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BBenenne

AKTyaJIbHOCTH TE€MBbI

Hannas paboTa MocBsIeHa MPUMEHEHIIO COBPEMEHHBIX METOJIOB pacueTa JruarpaMmm
QefinMana MpU OMUCAHUN HETPEPBIBHBIX (PA30BBIX MEPEX0/I0B U KPUTHIECKUX AB-
JIeHUiT MeTo/IoM peHopMasmsalontoit rpymmbl (PIY) u e-paznoxkenus. PI' metosn
1103BOJIsieT 000CHOBATH KPUTHYECKUII CKEefJIMHI KaK B 3ajadaX KPUTUYIECKOil cra-
TUKHN (TePMOJMHAMUKA, OJHOBPEMEHHBbIE KOPPEJSIINOHHbIe (DYHKINN), TAK U IIPH
OIUCAHUN TIPOIECCOB peJlakcannu (Kpurudeckoe 3amejerne). KosnmaecTrBeHHBIME
XapaKTepUCTUKAMU CKEMJIMATA ABJIAI0TCS KpUTHIeCKue rmokasarein. MeToj peHopM-
IPYIIIBI TIO3BOJISIET BBIYUCIATD UX B BUJIE £-PA3JIOKEHUI (9TOT (DOPMAIBbHO MaJIbIii
napaMeTp MOKa3bIBaeT OTKJIOHEHNEe PasMepPHOCTH IPOCTPAHCTBa d OT CBOEro KpH-
THaecKoro 3Haudenns d.). Ilosydaroruecs psiibl sIBISAIOTCS ACUMITOTUIECKUMU 1
TpedyioT iepecymMmupoBanus. s acdekTuBHOrO 1epecyMMupoBanus 1o bopeio
HEOOXO/IMMO 3HATH KaK MOXKHO OOJibIlle 4IeHOB pasJiozkenusi. CJI02KHOCTb pacyera,
K03 PUINEHTOB TOr0 Psijia BO3pacTaeT 10 Mepe PACCMOTPEHHsI Bce DoJiee BICOKIX

MOPAJIKOB TE€OPUN BO3MYIIEHUIA.

HocturayTeiit K KoHily XX BeKa IPOTrPecc B peleHnn 3TUX 3a/a4 He O3B0 Bee
’Ke OTBETUTDH Ha MHOTHE BOITPOCHI TeOpHH (pa30BBIX IepexoioB. [IpoasuKkenne B BbIC-
1€ HOPSJIKA TeOPUN BOSMYIIICHUT COITPOBOZKIACTC PAIOM CYIIECTBEHHBIX CJIOZKHO-
cTeil, TakuX Kak (PaKTOpUATBHBIN POCT Ync/ia JuarpamMM, a TakykKe HeTPUBHAIbHBIM
BIJIOM COOTBETCTBYIOIINX ITOJBIHTEIPAJIBLHLIX BhIpaKeH!il B 3a/ia4ax IUHAMUKN, He
[I03BOJISAIONINM HEIOCPECTBEHHO BOCIIOJIL30BATHCS COBPEMEHHBIMHU METOJ[aMU YIC-
JIEHHOT'O pacyeTa jJuarpaMM. B Tedenue jImTe/IbHOTO MPOMEXKYTKa BPEMEHU B 9TOI
obsacTi He HabJII0/IaI0Ch 3aMETHOTO TTIPOrpecca 1 JINIIL B IOCIeHee BpeMsl TTOSTBHU-
JINCh 3HAYNTE/IbHbIE yCIlexn. Pa3BuTie HOBBIX aHAJTUTIIECKITX METO/IOB BIYNCIEHN S
muarpamm QeifHMaHa, a TakyKe YUCIEHHBIX aJlOPUTMOB pacueroB (Meroj Sector
Decomposition) 1mo3BoJIIIO MPOJBUHYTHCS B BBICIINE MOPSAIKA TEOPUN BO3MYIIIE-
Huii. B 3ajauax KpuTudeckoil cTaTUKN PEKOPIHBIN MSTHIN TOPSIJIOK £ pa3JioyKeHUst
obL1 ostyder B 1993 [1] rogy n npogepxxkadicst 1o 2016 roja [2|. Pacuerst B 3a1aqax
KPUTUYIECKON JUHAMUKN CYIIEeCTBEHHO cJoKHee. V 37ech BBICIINM JOCTUKEHUEM
JIO TIOCJIEJTHETO BpeMeHU ObLT TPeTuil opsi/IOK TEOPUHN BO3MYIIEHU, Oy YeHHBIN B
1984 romy [3].



UccnenoBanue mpejicTaBjeHHbIX B JaHHON pabore Mojie/eil KpUTUIeCKONR JuHaMI-
ki — A monmenn u E Momenn — mpencraBiisier HECOMHEHHBI MHTEpEC: KaK HEIaBHO
nokazaHo |4, Mozesib A ommchIBaeT He TOJIBKO KPUTHYECKOE MOBejieHne (hbeppoMar-
HETHKOB, JIJIsI KOTOPBIX OHA TPaJIUIINOHHO HCIIOJIH30BaIaCh, HO U (ha30BbIe IePexo] B
mysibTrdepponkax [4]. E Mojie/b yCIerHo ommucsiBaeT moBe/IeHIe TIAHAPHBIX CHM-
MEeTPUYHBbIX aHTH(eppoMaraeTnkoB. O000IIEHe HEJJaBHO MOy YeHHBIX aHAJJITHYIE-
ckux pesy/ibTos st O(n)-cummerpuunoit mojesn ¢ [2] na mogens ¢t ¢ ky6uueckoii

CUMMeTpueil 103BOJIAeT HOJIYUNTh PsiJi HOBBIX PE3YJIbTATOB JIJIsI 9TOH MOJIEJIH.
CreneHp pa3pabOTaAHHOCTU TEMbI MCCJIEI0BAHUS

Meros pernopmanuzaiontoii rpymibl (PI') 1 e-pasiokenns: ycrenso 3apeKoMeH-
JIoBaJI cebs MPUMEHUTEILHO K 3a/ladaM KPUTHIECKOl cTaTuku. B HacTosIee BpeMst
O(n)-cummerpuunas Moess ¢F nccienosana ¢ mecTuneriesoit ToaHoCTHIO [5, 6, 2|,
a JI7Is1 aHOMAJIBHOT PA3MEPHOCTH TI0JIst H3BECTEH U CeMUTIeT/IeBoi pesybrar |7]. Jan-
Hble PAOOTHI SIBJISIIOTCS HEOOXOIUMOI 0a30il JjIsI IPOJBUKEHNE B IIECTON IOPSI0K
TEOPUU BO3SMYIICHUIT B MOJIC/IN gb4 ¢ Kybnueckoit cummerpueit. /leraabnoe nzydenue
KPUTHUIECKUX MTOKa3aTesell B TaHHbIX CTATHIECKITX MOJIENIAX ITPOBOINIOCH MHOTTMUI
rpynmami: B paborax (8, 9, 10, 11, 12, 13, 14| uccremoBanue mpoBOANIOCH C TIO-
MOTIBIO € - pasjioykenusi, a B [15, 16, 17| — B paMKax peHOPMIPYIIIbI B peajbHOM

IIPOCTPAHCTBE.

B oryiname or crarmdeckoro ciydasi, HCCjeoBaHie KPUTHUEeCKUX MoKa3aTeseil au-
HAMITIECKIX MOJIeJIeil JT0Iroe BpeMsi He MOIJIO IIPOJBUHYTHCSI JAJIbIIE TPETHEro 10~
psiyika Teopun Bosmytennit. K npumepy, Teopust mepkossinun [3] usydena TOJbKO
JI0 BTOPOI'O IIOPs/IKa, UNCJIEHHBIN JIBYXIIETIeBOI pe3y/ibTarT IoJydeH Takxke st H
mogiesin [18]. Tak kak Mozesib A sIBJISIeTCS TPOCTENIINM PEJICTABUTEIEM J[IHAM-
YeCKUX MOJEJIeil, TO HPOABUHYTHCS B Hell yIajoch HEMHOTO JaJIbIlle, XOTs JOJII0e
BpeMsl OHa ObLjia M3ydeHa TOJBKO JIO BTOPOTO MOPsijiKa Teopun Bo3myineHuit [19].
3arem B pabore [18| ObLT mpecTABICH PE3YJILTAT TPETHErO MOPSJIKA 10 €, HO OH
OKa3aJICsl OIMMOOYHBIM M3-38 TEXHUYECKOM HorperrHocTu. TakykKe TpexIeT/ieBoii, HO
yKe BepHblii pacder, ObLIT TpojeMOHCTpupoBan B pabore [3]. [dasee mposroe Bpe-
MsI IMEIOIINICS TeXHUUIeCKN almapar He IO3BOJISJI HPOJABUHYTHCS B CJIETY IO

— 9eTBepThIil — MOpsiIoK. JIUIIb CciycTss moYTH 94eTBepTh BeKa B padbore |20] ObLT



1peJicTaBjeH YeTbIpeXIIeT/IEBOI YNCJAEeHHbII pe3y/ibTaT s JUHAMIYeCKOr0 KPUTH-
YeCKOrO MHJIEKCA Z W Ha OCHOBAHWU IMOJIYUEHHBIX JAHHBIX B pabore [21] mposeieno

IIepeCcyMMUpoOBaHe Pa3JIO2KEHNA IOJIgd 3TOI'O MHICKCA.

Uccnemopanne nunammdeckoii F Momenn mpejicrapiisier ocoOblii mHTEpEC. DTa MO-
JIeJTh SIBJISIETCSI OJIHOM U3 MPOCTERIIIX JMHAMIIECKIX MOJIeJIel, YINTHIBAIOIINX MEK-
MOJIoBYIO ¢Bsizb. C pasnureit B roj Obln OmyOsInKoBanbl cTaTh [22] u 23], koTo-
pble nporuBopednan Apyr apyry. Ode paboThl ObLIN BBIIOJHEHBI B JIBYXIIETJIEBOM
IPHUOJINKEHNH, JIajIbIlle BTOPOro MOPsSIKa B JajbHeiIeM HIKOMY IPOABUHYTHCS He

YaaJIOCh N3-3a 3HAYUTEJILHOI'O YBECJINYICHUA 9MCJIa AualpaMM 1 UX CJIOZKHOCTH.

Lenabio nannoit paboThl ABJISIETCA MOJTyYeHne BLICOKOTOUHOTO YUCJIEHHOTO PE3YTh-
TaTa s KPUTUIECKUX II0Ka3aTe/Ieil B MOJIe/IN gb4 ¢ KyOnm4ecKoil cumMmeTpueit, a Tak-
ke B Mojienisx A u B xpurnueckoit punamukn. s 9TOro pemiaroTes ciepyionme
3aJa4u:

1) O6obIen1e pesyIbTaToB MHOTOIeTIeBoro pacuera O(n)-cuMmeTprdHoit ¢'-
MO/JIeJ I Ha MOJIEJIb ¢4 ¢ KyOMJecKoil cuMMeTpHei.

2) Paspaborka u npuMeHeHne MeTo/a PEAYKIINNA JTUHAMUIECKIX JUAIPAMM Ha
npumepe A n E mojesneit KpuTudeckoil 1uHaMUKH.

3) O6obimenne meroa “Sector Decomposition” Ha 3ajadu KpUTHIECKON [TH-
HAMUKW U BBIYHUCJICHUE C IIOMOIILIO 9TOI0 MeTO/a JUHAMUYICCKUX KPUTUICCKNX UH-
nexkcoB mojeneit A u E.

4) BeirosiHeHIe [IepecyMMUPOBAHUS TSITHIIETIEBOIO £-PA3/I0yKeHUsT JINHAMU-
YeCKOro KPUTUIECKOI0 MHeKCa A-MOJIEIN U IIECTUIIETICBOTO £-PA3/I0ZKEHUsT CTATH-
YeCKOIro KPUTUIECKOTO MHJIEKCa KyOndecKoil Mojie/ i MOIMPUIITPOBAHHBIM METO/IOM

koHpopmM-Bopes.

Hayunas sHoBuzHa CdopmMy/inpoBaHHbIe BBIIIE LEIN 1 3a/a9d JIICCepTALNN SIB-
JIIFOTCsT HOBBIMU. Bce ocHOBHBIE Pe3y/IbTaThl JUCCEPTALMH I0IYYeHbI BIIEPBBIE, YTO
MOJITBEPYKIaeTCd UX IyOJIMKaleil B BeIYIINX OTEYECTBEHHBIX U MEYK/IyHAPOIHBIX

JKypHaJax u arpodalyeil Ha MpeJICTaBUTe/IbHbIX MEXKyHAPOIHBIX KOH(EPEHIINIX.

TeopeTtuvueckass U IpaKTudeckKass 3HAYUMOCTb Pe3y/ibTaTbl, MOJIydYeHHbIE B
JIIccepTalun, MOTYT OBITh HCIOJB30BAHBI B IIMPOKOM KJacce Mojie/iell KpUuTrde-

ckoit nuraMukn, Taknx, kak mogenn C, F u H [24], a Trakxke jijist nusydenust Mojienei,



OCHOBAHHBIX Ha MOJEN ¢*, HO MPUHAJICKAIX K JPYTOMY KJIACCy CHMMETPUH.

MetoaoJsiorusa 1 MeToAbl uccjaegoBaHudA. MeTogo10rng auccepTalini OCHOBAHA
Ha HCIIOJIb30BAHUN TEOPETUKO-IIOJIEBLIX METOAOB — METO/e (DYHKIIMOHAJIHLHOI'O NHTE-
I'PpUPOBaHMS, JuarpaMMHoil Texunke OeitHMaHa, MeToJIe PEAYKIIUN JarpaMM, Teo-
pUM PEHOPMUPOBOK U PEHOPMAJINZAIMOHHOI IpyIIe, YNCJIeHHOM pacdeTe JuarpamMmm
MeTtojioMm Sector Decomposition, MeToe 60peeBCKOro CyMMUPOBAHUN PACXOIATIIX-

csl PsJIOB.

JlocTOBEPHOCTH IOJIyYE€HHBIX PE3YJIbTATOB 00ECIeUNBAECTCA MCIIOJIb30BaHIEM
alpoOMPOBAHHBIX TEOPETUKO-ITOJIEBBIX METOI0B. Pe3ybTaThl nccieoBanns, IpoBe-
JIGHHOI'O B JINCCEPTAIHU, OIyOJIMKOBAHbI B BEJIYIIUX PEIEH3UPYEMbIX 2Ky PHAJIaX, J10-
KJIQbIBAJINCH HA POCCUMCKUX U MEYKIyHAPOIHbIX KOH(MepeHInax. Tak:Kke pacdeTbl

IIPOBEPAJIMCH CpaBHEHHUEM C paHee IIOJIYHYEeHHBbIMU peE3yJibTaTaMi APYrux aBTOPOB.

IlonoxeHnusi, BBIHOCUMbIE Ha 3aMIUTY
1) Meros Sector Decomposition, ajanTupoBasHbiii B paboTe PUMEHUTEIHHO K 3a-
JladaM KPUTHIECKON JTUHAMUKHU, sBJIsieTcsi 3(P@PEKTUBHBIM CIIOCOOOM BBIYNC/IEHUST

peltHMaHOBCKIX IarpaMM B CTAPIIIX MOPSIKAX TEOPUH BO3MYIIEHMI.

2) IlpemyioxKeHHBIN B paboTe METOJ PEYKIMN JIMHAMUIECKIX JIHATPAMM SBJISIETCSI
9P DEKTUBHBIM CPEJCTBOM B IPOJBUYKEHUN B CTapIINe HOPSIKU TEOPUU BO3MYIIIE-

HUIl B KPUTUYECKOI JTUHAMUKE.

3) IIpoBejieHHBIIT yUeT CcTapIINX MOPSIJKOB B € PA3JIOKEHUH MO3BOJISIET 3HATUTE/THHO
VTOUHNTDL BEJMUNHY KPUTHICCKIX MHJIEKCOB, KAK B CTATHHUeCKOi ¢F Momenn ¢ Kyou-

YeCKOil cuMMeTpuei, Tak 1 B IMHAMIYIECKO Momenn A.
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JIugHbIl BKJIaa aBTOpa

Bce ocnosnbie pPE3YVJIbTAThI IIOJIYIEHBI COMCKATEJIEM JIMYHO, Jb0 Ipn €ro IpAaMoM



Y49aCTHM B HEPA3AECJINMOM COaBTOPCTBE.

