the initial distribution of particles.

To simplify following calculation and analysis of divergences with perturba-

tion theory and for analysis of divergences it is convenient to use different set
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of Green’s function. To do this one must propose a substitution of the field
1&3,@2; ,1&2,@2; which make the matrix propagators (1.32) more simpler function
than (1.47). Such substitution written in terms of functional variables was pro-

posed by Keldysh in his original paper:

(0} ()

nt 1|y =y
_1 (1.48)
§ V2 Yo + 13
) ereu)

In term of these Retarded-Advanced-Keldysh(RAK) fields the reduction operator

of the perturbation expansion is

5 A [ [ K _¢
P —e TA ?“FEAMQ(; ++6§A7‘egi+ (149)

)

where AE is the (regularized) Keldysh function:

reg

AE — W(k)(_i(t_t/)_7|t_t/|(1+2ﬁ(kj)) (1.50)

reg

Under such substitution of fields the interaction functional becomes:

Si(mnt,€,64) = /dt/da: ) =

1.51
=—%/dt/dﬂc(fﬁﬁz+§+2£n+§+n+n2+n+2n£)= .

=W+ Vo+ V34V,

where the shorthand notation on the right side will be used further to identify
the different field structure of the interaction terms. Later, for the purpose of
the renormalization group, each V; will have each coupling constant g;. In the

regularized model a functional-integral representation may be constructed with
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the use of the standard trick [2; 19], which assumes the form:

5 A S 6 K ¢
_TA 74— 75 Te9 5n ++6§Aregi+

/DE/DE+/D /DX+6‘X+[§t+w<’f)—ﬂE—E+[z‘?t+iw(’“)+ﬂX—QEW(H?”(’C))E.

0
eEénjLE*(S X et X e

(1.52)

where the normalization factor is

ct=

(2 1) laatﬂ“(k)*V] [;ﬂw(’f) 7} | (1.53)

Linear exponential of derivatives produce shifts in the integration variables. There-
fore, the functional-differential representation (1.46) of Green’s function gives rise
to the functional integral representation of Green’s functuins of RAK field in the

following form

_ S A 5 |5 K 5
G(A, A+7 B’ B+) pr— e (5 A £++55A7€g5 ++5§A7€g +

er STt &) AT+ B+ ST+ Byt

n=0,£=0,cj
/Dn/Dn /Dg/pﬁ T2 +iw(k)—y|n—nT [ &+iw(k)+7]¢.
F@y(2m(k) 0t St (€T ) FATEF BT+ ACT + Byt

(1.54)

It should be noted that such formula exists only in regularized model, when v > 0
and Afgg is not a solution of the free-field equation of motion, because in other
way, (1.32) cannot be inverted due to non zero kernel of one of operators.

In representation (1.54) of the generating function of Green’s function in
RAK fields of the regularized model the propagator matrix is given unambiguously

as the inverse of the differential operator in the following quadratic form of the



29

action functional:

+og oot i + L0 Rk :

2m

+/Oodt/dk;§+(t i (52 2 iy ) e+ (155
’ ’ ot 2m F AT JIRES (1.55)

4 2i / dt / dlen™ (8, — ) [(1 + 20h)] (1, k)

Separation of the advanced and retarded propagators allows to probe a loop theo-
rem similar to that in stochastic field theory [2]. The idea is based on two properies
of the propagators in the reduction operator (1.49). First, only retarded and ad-
vanced propagators are attached to field arguments  and n* in the interaction
functional. Second, in the retarded and advanced propagators the lesser time
argument is always that of 7 or n*. Thus, in a time-ordered propagator starting
from the n or n™ field of a vertex, the time argument grows from that of the
(time-local) vertex. In the vertices brought about by the interaction functional
(1.51), there is always at least one field n or n* which thus gives rise to at least
one time-ordered propagator with time direction from the vertex. In interaction
vertices there is always at lest one field £ or £* as well, which makes it possible(but
not necessary, in general) to attach a time-ordered propagator to that vertex with
the time direction to the vertex. Due to these properties, if in a connected graph
there is a time-ordered propagator between two vertices, then in this graph there
is necessarily a chain of time-ordered propagators with the same direction of time
in all of them. There are now two possibilities: the end points of the chain of
time-ordered propagators correspond to external field arguments of a connected
Green’s function or the chain forms a closed loop, in which case 6(0) arise and
value of the whole graph is equal to zero.

This theorem has an essential consequence: one-irreducible graphs with ex-

ternal £ or £ arguments are equal zero because they are obliged to have a closed
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loop therefore have #(0) = 0 which makes them equal to zero. This property
preserves the field structure of the propagator matrix (1.46) to all orders in per-
turbation theory. However, there is another important consequence. From the
loop theorem it follows, that the four-point one-irreducible function I'¢eerer = 0

so no additional vertices can be generated by renormalization group.

1.2.1. Physical meaning of ~

The regularization parameter v in (1.44) was introduced as a way to deal with
some non-standard divergences occurring in perturbation expansion. However
parameter v can be interpret as a factor that describes the physical dissipation
produced directly by the loop corrections in the present model. For further one
need to specify diagram rules following from (1.49). We will denote propagators

Areg,Areg,AK by following lines:

reg

AE i

reg

Apeg — | (1.56)

X |
_Areg — |

With such correspondence every Feynman’s diagram can be written in a compact
form of a picture. To discuss the origin of dissipation introduced by parameter ~

it is useful to consider Dyson equation:
Dl=A"1-%, (1.57)

where D is the matrix of full propagators and A is the matrix of bare propagators

in the unregularized model:

0 —A
A= (1.58)
A AK

Here we omit subscript "reg” for the sake of simplicity and ¥ contains self-energy

graphs. First order correction to the bare propagators is formed by closed loops.
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For example:

! (1.59)

But in above section was discovered that such loops do not have UV divergences
due to presence of m. They only redefine the value of the chemical potential. It is
necessary to consider two-loop graphs. According to the loop theorem of previous
section, the ¥ matrix contains the elements X, ,+, 3, +¢ and Y¢+,. Such elements
are the diagrams with external fields n,n™, n™, & and £, 7 respectively.

Let us consider the element %, +¢ in two loop approximation. In consist of

following diagrams:

nte = )

N | —

() |® + |m 4z }m (1.60)
X N X

Here superscript refers to the perturbation order. Above diagrams contain of UV

divergences, thus to estimate the role of v one have to introduce some momentum

regularization here. Our main concern is not evaluation above diagrams rather

estimation their value and discover role of «v. Therefore, let us consider that all

momentum bounded by some momentum cutoff A. Then value of each diagram

can be easily obtained:

:m _ (297: : / i / dq7dt9(—t)(2n(k)—|—1)(2n(q)+1)-

k<A Jgf<a oo

o (v 1t (400 — mh2 (K + ¢%)) + mth(k — q)(vk — (v + 2i)q) — 2(v + z')ut)
2%

(1.61)
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m -
N X

(2m)6 / dk / dg / dtd(—t)(2n(q) + 1)(2n(k —q) + 1)

k<A lgl<A -0
v [¢] (4 — mh? (k* — 2kq + 2¢%)) + t (mh? (vk* — 2ikq + 2iq*) — 2(y + i)p)
exp o7
(1.62)
7/\ g’ i
| | _ _
NG, eRL / i / dq/dte( )
k|l<A  Jgl<A  —oo (1.63)

exp (t ((=3y — i)+ mh? (vk* — (v + kg + (v + z)qz))>
h

Several similar term in different graphs cancel, whereafter one can obtain the

following expression( in the wavevector-frequency representation):

. [n[q] — 5nlk)[n[k — q] + n[k] [n[Q]]

For simplicity the expression is presented at zero external wave vector and fre-
quency respectively. The existence of dissipation is ensured by the non vanishing

real part of this formula. Using the following identity, one can obtain:

i (R R Rk—q)?
/dtexp [_Z<2m_2m+ 2m _ﬁ> t] B
0

T/hk2  hg®  Bk—q)? p\ 1 (1.65)
= — - — )¢
! {(2771 2m + 2m h) ] +

(WK hg® | h(k—q)® p
o <_Z<2m_2m+ 2m _%> t)
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It can be noted that he first term of r.h.s of (1.65) leads to the divergent in A
imaginary part of (1.64), however the second one in r.h.s of (1.65) yields the
positive convergent real part of ,+¢ Therefore matrix of D! is triangular, that
is why

detd™' = —det D,/ det D, (1.66)

The zeros of this determinant determine the quasi-particle spectrum of system.