CrpykTypa m oobeM paboThI
Huccepranus cocrouT u3 BejeHusi, YeTbIipex IviaB, Jak/aoueHns 1 Tpex lIpuioxke-
unii. IoHblil 00beM mguccepramnuu cocrapisier 94 crpanunnl. Jducceprarust coep-

KT 15 prCyHKOB, 12 TabJIUIl U CIIUCOK JINTEPATyPhl U3 57 HANMEHOBAHMIT.

e Bo BBeagenum obocHOBaHa aKTyaJIbHOCTD JIMCCEPTAIMOHHON paboThl, chPOopMy-
JINPpOBaHa 1e/Ib 1 apryMeHTHPOBaHa HaydHasl HOBU3HA, MCCJIEIOBAHNI, OIIICAHbI
METO/I0JIOIUsI, METOIbI NCC/IEI0BAHUSI 1 CTEIIeHb Pa3pabOTaHHOCTH TeMbl HCCJIe-
JTIOBAHUSI, & TaKyKe IMOKa3aHa IIPaKTUIeCKasl 3HATIMOCTD 1101y IeHHbBIX Pe3yJIbTa-

TOB U IIpE€ACTaBJICHbI BBIHOCUMbIEC Ha 3alllUTY HaydHBIC ITOJIO2KCHNA.

e llepBag rsaBa mMoCBAIIEHA OMUCAHUIO METOJOB, TPUMEHSIEMBIX B ITOCJETYIO-
mux Tpex rasax. Ciofa BXOJAUT OMHUCAHNE IMOCTPOCHUsS JUHAMUYECKUX U CTa-
THYECKUX MOJIeJIell, ornncanne BIOpanHoOil mporetypbl penopMuposkn (Minimal
Substraction) u omnucanme 9UCJACHHOIO METO/IA pacdeTa Juarpamm Sector

Decomposition.

e Bo BTOpOIi ri1aBe BHINIOJTHEHO 00OOITEHIE MIECTUIIETIEBBIX PEHOPMIPYIITOBBIX
pesyibTaTos s O(n)-cummerpuunoil Mogenn ¢* na momens ¢ ¢ kyGudeckoit
cumMetpueit. [loydeno e-pasiokenne KpUTHIECKUX WHJEKCOB 1), 2, V B IIle-
CTOM TIOPsiJIKe Teopun Bo3myleHnit. [IposejieHo yrounenne KpuTnieckoro 3ua-
YeHne YNCIa 1, KOMIIOHEHT T10JIs, KOTOPOe BJIMSET Ha BBIOOP yCTONYNBOM (huK-
CUPOBAHHON TOYKN (KOHKYDPEHINST KyOUYIeCKON HENoBUZKHO TOYKHM U TOYKH

laitzenbepra). Marepuas Bropoii riaBbl ocHOBaH Ha pabore [25].

e Tperbda ryaBa IOCBSIIEHA UCCICIOBAHIIO JMHAMIYCCKIX KPUTUUECKUX MOJIe-
neit A n E. IIposejeno obobimenne metojia Sector Decomposition, omucannoro B
1IepBOil TJiaBe, Ha JuHaMudecknii ciaydait. Ha npumepe mozgeseit A u E 1moapo6-
HO OTIHCaHa MpeJJIoyKeHHast B paboTe cxeMa coKpailenust jguarpamm (“diagram
reduction”). /lanuas cxema 1O3BOJIIIA HE TOJBKO COKPATUTH KOJUIECTBO Ih-
dEeKTUBHBIX JAuarpaMM, HO U YIPOCTUTb COOTBETCTBYIOIINE UM IOAbIHTEIDAIb-
Hble BbIpayKeHus. DTO IMO3BOJNIO MPOBECTH MATUIIET/IEBOI pacuer A-mojiesu
1 TOJIyIUTh €-pa3jioyKeHne JUHAMIYECKOr0 KPUTHIECKOTO MHIEKCa 2 C TOYHO-

cThio 710 €°. B Monesm E BBITOIHEH IBYXIIET/IEBOi pacdeT U IPOBEICHA PeIyK-
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U TPEXIICTJIEBBIX AUal'paMM, IIPUBOJAIIAA K SHAYUTECJILHOMY COKPaAII€CHNUIO X

qucsta. Marepuas TpeTbeit riiaBbl OCHOBaH Ha paborax [26, 27|.

B gerBepToii ry1aBe 11poBejIeHO OlcaHne CyMMUPOBaHUs MOy YeHHBIX aCHMII-
TOTHYECKUX PsiJIOB METOJI0M MOAnMUIIMPOBaHHOIO KOoH(MOpM-Bopesist ¢ ncnosib-
30BaHMEM TapamMeTpa CUIbHON cBa3u. Ha mpumepe nyibMepHOit Teopun myTem
CpaBHEHUSI C U3BECTHBIM B JIAHHOM CJIydae TOUYHBIM Pe3yJIbTaTOM II0Ka3aHO, YTO
UCII0JIb30BaHNeE 1apaMeTpa CUJIbHOI CBSA3U 3HAUUTEJIbHO YJIydlllaeT CXO/IMMOCTb
HpoIe Ay Phl CyMMUpoBaHus. JlaHHasT TEXHIKa Iepecy MMIPOBaHUs ObLIa IIPuMe-
HEHA K pacueTy KPUTHIECKOTO TOKA3aTeIsd 1) B MOJIEIN ¢ KyOMYeCKO# CuMMeT-
pueil, a TakykKe KpUTHIECKOr0 JIMHAMUYCCKOTO MHjIeKca 2 A-mojenn. Marepuad

YeTBEPTOi IJIaBbI OCHOBaH Ha paborax |25, 28].

B 3akJiiroueHnn jiuccepTaliiy IpeIcTaBIeHbl OCHOBHBIE PE3YJILTATHI U BHIBOJIBI.
B IIpunoxkennm A npuBejeHbl YUCIECHHBIE PE3YJILTATHI MATHIICTIEBOIO TPU-
omnxennss A-monemn. A B Ilpusoxkennn B npusesen pesyiabrar peryKIun

TPEXIIETJIEBBIX AUal'PaMM E MOIEJIN.
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I'maBa 1: IlocranoBka 3asa4un. VcroJjab3yemblie

MEeTO/bl.

1.1 ®dopmysupoBKa 3ajiad

1.1.1 CrarudecKkue MoIen

3aj1aun TepMOJIMHAMUKI 1 OIUCAHUSI PABHOBECHOI CTPYKTYPbI BEIECTBA B OKPECT-
HOCTU KPUTHUYIECKUX TOUYEK NMPUHATO OTHOCUTH K 3ajladaM KPUTUYIECKON cTaTuku. B

U3YYEHUN 9TOTO KJjiacca MpobsieM He (PUTYPHUPYET 3aBUCUMOCTDL OT BPEMEHH.

PaccmarpusaeM cucreMy B d-MEPHOM €BKJIMJIOBOM IIPOCTPAHCTBE, IJIE€ OLPEIC/ICH
HabOp KJaccuiaeckKux ciaydaiineix noseii ® = {®@;(x)}, misa xoropbix Bec koHbu-
rypain omnpejessiercs: Benmanuoit exp[S(P)], rue samaromuit Moje b HyHKIMOHAT

neiicrust S(P) npejcrapisier u3 ceds MOJMHOM 110 110JisiM P Bija
1
S(®) = —5PKD + gV (®). (1)

HeiictBre cocront n3 kBagparundroin vactn KO u “zanmomneiicreus” gV (P), riae
¢ — KOHCTaHTa CBSI3H, OIpejiesisiiomas cuty B3anmMojeiictsus, V (P) — mosmHoM 110

® crerenn BoIe BTOPOil. B 10 1poOHOIT 3amucn KBapaTudHas 9acTb UMeeT B/

1 1
——PKP = — [ dx | da' ) K (x, 2" )y (2) . 2
S 5[] > ona) (e, )6 )
3Hasl jeficTBIe paccMaTpUBaeMOil MOJIe/IN, MOXKHO BBECTU ITPOU3BOIAIINI (DYHKIU-

onast pyuKImit ['puna
1
G4) =5 / D exp [S(®) + AD] | (3)

rae A - wabop ucrounukoB mojst A = {A;}, M0 KOTOpOMY OIpeJIe/IeTcst TPOons3-
Boistiuit pyHKImona  csisubix dyukmuit W(A) = InG(A). pumenss k W (A)
npeodpazosanne Jlexkanjpa 1o A, npuxoaum K Ipou3BojsdnieMy (GyHKIMOHATY 1-

HEIPUBOJINMBIX (PYHKITUIT

oW (a)

['(a)=W(A) — aA, a=—

(4)
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Besmunnsl G, W, I MoxKHO HaliTH 13 TEOPUN BO3MYIIEHNN KaK pa3/I0KeHNe 110 KOH-
cTaHTaM CBsI31. B mTore 9mu BeJIMUNHBI IPEICTABIAIOT U3 ceds OECKOHEUHBIE PSIIBI,
K03(PUINEHTHI B KOTOPBIX N300PazKaloTcsl ¢ IIOMOIIBIO JUarpaMMHON TEXHUKN

Deiinmana. /InarpamMMaM COMOCTABIISIIOTCST WHTETPAJIbL [0 UMITYJIbCaM (KOOD/IHA~
tam). OHU [IpeJICTaBISIIOT U3 cebsi HAOOP JINHU{T U BEPIIUH, JIHHUSM COOTBETCTBYIOT
pesmannbl K1z, 2') — Tak HasbIBaeMble IPOHAraTOPBI, BEPIIMHAM COIIOCTABJISIOTCS

BEpHIMHHbIE MHOXKHNTEJIN
V(wr.a) = 6V(®)/ [60(a1)..00(2,)] - (5)

CooTBercTByIOINe JarpaMMaM THTerpaJjibl OOLITHO COJeprKaT YIbTPauoIeTOBbIE
(YD) pacxoauMocTi, KOTOpble 00YCJIOBIEHbI 001aCThI0 OOJIBINIX UMITYIbCOB HHTE-
rpUpOBaHist (MAJbIX PACCTOSHIUI). DTa MpobieMa permaeTcst IpoleLypoil mepeHop-

MUPOBKHU.

1.1.2 JuaamMudeckue Moaesia

[ToMumo 3aj1a4 KpUTUIECKON CTaTUKH, B 9TOI paboTe Oy/IyT PacCMOTPEHBI 1 HEKO-
TOpbIE MOJIeJIN KPUTHUYECKON JIMHAMUKN, OINNICBHIBAIONINE JUHAMUKY PaBHOBECHBIX
duryKTyannii B OKpeCTHOCTH KPUTUUECKUX TOYeK. DTH MOIEJN [IPeTHa3HATEeHbI JI/IsT
omnmncaHust Takux 3p@peKToB, KaK KpUTUIECKoe 3aMejiyieHne, 3pMeKT BIUSHUAS KPU-
TUIeCKIX (PJIYKTyalllil Ha CKOPOCTb 3BYKa, BA3KOCTh, KOI(PMUIIMEHT TEILIOITPOBO/I-

HOCTHU U T.J.

JlnnaMmudeckne MOJEIN CTPOSTCs Ha OCHOBE CTATHMYCCKUX, IIPU 9TOM OJHOI M TOil
Ke cTaThdecKolt Mojenn (Hampumep, ¢1) cooTsecTByIOT pasnuHble JUHAMIYECKHIE,
B 3aBUCUMOCTHU OT TOTO, SABJIACTCA JIX ITapaMeTp MOPsJIKa COXPAHSIONIECS BeJIMYn-
HOIl WJIM HET, & TaKzKe C Y4eTOM BO3MOXKHOI CBS3M JMHAMUKH ITapamMeTpa MOpsIKa

¢ npyrumu "markuvn" Mogamu (MeXKMOJIOBast CBsI3b).

CTaHﬂ;apTHaH 3a/Ja4da CTOXaCTUYECKOI JUHAMUKHW OIIMCBIBA€TCA YPpaBHCHUEM!:

8t90<x) - U(.%‘, 90) + 77(33)7 < 77(5'3)77(37/) >= D(x> x/) y L= {X7 t}v (6)

rjie 7 - CcJAydafHbplil IIyM C rayCCoBOI CTATUCTUKON M 3a/laHHBIM IIapHLIM KOppeJIs-

topoM D(z,x'), a U — t-jioka/ibHbIil DYHKIMOHAJ, He 3aBUCSIIUI OT TIPOU3BOJIHBIX
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110 BpeMeHn. [Ij1s1 HecoxpaHsronerocsd napaMeTpa MopsjIKa ( OH OIpeesieTcs Mo

3aJIaHHOMY CTaTHIecKoMy JeiictBuio S* () coornormennem:

05 (i) / :
U(z;p) = A [T(X) | o(x) () D(z,x") =2X6(x — 2'), (7)
rie Beeser Koadoduiment Onzarepa A, a jyist Koppessitopa D(x, ') ucnoib3oBana
MOJICIb B BuJe 6Gestoro myma. s coXpangionmerocss napaMerpa HopsaaKa, 1e/1aeTcsl

samena A — A A, rime A — oneparop Jlamaca.

Dopmasmsm Martin-Siggia-Rose mosBosisier cBectn croxactudeckyto 3aaaay (6), (7)
K KBAHTOBO-TI0JICBOIT MOJIe/IN YIBOCHHOTO dnciia nojieit ® = ¢, ¢ ¢ neiicreuem S(P)

u ponsBosnM dyuakinnonagsom G(A) Buja:

/ /
@' Dy
5@ = £+ [0+ U] . GLA) = [ DbexplS(®) + 48l (3
B psize 337184 1py HOCTPOSHUN JIMHAMUKH [IapaMeTpa MOPS KA HEOOXOANMO YUNUThI-
BATh €r0 B3aUMO/IefiCcTBIE C IPYTUMU MATKUMU MojaMu (0030p pas/imIHbIX MojieJieii
npescTasiieH B [24]). Vder Takoro B3anMoeficTBIsI IPOU3BOANTCS TepexogoM oT (6)

K CJIeJIyIONIeMYy YPaBHEHUIO JIJIsi MHOTOKOMIIOHEHTHOT'O TOJISl © = Q!

8tg0a(:v) = (aab + Bab)%@(bw) + Ta (9)
< na(x)mp(2') >= 2a40(z — 2'), (10)

e agy = of, — kosddunuentsr Onzarepa, a [, — K03DMUIUMEHTH MEKMOIOBOI

CBY3U CO CBOUCTBaMU:

Bav = ~Brar  OBu(x:9)/0pa(x) = 0. (11)

Croxactuieckoii 3ayade (9), (10) coorBercTByeT JeiicTBIE

st

| (12)

S(®) ='ay’ +¢' | =0+ (a+B)

B riase 3 mbr BEpHEMCA K JUHAMHWYIECKNM MOJCJIZM KW, OCHOBbIBaACb Ha YPpaBHEHUU

(12), pacemorpum juaaMudeckue Mojesnn A u E.
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1.2 IIponeaypa nepeHOPMUPOBKU

Pousib daykTyarmii npu paccMoTpeHnn (pU3nIecKnX CUCTEeM B KPUTHUECKO 00J1aCTH
CHJIBHO 3aBHUCHUT OT pasMepHocTH IpocTpaHcTBa d. CylnecTByeT KpUTHUECKAs Pas-
MEPHOCTDb d. Takasd, 4To Jjad d > d. QpJIYKTyallun HeCyIeCTBEeHHbI, a Juid d < d.
OHI UTPAlOT BaykKHYIO POJib. Bo Beex paccMarpuBaeMbIx B pabore mopenax d. = 4
n GIyKTyalnu CyilecTBeHHbl. PaccMarpuBast d KaK HEIIPEPbIBHYIO IIEPEMEHHYIO, a
£ = d.—d xKak popMabHO MaJbIil TapaMeTp, BUabcon mpeyioKua CTpOUThH TEOPHUIO

KPUTUYECKUX SBJIEHUIl B BUJIE PA3JI0ZKEHUIl 110 €.