It will be showed in the following, that the among zeros there are complex ones.
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Chapter 2

Infra-red model. Calculation of z critical

exponent

2.1. Effective Infra-red model

We are going to investigate critical behaviour of Bose systems in vicinity of
A-point with the aid of the renormalization group. Main divergences occurring in
such systems are mainly infra-red ones, that is why one has to construct effective
infra-red model in following sense. For the renormalization group analysis it is
necessary to construct an effective large-scale(wave vector & — 0) model with cer-
tain canonical dimension of the fields and subsequent dimensions of parameters
[2]. The effective model of a continuous(or the phase transition of the second or-
der) phase transition takes into account that long-wave fluctuations play essential
roles in a neighbourhood of the critical point and correlation radius r. becomes
infinite at the phase transition point.Thus, all infra-red’s irrelevant terms must
be dropped in such a model. To define, what term are IR-irrelevant one need to
calculate canonical dimensions of the model. Prescription of canonical dimensions
implies that all propagator of perturbation theory posses the property of gener-
alized homogeneity. The choice of the parameters of the latter then determines
the region of dynamic variables in which the asymptotic behaviour is sought. The
average occupation number 72(p) factor contains certain divergences in the critical
region where p?> ~ u — 0. Such behaviour means that in the region of large rel-
ative distances |x — 2’| — oo or, what is equivalent, of small wave vectors k — 0
the inequality m > 1 holds. However, due to thermal contractions d, the propaga-
tors for basic fields 1, Y9, 13,14 do not satisfy the above property of generalized
homogeneity. In other words, in the original variables determination of canonical

dimensions is obscured by the structure of the dynamic propagators A+ dpp and
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D+ dpp in which the thermal contraction dpp yields the dimensionally leading
contribution in the IR limit and dynamic of the model is lost. The situation
changes drastically in the new pair of the fields n, 9™, &, £ from (1.48). The prop-
agators in (1.49) posses the usual homogeneity of a non-relativistic theory at the
outset and approximations are required only in the Keldysh function Afgg from
(1.49).

In IR limit the unregularized Keldysh function:

 AnTed(w — w(k))
Afa(w k) = ===

(2.1)

where T¢ is the critical temperature in energy units. This propagator is obviously
generalized homogeneous function of the frequency and wave numbers with the
canonical dimension —4 under following scaling:
w— Nw
(2.2)
k— Mk
That is why, such propagator can be used to obtain the canonical dimension of
the regularized propagators. The renormalization theory will be applied here to
analysis of the large-scale behaviour of the model in the way similar to that in the
theory of the critical phenomena and stochastic dynamics. Such approach is based
on the subtle connection between ultraviolet(UV) and infra-red(IR) divergences
at the critical dimension(so called logarithmic theory).

From the first chapter, one know that with unregularized propagators (1.32)
it is not possible to obtain action for the model, due to the fact that corresponding
matrix (1.32) is not invertible. Therefore canonical dimensions are calculated
through the UV exponent (degree of divergence) of a one-irreducible graph v of
the model:

d+2

dy=d+2+(d = Vi + (d = Vo + dVs + dVi — — =N, s
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where V; is the number of vertices i (labelled according to (1.51)) in the one-
irreducible graph and N,+,N, ,N¢+,N¢ are the number of external arguments cor-
responding to the fields 7,7, .¢ respectively. Using (2.3) one can immediately
find the canonical dimensions of the fields and the critical dimension of the model

d.. More precisely:

de=—-—1
$7 9
d
der = — — 1
d
dy==+1 (2.4)
2
d
d7]+:§+1
d. =4

Furthermore, using above results it can be concluded that canonical dimensions
of the vertices V3, V, in (1.51) are strictly positive, thus omitting them has no
impact on the infra-red behaviour [19].

Nevertheless, the connection between the UV and IR divergences is less
straightforward in the regularized model. Discovering that fact require to consider
the leading two-loop contribution to the one-irreducible function I',+, assuming
constant attenuation factor . The only two-loop graph which gives contribution

to I',,+ can be represented in the following way:

S .

The diagram contains three regularized Keldysh functions. In the frequency-wave

representation the propagator have the following form:

Blfyeg0,) = k) [(w = (k) + 77 26)

Omitting irrelevant coefficients we have( here and henceforth ~() denotes a graph

~v with vanishing external frequency and wave vector; the superscript refers to the
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number of loops)

7(2) N ’7/ dq / dk 1 1
0 2m)? ) @2m)tw(k)w(q)wk +q) (w(k) +w(g) —w(k +q))* + 9?22 7

According to the formal degree of divergence, the Fourier integral contributing to

I',+, has the wave-number dimension equal to
dy, =2(d—4) (2.8)

However, in the regularized model things are different. In the critical region
chemical potential tends to the zero, that is why one can adopt the following
behaviour of w(k) ~ Z—’;j In this case, the integral (2.7) is UV convergent at d < 5
and below five dimension the dependence on the attenuation coefficient v can be

obtained by scaling it out.

D i dq dk 1 1
Yotn ™Y / (27)d / (2m)dw(k)w(q)w(k + q) (w(k) +w(q) — w(k + q))? —?299)

R.h.s of the expression (2.9) shows that its limit v — 0 diverges below four di-
mensions, which signals that there are IR divergences in the model below four
dimensions as expected. However, the UV behaviour of the corresponding in-
tegral is quite different from the IR behaviour and that fact complicate using
framework of renormalization group. Nevertheless the attenuation parameter 7 is
quite arbitrary and that’s allow one to make a choice of v such that UV behaviour
becomes more suitable for our purpose.

In the critical region the temporal behaviour of the system characterized
by critical slowing down, i.e by vanishing of time derivatives with wave number.
Thus, to take into account such property and preserve in the critical region the IR
regularization due to attenuation, one must choose the wave-number dependent
attenuation factor of the form v ~ k2. From the technical point of view this
choice allows to use the the theory of UV renormalization and the renormalization

group for the analysis of the large-scale behaviour, because it leads to a model in
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which the IR divergences appear just below the dimension, at which the model is
logarithmic. Indeed, if we choose v = aw(k) ~ k%, where a is a positive number,

we obtain:

7(2)N7/ dg / dk 1 1
T 2m)? ) @2r)tw(k)w(@)w(k +q) (wk) +w(q) — w(k + q))* + (wgg)lg)w(q)

instead of (2.9). Now the wave-number dimension of this integral is 2d — 8 as in
the unregularized model. This superficial degree of divergence corresponds to the
usual UV divergence at four dimensions, to which dimensional regularization is
applied under the renormalization. Finally IR and UV divergences are entangled
and that’s allow one to use standard renormalization group’s technique.

The expression (2.10) posses a finite limit, as a tend to zero(it will be shown
later) and produce a term to effective action which completely changes the struc-
ture of the perturbation theory in the functional representation. The point is

that with the set of original propagators the quadratic form in the free part of the

K

action cannot be inverted, because the Keldysh function A,

(v = 0) is a solution
of the homogeneous free-field equation of motion, therefore kernel of the operator
in the free part of the action is not equal to 0, thus the inverse of the operator
does not exit. However, with account of the two-loop correction the Keldysh’s
function retains the form of the regularized function, in which a in the numerator
is replaced by a finite quantity of the order g>. Such correction the set of prop-
agators (1.32) can be inverted unambiguously giving rise to a well-defined action
in the functional integral (1.54).

It should be noted that without the attenuation term the action of the model

if fully symmetric with respect to the changes of fields:

n—§
+ +
e (2.11)
§—=n

& —n,
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since there is no term of the form n"7n in that case. Introduction v however,
break this symmetry and allows to introduce different canonical dimensions in
accordance with the power-counting expression (2.3) for the fields directly in the
action.

For the sake of simplicity, we will use the massless scheme to investigate the

critical phenomena, in the model considered it implies u = 0, so that 7(k) ~ 2”;2%.

The extra parameters T and h can be eliminated from the propagators by the
scaling of coordinated, time and fields. This lead to propagators of the effective

IR theory in dimensionless variables in the form:

(E(t KT, —k))o = AIRreg(t k) = ]32 —iuk?(t—t")—ak?|t—t'|

(n(t k)n* (¢, —k))o = o1,
(EE R, —k))o = Apeg(t, k) = O(t — t/)e 1k (=) —ak?li=t]

(R (1, —k))o = =Ryt k) = —B(t' — )W = )=akli=r]

with the dimensionless parameters « and u. It is useful to observe that propa-
gators include dissipative factors. According to the analysis of Sec 1.2.1, in the
unregularized model dissipation appears as a result of two-loop corrections and it
regularizes the apparent IR divergences in diagrams. Therefore, the formal small
(~ ¢?) parameter occurs in the denominators of loop contributions. This is incon-
venient from the point of construction of the perturbation theory. To avoid these
problems the dissipative factors were introduced into the regularized propagators
at the outset. The dissipation parameter oo can be considered an additional regu-
lator, whose smallness is not connected with the parameter of expansion g. With
the aid of this regulator it is possible to construct the perturbation expansion in a
straightforward manner. The value a = 0 corresponds to the initial unregularized
model, but it will be shown in the following sections that non-zero « is gener-
ated during renormalization of the theory. Therefore, from the technical point
of view we are dealing with ”generating terms” added to the basic action of the

renormalized model at the outset in order to achieve renormalizability. Recall
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that the dissipative term is chosen in the form ak? because we consider massless
theory and require both canonical dimensions of the effective IR model and the
connection between IR and UV divergences to hold in regularized model.

Inverting the matrix of (2.12) allow one to obtain the action of the effective
infra-red model(integrals implied here and henceforth):

0 0
S =—dantn+n* 7 + 2 (i + a)] E4+¢&F [_E + 2 (iu — a)| n—

i Z, (2.13)
- S - e

where g1 = ¢go = g%(\f\—?)d. Here Ap is the thermal de Broglie wavelength at

the critical temperature T. In the basic action (2.13) the coupling constants
g1, g2 are the equal ones only in the nonrenormalizable (i.e bare) theory. The
labels here indicate that corresponding vertices nTE7E€ and £7¢TnE have different
renormalization constants.

The model (2.13) was constructed for the problem of stochastic dynamics
that is why it is appropriate to the notation implies the change of weight factor
e’ in the functional integral, which is usual in quantum mechanics, to e adopted

in statistical physics. In other words (2.13) can be transform to the following form:

) 0
S =dan"n+n" |5+ V¥ (—iu - o«)} g+t [a_ + A (—iu+a) |t
t t (2.14)

191 192
+ T+ e,
In dynamics model it is convenient to use separate scaling dimensions with
respect temporal and spatial variable with the convention d* =1 d¥ = —1,d£ =

1,di = —1,df = di = 0 and define the full canonical dimensions according to the

scaling of the parabolic differential operator in the action (2.14):
dq = dg) + 2d3 (2.15)

Using this formula, one can obtain canonical dimensions of field of and parameters
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belonging to the model (2.14):

dy, + dye +1=0
dyy 4 de =0
der +dy =0
dy + 2d; + di +diy +1=0
(2.16)
iy +df —d=0
dy +df —d =0
d+di—d=0
dy +2d{ + dis + dye —d =0
Overall, the canonical dimensions of the fields and parameters listed in the fol-

lowing table.

LT It |alyg
dy -3 |3 |0
e
dg | 2—1]12+1]0]4-d

2.2. Multiplicative renormalization of the theory

The effective IR model with action (2.14) are considered in 4 —e space dimen-
sions. The superficial IV divergences of one-irreducible Green’s functions I" of the
model (2.14) are determined by the UV exponent (2.3) at the critical dimension
d. =4, 1i.e:

dr =6 — 3N+ — 3N, — Negv — N (2.17)

The structure of (2.14) bring the additional relation N+ + Ng+ = N, + N¢. Using
the loop theorem of Sec. 1.2 it can be see that there are no one-irreducible func-
tions( and counterterms) without fields n,n" such as Iere, Dereree and Derererege.
Thus, the divergent graphs are entirely contains in the following one-irreducible

function: D'ev),I'yre, Iy, Iyreree and T'evgrgyy. Hence, Green’s functions of the
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model (2.14) can be renormalized by power counting, moreover there are no coun-
terterms of structure different from (2.14). Then the renormalizable action can

be written in the form:
S=Zym +n"(Z 0 + 2977 | €+ EF 8 S Ava
Yot (‘%

+ Zsn ETEE+ Z6ETE MG

(2.18)

with complex renormalization constants Zi,--- , Zg, Because Z5 and Zg are not
equal constants, we are obliged to consider renormalizable coupling constants g;,go
as absolutely different quantities. Furthermore, the bare coupling constants was
real numbers, here, due to the fact that the renormalization constants Z;,--- , Zg
are the complex numbers, one must treat the renormalizable coupling constants
in the same way, as complex quantities.

Under complex conjugation, the basic action (2.13) obeys the following sym-

metries( as was mentioned before « is strictly positive number, o € R)

S<77+7 n7€+7€791792> = S*(_n+7 _777€+7€7.g;7g>1k) (77 » 1, €+ 579579?)

(2.19)
Integration by parts and vanishing of surface terms is implied here. Such sym-
metry oblige renormalization constants Zi,--- , Zs to obey the following set of
equations:
Zo(91, 92) = Z;(95, 97)
Z1(91, 92) = —25(95, 97)
e (2.20)
Z5(91, 92) = —Z(95, 97)
Z5(91, 92) = —Z5 (95, 97)

Also one can notice remnants of the gauge symmetry in (2.14). In other words,
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the action has the obvious symmetry:

£ s geic
£F o gemic
_ (2.21)
n— &e’
nt s gemie
with the constants c. This symmetry allows to choose one of the fields as a
real function. For simplicity of calculation we will assume that renotmalization
constants of field n,n™ are real.
Calculation of the two-loop counterterm to Zj in the MS(minimal substract

scheme) yields a result finite in the limit « — 0 and leads to:

2
g1 u o
Zo = do — 2uarctan | — — ——
0T T a1 a)e <7”“‘ ewarctan <4a 4u> *
. (2.22)
ol 40960
10
52 T a?)(u? + 9a2)3

where go = ¢7 is implied. Details of calculations of the diagrams will be provided
in the following sections. This expression shown that Z; tend to a finite value even
in the limit a — 0. This fact demonstrate that « is generated during the process of
renormalization. The common hypothesis about connection between dissipation
in the hydrodynamic limit and the influence of hard modes to soft modes is here
substantiated by the fact that the attenuation parameter « is generated due to
UV renormalization. It may be said that the UV renormalization is a method
to take into account the influence of hard modes on the soft in the sense of the
Kadanoft transformation.

The basic action (2.14) contains « and 57?. Comparing such action with the
classical dynamic stochastic field theories one can regard « as a kinetic coefficient.
To select it in the other Laplace operators, we introduce some new charge u. In the
model, the charge u plays role of a nonperturbative charge, which is characteristic

for stochastic models of critical dynamics. That is why, we rescale parameter
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u — au and the final form of the IR-effective action can be written as:

) 0
S =dan"n+1" |5+ V¥ (—iva - oa)} g+t [a + v (—iua + o) | 7+

oo o (2.23)
+Lontetee + ot e,

In the expression, we have two different coupling constants. As mentioned be-
fore, they made different from each other because they renormalized differently.
However, the only hyperspace g; = g5 leads to multiplicative renormalization.

The unusual divergences of theory discussed in Sec. 1.2 are manifested as
poles in « in the renormalization. Hence, the factor « is explicitly separated from
the charges ¢g; and g, in the formula (2.23).

The symmetry relations (2.20) allow to conclude that action (2.53) can be
multiplicatively renormalized by renormalization constants Z,,Z,+,Z¢,Z¢+,Z g, , Lo Zy.-
Moreover, due to the fact that parameters o and u are real ones, the correspond-
ing renormalization constants Z, and Z, are also real quantities. These constants

are connected with counterterms by equations:

A0 Z o Zoy Zoy = Z

Ty Ze = 7y
ZpZer = Zi (2.24)
i Zo 7o Zos Zie ot + Zis Z Zooet = 7o

1§10
—5 L L Zer 2y, = Zs

In the MS scheme, the renormalization constants Z,,2,,2,+,Z¢, Z¢+,2Z4,,Z,, are the
sum of unity and therms that have poles in €. In this case, the system of equation
(2.24) is compatible and uniquely solvable on the considered hypersurface g; = g;.
To eliminate the complex parameters, one has to separate real and imaginary parts

of the charges. In other words g; = g1, + tg1; and ga = go, + 2g9;. Therefore the
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equations (2.24) can be resolved on the hypersurface g; = g3 as:

Ly = 7
Zev = 7
T Ze = 7
1 -1
Zo = —Re(Z222y7) (2.25)

1,
ZnZye = EZozal

1
Z, = —Im(Z, 771
vl m( 241 )

i
Zg = ——UsZoZy 2 (Z5) 2,
g1 2010x 54041 ( 1) a

2.3. Two-loop calculation of the critical exponent z

In the first order of the perturbation expansion there are several types of
non-zero irreducible function: I'j+¢, Teer, I'erprge and complex conjugate ones.