IIpn ¢ — 0 B gmarpammax TeOPUN BO3MYIIEHUN MOABAAIOTCA Y D-pacxoInMocTH,
HPOSIBJISIIONINECS B BU/JIE TTOJIIOCOB 110 €, KOTOPbIE YCTPAHSIIOTCsI XOPOIIO pa3padoTaH-
HOI1 TIpo1ie/lypoil mepeHopMupoBoK. HavuasbHoe jeiicTBue 00bsBIIETCS HEPEHOPMU-
POBaHHBIM, a BXOJISIINE B HErO IapaMeTphl €y — 3aTpaBouHbIMU. IIporenypa peHop-
MHUPOBKU COCTOUT B Iepexo/ie 0T 3aTPaBOYHbLIX ITapaMeTpPOB U HEPEHOPMUPOBAHHOTO

110JIs K PEHOPMUPOBAHHBIM:
ey — Ze€, O — Zyo. (13)

KoHcTaHTbl pEHOPMUPOBKHU Z; BHIOUPAIOTCA TaK, YTOObI B TEOPUM BO3MYIIEHUIT 110
PEHOPMUPOBAHHOMY 3apsijTy TOJIOCA 10 € OTCYTCTBOBAIN. BBIOOP KOHCTAHT PEeHOP-
MUPOBOK HEOJIHO3HAYEH, B UCIOJIb3YyeMOil B JlaJbHENIeM cxeMe MUHUMAJbLHBIX BbI-

anrannit (MS) orn nveror B

Zi=1+ i CW({ghe, (14)

T.€. BKJIIOYAIOT B CeOsI TOJILKO IIOJIIOCA 110 €.

HexkoTopas HeoIH03HaIHOCTD ITPOIETYPhI TIEPEHOPMUPOBKHI COXPAHIETCS U B PaAMKax

cxeMbl MS. Ona 1posiBjisieTcst B TOM, 9TO [IEPEHOPMUPOBKA, 3apsijia

9o = 1°9Z4(g)

COITPOBOXKJIACTCA TIEPEXOJIOM K Oe3pasMepHOMY 3apsiay ¢, a pa3MepHOCTb HEPEHOP-
MUPOBAHHOTO 3aps/ia gy HAXOAUT OTparkeHne B MHOXKHUTeNe u° | TJe [ — PEeHOPMU-

poOBO4YHaA Macca’ — ABJISIeTCH IIPOU3BOJIBHLIM ITapaMe€TPpOM, OT KOTOPOI'O KOHCTaHTbI
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PEHOPMUPOBKU HE 3aBUCHT.

[IponsBos B 3HadeHNN PEHOPMIPOBOIHON MACChI NCIOb3YeTcd JJd oaydennd PI'-
ypaBHEHUI, KOTOPBIE MO3BOJIAIOT 000CHOBATH KPUTUIECKUN CKEHJTUHT W BHIYUCISATH
KPUTHUYECKNE TIOKA3aTeJ I B BUJE £—pazjoxKeHnii. OupenesiionuMnl J1eMeHTaMI
PI'-ypaBuennit sipyisitorcst S—dyukiun nu PI-dyHKINNT 7, KOTOpbIe BHIPAXKAIOTCST Ue-

p€e3 KOHCTAHThI PEHOPMUPOBKHU COOTHOIIIEHUSIMU

1 + Zk gk 8gk In ng .

Bi({g}) = < vi({g}) =

—€ , 15
1+Zk‘gk (9% angk ( )

Yenosust 5;({g*}) = 0 onpejensior (bUKCHPOBAHHYIO TOYKY PEHOPMIPYIIIBI, a Be-

smantbl Yi({g*}) — 3HAUEHMST KPUTHYECKUX UHJEKCOB. YCTOHIMBOCTL HEIOJBUK-

HOI TOUYKHU ONpejiesigeTcsi CODCTBEHHBIME 3HAUEHUsIMI MATpuilbl M ¢ sjieMeHTaMu
_ . *

M;; = 0,,8:({9"}). Ecom Bee cobcTBennbie 3HAMCHNA TOIOZKATETBHBI, TO HETIOIBHIK-

Had TOYKA CTaOUJIbHA.

KoHcTaHTbl pEHOPMUPOBKU BBIUUCJIAIOTCSA HUTEPALMOHHO B BUJIE PSAIOB 110 PEHOP-
MUPOBaHHBIM 3apsijaM, KodMMUIIMEHTHI B KOTOPBIX ONPEJIEIIOTCA U3 YCJIOBUS CO-
KpallleHIs TI0/II0COB B OIIPEJIeJIEHHOM JIJIsT KayK 01 Mojgesin Habope 1-HelnpuBOINMbIX

dbyHKIWit (ITO rApAHTUPYET OTCYTCTBHE MOJIOCOB B JTIOOBIX (DYHKITHIX).

YdeT KOHCTAHT IIePEHOPMHUPOBKI MOYKHO 3aMEHUTH jeficTBueM R-orepanun borosrobosa-
[Tapacioka Ha jguarpaMmbl 6a30B0il Teopun, B KOTOPOIL JIeficTBIE 3aBUCUT OT PEHOP-

MHUPOBAHHBIX TApPaMeTPOB, HO MOJIOXKEHO £; = 1:
IM'"=RIr'=(1-K)RT, (16)

Baech I' — dyukiwms, BpluncisiemMast 110 guarpamMmmam 6a30Boit Teopun, R — HeroJ-
Hasi R-omepaiiisi, yCTpaHsoIas pacXxoIuMocTl B noarpadax, a onepanns (1 — K)
YCTPaHsieT OCTAIOILYIOCS TOBEPXHOCTHYIO PACXOAUMOCTh (K — onepaius, BbIIe/ A0
1ast PacXo/sAILyocst 4acTh). B repmunax R’ onepainny KOHCTAHTBI PEHOPMUPOBKH

3alllICbIBalOTCA B BUJEC:

Z;=1—- KRT;. (17)

B pabore Mbl OymemM UCIOJIB30BaTh 00a crocoda ydera KOHTPUJIEHOB.
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1.3 Metoa Sector Decomposition pacdera guarpaMm

O/1HOi U3 OCHOBHBIX TEXHUYECKUX IPOOJIEM, BOSHUKAIOIINX IIPU PACCMOTPEHUN -
HAMUYIECKUX U CTATUIECKUX MOJeJeil, sIB/IsIeTCsl BBIYUCAeHIe NHTErPasIoB O0JIbIIO
kpatHocTu. Vcronb3oBanne metoga MonTe-Kapyio B UMITYJTbCHOM TIPEJICTABICHUN HE
IIO3BOJIAET IepeiiTn K 0oJiee BHICOKMM IOPSJIKAM TEOPUU BO3MYIIEHUI, TOCKOJIBKY
TOYHOCTb PACUYETOB 3HAUYUTEIbHO CHIKaeTcst. OKas3aioch, 4T0 9 MEKTUBHBIM METO-
JIOM IIOBBIIIEHISI TOUHOCTH SIBJISIETCS Hepexoj] K heiiMaHOBCKOMY IIPeICTABICHUIO0 1

ncrosb3oBanne Metoaa Sector Decomposition (SD) [29).

B nannoit paboTe mpejcTaBieHa ajanTaius MeToja SD K MoIeassM KPUTHIeCKO
aunHaMuKn. HadHeM co crarmdeckoro ciydas, a 3aTeM IOKaykKeM, KaK €ro MOXKHO

0000IIUTh HA JTUHAMIYIECKHIL.

Bce obbsicaenust Oy1yT NMPONMIJIFOCTPUPOBAHbBI Ha IPUMEpPax.

1.3.1 ®@eifHMaHOBCKOE IIPEeJICTABJIEHIE
Metox SD ocHoBaH Ha (beiffHMaHOBCKOM IIpejcTaBaeHnn auarpamm. Haunem ¢ mpej-

crapiiennsg Pefinmana JJIgl CTATUYIECKOI'O Cilyvadd.

JlmarpaMMbl T€OPUN BO3MYIIIEHUIT TMEIOT BUT

I, = W‘/dkl../dkn/ﬂ@l, (18)

rjie n - uncao nereib, N - Homep junun B rpade, a E; = k? + 7 — “sneprua’
JIMHUU C UMITYJIBCOM k. DTOT UMITYJIbC MPEJICTABISIET COOON JIMHEHHYI0 KOMONHAIIIIO

UMITYJTbCOB NHTETPUPOBAHUS. TakuM 0Opa3oM, Mbl MOXKEM TIePENcaTh COOTHOIIEHNE

(18) B dopwme:
l
I, = (Qﬂ—l)m/dkl../dkn/HE;M, (19)
i=1

rjae A; — 9UC/I0 JUHUI ¢ sHeprueit F;, a [ — KoJmdaecTBO pa3/IndHbIX dHepruii. B utore,
B 3HAMEHATEJIe COOTHOMIEeHN (19) MBI IMeeM ITPOU3BEIeHNE KBAIPATUIHBIX (hOPM 110

NMITyJIbCaM MHTEI'PUPOBaHNA. Ero moxkHO cBecTu K crelenn e,ZLI/IHOfI KB&,[I;p&TI/I‘{HOfI
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dOpPMBI ITyTeM MHTErpUPOBaHUS TI0 BCIIOMOTaTe/IbHBIM NapameTpam DeffHMaHa u;:

l l Ai—1
Ai) (2':1 Ui — 1) | P
E;)\l o ng\l _ Zz 1 / / du1 1 lz N .
Hz 1 F [Zfi’:l Ezuz] 2im1
(20)
NuTrerpas 1o UMITyJibcaM OT CTelleHr KBajpaTudHoi dhopMbl B (20), nmerorreil B

l _
> ey Biup = vijkik; + ak; + ¢, Berancisercs:

L/ ok / dk ! _ (4m) =T (a — dn/2)(det v)
(27T)d b " Uz'jk'kj + a;k; + 5)@ - F(@)[E — (U l)zjaza ]oz dn/2 ( ) )
21

rie a = »_ A;. Takum 006pasoM, 3ajiaua CBOJUTCA K UHTEIPUPOBAHKIO 110 (heiHMa-

HOBCKHUM TIapaMeTpaM.

B nasbHeiiemM BMecTo 3apsijga g Oy/IeT HCIoIb30BaThed 0oJiee yI00HbIN 3apsit u:

Sy o = 27rd/2
g, d—F(d/Q)u

Tor1a (peffHMaHOBCKOE MpPeJICTaBICHUE TSI N-TIETIEBOI 4-X XBOCTOI JuarpamMmbl Oy-

(22)

JeT UMeTh BUJT

o L(ne/2)I(2 —¢/2) 1 1 15(1—2 L Uy)
W=, e e e @

a JIJIsI N-TEeTJIEBOH 2-X XBOCTOI JuarpaMMbl —

J(Q) (TLE/Q Fn 6/2 / duuy - / C Hz uz 15(1 - Zz lul) (24)

mo L. T(A (det v)3-¢/2 ’
rie det v u ¢ oupeesitoTCsl COOTHOIIEHUSIMI
C = (v;,'bibs — &), (25)
Zl: Ewu; = 1+ p” + 2bi(pki) + vis(ki, k), (26)

1=1

a P — BHEIIHUIT UMIIYJILC.

HeobxoiuMble J1J1s BCTIOTb30BaHA (PeHHMAaHOBCKOTO MTPEJICTABICHIS BeJIMUnHbI det v
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n C MO2KHO IIOJIy49aThb HEIIOCPEACTBCHHO 11O BUAY AUalrpaMMbl, MUHYA MMIIYJILCHOE

ImpeacTrapJIcHUE, 110 CJICAYIOINM IIpaBUJIaM:

e det(v) n-nerieBoii guArpaMMbl paBeH CyMMe BCEBO3MOXKHBIX TIPOM3BE/ICHN
peHMAHOBCKIX IIaPaAMETPOB ¢ YUCIOM COMHOXKUATEIEH, pABHBIM UHCJIY IIETe/Ib,
13 KOTOPOIl MCKJIFOYEHBI ‘BallpeleHHble” TPOn3BeaeHnsd. ‘3arnperhbl’ hOpMUupy-
FOTCS C YIETOM 3aKOHOB COXPAHEHUs! (3aKOHBI COXPAHEHHs NMITYJIbCa B KazK 01
BepIIIHE, a TAKXKe UX BCEBO3MOYKHbIE KOMOMHAINN ), MMEIOIINX MEeCTO B JaHHOM

AuarpamMme.

e Besmmunna C' paBHa cymMMe BCEBO3MOXKHBIX IPOU3BECHUIT (heifTHMaHOBCKUX T1a-
paMeTPOB € YUCJIOM COMHOXKUTEJIEH, Ha eJINHUILY TPEBBIIIAIONIUM YUCJIO MTeTEb,
C Y4eTOM 3allPeToB, U3 KOTOPbLIX B JaHHOM CJiydae UCKJIOYEHbI 3allpeThl, CBs-

3aHHbIE C 3aKOHaMI COXPaHE€HMsA B BEPIINMHAX, COACPzKalllUX BHEIITHMNE JIMHWUNA.

Iast mpuMmepa paccMoTpuM roctpoerne det v Jijist JBYXII€TJIEBOI JUarpaMMbl:

Us

U,

Puc. 1. [Isyxmnernesas uernipexxsocras ua-
rpamMa Mojen ¢t ¢ coorsBercTByIOMUME (-

MaHOBCKHMU IIapaMe€TpaMK Ha JINMHUAX.

st nanHO JmuarpaMMbl M paBHSIETCSI JBYM U 4deTbipe (peiiHMaHOBCKHUX IIapaMeT-
pa. CyMMa BCEBOBMOXKHBIX IPOU3BeIcHII (DeiHMaHOBCKUX TIapaMETPOB C YHUCJIOM
COMHOZKHNTEJICI, PABHBIM YUCJIY [eTEJIb, BBIIVIAANT KaK U1l + U1U3 + U1Uy + UgUg +
UgUy+Ugly. B 910l ImarpamMme cynecTByeT HeCKOJIbKO 3aIllPpeTOB: {u1u4, UU3 U4, UlUQUg}
Cpeau sT0oro HAOOPa JJIst HAC CYIIECTBEHHBIM SIBJISETCS TOJIBKO OJMH Uly. VICXoms

u3 BbIIIIeCKa3aHHoTO, det v ganHo#l guarpammbl Puc.l nmeer Bu:
det v = wqus + wjug + ugus + Ustg + uzuy . (27)

Ciestyer oTMeTUTh, 9TO (pbeiiHMaHOBCKOE MPEJICTABICHIE JIMHAMUYIECKOI JrarpaMM bl
MOYKeT OBITh IOJIYYEHO IIyTeM IIPOCTHIX IIPeodpa30BaHuil U3 CTATHIECKOI, IMEIOIeit
OJINHAKOBYIO TOTIOJIOIMYECKYI0 KOHPUTYPAIIIIO. DTO OYJIET MOoJPOOHO ormrcaHo B I1a-

Be 3.
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1.3.2 Omnucanne meroga Sector Decomposition (SD)

Tenepb, Korja y Hac eCThb JuarpaMMbl B (peliHMAaHOBCKOM IIPEJICTaBJIEHIH, Mbl MO-
JKeM HCII0JIb30BaTh METOJI Pa3joyKeHUd Ha CceKTopa. PaccMOoTpuM IpOCTYIO CTaTH-
geckylo jquarpammy Puc.l. Jlns wee det v npejcrasien coornomienuem (27). Torna

dbeitrmanoBckoe mpejcTaBienne (23) 9Toil quarpaMMbl MPUMET BT

1 9 €
Ty = 50 (E)r (2 - 5) 7,

T — H/O duz ( 5(1—U1—UQ—U3—U4) (28)

ULU2 + UTUZ + U2U3 + UU4 + U3U4)2_6/2

PasmepHocTh npocTpaHcTBa d 3ammcaHa B Bujie d = 4 — €, KaK 1 B ITOCJIEJIYIOITNX
pa3obpaHHbIX MOJIE/IAX. SHaMeHaTesJb B cooTHomennu (28) obpamaercs B 0 60
KOTJIA U1, Up U U3 cTpemsitest K 0, a uy uger B 1 (yauThiBast jgesibra (DyHKIHIO), JIHOO0
KODJI& U1, U3 U Uy cTpemsiTest K 0, a us K 1, 1 HaKOHeIl, JIN0O KOIJIa U, Ug U Uy CTPE-
MsTes K 0, a up K 1. 9T 0cOOEHHOCTU B MOJABIHTEIPATLHOM BBhIPAXKEHUN TPUBOJIAT

K pacxoJInMOoCTsaM uHTerpaJia npu € = 0 u x nositocam 1o € nupu € — 0.