Firstly we remain intact graphic rules for perturbation expansion:

(E(t, k)£+<t/7 —k?)>o — I
€t kn" (', —k))o — | (2.26)

In the massless theory(i.e p = 0) and dimensional regularization the so called

"tadpoles” diagrams of the following topology:

(2.27)

is equal to zero. Therefore, there are only two types of topology of diagram whose

give contribution to the renormalization constants. More precisely, there are two
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topology types of the diagrams:

(2.28)

First of them, we are going to denote as "fishes” and second one as "melons”.
"Fishes” are obviously contribute to the corresponding one-irreducible functions
I'v., where V; is a vertices of the (2.53), i.e Vj = nT¢TEE or Vo = nggtér. The
"fishes” can be easily evaluated without any problems during the integration. In

total, there are exist six diagrams of this topology:

Table 2.1. FishDiagrams

Ne Diagram s.c | Z; | value
1 1 1% 1
2 1 | Z; 1
3 1 | Z5 1

Continued on next page
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Table 2.1 — Continued from previous page

Ne Diagram s.c | Z; | value
4 5 1 Zs| 1
5 1 | Zs 1
6 1 | Zs 1

Here diagrams are depicted in the second column, in the third the symmetry coef-
ficients(s.c) are quoted. The fourth column indicates the renormalization constant
to which diagram contributes. In the fifth columny value of the pole parts of the
diagrams are quoted in the renormalization of propagators and vertices corre-
sponding to the basic action (2.14). The product of the value in the fifth column
and the symmetry coefficient of the third column yields the contribution of the
graph to the counterterm of renormalization action.(2.53).

Using the symmetry (2.20) one can reduce amount of evaluation by calcu-
lating the first three diagram of the above table then use (2.20) to obtain remain
values. In fact, we can evaluate one of Z5,Zg to obtain other. For example, let us

consider the first diagram from the table above(here and henceforth, zero external
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frequency and momentum are implied for all diagrams of the fish’s type):

dk 29 —2ak2|t\+2iak2tu
/ i / - -

B dk ([ i _ i B i(2 — v + log(4m)) Ny
a / (2m)4 < akt(u — Z)) Bam?(u — i)e 16am?(u — 9 +O(€),e = 0

Rd

(2.29)

Here, ¢ = 4 — d, where d - the dimension of the spatial space. Here, when

integrating over k£ we use standard trick:

R{ (;li)d <_ak4(i - z‘)) - R/ (2:lr];—d (_a(/@ + ni>2(u — z')) (2.30)

and then using the reference formula:

—d 2 - d/2— aF(Oé _ %l)
(27) dk(k> +m)™ = (47) " m T (2.31)
Rd
Other fish diagrams can be calculated in the similar fashion:
)€—2ak2|t|
/ / k2 -
—0 (2.32)
dk 1 1 —2 + v — log(4m)
= = — O 0
/ (2m)dak*  Bam2e 1672 +0(e), e =
Rd
i —2ak?|t|
_ /dt/ dk _29( t) _
(27)d k2
—oo Rl (2.33)
dk 1 —2 + v — log(4m) 1
- — = — O 0
/ (2m)? ke 1672 32 (€) e =

]Rd



49

The other three diagrams can be obtain from the symmetry (2.20), however here

we are going to provide corresponding calculations.

r d dk 29(_t)6—2ak2\t|—2mk2tu
= t _ _
/ / (27)d L2
Rd

—00

— dk Z 2 — 7 +log(4m) i
— / (2m)d <_m> o 1672(—1 + iu) - 872w + 1)e +O0(€),e = 0

Rd
(2.34)
- ]O » / dk [ 20(—t)e 2R
B (2m)d k2 B
oo R (2.35)
[ dk 11 24+ —log(4n)
- / (2m)d ak*  8am?e 16am? +0(),e >0
Rd
B 7 » / di | 20(—t)e 2\
B (27)d k2 B
S0 R (2.36)
- di 1 —24y—log(dr) 1
B / (2m)d akt 1672 8m2e +0(6),e =0
Rd

Here one can notice that the value of last three diagrams could be extracted
using the symmetry (2.20) of the action (2.53). Thus, all one-loop diagrams
contributing to the I'y, was successfully evaluated. Hence, in the leading order of
the perturbation theory Z5 has the following form:

PG gia _ gia | gipa
° 2 16(1 +iu))m?e  8m2e  8m2e

To evaluate coefficient at the counterterms 7, Z1, Zs the following diagrams are

(2.37)

calculated:



o0

Table 2.2. Melon Diagrams

Ne Diagram S.c Z; | value
o h
> \_1|/ <

1 5 Z 1
o /Iﬁ\
- \_1|/

2 1 Zl,ZQ 1
- /I/\I/

3 \' 1 |\ 212, 1
N
> \J\IJ |

4 5 | Zs,Zs| 1
TN
> \|J |

5 1 Z37Z4 1

Here contribution to Z;,Z3 are the coefficients of iw and contribution to Z5, Z4
are the coefficients of k2 in the MacLaurin expansion of the diagrams as functions
of external frequency and wave number. The value of these diagrams can be
calculated though several methods. The most common approach to deal with
many-loop calculation is the well-known Sector Decomposition(SD), however it
is a pure numeric method that is not allow to obtain value of the diagrams as
functions from non-perturbative charge u. Nevertheless, there are exits technique
which allow extract exact answers for diagrams of certain topology. Two and
even three loops diagrams of the model (2.53) posses necessary topology to apply

method mentioned above. We revised two of these methods but in following prefer
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which allow to extract analytical answers for some diagrams.

2.3.1. Sector Decomposition method

Calculation of the diagrams using Sector Decomposition method are mainly
based on the following fact, which can be directly proved. More precisely, let us
consider simple ¢* theory with basica action:

S(p) = / dz {(65)2 + 79202 + gf] (2.38)

Then typical expression for the diagrams can be written as:

N
1 ~1
Jn = W/dkl o dky | | E; (2.39)
1=1

Here n is the number of loops in a diagram, N is a number of line in the graph,
E; = k? + 7 typical propagator with momentum & of the model like ¢* . This
momentum is a linear combination of momentum of integration. Therefore, one

can transform above expression into the following form:

1 A
= oy / dky - - dky, HE (2.40)

where [ is the number of different energies and \; is the number of line with
corresponding energy. The denominator of the above expression is a product of
quadratic forms with respect to a momentum of integration. Using Feynman rep-
resentation, such product can be reduced to one quadratic form with integration

over the auxiliary parameter x;:

Zxk—l)HfﬂAk :

A 1
EM...EN = 1 / / dzy - - - (2.41)
A
z 0 0 l -1 g
z: [Z Ekxk] '

k=1

The denominator of the expression above is a quadratic form of the momentum

of integration k;. That is why, such integral can be calculated using the reference
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formula:
o [ b 1 _ (0 e - P)derw) )
(2m)d " (a;jkik; + bik; + ¢)@ I'(a)(c— (a_l)ijbibj)a_%n

Here o = Y~ A;. Now, the problem of calculation corresponding diagrams are re-
duced to the more easier problem, at the first glance, of integrating over Feynman
parameters x;.

Dimension analysis of the model (2.38) shows that the only divergent types
of diagrams are 4-tailed diagram and 2-tailed. Their common expressions can be

easily obtained:

1 1 \;
PELEINCREY U P =
2n le()\z') 0 0

where n - denote the number of the loops, C' and det x are defined by following
formulas:

C = (ai_jlbibj —¢)

n , (2.44)
Z Eix; =1+ cp® + 2b;(p, ki) + aij(ki, k;)

i=1
where p — external momentum, ((J,J) denotes the dot product between corre-
sponding vectors. Structure of the quantities det x, C' can be yield without direct
calculation of the integrals and can be extract from the topology of a diagram
itself. More precisely: det x of n-loops diagram is equal to the sum of all possible
product of Feynman parameters with the number of factors equal to the number
of loops from which the forbidden multiplications are erased. The forbidden terms
are formed taking into account the laws of conservation( momentum conservation

laws) occurring in a diagram. The quantity C' is equal to the sum of all possible
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combination of Feynman parameters with the number of factorsj one greater than
the number of loops, taking into account forbidden terms, from which in this case
prohibitions associated with conservation principle in vertices congaing external
line are excluded. For example, consider the following diagram: Here, n = 2 and

Figure 2.1. Two-loops four-tailed diagram of ¢* model with corresponding Feynman’s parameters

x; on the lines.

overall there are four Feynman’s parameters. The sum of various product of Feyn-
man’s parameters with the number of factors equal to the number of the loops like
X124+ X123+ X104+ Tox3+ xox4+ x324. In the diagram there are several forbidden
terms: x1x4, Tox3xy, T1Tox3. Among them only xiz4 is important. Using above

rules, one can derive expression for the determinant x of the diagram:
det v = z129 + T123 + ToT3 + ToTy + T3T4 (2.45)

Such rules can be generalized for the actions differ from (2.38). Now let us demon-
strate and describe sector decomposition method using the diagram at Fig. 2.1.

The Feynman’s representation of the diagram are obtained by (2.43) and can be

written as:
1
Jo=70(er*(2 - E)J
1

ﬁ/d 01 —x1 — 29 — T3 — 14) (2.46)
T; _

- 561562 + X123 + Toxs + Toxy + 5635(34)2 2

=10

Here d = 4 — ¢, d - is a spatial dimension of the space. The denominator in can be

divergent when x1,29,23 tend to 0, and x4 tends to 1(including the delta function)
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or when z1,79,24 goes to 0 and x9 to 1, and the last possibility, when x5,23 and
x4 tend to 0, but x1 to 1. These singularities in the integrand lead to divergences
of the integral for ¢ = 0 and to the poles by ¢ =0 for e— > 0

Sector Decomposition method (SD) are allow one to extract corresponding
residue at these poles in the explicit form. The algorithm is consistent of two
steps. First one divided the initial area of integration into sectors where one
Feynman’s variable is "main”, i.e, its magnitude is more than other ones. Then
that in each sector it is necessary to return the integration domain to the unit
cube by replacing the variables. This two steps one need to make until singularity
of the integrand is determined by the simple degree of one of Feynman’s variables.
Then residue at the pole can be obtained directly from the expression. Let us

consider these steps for the diagram at Fig.2.43:
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First sectorization and substitution:

4 1

da; | f(ar, - ,14) =
H/x T T4

0

Ty

— d.’L’l / d$2d$3d$4f(x1; e ,$4)+

/1
0 0
1 X9
+ /d$2/d$1dx3d$4f($1, s ,l’4)‘|—
0 0
1 I3
+/d$3/dx1dx2dx4f($1,--- , T4)+
0 0
1 T4
+ /dﬂf4/d[l§1dl’2d[l§3f($1, s ,ZE4) =
! / (2.47)
1
= /dZUl H ds’f:isc‘;’f(:cl,igxl,f3x1,5:4x1)+
0 i=2,3,4
1
+ /d3?2 H A%y f (T1209, 9, T3, T4T2)+
0 i=1,34
1
+ /dl’g H dfil'gf(fll‘g,i'gl'g,xg,534.273)4‘
0 i=1,2,4
1
+ /dl‘4 H diixif(islm,fgm,fgm, 55'4) =
0 i=1,2,3
=S+t s+
Then we again make step one for each J;. In other words:
1 1 1 1
/dlvl/d.flfg/dxg/d$4f(x1,$2,$3,x4) =
/ / , , (2.48)

= Jig+ Ji3+ j2,1 + Jog+ Jog + Jz1 + Jzo + Jzu + Jio + j4,3
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Due to the symmetry of the diagram, one can obtain the following relations:

j2,3 = j3,2
j1,2 = j1,3
j1,3 = j4,2
Jio = Jus (2.49)
j2,1 = j3,1
j3,1 = j2,4
j2,4 = J34

From such relations between sectors, there are only 4 different quantities and

result of the sector decomposition can be written as:

1 —€
dydrsday _ ( + X9 + T3 + ZL'QZL‘4>

Ji2
xy (1 + x3 + Tox3 + Towy + Tow3wy)? 2

1 —€
dzodr3dry—— (1 + @125 + 25 + 2425) (2.50)

T3 2(1+ 21 + 2123 + T4 + T374)% 3

(1 + 21 + 3701 + $4$1)_6

Nul

w

I
S S~ S~
— — —

dxgdxgdx4 1—< :
Ty ? (1 + X3+ 13 + T4 + I'1£B3$4)2_§

St O~ oY~
O\H o\H O\H

It is not hard to notice that in (2.50) the singularity only in one of the variable
determines the poles. In the general case, after isolation of the singularities, one
can confront with two possible situations. First situation: if the singularity has

the form 217"¢, then the calculation of the residue at the pole occurs is as follows:
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(2.51)

Integral over a parameter a allow to reduce singularity of the last term. Then, the
integrand of the last term is represented as a series of €. The second situation: if

the singularity has the form z=™"¢ where m > 1.

xS () de =

O\H

1
_ —-m en(l o )m m 8?_1]6(0) a:}:f(o) f(O)
—/d:cdax + IR o' flax) + — +ne—1+”.+—ne—m+1

(2.52)

Overall, Sector Decomposition method allows one to calculate residue at a pole
explicitly. However, one of essential disadvantage of this method is a large number
of sectors in multi loop diagrams. Nevertheless, for a certain topology type of
diagrams, other method can be developed and introduced. Using specific structure
of propagators of the model, one can perform series of transforms which allow to
calculate residue at pole almost directly [21]. We are going to call such method

as ”Chain integration rule”.
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2.4. B - functions and z critical exponent

Let us recall the renormalized action of the model which was derived in the

previous section:

0 0
S = Zom* +n" (%a + ZQV2> E+¢F (Zsa + Z4V2> N+

+ ZsnTETEE + ZETETNE,

(2.53)

where the parameters o and u are real ones by definition. The above action
contains nine marginal independent terms and only eight fields and parameters,
which are insufficient for a multiplicative renormalization. However, using the
symmetry of the action (2.19), one can notice that hypersurface g; = g5 gives us
lacking relation to make renormalization to be multiplicative.

The coeflicient at the counterterms Z; were calculated in the MS scheme in
the leading order of perturbation theory in Tab. 2.1 and Tab. 3. They can be

written in the followng form:

G192V
4374e
giMs  gi1g2 My
27mde  287ie
. 2 .

a(u+2i)gi  agiga(u+1)
287de(u+ 31)  28(u+ 3i)mle
e gia Ga  gigaa

T — _ _
° 2 16(1 +iu)m?e  8m2e  8m2e

Z()=40é+

Zy =1+

(2.54)
Zy = (1 +iu)a +
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where
M, — A+ 3B — mu — 2uarctan(C_)
b u?+1
Mo — (u —4)?(2i arctan(2C, ) — i — A — B)
o (u? +1)2
Mo — (u+1)*(B —2i arctan(y))
3 (u? +1)2
A =log(u” +1) (2.55)
u? + 9
B =1
T
u? +3
Cr = 4du
u?—3
C_ =
4u

Introducing the required renormalization constants one can obtain system of equa-
tions (2.24).

By definition S and v - functions of the model are defined by following

expressions:
B4, = —€Gn — €Gn mzzm Im aaif:
By = —eu n;g gngiz‘ (2.56)

With the aid of the calculated Z; one can yield corresponding S and ~ functions
of the charges and fields respectively:

5 = 2(2u® +3)q1g2 + ugs —ugr )
no 8r2(u?+ 1) 9
_ 2ugigs — (4u” +5)g5 + g7

Sr2(u? + 1)

(2.57)
692

— €92
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(g1 4 ug2)((u” 4 6)g2 — ug:)

Bu: -

6474 (u? + 9(

(@ +1) [(gf + g2) Im(Ms) + 2(g7 — g3)Im(Mz) + 49192 Re(Ms)]

Yo =

T

Ve =

12874
B _39% + 2ugrge — (2u* + 9)g3 N (g3 + g5)(ReMy — uImM2)+

12874 (w2 + 9) 1287

(91 — 2ugig> — g3)ReMz  (ugi + 29195 — ugi)ImM
6474 6474
397 + 2ugrgs — (2u* + 9)g3 B (g7 + g3) (M7 + ReMy — ulmMsy) B
25674 (u? + 9) 25674

(91 = 2ugr92 — gy) ReMs _ (ugi + 29192 — ugy) ImMs

12874 12874
_39% + 2ugrgs — (2u* + 9)g3 B (g3 + g5)(ReMs + (u + 2i) ImMy — M) B

25674 (u? 4+ 9) 25674
(g7 + 2(u + 20)g1g2 — g3)ReMz  ((u + 20)g7 — 29192 — (u + 2i)g3) ImM;

12874 12874

(2.58)

Unlike model E ( and especially model F'), where the presence of many zeroes of

the S-functions makes it difficult to choose the IR-stable fixed point, 5 - functions

(2.57)

,(2.58) vanish in only three cases:

The trivial fixed point g1, = g2, = 0 for arbitrary u,. The corresponding

matrix w;; has the eigenvalues (—e, —¢, 0) which confirms its IR instability

8m2e

The case g1, = 0, go, = — .

and u, = 0. The eigenvalue of the matrix
wjj are (€,0.2¢, 0.023¢2). The positive signs of all eigenvalues prove that this

point is IR stable.