Merox SD momoraer u3BjieKaTb B SIBHOM BHJI€ BBIYETHI IIPU THUX I0JOcax. Bes
HpoIeaypa JeINTCsd Ha JiBa Inara. Bo-1epBbIX, 00/IacTh MHTEIPUPOBAHUS JIEJINTCS
Ha CeKTopa, /e ojHa u3 nepeMeHHbIX DeiiHMaHa sIBJIsIETCs “OCHOBHOI, T.e. 00JIb-
e Bcex ocTaBiuxcs. [locsie 3TOro B KaxKJIOM CEKTOope HeoOXOIMMO 3aMeHOIl Iie-
PEMEHHBIX BEPHYTh 00JIaCTh MHTEIPUPOBAHUS K €IUHUYHOMY KyOy. DTH JIBa Iara
HEOOXO/IMMO IIOBTOPSITH, 1I0Ka OCOOEHHOCTD IIOJIbIHTEIPAJILHOIO BhIPaskKeHusl He Oy-
JIeT 00yCJIOBJIeHA, IIPOCTON CTEIeHbIO OHON 13 (DeifHMAHOBCKUX IT€PEMEHHBIX, TOC/Ie
Yero BBIYET HPHU IOJIFOCE JIETKO BbIYuc/sgeTcss. MoyKHO MmoKas3arh, 9TO KOJMIECTBO

IIOBTOPEHUIT B KaXKJIOM CEKTOpPE COOTBETCTBYET KOJIMYECTBY IIeTeJIb B I'pade.

P&CCMOTpI/IM OTU IHIal'u IJIA I/ICCJIGILyeMOfI AnarpaMMbl 1:
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I. IlepBoe pasneseHne Ha CEKTOPa U COOTBETCTBYIOIINE 3aMEHbI:

[H [ duz] () =

=1

1 1 U
d dusdugd i d duydusd ;

/01 ul/ uadugdug f ({u })+/ UQ/ updugdug f ({u;}) +
d duydusd ; d duydusd ;

/0 u3/ urdusduy f({u;}) / U4/ urdusdug f({w;}) =

|
~ 3 ~ ~ ~
duy H duguy f (uy, Uguq, uguy, uguy) +
i=2.3.4

_|_

I
>

1
. o
dup || duuy f (uyug, ug, Ugtg, Usts) +
i—1.3.4

+
S—

1 s

r ~ 3 ~ —~ —~
dug || du; usf(uius, upus, ug, ugus) +
i=12,4

_|_
>

1

T o~ s~
duy du; wy f (g, Ugty, Usty, Uy) =
=123

— L+ T+ T3 +1. (29)

_|_

U S—

I1. Bropoe paszzienenne Ha ceKTOpa 1 COOTBETCTBYIOIINE 3aMEHbI:

/ dU1/ du?/ du3/ dU4f Ul,UQ,U3,U4)

—112+I13+121+I23 +IQ4 +I31+132 +I34 +Z42 +I43 (30)

Hannas auarpamma nmeer cummerpuio: 1 < 4 and 2 < 3. DT1oT daxT BejeT K

Cﬂe,ZLYIOH_H/IM COOTHOIIECHUAM.
Doz =132,

f1,2 = f1,3 = f4,2 = f4,3 ,
Io1 =131 =Ty =134. (31)
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Taxkum 00paszoM, MbI MOXKEM 3allNCaTh Pe3yabTaT S TOJBKO [Jist 3TUX 4 CeKTOPOB:

—&
Ti5 = / / dusduzduy - 7 (L + uz + ugus + ugu) (32)
7+ u3 + u2u3 + u2ud + u2udud)?E/2
1 €
Ty = / / dugdusduy T (1 + wius + us + ugtiz)” (33)
! (1 + ul +ulu3d + ud + udud)?~ e/2’
1 €
L1 = / / duzdusdus WP ALt o + gt + wat) (34)
721+ u3 4 ulud + ud + uludud)?—</2

B coornomennsix (32)—(34) mosoca rernepb 00yCIOBJICHBI 0COOEHHOCTBIO 110 OJIHOI
113 [IepeMeHHbIX. B obIeM cjrydae BO3MOKHBI 2 CUTYAIHN.

14+ne

1. CUHI'YJISIPHOCTD UMeeT BUJL U~ , TOTJIa, BbIYMC/IEHE BblUeTa MPU I0JIIoce IIPO-

UCXOJUT CJIEAYIONINM 00Pa30M:

/Olu_H—Enf(u)du = /Olu_Hm(f(u) + £(0))du =

— /01U—1+snf(())du+/01u_1+en(f(u)_f(0)>du:

_ SO /0 w P f () — £(0))du =

EN

_ %+ /O e ( /O 1uf’(au)ola> du. (35)

BBG,ZLGHI/IG WHTErpupoBaHuAd 110 AOIIOJIHUTEJIbHOMY IIapaMETPy a II03BOJIACT IIPON3-
BECTU ABHOE COKpallleHue 0CODEHHOCTU B ImocjieJHeM cjaracMoM, B KOTOPOM IIOCJIE
9TOI'O H€O6XO,[LI/IMOG YMCJIO YJICHOB &-pPal3JIozKCHUHA HaXOAATCA pPa3J/IoZKEeHHUEM B PAl
IIOABIHTEI'PaJIbHOT'O BbIpazKE€HM.

—m—ne

2. CUHIYJIIDHOCTb UMeeT BUJIL U , Tie m > 1. Torga coepiaiorcs creyronie

peodpa3oBaHns WHTErpaJia;

/Ou_m+5”f(u)du: (36)
[ e G g ) 4 O L BIO) L TO

(m—1)! ¢ ne ne—1 ne—m-+1

B pesyabrare, ¢ moMoribio MeToja SD, Mbl pazjeauan 06/1acTb HHTerpanu Ha 6
ceKTOpoB. Ho m3-3a cuMMeTpun KOJIMIECTBO CEKTOPOB OBLIO COKpAIIEHO JI0 TpeX. B

KazKI0M M3 CEKTOPOB ObLIIN cJcJ/IaHbl 3aMEHbI IIEPEMEHHDBIX. Pazsoxxenne 1mo3soJmiio
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BbIJICJINTD 0COOCHHOCTH B NCXOAHBIX MHTETrpaJlaxX WU BbIPA3UTh UX 9E€PE3 MHTEI'PaAJIbI,

y,Z[O6HbI€ JJIgl 9UCJICHHBIX PaCcdETOB.

OcHOBHBIM HeJIOCTATKOM MeTojia SD sBjseTcs O0JIbINoe KOJUYECTBO CEKTOPOB B
MHOT'OITET/IEBBIX JInarpaMmax. be3 ydera cuMMeTpuil Jiisi n—TIeTJIeBOH irnarpamMMbl
510 IN - n! cekTopos, rie N — 4uc/Io cjlaraeMbiX B JeTepMUHaHTe, O0e3 ydeTa 3alpe-
ToB N = C}. Y4er 3al1peToB HECKOJILKO yMEHbIIAeT 9TO YUCJI0, HO, TeM He MeHee,
YUCJI0 CEKTOPOB OBICTPO pacTeT ¢ POCTOM YHUC/Ia IIeTesIb M. Y YUThIBasg CUMMETPUIO
JitarpaMMbl, Cpejil CEKTOPOB MOYKHO BbIJIEJINTH S9KBUBAJIEHTHbIE, B KOTOPBIX OJ/IbIH-
TerpaJibHble BbIPayKeHIs COBIAJAIOT ¢ TOYHOCTHIO JO 3aMEHbI IePeMEeHHBIX . DTO

II0JIE3HO C TOYKM 3pEHUs yMeHbIIeHUsT 3 PEKTUBHOIO YNCJIa CEKTOPOB.
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I'maBa 2: Craruka

Jlanuas Ty1aBa HOCBAIEHA PACCMOTPEHIIO MOJEIN ¢F ¢ KyOMUeCKOi CHMMETPHEI.

2.1 Ommcanue mojenn ¢* ¢ Kybmueckoii cummMmerpueii

IIpu paccMoTpennn peasbHBIX MaTEPHUAJIOB ¢ DOJIee NI MeHee CJIOXKHON CTPYKTYPOii
HEOOXO/IMMO YUINTBIBATH HEKOTOPYIO aHU30TPONUIO TapaMeTpa nopsaka. lIpocreii-
UM TIPUMEPOM TaKOI'o MaTepuaJjia sABJsieTcs (peppoMarHeTuk ¢ KyOMdecKoi CUM-
Metrpueil. Ha g3bike raMuibTonnana HaJIMIne aHN30TPOITIH B 9TOM CJIydae COOTBET-
CTBYET BKJIIOUEHUIO B HErO JONOJHUTEJBHOIO YJIeHa, NTHBAPUAHTHOTO OTHOCUTEIHHO
KyOU4eCKOil IPYIIIBL IPeoOpa30BAHUIL, B BUJE gy Y v, @} TIe o, — N-KOMIIOHEHTHOE

1oJie rnapaMeTpa Mopsjaka, a go — KOHCTAHTa aHU30TPOIHOI CBS3MN.

PaccmarpuBaemast MojiesTb ABJIsIeTCS ABYX3apsaanHoil. s mapsl 3apsaoB g1 n go Cy-
mecTByeT 4 BapuaHTa 3HaYeHUIl B HENOJBUKHOI TOUKE PEHOPMIPYIIIbI, KOTOPbIM
COOTBETCTBYIOT CJiejiytoiue (pukcupoBatubie Touku: rayccoba (0,0), u3MHroBCKast
(0, g7), raitzenbeprosckas (gj,0) n kyouueckas (g7, g3). Takum obpasom, ryiaBHblil
BOIIPOC 3aKJII0YACTCS B TOM, KAKOW KPUTUUCCKUN PEKUM NMEET MECTO B peasbHbIX
deppomarnernkax. [Ipenbiayime paboThl TOKA3LIBAIOT, UTO 3HAYEHIE YNCIa KOMIIO-
HEHT [0JIsl 1 CYILIECTBEHHO BJINAET Ha YCTONYMBOCTL HEIOABUKHDLIX TOYEK U IIPUBO-
JINT K KOHKYPEHIINHN MKy Taii3eHOeproBCKOil HETOIBIKHOM TOUKON 1 KyOMIEeCcKOii.
[ToaToMy oT/Ie/IbHBIN BOITPOC B 3TON MOJIEIN COCTOUT B OIPeeIeHNN KPUTUIECKOTO

3HAYEHUA N = N, IPU KOTOPOM ITPOUCXOJUT CMEHA PEeKNMa.

2.2 PenopMupoBKa Moaen

Kpurnaeckoe mosejenne Mojen ¢! ¢ Kyoudeckoil cuMMeTpueil ommuchiBaeTCs CJIe-

JAYIOIINM ,[LGﬁCTBHGM C ABYMs KOHCTaHTaMM CBASU:

1 1 1 2
S = /de 5 [(8900a)2 + mggoga} + ] [ngo(éﬁ)w + gozTo(éﬁ)wg P0aPosP0yPs (5
(37)

I (Pgo — M-KOMIIOHEHTHOE HEPEHOPMUPOBAHHOE T0JIE, g1 U (o2 — HEPEHOPMUPO-

BaHHble KOHCTAHTE! ¢Bs3n. TemsopubiM daxropam TW 1 T3 coorsercrsyior O(n)-
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NHBapUAHTHBIA 1 KyOm4yecKuil BKIa bl B JeiicTue. OHM UMEIOT BHJ

1
To%)w = §(5a5575 + 6ay055 + 6as0+8), (38)
1, aj=a=...=q,
Tci?vcs = 5046757 5a1...ozn = ' ’ (39)

0, otherwise

U yAOBJIETBOPAIOT COOTHOIICHMAM:

W) 1 _ n(n+2) 1) 2 @ 2
Taﬂ’yéTaﬁvd - T’ TaﬁvdTaﬁfy(S =n, TaﬁwéTaﬁfyé =n.

eiicTre (37) MOJIOKUTETHHO OMPEIEIEHO TIPH YCIOBUSIX: 1. goo > —go1 Auist g1 > 0;

I1. go2 > —ngor ans go1 < 0.

Mogens (37) MyJIBTHILIHKATUBHO PeHOPMUpyeMa. PeHOPMUPOBKa MapaMeTpoB U To-

JIeil onpeiesigeTcsd COOTHOIIEHUAMM:

mg =m*Zye,  gn = g1l Zg,  Go2 = Golt Ly, 0o =, . (40)

B urore PEHOPMUPOBaAHHOE rHGIQ/JICTBI/IG nMeeT BUIL

1
SR = /dDI' {5 [Zl(&pa)2 + Z2m290(21] + (41)
1[29 TV 47 T”] (42)
4, 39117 afs 192h° aprys | PaPBPyPs ¢
Zy =72, Zy = ZypZ2, Zy = Zy 7, Zy=Zg, 2, (43)

rJie [/—PEHOPMUPOBOYHAST Macca, §; M go — Oe3pasMepHble KOHCTAHTHI CBA3W. KoH-
CTAHTBI PEHOPMUPOBKU ONPeeAI0OTCcd n3 yeaoBus Y P-KoHeTHOCTH cyeayionux 1-

HEIIPUBOJUMBIX JIBYXBOCTOK N YE€TBIPEXXBOCTOK!

2 4 4
N /; T, rt gw _ 1 )Ti/s)ya 4 >T£ﬂ>w (44)
(1) 2) (2) (1)
) _ 3agys ~ Tsns) L @y _ (042D om0 — 3Topmsr
1 n(n—1) aBy 2 n(n —1) fyd

JLtst mceietoBaHmsT MOJIETH Mbl HCIIOJIB3YEM CXeMY MUHUMAJIbHBIX BhranTaruii (MS),
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B KOTOPOil KOHCTAHTHI PEHOPMUPOBKU MMEIOT B
o0
k _
Zi(g1,92,€) = 1 + ZZi( (g1, 90) 7. (45)
k=1

OHIM 13 CIIOCOOOB BBIYUCICHUST KOHCTAHT PEHOPMUPOBKI SIBJISIETCS UCIIOJIB30BAHIE
R'-oneparyu. C ee noMoInbio KOHCTAHTBI PEHOPMUPOBKU BLIPAXKAIOTCSI COOTHOIICH -

AMN

Z;=1- KRT,, (46)

B KOTOPBIX HOpMupoBaHHble byHkiun ['puna I'; onpejiensiioTcs BhIpasKeHUsIMU:

9 _ 1/0\°
I = —QF(Q) =0, I ( ) IR Y

om 2 op

r L @ T I @

I's = r o, I'y= r 0 - 47
P [» P [y (47)

OCHOBHBIM TIPENMYTIECTBOM HCIOJIb30BaHUsT COOTHOIIEHUsT (46) siBjsieTcst TO, 9TO
KOHTPUJIEHBI JuarpaMu, Bbrancienubie s O(1) cUMMETpUYHON MOJENH, MOTYT
OBITE JIErKO 000OIIEHDI J1JIsl JII000f TeOpUN ¢ HETPUBUAJILHOI cMMeTpueil 6y1aroapst
(bakTOpU3aAINN TEH30PHBLIX CTPYKTYD KaK, HAIIPUMED, 9TO OBLIO CIEIaH0 B paboTax
[30, 31, 32]. Takum 0OpaszoM, HCCIIeIOBAHIE STOH MOJEJN PA3JIEIIETCs Ha JIBE OT-
nenbhble dacTi: 1. HemocpencrBeHno Berdaucienns guarpaMm (MOKHO HCIOJIb30BATh
HeJIaBHO HOJIydeHHbI B pabore 6] mectuneriesoit pesyabrar mis mogenn ¢ ) 2.
Yuer TeH30pHON CTPYKTYPBI JHarpaMM (Takyro Oleparuio MOKHO aBTOMATH3UPO-

BaTh ¢ nomorbio mporpamM FORM [33] u GraphState [34]).

2.3 PeHopMrpymnmnoBoii aHaJan3 B IIECTUIIETIEBOM NPpudJInKe-

Humn

Pacemorpum PI dbynkimu 7y, 7,2 (aHOMasbHbIe pasmepHocTH) n GyHKIMIO 3, orpe-

neJiseMble KaK:

dg; oz oazM
i(91592,€) = B lgog= —0i |€ — £ |, i=1,2, (48
5 (gl g2 5) M@/J |go ,902 gi | € g1 891 g2 892 v ( )
(1.2 dlog Z; | oz oz ) 49)
. —= _— = — — — m
7i\91, 92 H alu go1,902 g1 891 g2 892 ) ¥, )
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(1)

rie ZZ.1 — K03 UIIEHTBI TIPH [IEPBOM TOJTIOCE T10 € u3 (45).