The case g9, = —27e, Wy, = % = 0 for an arbitrary ¢i,. Here, the infinite u

is considered due to nonperturbative nature of the charge u. For this fixed

€

- ). Therefore, this point

point the eigenvalues of the matrix w;; are (e,
is an IR-unstable point of the "saddle” type. This point corresponds to the

quantum mechanical behaviour of the system with oscillating propagators
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without any damping. Hence it is not unsurprising that it is not related to

the described phase transition.

Calculating the v-functions at the found IR-stable fixed point, one can yield

the following critical dimensions:

62

~ 100

’ 4
vi=-——(12log= — 1 (2.59)
7100 3

€2 4
= —[|1—-6log—
=55 (1 olos )

It is essential to notice that at the single IR-stable fixed point, the charges g and g

*

e

are purely imaginary. In this case, action (2.13) differs from the known MSR-type

action of the stochastic two-component model A :

Si=—ap’+¢ (@gp —alp+ %¢3> (2.60)

only by the change of notation:

Nt =y +ip,
n=—p +ip:
b (2.61)
£ =1+ ipe
§ =1 — ip2

and a trivial rescaling of the fields and parameters. The sing of g9, also correspond
to completely to the true positive sign of g in model (2.60). Precisely for this
reason, it is unsurprising that the result (2.59) coincides with the first order of the
e-expansions for the critical dimensions in model A. Also, one can note that among
many other examples of using the stochastic model A and its generalizations,
action (2.13) obtained and studied here and the actions previously obtained in
the other problems have structure in common. But they differ in the physical
assumption of the model. For example, in , the stochastic approach to Langmuir

turbulence in plasma leads to the complexity of kinetic coefficients, but in just a
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manifestation of well-known Landau damping. In , the stochastic Gross-Pitaevskii
equation was also given with complex coefficients, where they were due to the
non-equilibrium of the considered phase transition. Here, the complex kinetic
coefficients appears when describing strictly equilibrium fluctuations in the grand
canonical ensemble. Of course, the similarity of the analytic structures of the
actions leads to a similarity of the formally calculated diagrams. Overall, we have
discovered and established that dynamical index of the model (1.25) based on the
microscopic approach and the time-dependent Green’s function coincides with z
- index of model A of critical dynamics, where the latter was calculated up to
O(e*). Multiloop calculations can only confirm that the single fixed point is IR
stable.

2.5. Stability of the IR fixed point at the third order.

The following contribution to the one irreducible I' - functions consist of

diagrams of following topology:

(2.62)

(2.63)

(2.64)
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Due to the fact, that corresponding S and v functions in (2.56), in fact, can be

calculated with only residue at a simple pole e .

More higher poles are not
contribute to the value of critical exponents. That is why, the diagram of the
type (2.63) can be omit because they are the product of the corresponding 1-
order diagram. Thus, the simple pole ¢! are cancelled for such type. Then the

expression for the counterterms Z; can be written as:

agigaMi(u) | (=i)g195Qu(u) | (—i)g792Qs5(u)

7 =4a —
0(9179271’1“) o 2‘1627T46 € + €
2 N 3
giMsz(u)  g1gaMo(u) — (—i)g7Qs(u)
Z —1 -
(g1, 92,0) i 162m4e 2 - 1627 € i
—i)g? U —1 2 U
N ( )gliz@( ) N ( )919:628( )

gra(2 — i) ~ qigpa(l — )
16274(3 — iu)  162(3 — iu)r!
(=0)9iQs(w) | (=0)gig2Quo(w) | 9:195Qn(u)

_|_
€ € €

igioy gia gia  gige

A = — - -
5(917927“) 2 16(1 € iu)7T2€ S72¢ 8m2e

Zo(g1, 92, u) = (1 4+ iu)a + (2.65)

_|_

7 7 1
— Qi) — L Qu(w) - LR (w)

Here we omit contributions of the form 6% due to their insignificance for calculation
of the critical exponents. @Q;(u) are corresponding to sums of the diagrams of the
topologies (2.62),(2.64). Also one can note that diagrams of considering topologies
consist of divergent subgraphs. That fact force us to use corresponding operator
R’ to subtract such divergences. We are going to follow operation R from To
confirm stability of the IR fixed point discovered in the previous section, one
must evaluate the eigenvalue of the w - matrix at IR-fixed point. Such matrix

consists of corresponding derivatives of the g functions:

0By, 0Bg, 0By,
0g1  Ogo ou
_ aﬁgg 8692 8692
w= |32 32 B (2.66)

9Bu  OBu  IPu
dg1 092 Ou
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Corresponding eigenvalues of w in fact are divergent series, thus the Borel resuma-
tion is required. Using high-order asymptotic of A model [22],[23] one can obtains
the following eigenvalues(e = 1): w: (0.254264,0.00704136,1.09057. The positive
sign of all three eigenvalue confirm that IR fixed point are stable at third order

of the perturbation theory.
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Chapter 3

Reduction of stochastic model E

Our results in Sec. 4 obviously contradict the previous classical works of re-
searchers [2; 4] where precisely model E was proposed to describe the considered
phenomenon. To confirm our results, we must explain the nature of this contradic-
tion. The construction of the stochastic equations of critical dynamics is based on
the known static (equilibrium) model of critical behavior. The stationary action

of this model can be chosen in the form

+,/)2 2 2
S = 0w+ DD gty 4 OO

(3.1)

where the fields v and ¥" are the complex order parameters corresponding to the
means of the boson field operators ¥ and ¥, the field m is a linear combination of
the internal energy and the density effectively describing temperature fluctuations,
p is the density field of the medium, w is the vector velocity field, g; and g, are
the coupling constants (which are new with respect to those in the preceding
sections), and w is the required dimensional constant.

During the time when the classical papers were written, the only example
of superfluidity was the phase transition in liquid helium, for which the liquid
was declared to be incompressible in accordance with the classical monograph by
Landau and Lifshitz [24]. Proceeding from the dimensional analysis, the Maxwell
term %“2 in formula (15) gives only IR-irrelevant contributions to the stochastic
equations [2; 4]. But if it is dropped, then the dynamical equations completely
lose the dependence on important characteristics of the superfluid behavior, such
as the velocity and viscosity. Therefore, an effort was made in [6] to take the
dynamical contributions to the stochastic equations into account based on the
regular expansion in terms of two parameters. In this case, the superfluid liquid

was regarded as incompressible in accordance with tradition.

Incompressibility does not follow in any way from the microscopic analysis
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developed in the preceding sections. Therefore, we clarify what including com-
pressibility in a neighborhood of the A point implies for the phenomenologically
constructed equations of model F'. In accordance with the classical monograph
2], when describing critical equilibrium fluctuations, the system of stochastic

equations for 4 € {1, 9" m,u} must have the form

8t§0a - (@ab + Bab)— + Ure (32)

and the Onsager coefficients a,; and intermode coupling 3, satisfy the conditions

0B (X; )

T T a )

gy = aF — _pr  ZEamA) g, 3.3
ab ba Bab ﬁba 5@@ (X) ( )
where T denotes transposition (its action on the operators 97 = —9; is under-

stood). To include the velocity field in the dynamical model F given by and
satisfy requirements and in this case, we must include additional terms in the
Langevin equations for the previously introduced fields 1, 9™, and m and also in

the Navier—Stokes equation,

(0 + wi0;)y =
2
= A(1 +ib) [8% — %ww? + gzmw] +iAgsY [gw —m — m%] + for
(0 + Uiaz')7/)+ =
2

= (1 — ib) [a%b* — %(W)% + gsz] — iAgsy” [gzww —me- “"%] v

2.2

om + (T Ty 1> Oi(muy;) =
Po
2
= —ud? [gmw —m— m%] +irgs [0 0% — pOPYT] + fn
Vg, BCHENOO L T g _
O = —-0Pu; o ==l S Oy(ugug) — [0 = T gy |
+)2
- g0t = o) [P = 2O gt
2 wpo 3
2 2
+ <E+i) 0, [gsz—m—W“ ] + fu
pPo TW 2

(3.4)
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where v and £ are the shear and volume viscosities, A is the kinetic coefficient, b
and g3 are the intermode coupling coefficients, u is the nonperturbative charge of
model F', ¢ is the speed of sound, and p is the average density. In the derivation,
we assume that p = pg + rm, where r is the new dimensional parameter. The
quantity p was replaced with py in the equation; in this case, the dropped contri-
bution corresponds to higher nonlinearities. If the direct substitution is used, it
is possible to ensure that corresponds to forms and . If are used, then it is simple
to construct a dynamical action of the MSR type standardly by introducing the
additional set {4, m’,u} of fields:

—Sayn = b0 Y — bym 9*m + bg@iulj@-u; + b48ju;-(‘9@-u; + a0t 0% + an) P+

+ azm Oiu; + agm 0*m + a5u;(92ui + agu;(?i@juj—l—

+ azuwOm — ™+ Opp — ) O —

—m Om — w0 + " [~wd) + ast Y + agmy + arorpu®] +

+ [—ui5i¢+ +an (Y)Y + argmap™ + G13¢+U2] +

+m [-mOu; + a140°0* (Y TP) + a130*u* + are T 0Mp + a0t +

+ [—0; (wiug) 4+ ars(00) 0% + argp T 0b™ + asymypdt +

+ a21(ai¢)]32¢+ + a22(¢+)2¢3i¢ + agyma T o) + a24(9i(”¢+¢) + a2581-u2]

(3.5)

In this case, we use the form e ®#» characteristic for statistical physics in the
functional integral. The above form of the MSR-type action is convenient for the

further RG analysis. The relation between the coefficients a; (i=1,. . . , 25)
and b; (j =1, 2, 3) and the physical parameters is given in Table 1.

3.1. Dimensional analysis, IR-effective theory

Action has both space and time invariance simultaneously as must be for
an arbitrary MSR-type action. Therefore, for all fields and parameters, we can

introduce the independent space and time canonical dimensions d? and d¥. These
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Table 3.1. Parameters of dynamical action : the correspondence between the introduced notation

and the actual physical quantities.

by 2\ as v/ po aiz | iAgswr/2 || az - po%
bo Au ag (3¢ +)/(3p0) a14 —Augs aso T
bs v/ po ag rc?/po + 1/ (rw) a5 | Auwr/2 || ass -
by | (v+3¢)/(Bpo) || as | iAgsgas — A(1+1ib)g1/3 || ais iAgs oy — g
ay A(1+ib) ay | M1+ib)g—idgaga || arr | —idgs || azs | ~Teetee L
as A(1 —ib) a1 —iAgzwr /2 ais —1/pow
az | —r2ctw/po — 1 || a1 | —idgzga — AM(1 —ib)g1/3 || a1e | 91/(3pow)
as —Au aiz A1 = ib)ga + iAgsge azo | —g2/(pow)
dimensions are given in Table 2. It is traditionally assumed that df = d = —1,

d? = d¥ = 0 Action dictates a dispersion relation in the form iw ~ k?. Therefore,
the total canonical dimension d is defined by the formula dp = 2d% + d%. These
dimensions determine the IR relevance or irrelevance of individual terms of action,
and they are also given in Table 2 It can be seen from Table 2 that ag is the most
IR-relevant theory parameter. If this parameter was a perturbative charge, then
all other less relevant interaction terms could be dropped in the dynamical action
to construct the IR-effective theory [2]. But in this case, a3 is the coefficient of
the action term m’0;(v;), which is quadratic in the fields, and its influence on the
perturbation theory diagrams is therefore not initially obvious. An analogous case
occurs, for example, in model H of the critical dynamics of the liquid—vapor phase
transition and requires a special analysis in accordance with the results in [2] . A
self-consistent approach to such an analysis based on studying the IR relevance

of the total set of model propagators was proposed in [25]. We use it here. The
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quadratic part of action defines the field propagators

b1 1 1

G — G = — G / e
Tk + iw) (aok? —iw) VY T aak? —iw’ VY T 4k + iw

a _ bg(a§6k4 + w2)k2 + a§b34k4 a _ P, a _ b4k2PJ_
e R.R_ P gk —dw’ Y a2kt 4 w?
G = azbss(iw — ask?) + azby(asek® + iw)z’k, Gy = bsak?(a3k? + w?) + a$b2k4p||

R.R_ R.R_

o (ayk? + iw)P|" G, - asek? + z'w’ G - _ia7k’ o, - _iagk
Ak Ry Ry I Ry O Ry
as6 = as + ag, b34 = bg + b4, Ri = CL36L7]€2 + ((I4]€2 + iw)(a56k2 + ZCU)

(3.6)

where P, and P denote the transverse and longitudinal projectors, PH(?2 = 0,0,
P, + P; = 1. The coefficients at the quadratic terms of the free part of the
dynamical MSR-type action have different canonical dimensions. Therefore, it is
unsurprising that the propagators also contain contributions that are relevant in
the IR region to a different extent. In accordance with the performed dimensional
analysis, the terms with the coefficient a3 are leading in the field propagators
m,m’ ,v”,vﬁ . Dropping the IR-irrelevant contribution in the propagators, we

note that some of them are simplified and in the IR-effective theory become

b34 a56/<:2 + 1w 1k 1k
Gmm = "o Gm’m = T 19 Gm’v = T T 19 vim — T 799

a? asark? I ask? I ark?

— ) 9 .
Gv”m _ a3b34(zw ask )2—2 a27bg(a56k + Zw)ik, GUHUH _ b—éP”,
azazk as
B ask® + iw

ooy = =gz 1 (3.7)

In these expressions, we retain only the leading homogeneous terms (with the
used dispersion equation taken into account) in the propagator numerator and
denominator. The presence of the coefficient a3 with a positive canonical dimen-
sion in the quadratic part of the action lead to the fact that the combination of
the parameters ag, bg4 including the formally IR-irrelevant coefficient b3y remains

in the propagator numerator G, . Nevertheless, the corresponding combination
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has a zero canonical dimension, i.e., it is marginal. Another more important fact
is that the propagators G, Gm’vu’ GU”m, G”H”II and G%U” contain the IR-relevant
coefficient as in the denominator. This makes the contributions of all diagrams
that include these propagators IR-irrelevant. All contributions of the propagators
Gy, v, and Gy, can be similarly dropped because they have the IR-irrelevant fac-
tor b3y in the numerator. It is important here that the irrelevant operators can
be dropped because there are no charges with positive canonical dimensions at
the vertices in the action according to the results in Table 2. Being interested
in the critical dynamics of the order-parameter fields ¢ and ¥", we note that all
propagators containing the fields m’ turn out to be IR-irrelevant. This means
that the vertices with the field m do not contribute to the leading terms of the
IR-asymptotic Green’s functions of these fields. Inverting the matrix of the re-

maining marginal propagators Gyry+, Gyt Gypt, Gorm, G

!
I ’UJ_UJ_

and dropping all
[R~irrelevant vertices of the action , we write the IR-effective generating functional

of the Green’s functions of the order-parameter fields as

Gesr = /D¢+D¢D¢/+D¢/DmDm/Dva’ 5F(m’) e—SéymLAw*+A+w+A’w’++A’+¢"
(3.8)
where we introduce the field sources A, AT, A", A", §F(...) is the functional delta

function, and the action has the form

— Sy = 010" + arp VP + ag) 0T + asv 0%vL + arvOm

M p — Y0t =V Gy + OV [—0idi(V) + ag TPy + agmip + argypr?]

+ [—0i0™ + an Yt + apmt + aizpto?] + m'[—mdw; + 4140 (V)
a1 T + a1 YT + vi[—0; (viv;) + a240i (YY) + axsdiv?](3.9)

The fields v/, v|’| in play the role of Lagrange multipliers. The integration over
them in formula can be performed explicitly, and it leads to the appearance of

the new delta functions

8" (01 + PL(vVv) —vd®v1), " (arVm — Pj(vVv) + auV () + ass Vo).
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The relation dictated by the first delta function is just the Navier—Stokes equation.
In the case of the considered equilibrium fluctuations, it is obvious that it is solved
trivially, v = 0. The second relation leads to the expression m = —agy (") /a7
for the considered set of decreasing fields. Without the integration over the fields
m, m and v in functional , using the functional delta functions, we obtain the
final IR-effective dynamical action of the MSR type for describing the critical

dynamics of the main fields:

~Sayners = Y + a0 4+ ag' 0T — T Op — 9T + b [agih Ty
—agan (V%) fag) + ' lan (7)) — arpasi(v )/ d.10)
It is easy to establish that this action also differs from the dynamical action of

the stochastic model A only in the rescaling of the fields and parameters, which

confirms the results of our previous analysis.