Beraucsisiem PT-dyukimm (49 - 48), Kak psbl 10 pEHOPMUPOBAHHBIM KOHCTAHTAM

CBA3M1 BIIOTbL JO HIECTOI'O IIOPAAKa:

l
k(=) k- .
Bi = g —€+ZZC@,( Jghgb k. i=1,2, (50)
I=1 k=0
z
yp=2 Y CEIRggTE = o, m?. (51)
I=1 k=0

HaiiieHHble HAMU aHATTUTHYECKIE Pa3/IOzKeHUst peicTaBiensl B [25]. O ot u3 oc-
HOBHBIX 3aJ1a1 SIBJISIETCST HAXOXKJIEHNe KPUTHIECKIX HHJIEKCOB, TaKuX Kak «, (3, 7,
1, v 1 §. Onu MOryT ObITh BbIDazKeHbl UepPe3 Yro = Vm2(97,93) U V5 = V,(91, 95)

CJICJIYIOIUM 00pa30M:

o D :D/2—1+7;; 5:D+2—27;';
2""}/;127 2+'Y:n2 ’ D_2+2”}/:;’
1 2 — 2
n=2y,, v ERIe ol e (52)

Kak moxxio BUOETH, KPUTHUYICCKHUEC NHICKCBI CBA3aHbl APYI' C APYI'OM M TOJIbBKO IBa

13 HUX SIBJIAIOTCS He3aBUCUMbIMU. B 3T0it pa60Te HaC MHTEPECYIOT NHIAEKCHI 7] U V_l.

Bepuewmcs k nzydennto PI' - dyuknnit. Hynn 5 dyrkimit

Pi(gr.95.€) =0, Balgi, 93.€) =0 (53)

OTIPEJIE/ISIOT HEIO/BIYKHBIE TOUKN (g7, g3 ), KOTOPBIE YIIPABJISIIOT KPUTHICCKUME Pe-
JKUMaMU CHCTeMbl. AHaqn3 ypaBHeHuil (53) MOKa3bIBaeT, UTO CYIIECTBYET YeThi-
pe dukcnposanibe Toukn: rayccosa (0,0), msunrosckas (0, ¢} ), rafizeHOeproBeKast
(g37,0) n xybmueckas (g7, ¢g5). Omanm n3 Hanbosiee BazKHBIX BOIPOCOB SIBIISICTCS

olpeaeJsicHue YCTOﬁQHBOCTH 9TUX HEIIOABU>KHDBIX TOYCK. Z[.HH 9TOT'O HGO6XO,HI/IMO 1Ipo-
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aHaJIM3UPOBATH COOCTBEHHBIE 3HAUECHUS W1, Wo CJIEJIYIONIEH MaTPHIIhL:

B1(91,92) 9B1(g1,92)

0 0
O g1 g2 . (54)
052(g1,92) 0B2(91,92)
dg1 g2

CobcTBennble 3HaueHns OepyTcsd B TOYKaX ¢; = gi, g2 = ¢5. Ciydaii, Korja oHU
06a TOJIOKUTETHHBI ((DUKCHPOBaHHAST TOUKA CTAOMJIbHA), OMMUCHIBAET KPUTHIECKIUH

PEeXKUM, KOTOPBIil IMEeT MeCTO B peasibHbIX (peppoMarHeTnkax.

[lepBbie jBe TOUYKM Bcerjia HECTAOUJIBHBI TPU MTPOU3BOJILHBIX 3HAYEHUSAX pa3Mep-
HOCTU TapamMeTpa nopsika n. OJHAKO IOc/eHue JIBe TOYKHU, COOTBETCTBYIONIUE
raii3eHOeproBCKOMY M KyOMYeCKOMY perkKHMaM, KOHKYPHUPYIOT MexKIy coboil u pe-
3yJbTaT 3aBUCUT OT M. g n < n., 17e N, — HEKOTOpOoe KPUTUIECKOe 3HAYeHNe
qUCIa KOMIOHEHT T0JIs, YCTONYINB KPUTUIECKIT Tail3eHOeproBCKNil pesKuM , a JjIsd

n > n. — Kyomdeckuit pexkuM. PUCYHOK 2 MJLIIOCTPUPYET CUTYAITHIO:

7B ///
~ =

N

92

il

S R

0.0 0.0
g1 01

Puc. 2: PT" noroku penopMupoBaHHBEIX KOHCTAHT CBA3MU. JleBasd KapTHHKA COOTBCTCTBY-
er n < N, upaBagd — n > n.. CUMBOJBI B NPSIMOYTOJbHUKAX ODO3HAYAIOT TI'ayCCOBY,

MU3UHTOBCKYIO, Taifi3eHOEProBCKYIO U KyOMYeCKYIO HEMOIBUKHBIE TOYKH.

VTak, UCTUHHBIN PEXKUM KPUTHUECKOI'O ITOBEJIEHNS B PeaibHbIX KyOmdueckux dep-

poOMaroeTuKax OIIpeae/IdeTCed BEJINYUHOMN Ne.

[Ipexkie Bcero, HeOOXOAMMO HAWTU HEIOJBUYKHbIE TOUKU B BHUJIE E—Pa3JIOXKEHUs B

HIeCTUuIIeTJIeBOM HpI/I6JII/I}K€HI/II/I. Hac WHTEPpECYyET HETPUBUAJIbHaA Ky6I/I‘{€CKaH TOYKa.
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Permmast ypaBuenust (53) ¢ MOMOIIBIO UTEPAIHii 110 €, Oy IUM:

6
., e of 106 125 19 .y :
gi=_—+¢ (—27n3 o )t ) CMer + 0T, (55)

6
e(n —4) o 424 178 31 17 Bk .
y=——""+¢ — + +— |+ CRek 1L O, (56
& (81n3 372 T o Tw1) T 22O (£7)(56)
rje KO3 OUINEHTHI BBICIIErO HOPSIIKA Cg(f), C}gf ) npencrasiensl B [25]. Hac unre-
pecyer pu3nmIecK pean3yeMblii ciaydaii, Korga n = 3. Huke npusejieHbl aHAJIATH-
YecKoe M INCJICHHOe 3HAYCHUST KOOPJAUHAT HEMO/BUKHON TOUKN JI/IsT 9TOTO CJIydasd,

[peJicTaB/JICHbIe B BUJE PAJA 110 E:

., 1 98 28¢(3) 61975
R TR 72(9 - 708588] (57)
L1 [30308¢(3) | 2¢(4) | 200¢(5) 48973747]
177147 729 2187 344373768
L5 [ 5A608659¢(3) | 101851¢(4) 325((6) 1519¢(T)
| 114791256 708588 39366 6561
5375¢(3) 230560093043
59049 1338925209984]
 [24368284757((3) | 59T6666ILC(4)  20057900878765
27894275208 1721868840  108452942008704
1112573461 ((5) 7725253 ((6) | 16586384 ((7) 176698 (8)
645700815 9565938 7971615 13286025
2011136 ¢(9) 101024906 {(3)* . 14080 ¢(3)>  28412¢(4) ¢(3)
11?232%(95 o 29105529323%5 ; 531441 177147
C ) 7
riar T aazsers | O

— 0.33333¢ + 0.134432% — 0.13363< + 0.16124e* — 0.43104£° + 1.3278¢8
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. 1118 435439 260((3
%= 5" o TF |2mmrer 218(7 q * (58)
Lo [ 23L04C(3)  226((4) | 920¢(5) 257911843]
T 531441 2187 2187 ' 1033121304
L5 [ 201502330C(3) | 692465((4) | T60450((5) | 22925((6)
| 344373768 2125764 531441 39366
_BU115((7) | 52853((3)° 1077861709331]
19683 177147 4016775629952
L0 [ 54T951382833((3) _ 631200310¢(4) 1732037966 ¢(5)
418414128120 1033121304 645700815
17543357 C(6)  120541604C(7)  209656711C(8) 86923264 ((9)
0565038 23914845 39858075 14348007
880268036 ((8)*  436673550255737 _ T08704¢(5)¢(3)
645700815 ' 1626794130130560 1504323
12497456 ¢(3,5) | 190496¢(3)"  11855420(4)CB)] | ry _
13286025 1504323 2657205

= —0.1111e + 0.05396¢% + 0.06193> + 0.05059¢* — 0.1884£° + 0.9522¢9 |

rie

1
((3,5)= ) —— ~ 0.037707672985 (59)

O<n<m

Pacemorpum tereph cobcTBennbie 3HadeHust Marpurbl (54). Hac marepecyer cobd-
CTBEHHOE 3HAYEHNE Wy, OIPeJIesIdioniee 3Hauenne KpUTuIecKoit pa3MepHocTs n.. Ko-
/18 N MEPEXOIUT B N, KyOnUuecKas HeloABUKHasl TOUKa CTPEMUTCS K Taii3eHOepros-
CKOIl, a 9TO O3HA4YaeT, YTO Wy CTpeMUTcd K Hyso. Oo3HaBast Takoe MOBEJIEeHNEe Wo

110 HUBIIEMY TOPsAIKY TEOPUU BO3MYIIEHUIT, ToJIydaeM CJIe/IyIONIee € - Pa3JjioKeHue:

+¢€

2Ty 81n3(n + 2)

4 — 1)(—848 4+ 660n 4+ 72n% — 19n3) <
n o(n —1)( + 660n + 72n n Z ek 4 O(e
k=

(60)

riie KoahUuineHTol Cg;) mpeJicTaB/ieHbl B [25] (Takast ke dopMa MOIXOJANT ¥ JIIst

k
w1, KO3 PUImenTh C’LR cM. B [25]). Kak Mbl y2Ke rOBOpPUJIHM BbIIIE, KPUTHIECKOE
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3HAUEHHE N = N, OUPEJIENISIeTCs] YCIOBHEeM
wa(ne,e) =0. (61)

Pemmas aT0 ypaBHEeHNE UTEPAIIMOHHO II0 £, MOJIyYacM:

ne=4—2 +¢&° [M - 3} +¢e’ [15 (W, XE) %) 1 } + (62

2 12 8 8 3 72
L [93C3) | 15C(4)  3155((5)  125((6) | 11515((T) 229¢(3)* 1 ]
128 32 1728 12 384 144 384
L5 [17090(3)  2657((3,5) | 279¢(4) | 4879¢(5)  21175((6)
6912 160 512 20736 6912
182663((7) N 237079¢(8)  2554607¢(9)  21685((3)*  1793((3)*
2CeE) M) | oT ]
6
9 216 1oses) T9E)=

— 4 — 2¢ + 2.588476c — 5.874312¢% + 16.82704e* — 56.62195¢° .

2.4 Kpuruieckue MHJEKCHI 1) U V

Kax ObL10 yIOMSHYTO BBINIE, HAC WHTEPECYIOT MPEXKJE BCETO IIECTUIIETIEBbIE &
pa3JIOyKeHNsT It KpUTHIECKUX TToKazaresiefi ) i v u3 coorHomenuit (52). Ouu MoryT
ObITh ToJTyUeHbl u3 (51) u e—pasokeHust Jjist KyOnaeckoi (bUKCHPOBAHHON TOUK.
Huke e-paznokenns mjisg KpUTHUECKUX ToKasaTeseil pejicTaBIenbl s (pu3nde-

CKI MHTEPECHOTO cyiydas n = 3 (JI/Isl IPOU3BOJILHOIO 1 cM. [25]):

5 4433 2102395 856
1= 53° Tozereec T | 220582512 590495(3)] * (63)
[ 211933((3)  214C(4)  880((5) 302817233 ]
19131876 10683 | 10683 | 223154201664
o [ 123038827C(3)  211933¢(4)  80933((5) 1100((6)
| 55788550416 25509168 | 3188646 | 19683
2
_80458((7) |, 160100¢(3)? 120071712419 ] 0T —

+e°

+ée

531441 14348907  72301961339136
— 0.020576e2 4 0.018768= — 0.0082681¢* + 0.022634e° — 0.0657819
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-l 9 2o 7 _ oo
v o€ " 2157 T¢ |27 T 2iamrea

£ [52279((3) | 100¢(4) 3760((5) 45792931
531441 729 6561 2066242608

5 [0730303((3) | 52279¢(4)  357650((5) _ 4700¢(6)
| 172186884 708588 1594323 6561

38710C(7)  20032((3)* 18998350495 ]

4 18122
4 383 5 5| 400 8 9] (64)

+€

+€

19683 177147 ' 2008387814976
; __125081160676(3)ﬁ_6730303§(4) 21979362510179
167365651248 220582512  650717652052224
137705935¢(5) 1076375@(6)_+_10154279C(7)_+_94237301§(8)__
1549681956 3188646 19131876 15943230
101478944¢(9)  44681927¢(3)2  560896¢(3)3 10016 (4)¢(3)
14348907 129140163 1594323 59049
~ 1565872¢(5)¢(3)  2714888((3,5) L O(ET) =
1594323 2657205

= 2 —0.4444¢ — 0.17513£2 + 0.13460> — 0.34969¢* + 0.99461&° — 3.48637<5 .

[IpencraBisieT nHTEpEC TaKKe KPUTHICCKUIT UHJIEKC Y, TMTOCKOJIbKY OH MOYKET OBbIThH
n3MepeH B 9KCIIEPUMEHTaX 1 M3BJICUEH M3 PENIeTOIHBIX pacueToB. g n = 3 ero e-

PA3JIOXKEHIE MOYKHO 3aIICATH CJICYIOMIM 00pa30oM (J1J1st IIPOU3BOJILHOTO 7 M. [25]):
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2 277 200 (3 85931
Vo= eyt gt |- 218(7) i 1062882} (65)
o [ 87775¢(3)  50¢(4) N 1880¢(5) N 23261567]
| 1062882 729 6561 516560652
e [ 10826597¢(3)  87775¢(4) N 346225 (5) N 2350¢(6)
| 172186884 1417176 1594323 6561
~ 19355¢(7) N 10016¢(3)? N 2452679419 ]
19683 177147 125524238436
o [ 384088139¢(3)  10826597¢(4) N 782936¢(3)¢(5)  94237301¢(8)
83682825624 229582512 1594323 31886460
240030707¢(5) N 1913375¢(6)  23980511¢(7) N 280448((3)3
3099363912 6377292 38263752 1594323
50739472¢(9)  51810395¢(3)? N 5008¢(3)¢(4)
14348907 258280326 59049
1357444¢(3,5) 323266891181 L O(ET) =
2657205 81339706506528

= 14 0.2222¢ + 0.126665> — 0.029080> + 0.16865c* — 0.44336° + 1.6059<° .

st JaHHOi MOJIe/In CYIIECTBYET Psijl ITPOBEPOK (PUHAJBLHOTO PA3J/IOXKEHU 110 €:
e CpaBHEHIE ¢ W3BECTHBIM IISITUIIETIEBBIM MPUOJIMKEHnEM |35

o Jlia cyvas usunrosckoii (g1 — 0) u raitzen6eprosekoii (go — 0) HEIOBIKHOI
TOYEK IOJTyIE€HHBIEe £—-DA3JIOKEHHsT MOXKHO COIMOCTABUTH C MX AHAJOTAME JIJIst

O(n)-cuvmmerputnoit Mojesm [6] ¢ m = 1 1 TPOU3BOJIBLHBIM 12 COOTBETCTBEHHO.

e Mogens ¢* ¢ KyGuueckoil cuMMeTpreit nMeeT Ipu 1 = 2 HeTPHBHATBLHYIO CHM-

METPHUIO, KOTOPYIO B T€pMHUHaX II0JId M 3apdlda MOXKHO 3alliCaTb CJIEJYIOIIUM

obpa3zoMm:
P11+ 2 PY1 — P2
— , — , 66
P1 \/5 P2 \/5 ( )
3
g1 — g1+ 592 y g2 — —Gg2. (67)

[Ipu rakoii 3amene cTpyKrypa JeiicrBus e usmenurcs [36]. Pasoxkenust (50)
1 (51) yIOBIETBOPSIIOT STUM TpeOOBAHUEM CHMMETPUH, a KyOmaeckas (pUKCUPO-

BaHHas TOYKa M M3MHIOBCKas 11Peodpas3yroTcs JAPYT B JAPYTa.
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B pesyibrare ObLIN TOJTYYeHBI KPUTHIECKIE WHJIEKCH 1), 7Y, V, & TaKyKe KPUTHICCKOE
3HaUYeHNe Yncjia KOMIIOHEHT 110JIs M. B BUJIE PA3JI0KEHUs 110 € BILIOAbL 10 6 1opsii-
Ka. Takue acUMITOTHYECKUE PsIJIbl JIOJYKHBI ObITH IIEPEeCyMMUPOBAHbBI, 4TO OyjeT

o0cyzK1aThcs B riiase 4.
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I'maBa 3: /lunamuka

Jlannasi riaBa MOCBSIIEHA PACCMOTPEHNIO Mojieseil A u E KpuTundeckoil JuHaMIKI.

3.1 mnammdieckasg A Mozaesb

Hannas rnaBa HaunHaeTcs ¢ ucciaejoBanus mojgean A. Ona onuckiBaer 3PpdeKT
KPUTUYIECKOIO 3aMe/IJIEHUsT JI/Isi CUCTEM C HEKOHCEPBATUBHBIM ITApAMETPOM IOPS/I-
ka. Mojiestb A sBJIsIeTCsT IPOCTERIINM HpeJICTaBUTeIeM JHHAMIIeCKuxX Mojeseit. [1o-
TOMY JIAIITAIIIIO TEXHIIECKIX METO/I0B CTATHKN Ha JUHAMUKY yI00Heil Bcero pac-

CMATPUBATh Ha ee IpUMepe.

HecMmoTpst HA OTHOCHTEIBHYIO TIPOCTOTY 9TOf MOJIENH, B €6 PEHOPMIPYIIIIOBOM aHa-
JIM3e JI0Jroe BpeMs He y/aBaJach MPOJBUHYTHCS JIAJIbINE BTOPOTO MOPSIKA TCOPHUH
posmytenuit [19]. Sarem B pabore [18] ObuT HpeCTaBIEH PE3YIBTAT TPETHETO 10
PSIJIKA 10 €, HO OH OKA3aJICsT ONMMOOTHBIM M3-3a TEXHUUECKOI morpentaocTn. Takxke
TPEXIIETJICBOI, HO y2Ke BEPHBIN pacterT, Obl1 mpojeMoHcTpupoBan B pabore [3]. [a-
Jiee JI0JITOe BPeMsl MMEIOIINIiCs TEXHIIECKUH alapar He O3BOJISLI TTPOJIBIHY ThCsT
B CJIEJIYIONIN{T — 9eTBePTHIil — MOPsiIoK. JIUMIIb CIlyCTs HOYTH YeTBepTDh BeKa B Pabo-
Te [20] OBLT TpeCTABICH YETHIPEXIIETIICBON THCICHHbBI PE3YILTAT JUHAMIIECKOTO

KPUTUYIECKOI'O NHICKCa 2.

B nacrosiiee BpeMst OSIBUIACH HOBash MOTHUBAIUS B M3YUE€HUN ITON JUHAMITIECKO
Mojtesn. Kak BBISICHIIOCH, OHA OMUCKHIBAET He TOJHBKO KPUTHUECKOe MoBejieHre (ep-
POMAarHeTuKOB, JJid KOTOPBIX OHa TPAIUIMOHHO HCIO/IH30BaIaCh, HO U (ha30BbIil
nepexosi B MysbTudepponkax. B crarbe [4] msyuasnack gunamuka B MysbTHbED-
poudeckoM xupajibHom antudeppomarseruke MnWOy. Takxke B pabore [37] 6bL1
nU3ydeH Iepexo], COOTBETCTBYIINN U3MEHEHUIO COCTOsIHUE YIOPsIOUEHUsT B 110JIpe-
merke Au—Ag B AuAgZns. IlockonbKy 7151 pa3BUTHUSI YIIOPSIOUEHUST He TpedyeT-
cd MEepeHoC aTOMOB Ha, OOJIBINNE PACCTOSIHUS, STOT CILJIAB MOYKHO PaCCMATPUBATDH
KaK MOJIeJIb Tepexo/ia ¢ “HeM3MEeHHBIM TTapaMeTpOM MOpsA/iKa’, T.e. KaK JuHaMuve-
ckyio Moziesib A. B pabote [38] 6bu1 mostydeH KpUTHUECKHH JIMHAMIYECKHUH UHJIEKC
z = 2.17 ckayggapHoil OJHOKOMIIOHEHTHON JIByMEpPHON MOJeIN ¢4 C IIOMOIIIbIO KOM-
MBIOTEPHOTO MOJIETNPOBaHus. TakuM 0Opa30M, BLIUUCICHIE KPUTHIECKOTO NHIEKCa,

Z C BBICOKOIl TOYHOCTBIO ABJISICTCA Ha CErOAHAIIHAN JICHb aKTyaJIbHON 3a1a4eil.
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3.1.1 PenopmupoBka Moaean

HepenopyupoBantuoe nefictBue A Momenn KPUTHUIECKON JTUHAMIKHI OIIPEIEISIeTCS
HaOOPOM () JIBYX HEPEHOPMUPOBAHHBIX (O (1)—CUMMETPUIHBIX 1-KOMIIOHEHTHBIX T10-

neit ¢g = {1, Y} u Moxer 6bITH 3ammcano B gopme [39)]:

So(do) = AMovgwy + Pol—0ibo + XSG /dth] =
= XoWhth + ol—0bo + Ao(8*bo — Tt — gowo)] (68)

rje
51 (60) = ~(000)*/2 — T /2~ panbi. (69)

Mogens A MyIBTUILINKATHBHO PEHOPMUPYEMa, II09TOMY IIOC/Ie TEPEHOPMIPOBKI ITa-
paMeTpoB U I0JIeil peHOPMUPOBaHHOE JieiicTBIe Sp MOXKHO IIPEJICTaBUTb B BUJIE CyM-

mbl S = Sp + AS 6azosoro jeiicrBust Sp u kourpuaienos AS [39):

Sty = MY+ [0 + MO — ) — rgu)], (70)

S = L + /[~ 2o + N0 — Zarts = s Zgigd)], (T1)
rie

MN=N\, T0=T2Z;, G=guZy, o=v0Zy, Yy=1Zy, (72)

Iy =2\Zy, Zo=Zyly, Zs=ZLyZrzZy, (73)
Zy = ZyZnZoZy, Zs= ZyZnZyZy.

3 My bTHILTHKATHBHON peHopMupyemMocTn Mozeseit (68), (69) ciemyer, 9T0 KOH-
CTAHTBI DEHOPMUDPOBKU Ly, Z, Zy B MOJIeJI A COBIIAJIAIOT CO CTATHYECKUMHU (T.e. B
mojerm (69))

Zy=(Zy)st, Zr=(Zr)st, Zg=(Zg)st, (74)

a TaKyKe UMEET MECTO PABEHCTBO Ly Zy = Zy |39]. DT0 03HAUAET, 4TO KOHCTAHTHI
PEHOPMUPOBKN /3, Z4, /5 SKBUBAJIEHTHBI YUCTO CTATHICCKAM W CIIPABEIINBO COOT-

HOoIIeHue

Zi = Zs. (75)
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Taxmm 0Opa3oM, e IMHCTBEHHO HOBOI KOHCTAHTOI PEHOPMUPOBKHU ABJISIETCS £ ), KO-

TOpad MOXKeT OBITH I[IpeacraBJICHa B BUJEC:
Zy=2,'7, =27} . (76)

Kaxk Bujro 3 coorromnienust (76), MbI MOYKEM BBITHCIATH KOHCTAHTY PEHOPMUPOBKH
/) KaK U3 /1, TaK U U3 Zs. MbI IpoBesin pacieT KOHCTAHTHI 41, KOTOPas OIpeIes-
ercst parpaMMamn ojH-HenpusoumMoiit Gyuxnnn puna Uy = (091 /(2X),

BBIYMCJICHHON Ha HYJICBOII BHEIIHEN YacToTe W U UMILYJIbCE P.

[Ipu nocTpoeHun Teopun BO3MYIEHUIT Oy/1eM HCIIOJIb30BaTh KOHCTAHTY CBA3U

Sy /2

g, Sdzma (77)

rie Sy — IIoma b d-MepHoil cdepbl eMHUIHOIO pajnyca. Pasjiokenne peHOpMU-

poBaHHOIT 1-HenpuBoaMMOil PyHKIUN ['pruHA UMeeT BU/I:
Plomopo = 201+ Z2 (1 1) 2 F AP 3 Z3 (12 )P 25 A 1 L) | (78)
IJie BJIMYNHDI Al OIIPEJIEJISIOTCS CYMMOIT COOTBETCTBYIONIUX 2-TI€TJIEBBIX JIMAIDAMM.

Kak n B ciryqae mojgenn ¢4 ¢ KyOnmJeckoii cuMMeTpueil n JuHaMu4deckoit Mojenn E,
JIJIsT PEHOPMHIPOBKH MOJIETTH MbI OY/IeM UCIIOJIb30BATH CXeMY MUHUMAJILHBIX BBITHTA~
rnit (MS) (71), B KOTOPOIt KOHTPUIEHBI COJEPYKAT TOJIBKO TIOJTI0Ca 10 €. B 1acTHOCTH

JLJIA MCKOMOI KOHCTaHTbI PEHOPMHUPOBKHA Zl nMeeM

Zi=1+> 2" (u)e™, (79)

n>1

riae Ko OUIMeHT Z{n)(u) OyJlyT HailJIeHbI B BUJIE PSIJIOB 110 3apsily U U3 YCJIOBHSI

OTCyTCTBUs TOJIOCOB 110 € B dyuknun (78). Creyer OTMETUTH, 9TO KOHCTAHTHI

IePEHOPMUDPOBKU Z,; n Z; B (78) MOKHO B36Th U3 CTATHKIL.

3.1.2 ImarpamMMHas TEeXHUKA W BPpeMEeHHbIE BepPCUU

ﬂI/IHaMI/IquKaH MOZEJIb A CONEPZKUT ABa THUIIa IIPOIIaraTOpOB W OJWH THUII BEPIINH,

KOTOpPbIE B Jal'PaMMHBIX 0003HAYCHUISIX NMEIOT BN
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(py) =@ ®  (yy)=1 | ® Yy =

[IponaraTopsbl B 9aCTOTHO-MMITYTHCHOM TPEJICTABIEHUN OMPEETIIOTCH BhIpayKeHN-

Ll g +_A?/?2 TR (80)
W) = =7 >\1(l<:2 7)) (81)
A B mmyTsCHo-Bpenenon (K, t) MpeCTARTERI Mo B
(W)Y (t2)) = (K + ) Teap[-A(k* + 1)t — ta]] (82)
(W(t)¥'(t2)) = Ot — ta)exp[=A(k* + 7)(t — t2)], (83)

nportaratop (1’ (t1)Y'(t2)) pasen nymo. Kaxiast BepIinHa COIMPOBOKIACTCS MHOZKI-

TeJIeM ¢.

Vcnosb3ys paccMOTpEeHHbIE TIPOIaraTropbl, Mbl MOXKEM 110 CTAHJIAPTHBIM IIPaBUIaM
IIOCTPOUTDL BCE HEOOXOIMMbIE JuarpaMMbl JIisd pacdeTa Beandnibl I'1. OcHoBHOE OT-
JINYKE OT CTATUYECKOrO CJydasl COCTOUT B JIONOJHUTEIbHBIX UHTEIPUPOBAHUSIX T10
BpeMeHn (uau dacTore). Ec/m Mbl XOTHM HCIOJB30BATH Ty K€ METOJMKY pacue-
Ta, 9TO U B CTATHIECKHX MOjesistx (B dacTHOCTH, Meroj Sector Decomposition),
HEOOXO/IMMO BBIIOJIHATL B JuarpaMMax HHTeIPUPOBAHIE 110 BPEMEHH. DTO YIaeTCst
cienaTh OJiarogapsi IPOCTO SKCIIOHEHIINAIbHOI 3aBUCUMOCTI OT BPEMEHHU IIpolia-
raropoB (82). Pesysbprar mHTErpHpOBaHUST MOXKHO MPEJCTABUTH I'PAPUIECKH, UTO
IIO3BOJIIET MAKCUMAJIbHO aBTOMATU3MPOBATL IpoTece BhluncaeHnii. [Iponmmoctpu-

pyeM 3TO Ha IPUMEpe TPEXIETJIEBOI JrnarpaMMbl

to {1 12

KOTOpyIO paccmorpuM B (k, t) mpeicraBieHnn Ha HyJeBoil BHemHeil dactore. u-
TerpupoBatne yJ00HO BBITIOJHATEH C TOMOIIBIO BBEIEHUS MTOHATHA “BPEMEHHBIX Bep-
cuit”. B cmy TpaHC/ISIIMOHHON MHBAPUAHTHOCTH MPONAraTopoB (82) MO BpeMeHH,

BpEMsI y OJIHOI W3 BepIuH (Hampumep, tg) MOXKHO cantaTh GpukcupoBaHabiM. O0-
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JIACTH MHTEIPUPOBAHMUST 110 OCTABIIIMCST BpeMeHaM t1 U ty TUMHUTHPYETCS HAJIMIHEM
dbyuknnn O(ty — t1) B mponararope (1 (ty)y'(t1)). D1y 0bIacTb MOXKHO pa3dUThH Ha

CJIeJTIYIOIIIIe HHTEPBAJIbl (BpEMEHHbBIE BEPCUH )
(to >t > tg) + (to > 1y > tl) + (tg >ty > tl) .

Dukcupyst B COOTBETCTBUAU C STUMU HEPABEHCTBAMEU OTHOCUTEILHOE MOJI0ZKEHNE Bep-
muH B gquarpamme (84) (B mopsijike yObIBaHHsI CJIeBa HAIIPABO), MPEJCTABISIEM 3TY

JIMarpaMMy B BHUJI€ CYMMBbI TPeX BKJIQJIOB:

{2 {2
+ + .
to i1 12
to ti to ts

MHTerI/IpOBaHI/Ie II0 OTHOCUTEJIbHOMY BpeMEHHU B Ka2K/IOM 13 BPEMECHHLIX MHTEpPBa-
JIOB JIETKO BBIIIOJIHAETCA, PE3YJIbTAaT MO>KHO IIPEACTaBUTL B BUJAEC JUal'PaMM, COLEP-

ZKalllX TOJIbBKO MHTETpUpOBaHUE 110 NUMITYJIbCaM:

3J1ech tuHUN 6€3 1lepeuepKuBaHms ¢ UMITYJIbCOM k COOTBETCTBYET “‘CTaTUYECKUil PO~
narartop” 1/Ey, tne Ej, = (k* + 7), JUHIAM ¢ TIepedepKUBAHIEM COOTBETCTBYET
eJINHNIIA, & KarKJIOMY BEePTUKAJIbHOMY IIYHKTHPY COOTBETCTBYET MHOXKHUTEJIb B 3HAa-

MeHarTejie, paBHbIN cymMMe “dHepruil’ Fj JuHuii, KOTopble repecekaeT MyHKTUp. B



39

JaCTHOCTH, JIJII BTOPOUI BPEMEHHOI BepCUU nMeeM

k-q — S 1 .
// s e A @+ (k- 2+ 7)

1
(B2+ 24+ (k—8)?2+37) (> + s>+ (k—q)?+ (k—s)2+471)

PaccMOTpeHHBI TpUMep MOKa3bIBAECT OJIHY U3 JIOTOJHUTE/ILHBIX TPOOJIEM pacdeTra
JiMarpamMM JIMHAMUYeCKUX MOJIesielt 110 CPaBHEHUIO CO CTATUYECKUMU — 3HAUYUTETbHO
OoJIbIIIee Unc/Io MHTerpaJsoB. Kaxkias crarudeckas JuarpaMma olpejie/IeHHO ToTo-
JIOTUW TIOPOXKJTaeT B JMHAMUKE HaOOp BPEMEHHBIX BEPCHil, Bce BO3pACTAIONIHIT ¢ Po-
CTOM IIOPSAJIKA TEOPUN BO3MYIIECHUIT, YTO NPUBOJINAT K 3HAYUTEJIBHOMY YCJIOZKHEHUIO
pacueToB. CTOUT TaKxKe OTMETHTD, YTO JIOMOJTHUTETbHbIE MHOKUTEIN B 3HAMEHATE-
JIAX TUHAMUYIECKUX JTHarpaMM UMeIOT HECKOJbKO MHYIO (DOpMY, 9eM B CTaTHKE, UTO
3aTPY/IHAET HCIIOJIb30BaHne HapaOOTaHHBIX B CTATHKE METOJIOB pacueTa JeJeHUEM

Ha CEeKTOpA.