72

Table 3.2. Canonical dimensions of the fields and model parameters.

F gyt |yt | mm! v | by, by | by, by

dn|d/2—1|d/2+1] d/2 |-1|d+1]| -2 -8

dy 0 0 0 —1 1 3

dp || d/2—-1|d/2+1]| d/2 d—1| 0 —2
F |l a1, a9,a4,a5,a6 | as, a1 | ag, G12, a14, a16, 017 | G10, G13 | O3 ais
dh —2 2—d —d/2 2 d/2| —d/2
dy 1 1 1 —1 0 1
dp 0 4—d 2—d/2 0 d/2| —2—d/2

F |l a8, 691 | arg, g2 | 20, ass a24 ar a2s

dn| —2—d|2—2d| —3d/2 —d | —=d/2—-2]| 0

d% 2 2 2 2 2 0

dp | 2—d |6—2d |4—3d/2|4—d| 2—d/2 | O
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Conclusion

As a result of our analysis, we have shown that the stochastic model A
correctly describes the dynamical behavior in a neighborhood of the A point. We
can assume that the dynamical index z is established in this case. Among all
standard stochastic models, model A is the simplest and the best studied. In [21]
it, the three-loop calculations were first performed, and the (4 — €)-expansion of

the critical index z is currently known up to the order of €* [26] ,
2 =2+ 0.0145218¢% + 0.0110586¢> — 0.00526542¢2.

The higher-order asymptotic form of the quantum-field expansion for the dynam-
ical critical index in model A was studied in [23] . For the index z in model A,
the most exact results correspond to the Borel resummation of the four orders
of the e-expansion with inclusion of the higher-order asymptotic values and some
additional considerations concerning the behavior of the perturbation theory se-
ries [26]. Unfortunately, calculation results for the theory that interests us, ¢y

(n = 2), were not given there. Hence, the result in [22], namely,
z(e =1) = 2.0147,.

, must be regarded as the most exact published value of the sought dynamical
index. This result differs significantly from predictions of the stochastic models
F and E, where the value z = 1.5 was assumed to be most probable although
the dynamical index values were not determined. We do not know confirmed
experimental results of measuring the z index in critical superfluid systems; the
existing measurement accuracy is now insufficient for justifiable conclusions be-
cause implementing the experiments is complicated. The numerical simulation is
limited by the necessity to choose the correct model, and the correct inclusion of
the hydrodynamics of a compressible fluid leads to complexities that are almost

unsolvable with current computational capabilities. Therefore, our conclusions
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can be regarde as an original result of calculating the dynamical index of the A
point. In previous section, we restricted ourself to using only the one-loop approx-
imation for the S-functions of the charges g; and the two-loop approximation for
the charge u. But the IR-instability of the trivial fixed point obtained in previous
section is obviously also preserved in higher orders of the perturbation theory.
The structure of the phase trajectories (the repulsion of the trivial point and the
line u* = oo for any g1*) suggests the presence of a single IR-stable fixed point
in the first order of the e-expansion. The assertion of such a structure must hold
in all orders of the regular expansion if, of course, studies do not discover the

principally nonperturbative character of the studied phase transition, but this is

hardly probable.
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Appendix

Tabnuma 3. Diagrams contribute to B Z5

25674

25674

N | Diagrams | s.c| Z; (u=0) D, Z5(u = 0)
X ><> X  3iglog(4) ~ gog(d)
64mte 1674e
9 ><> o | ioi(loe(5)-1) | g(-1+1410g(2)-Tlog(3))
25674e 25674e
3 ><> 9 ig?(log(g—?)fl) 9%(10g(28i16)*1)
25674e 12874e
4 m 5 ig} (log(53)—1) g3 (—3+141og(2)—Tlog(3))
25674e 25674e
- ><> o | _istos(d) g3(1-61og(4))
647te 19274e
6 9 ig%(l—i—log(%)) gi‘(l—klog(%))
T 2567le o 3847te
- ><> 1 _igf(H—log(%)) _gf(l—i—log(%))
25674e 25674e
g >@ o | ii(loe(5)-1) | g(-1+1410g(2)-Tlog(3))
25674e 25674e
9 ><> 1| i(os(5)-1) | gh(=3+1410g(2)-Tlog(3)
25674e 25674e
10 ><> 5 ig193(log(52)—1) | g1g2(1—1410g(2)+7log(3))

Continued on next page
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3 — Beginning on previous page

N | Diagrams | s.c | Value (v =0) | Value D,(u = 0)
. >@ ) | mettess) ) | o)
25674 1287e
ig1g3log(3) 9193 (log(52) 1)
256me T68me
19292 (1+log( 2 2
. ><} ’ 1 22567#‘6(3)) ngllfrz‘le
i >@ | ottt | stnton
2567te 25674
3igg2log (1)
16 ><} 1 1647‘('46 : 0
3ig3g2 log (1)
17 % 2 1647T46 : 0
. >@ ) | o)1) | o))
25674e 12874
. ><® ) | _in(os() 1) | siolin() )
25674e 25674
ig2g2(log(@)—l> 9292(10g(m)_1)
» ><} i - 2567Tj: —= 1287rfe
: >@ || ) | i
25674e 25674e

Continued on next page
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3 — Beginning on previous page

N | Diagrams | s.c | Value (v =0) | Value D,(u = 0)
ig%gg(log(g—‘l)—l) gfgg(log(ﬁ)—l)
22 ><> 2 | = 5ente — T Tosrie
igtg2log(4)
23 ><> L e 0
ig192(log( &) -1 2(log(226)—1
. ><® 2 | epdl) | ey R

Tabnumna 4. Diagram in Zy, Z1, Zo

Ne Diagram s.Cc Zi Dy Z;
) 1 | —7.69766 - 10 7ig2g, -
5 1 | 7.69766- 10 Tig g3 -
3 0.5| 7.6976610 "ig;g3 —
A 1 | —=7.69766 - 10 7ig2g, =
5 0.5 | —7.69766 - 10~ Tig?g, -
6 1 | 7.69766- 10 Tigsg, -

Continued on next page
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Ne Diagram S.C Z; D, Z;
. | 3.89026 - 10~ %ig; —1.64641 - 10~ "¢}
—6.17611- 107%g3 | —1.25562- 10~ 7¢3
. 1 —3.89026 - 10 %igigs | —1.40674 - 10" gig
6.17611 - 10~Yigigs | —5.66049 - 10~%g7g»
) ) 3.89026 - 10 %ig1g2 | 9.52617 - 10 3¢ ¢
—6.17611 - 10 %g195 | 1.38559 - 10~8¢1 g5
" , 4.58812 - 10 7ig? 7.02411 - 107 7¢3
2.45901 - 10 Tig3 1.82199 - 10~ 7¢?
. 05 —4.58812 - 10~ Tigigs | —1.91228 - 10 7g7g;
—2.45901 - 10~ 7ig?ga | —1.40869 - 10~ 7g7 g
. 1 —4.58812 - 10 7igigo | —2.31183- 10 "gigs
—2.45901 - 10~ "igigs | —1.64529 - 10 %gigs
3 , —1.51717-10"7ig3 | —8.9346 - 10 8¢}
—6.42517-1078%ig3 | —7.1044-1079¢}
y 1 1.51717 - 10 Tigigs | 1.78565- 10 "g3gs
6.42517 - 10 %igiga | 5.46681-10~°gigs
. 1 —3.89026 - 10 %iglgs | —1.40674 - 10" "g7 gy
6.17611 - 10~%igig, | —5.66049 - 10~°g7g»
—1.51717 - 10 "ig2¢g: | 3.67808 - 107 "g2¢;
T 0.5 929 929

—6.42517 - 10~8ig2¢,

2.14054 - 10~ g3 g

Continued on next page
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Tabnuna 4 — Beginning on previous page

Diagram

S.C

Z

17

3.89026 - 10~ 8ig?
~6.17611 - 10~%g?

1.86087 - 10~ 7¢3
9.9354 - 1083
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