DTO SBJISETCSI OCHOBHBIMU HMPUYMHAME TOIO, 9TO pacder JAMHAMUYECKUX MOeJei
JI0 HACTOSIIIEr0 BPEMEHU He IIPOJBHUHYJICS JIaJIbIlle TPEThero MOPsIKa TEOPUU BO3-
MmyteHnit (neksodast A MOJIeTh), B TO BpeMsi KaK CTaTHIECKIe MOJIEIN H3ydeHbI
BILIOTH 110 7 mopska ([6]-6loops, [7]-7Tloops). Obe ykazantbie pobieMbl ObLIN pe-
IIeHb! Hallleil Hay4uHoil rpymmoii. ITpobiema ¢ HeTpuBHAJILHBIM 3HAMEHATEIEM ObLIa,
peliena myTeM aJialTalii MeTojia pa3JjioXKeHus 1o cekropam Sector Decomposition
K JuarpaMMaM KPUTHYIecKOil nuHaMuku. A mpobjieMa ¢ pacTyIIuM YUCIOM BpeMeH-
HBIX Bepcuil Oblila B 3HAUYNTE/ILHOI CTelleHH 1IpeojiojieHa, OJiarogapsi paspadoTaHHOM

cxeMe cokparlieHus guarpamm Diagram Reduction.

3.1.3 PeitHMaHOBCKOE IIpe/ICTaBJIeHe AMHAMUYIECKNX ANarpaMm

McnonpzoBanue merosa Sector Decomposition npejmosiaraer mepexoji K deifnma-
HOBCKOMY IIPE/ICTABJICHUIO JIIs JuarpaMm. Kax yke oTMeuaioch, MoIbIHTerpaibHbIe
BbIpasKeHUsl JIId JUHAMIIECKIX TnarpaMM UMeIoT 60jee CI0KHYIO CTPYKTYPY, TeM
cTaTHYeCcKrne. JTO CBABAHO C TE€M, YTO Mbl PAaCCMATPUBAEM HE caMU JInarpaMMbl, a

X BpEMEHHBIC BEPCHUU, YTO IIOPOZKIAECT AJOIIOJIHUTE/IbHBIE BKJIaJAbl B SHaMEHaTEJIE OT
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CEYEeHUI.

st mpuMepa paccMOTPUM JIBYXIIETIEBYIO JHACPAMMY IMHAMIYIECKOH A Momesn:

OTOoT rpad COAEP:KUT TOJIHKO OJHY BpeMEHHYIO Bepcuio. [IponnrerpupoBantuas 1o

BpeEMEHaM JdUal'paMMa MMeEET BU/I:

!

Yrobbl OT/InYaTh OT CTATUYECKOIro Ccjydast, Ha jJuarpamme mnapamerpbl Deiinmana
obozHavueHbl OykBamu v;. OHE COIOCTABISIIOTCS KaK 01 JINHUN 0e3 IepeuepKIuBaHIs
U KayKJIOMy CedeHHnto (JIMHUM ¢ [epedepKUBAaHIeM B JIAHHOM CJIydae He 3aBUCST OT
MMITYJIbCOB — OHU PaBHBI euHuIe). Ha pucynke Mbl (hopMasbHO BBeJIN MapaMeTph
U3 U vy JJIA yI0OCTBa COMOCTABJIEHUS CO CTATUYECKUM CJIyYaeM, B OKOHYATETLHbBII

BbIpazK€HNAX OHU 6y2LyT [HoJiaraTbCa paBHBIMMW HYJIIO.

SHast (pefiHMaHOBCKYIO 3allCh CTATUYECKOMN JuarpaMMbl ¢ TOl »Ke TOIOoJIOrueil, 94To
1 paccMaTpuBaeMas JnHaMUIYecKasl, MOYKHO HECJIOXKHBIMU 3aMeHaMI 0Ty YUTh (eli-
HMAaHOBCKO€ IIpeJicTaB/JIeHne U JJid AUHAMUYCCKON qruarpaMMbl ¢ IIOMOIIBIO CJIe/yIo-

H.[efI 3aMEHbl CTaTUICCKUX IIapaMeTPOB U; Ha JUHAMUYICCKHE V.

U; :Ui—f—ZUj- (84)

3/ech cyMMUpPOBaHUe BeJleTCs 110 BeeM lapaMeTpaM vj ceueHnil, lepeceKaloux Jn-

HUM C TEM 2KE€ MMITYJIbCOM, 9TO M JIMHHSA C IIapaMETPOM v;.

P&CCManI/IBaeMaﬂ ANMHaMI4YeCKad AuarpaMMa IMEeT TY 2KE TOIIOJIOI'NIO, KaK 1 Jrha-
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rpamma (1) 1, COrJIaCHO M3JI0KEHHBIM MPABIIAM, 3aMEHbl IMEIOT B

Uy = v + g, Ug = Vg + U3,

Us = Vs, Uqg = Vg . (85)

[Toncrasiss (85) B (27) u (28), mosmyuaem cieyroree (eifHMAHOBCKOE IPE/ICTaBIIe-

nue aOJid ,ZLHH&MH‘IQCKOIZ AuarpaMMBbI:

Y

D(e)(2—¢/2)?2 [! d(1 — vy — v9 — vy — 205)
I = 2 dv1 25,6 2-¢/2
2 0 (detv)
detv = v1vy + 20105 + VU5 + V2 + v1U6 + 20906 + 456 + VF . (86)

mes unTerpas B Takoii popMe, MOXKHO HCIIOJIb30BaTh JIJI pacdeTa MeToj, Sector
Decomposition. bosee c/1o2KHbBIIT BUT TOABIHTErPAJIBHBIX BHIPAYKCHUI B ITPEICTaBIIC-
Hun QeiiHMaHa JJIsd AUHAMIYCCKUX JTUAarPaMM CO3/1aeT JOIOJHUTEIbHBIC TPOOIEMbI
IIpU IIOCTPOEHUN ceKTOpoB. HaMu ObLIO MOKa3aHO, YTO 9TH CEKTOPa MOYKHO 110 OIIpe-
JIeJICHHBIM ITPaBUJIaM CTPOUTH U3 CTATHYCCKUX, IIPU TOM ODIIEe YHCI0 CEKTOPOB
Bo3pacTaeT. Takum obpas3om, 00beM BBITUCICHUN JUHAMUYECKUX JUAIPAMM PacTeT
He TOJILKO Ha dTale (pOPpMUPOBAHNIS BPEMEHHBIX BEePCHil, HO 1 Ha dTalle IOCTPOEHUsI

CEeKTOPOB B MeTojie SD Jij1st KaxKj10if BpeMeHHOI BepCuu.

3.1.4 Cokpailrienue guarpamMmm

Hanuane BpeMeHn B MOJEIAX KPUTHUIECKON TMHAMUKN 3HAUUTETHHO YCIOXKHIET Pac-
YeT B CpaBHEHUN O cTaTukoil. VlHTerpuposanne 1mo BpeMeHnn BjevdeT 3a coOOi MosB-
JIeHIIe BPEMEHHBIX Bepcuii (KoTopbie 00CYKIa/MNCh B IpeJblyiieM pasjeie 3.1.2),
a TaKyKe YCJIOKHSET MOJbIHTerpaibHble Bhipazkenus. B pse pabor |40, 41, 42, 43|
HCII0/Ib30BaJIaCh TPYIIINPOBKA JMarpaMM, YIIPOIIAIonias OTBET, OJHaKO OOIuil pe-
IENT TakKoil mpore/ypbl He ObL1 cpopmynpoBan. OTBET Ha MOCTABICHHYIO 3a/1ady

noJsiyuer B pabore (|26]).

Onucanune mponeaypbl

B nanHoit pabote mpejiaraeTcs MeTo/I, OCHOBaHHBII Ha KOMOMHUPOBAHUU JIUATPAMM
110 OIIpEeJIeJIEeHHBIM IIpaBUjiaM, UTO IPUBOIUT K IIOCTPOEHUIO MOIMMDUINPOBAHHBIX
JarpaMM, 9uc/I0 KOTOPBIX 3HAYUTE/IHLHO MEHbIIIe MCXOIHOI0. DTa TeXHUKA 1103BO-

JIAET aBTOMATU3UPOBATL BbIYMUCJICHUA 11 B UTOT'€ IIPOJABHUHYTDHCS B BBHICHINE ITODPAJIKHA
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TEOPUN BO3MYIICHUI JIJISI JIMHAMUYCCKUX MOJIEJICH.

CTouT OTMETUTh, YTO IPEIIOCHIIKH K CYIIeCTBOBAHUIO YHUBEPCAJIbHON TEXHUKN CO-
KpAaIlleHUs TrarpaMM BIJIHBI yrke 13 cooTHotenus (74). Ha camom jese 910 paBe-
CTBO SIBJIFETCsI CJIeJICTBIEM DoJiee I100aJIbHOTO YTBEP K IeHUsI: 1-HelIpUBOIMMbIE CTa-

traeckue QYK (VYY1 _irr|st, (VYUYW _ipr|se 1 muHAMEIICCKTE DYHRIMT (V') 1 i1y,
(W' pyph)1 iy HA HYJIEBOIT YACTOTE COBIAIAIOT MEZKITY CODOIi:

(W) 1—ivr|w=0 = W) 1|t (WD VYY) irr|w—o = VYUY 1 i st - (87)

DT0 03HAYAET, YTO Pe3y/abTaT CYMMUPOBAHUs JUHAMUYECKUX JHArDAMM JIOJIZKEH
OBbITH paBeH CyMMe CTaTHYEeCKMX I KaxKJoil rmapbl gpyHKIuil. PaccMorpum 1pu-

Mep TEeXHUYCCKON peasn3aliil TaKOW IIPOIEIYPhI.

JlokarkeM paBeHCTBO:

N | =
—_

w=0=— 6 , (88)

st

e MHOYKUTE N % u % OIPEJICIAIOTC KO PUIMeHTaM CAMMETPUN inarpamMmm. Boi-

IMOJIHAA MHTErpupoOBaHUE 110 BPEMCHU, HaIlIMIIEM JIEBYIO 9aCTb KaK

1 1
@ ‘ 2F 3.(E1+E2+E3)

31ech ndpbl 0003HATAIOT [TOPSIKOBbIE HOMEPa UMITY/IbCOB MHTEIPUPOBAHUSI, & IO bIH-

TerpaJibHoe BbIparkKeHne CTOUT B MpaBoil dactu dhopmysibl. CUMMETpPU3yeM 9TO Bbl-

pazKeHune 110 UMIIYJIbCaM:

1 1

1
z . N 89
2E2B; (Ey + By + E) (89)

SR S 1 11
6 \ExE3s  E\Ey, E\E3) (By+Ey+E3) 6EEyEs

HOﬂyquHOC BbIpazK€Hne COBIIaJda€T C IIOABIHTEI'PaJIbHBIM BbIPDazKE€EHNEM HpaBOﬁ qa-
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cru (88).

Ha gsbike guarpamMm Mporeypa CUMMETPpHU3allil MOXKeT ObITh 3allicaHa B BHUJIC:

iH
<+
<+>

OO0muit BuJi cMMMeTpU3allny JJIsl IPOU3BOIbHBIX JUAIPAMM MOYKHO 3aIIUCATH B BU/IE

CHUMBOJIMYECKOI'O YpaBHEHUA:

>+>+>:> (90)

Kpome Toro, Ta ke mnpouejaypa MoxKeT ObITb IPUMEHEHa K JPYIOMY KOJUYECTBY

BHEITHUX JINHUIA:

:I><+I>< =>< (91)
Sobebebe>

crioib3yst 3T0 HOBOE IIPABUJIO, PACCMOTPUM 0oJiee CJIOXKHBIN IIPUMEDP CyMMbI TPeX

TPEXIIETJIEBBIX AUal'PaMM:

R e
_‘@jbo +§ ¢ X > =0 +§ ¢ X - lo=0 . (93)

[Too6HO TIpebIIyIeMy 2X-TIETJIEBOMY TIPUMEPY, UCIIOJIb3yeM BpEMEHHbIE BEPCUU U

BBITIOJTHUM CUMMETPU3aIlnio:

(e i d )4 [ D

(94)
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[lepeast nuarpamma B (93) mMeeT BCero oJ[HYy BPEMEHHYIO BEPCHIO U “COOTBETCTBY-
er” ByM 1iepBbIM I'padam B ypaBaerun (94); Bropas jnarpamma B (93) umeer jiBe
BpEeMEHHBIE BepCUI 1 “‘cooTBeTcTBYeT  jauarpammam 3 u 4 B (94); TpeThs auarpamma
MMeeT OJIHY BPEMEHHYIO Bepcuio u “coorBercTByer” msitomy BKIaay B (94). Ucmob-

3ys1 yrporratoriue cootromtenus (90) - (92), nepenumenm (94) B BuIe

Fo\ v - AN
L 4 4
1

J1st iepBbIx cK0OOK B (94) mcmosib3oBano paBenctso (90), mist Bropsix — (92) u st
nocsieuero nepexona — (90 ). Kak BujHO, pe3ysibTaTtoM CyMMUPOBAHUST TIHAMIEIE-

ckux jmarpamm (93) okazajgach cTaTndeckasi JuarpamMMa.

Paccmorpennble jiBa IpuMepa IIOKa3bIBAIOT, YTO HYUCIO UCXOJHBIX JINHAMUYECKUX
TO/IBIHTErPATBHBIX BBIPAYKEHUIT MOXKHO YMEHBIIUTH € MOMOIIBI0 cooTHotenuii (90)
- (92). D1y ke TPOIEIYPY MOKHO BBIIOJHUTD U B JIIOOOM MOPsiJIKE TEOPUH BO3MY-

IEHUIA.

Ojinako Hac TakzKe MHTepecyeT ojuH Henpusojumas ¢ynkuus I'puna Iy, s
9TOrO cJlydast TIOJIHOe MPUBENIeHNe K cTaTuke HeBo3MoxkHO. Ho coorrorenus (90)
- (92) mpogoszKalT paboTaTh, YTO MO3BOJISET 3HAUUTE/ILHO COKPATHTD KOJTMIECTBO
BKJIQJOB M YIPOCTUTHL uX dhopmy. PaccmMoTpuMm cymMMy JBYX BPEMEHHBIX BEPCHUIi,

KOTOPBIE SIBJIAIOTCS COCTABJISIONMME JUHAMIIECKOl auarpaMMbl Y/’

Crour OTMETHUTDL, 9YTO 3Ha4YCHUA JHalpaMM HeE 3aBUCAT OT HyMEpalllld BEPIIIMH. Ta-

KM 00pa30M, MbI MOYKEM CJIEJIATH CHMMETPHU3AINIO U HCIOJIb3Yst cooTHOIeHue (92)
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IIOJIYYUTh:

—_

B pesysibraTe BUJIHO, UTO COKpaIlleHne BO3MOXKHO U B O0Jiee CJIOKHOM CJIydae.
Urak, paccmorpuM OoJiee 00Nl cirydail U OIMUIIIEM BCE STAITBI TOJYUEHUsT PE3YJib-

TaTa COKpallleHH A JruarpaMM:

o [[laz 0.
Mpb1 paccMoTpuM cJeyIomue JBe JuarpaMMbl, cojepzKaliie B COBOKYIHOCTH

JleCATh BPEMEHHBIX BepCHuii:

o [llae I
Hapucyem cxeMbl cTaTudecKoil Teoprun Tak, YTOObI BEPIINHBI ¢ BHEIITHIMHI “XBO-
cramu’” ObLTH KpAHUMU CJieBa U ClipaBa, TOTJa Kak Jpyrue (BHYTPEHHUE) Bep-
IIUHBI YIIOPSIIOYEHbl BCEMU BO3MOXKHBIME criocobamu. [Ipu aTom Osmkaiiiime
BEPIINHBI JIOJZKHBI ObITH CBA3AHBI JIPYD € APYTOM.

N
(BN s

Bo3MOXKHbBIH TOPsiJIOK

3alpelieHHbIil TT0PsiJI0K

o [llaz I
Ha ocnoBe pmarpamm n3 mara [ mapucyem HaOOp jJuarpamMm C IYHKTHPHBIME
JIMHUSIMU-CEYeHUsIMI, HadWHas C JIeBOW BepHnHbl. ducjio ceveHnit mpoderaet

BCe IeJIble 3HAUeHNsT U3 WHTepBasa |1, KoJmaecTBo BepimH-1].

o [[lac III.
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Bo Bcex JuHMAX, MJYINIAX CJIEBa K BEPIINHE, PACIIOJIOXKEHHON MEXKJy JBYMSI
CeUYeHnsIMI, pa3MelaeM IMITPUXNU BCEMH BO3MOKHBLIMU criocobamu. Ecmn ecTh
2 OJINHAKOBbBIE JINHUU, 110 KOTOPbIM MOYKHO PACIOJIOKUTH IITPUXU, TO CTABUM
TOJILKO OJIHY, OCTaBINNIICSI BAPUAHT yINTHIBAETCA KOIPMUITMEHTOM CUMMETPU.

m /\//b\ (95)

e lror: CyYMMa JeCATH <«HadaJIbHBbIX» BPEMEHHDLIX BepCI/Iﬁ PaCcCMOTPEHHBIX AIBYX

JMHAMUYIECKUX JIHarpaMM CBeJleHa K CyMMe Tpex 3(hheKTuBHbIX jguarpamm (95).

3.1.5 PesyabraT MeToga cokKpallleHus JuarpamMMm g A mojesm

B Ta6.1 nponsuirocTpupoBaHo pa3jindre MexK1y HadaJbHbIM YHUCJIOM IO/IBIHTEIDAJIb-
HbIX BeIpazkenuii (crosibern VI) n KommdaecTBOM BbIpayKeHHUIT mMocsie MeTo/ia COKpaile-
Hust guarpamm (crosber; VII). VMmenbinenne dncia quarpaMM CyIIECTBEHHO YKe C
4-riersieBoro npubskeHust — ¢ 66 o 17, B cieayioiieM, ISITUIIET/IEBOM IIPUOJIN-
JKeHnu oHo ere 3amerHeil — ¢ 1025 1o 201. 970 3HAUUTE/ILHO COKPATUIO O0bHEM

BbILH/ICJIGHI/H'7I7 BBITIOJIHEHHBIX HaMM B ITSITOM ITOPAIKE TECOPUUN BOSMyHleHI/Iﬁ.
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Tabmauma 1: Cpasuenne uncia 3hheKTHBHBIX TOIBIHTEIPAJIbHBIX BBIPaZKe-

auit 10 (crosnber; VI) u mocse (cromber; VII) peayknuu amarpamm jist Beex

TOIIOJIOI'UA.

I 11 111 v \4 VI VII
Nickel a(n) number of | number of | number of
index dyn.diag. | time vers. | red.diag.

2 loop
1 @ elllle| (2+mn)/3 1 2 1
1 2 1

3 loop
1 @ el12(22e| (8 +n)(2+4n)/27 1 2 2
1 2 2

4 loop

1 @ e112(33|e33|| (n? + 6n 4+ 20)(2 4+ n)/81 2 10 3

2 @ el12[e3|333|| (2+n)?/9 2 10 3

3 @ e123]e23|33|| (22+5n)(2+n)/81 3 18 4

4 @ ¢112|23|33|e| (22+5n)(2+n)/81 5 28 7

12 66 17
5 loop

1 @ e112|33]ed4[44|| | (n® + 8n? + 24n + 48)(2 +n)/243 2 15 4

2 @ e112[33|444e4|| (84 n)(2+n)?/81 3 45 9

3 @ e123[e23]44]44]| (2 +n)(3n? + 22n + 56) /243 3 30 8

4 @ el12]e3|344[44|| (84 n)(2+n)?/81 4 30 8

5 @ €123]234|344]e| (22+5n)(2+n)/81 6 90 10

6 @ e112|34]e34]44]| (2 +n)(3n? + 22n + 56) /243 9 90 17

7 @ e123]c24|34]44]| (n2 + 20n 4 60)(2 + n)/243 12 120 23

8 €112[34[3344]e| (n? +20n + 60)(2 + n)/243 21 270 51

9 @ e112|23]e4[444]| (8+n)(2+mn)?/81 7 65 19

10 @ e112]23]44|e44|| (2 + n)(3n? + 22n + 56) /243 13 150 29

11 @ €112(23]34]44]e| (n? +20n + 60)(2 + n)/243 12 120 23

92 1025 201

[Ipu sTOoM HOBBIE 3phekTIBHBIE TPAdBl UMEIOT O0JIee MTPOCTYI0 POPMY, YeM HCXO]I-

HbIE.
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B Tabiune ykazaHbl Tak»ke WHJCKCHI HUKesst juisd KakJ10il U3 CcTaTHYeCcKuX Jia-
IpaMM U [TPUBEJIEHBI IOMOJHITEIbHBIC MHOKITEN a(N), TO3BOJIAIONIIE EePeXOIUTh
OT OJIHOKOMIIOHEHTHOI'O cjiydad . = 1 K MOJen ¢ NPOU3BOJILHBIM YHUCJIOM KOMIIO-

HEHT.

Tabmura 2: PesyabTar pelyKIun JrarpaMM BILIOTH 0 9eThIPEXITeT/IEBbIX

2 loops
.
| | |
L |
3 loops

@I

B Ta6.2 mpusejieH TOJIHBINH HAOOP PEJYIHUPOBAHHBIX JUATPAMM BILJIOTH JI0 YEThI-
pextnerieBoro npudmxkennsd. [loMrumo ykazaHHOTNO yMEHBIIEHUS YUCIA JIHarpaMM
OTMETUM YMEHbIIIEHNE B HUX KOJIMYECTBA CEYEHUIl, YTO YIPOIIAET IOJIbIHTerPAJIb-

HBI€ BbIpazKCHUI.
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[ToaBojist UTOT, MOXKHO CKa3aTb, YTO METOJ PEAYKIIUU JIrarpaMM HMeeT JiBa OCHOB-
HbBIX [IPEUMYIIECTBA: 3HAYUTEJILHO YMEHDBIIIACTCH YUCJIO MTOJIJICZKAINX K BBIYUCJICHUATO
MHTErpaJioB, W, YTO HE MEHEe BayKHO, COOTBETCTBYIOIINE IOJIBIHTEIDAJIbHBIC BbIpa-

JKEeHUs yIPOIIAIOTCS.

3.1.6 Kpurudeckuii "HIEKC 2

3ajiava HAXOXKICHUsI JIMHAMIIECKOI0 KPUTHIECKOIo 1oKasaTesst z B A MoJjie/in CBO-
anrest K naxoxenuio koadduunentos A®) B ypasmennn (78), rue k — wuciio neresp.
[Tostyvyennble pelyliupOBaHHbIE JIUATPAMMBI OBLIN PACCUUTAHBI ¢ MCIOJIL30BAHUEM
MeToJa passiokenns Ha cektopa (SD) [26], azanTupoBantuoro K guHamuke. Pesyiib-
tatel npejcrasienbl B Tab.10, 11 (ITpuioxkenun A). Mckombie KoabdummenTol AF)
OIIPEJIEISIIOTCS CYMMON BKJIAJIOB guarpaMm 3 1ab.1 ¢ ygeTom mx KOMOMHATOPHDBIX
Ko durentos u muoxureneit a(n). Pesyaprar gia A®) (n = 1) B ypasuenun (78)

npencraniieH B 1a0.3:

Tabsmra 3: e pasnoxenne kosddunmentos A®) mpw n = 1 g0 nsaroro

IOpAdKa BKJIIOYUTEJILHO.

‘ numerical result
AP | 1/8 log[4/3] =71 + 0.0416702(4) + 0.0647910(6) € + 0.0446045(9) &2

AB) | 1/8 log[4/3] 62 + 0.1368518(6) e~1 + 0.2709195(13) + 0.2852955(29)e

AW [ 27/64 1og[4/3] £~3 + 0.3473579(35) =2 + 0.867242(12)e " + 1.297567(30)

A®) | 27/40 log[4/3] e + 0.77317(4) e =% + 2.41421(13) =2 + 4.8300(4) !

Buas sunadenne A% uz Tab.3 1 KOHCTAHTY PEHOPMIPOBKI Zg U3 CTaTUKU

8+ng o [((8+mn)* 14+3n 5 ((8+n)
Z, =1 g _ Lrny_
9T T ( 362 24= ) 9 2162
7(112 + 38n + 3n?) N 2960 + 922n + 33n> N ¢(3)(22 + 5n)
432¢2 5184e Hde ’

(96)

MOYKHO HafiTu Z7 B Bujie pas3/oxKeHust 1o 3apsny u. CTOUT 3aMeTHTb, UTO U3 L

(1)

HY?KHO 3HAThb TOJBKO KO3(MDMUIMEHTH Z; ' IIpn mepBoM moJjitoce 110 €. Hamnmem B
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ob1ieM BHJIE:

n+ 2
7 = 3 [220u” + (230 + 231 U’ + (240 + 20110 + 240 0P Ju'+

—|‘<Z50 + 251N + 2590 n2 + 253 TLS)U5] . (97)

Ucnonbays ypasuenns (96, 97, 78) u Ta6.10, 11 (I[Tpunozkerne A), Mbl MOXKeM HANTH

K09 MUIUEHTB 2,,,, B ypaBHenuu(97):

Tabnuna 4: Yucnennoe snadenne xKosddurmentos mis (97).

220 | -0.0359602590565 212 | 0.000167177330411
230 | 0.01052554615492731 250 | 0.04926(29)

231 | 0.0013156932693659138 | [ 25, | 0.01357(17)

210 | -0.0210863(5) 252 | 0.000386(16)

241 | -0.00399345(12) 253 | -0.0000082787

Ho ocnosnaga naed - HaliTn KPpHUTHUYECKHE IIoKa3aTe/JIn C BBICOKOII TOYHOCTBIO. Z[HH
9TOI'0 Mbl MOXKEM B34Tb aHAJUTUYCCKUNA pe3yiibTaT [1Jid TPEXIIETJIEBOI'O HpI/I6JH/I}Ke—

HUA 3TON MOJIeJINn:

(2+4n)

Z(l) _
1 24¢

log[4/3]u? — u

log[4/3]+

3(2+n)(8+n) {_ 1
27 8e2

+£(7r2 — 8Lis[1/4] + log[4/3](—6 — 21 log[3] + 1310g[4])] +O0(u").

(98)

Pesysbrar ypasnenus (98) 6ot nosyden B paborax [19]| (2-metsn) u [3] (3-nersm).

Kak m3BecTHO, KOHCTaHTa PEHOPMUPOBKH 1 ompejensier RG-dyHKIuio:
11 = B(u) 0, log 7y . (99)

CBs3b MexK 1y KO3 DUIMEHTaMH MIPU CTAPIINX IMOJII0cax 1 KOI(MDPUITMECHTAMI TTPH

(1)

IIEPBOM TI0JIIOCe Z; ' TIO3BOJISIET IPEJICTABUTH Y1 B O0sIee 1mpocToit hopme:

v = —ud 21", (100)

3Has Y1, Mbl MO2KEM HalT € -pas3Jjiozkenue AJisl JUWHaMNY€eCKOI'0 KPpUTHUYIEeCKOI'O MH-

HdeKCa z. Coornormenne MEXKJy HMMHM MO2KHO 3alliCaTb KakK:

c=249f -7, (101)
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rie v = 71(uy) — 3HAUeHNE 1 B PUKCHUPOBAHHOI TOUKe, a 1) - okasaresb Puiiepa.

Passoxennus 1o e HJIA Uy 1 7] MO2KHO B34ATb U3 CTaTUKU

= 86+gn + 18((24j5)2)52 o f G (7118215 — 40145.98n — 350 240"~
—24.75n%) + " _6: &7 (1543836.1 + 822152.n 4 181543.1n° 4 21507 .4n°+
+877.912n" — 0.625n) | (102)
R
—&? (szi:)f% (1096.74 + 334.33n + 36.9984n> 4 7.1875n° + 0.15625n) +
+e’ ((82j:))8 (222337. 4 117828.n + 25396.1n" + 2572.12n° + 13.8027n" -
—4.58183n° + 0.0486946n°) . (103)

B pesynbTare 1151 KpUTHIECKOTO TIOKA3aTEd 2 TOJTydaeM CJIeIyIolee e-pa3iozKeHne:

_ 5 (2+n)
2
+83ﬂ(162.461908017 + 31.9023677877Tn — 1.27351796946n2)
8(8 +n)*
y (2+n) 2
——— (—23752.4(16) — 6929.0(8)n — 770.28(13)n"—
—170.470(6)n” — 4.24423766241n") +
5 (2+n) 7 7 6 2
— (1.986(25)10 1.038(23)10 2.15(8)10
+€128(8+n)8( (25)10" + (23)10"n + (8)10%n*+

+1.92(13)10°n” — 3.8(10)10°n* — 626(29)n” + 7.500527164701581n°) .
[IpuBesieM Takyke BayKHBIN YacTHBIN ciaydait n = 1:

z(e,1) = 24 0.0134461562¢* 4 0.0110362802<> — 0.0055791(4)e* + 0.01773(31)e” .
(105)
Psas (105) 6yner nepecymmuposan B [iase 4.

JI1s1 TpOBEPKU TOYHOCTH TIOJIYUEHHBIX PE3YJIbTaTOB OBLIO MPOBEJIEHO X CpaBHEHUE
C pasJIoXKeHNeM JUHAMUIECKOr0 MHEKCa 110 00paTHOMY YHC/Iy KOMIIOHEHT II0JIsl N,

OJIYYeHHOMY B IVIABHOM TOpsijike 10 1/n mpu npousBojibHOM € B padbote [19]. Bo
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BTOPOM U TPETHEM IOPSJIKe 10 € MOJydaeTcsd TOYHOEe corjlacue ¢ aHaJUTUIeCKUM
orBeToM (98), B 4eTBEPTOM U MATOM TIOPSIJIKE COLJIACHE TAKKe UMeeT MECTO, B IIpe-
JesIaxX MOTPEITHOCTH MOJTY YeHHbIX HaMU 3HadeHuit. B okoruaresbHoMm otsere (104),
JIJIsl YBEJIMYeHUsI TOYHOCTHU, Mbl UCIIOJIb30Ba/IN B KO DUIINEHTAX e-Pa3/I02KEHIs MH-
JIeKca Z TOUHOe 3HAUeHHe 1IpU cTapliieil cTereHn MOJMHOMOB 110 72, COOTBETCTBYIOIIEe

pesyabratam paboTs [19].
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3.2 Jlunamudeckasi E Mmoaenn

B 9ro0il riaBe MbI pacCMOTPHUM ellle OJIHY JMHAMUYIECKYI0 MOoJeb — K Mojenb [24].
OCHOBHOII 11€JIbI0 B UCCJAEI0BAHIEI JAHHON MOJEIN KPUTUIECKON JMHAMUKU TaK>Ke
ABJIAETCA HAXOXKJIeHUE 3HAYeHUd KPUTUYCCKOrO JIMHAMUYECKOro MHJIEKCa 2, KOTO-
pBIil ollpejiesisieT POCT BPEMEHH peJlakcalluid BOJM3M KpuTudecKoil Touku. JlanHast
MO/ICJIb ABJIFETCS OJIHOI M3 MPOCTEHINNX MOJIe/Iel KPUTUICCKON JUHAMUKN, VINTDI-
BaloIeil MexKMOIoBoe B3amMoeiicTeue. Eie ogHo oTyimdne oT npeablayineii Moje-
mu (A-Mojiesin) — ee MHOro3apsiIHOCTb. Bee 911 (pakTopbl yeJIoKHAIOT aHan3 E
MOJIeJIN, II09TOMY B JQHHON IJlaBe Mbl OI'PAHUYUMCA PEHOPMI'PYIIIOBBIM aHaJIN30M
JIBYXIIETJIEBOTO TIPUOJINYKEHNS, 8 B TPEXIIETICBOM IMPUOJINKEHUN TTPUBEJIEM PE3YJ/Ib-

TaT peAYKIOUKU AUal'PaMM.

Mogens E onucbiBaeT mianapHblil CHMMETPUIHBIN aHTH(deppoOMarneTnK. B 3Toit Mo-
nenn N-KOMIIOHEHTHOE TI0J1e TTapaMeTpa TOpsIKa ¢ MpeAcTaBIsdgeT coboil pa3HOCTh
HaMarHM4YeHHOCTEeN JIBYX COCEIHUX IOJIPENIeTOK. BemanHa ¢ He coXpaHsieTcs, Tak
KaK OHa He CBA3aHa C KAKOI-JIMOO CUMMeTpHell CUCTeMbl, B OTJIMYKE OT OOIell Ha-
MarHUYeHHOCTHU 1M, KOTOPasi COXpaHsSeTcs MPU HAJUIUN CIUHOBON m3orpornun. [lo-
Jie m UTrpaeT poJib JOMOJTHUTEIbHON MATKON MOJBI. [T OTHOKOMIIOHEHTHOTO TTOJIS
(N = 1) monens E omucbisaer nosejenne csepxrekydero Het s6imsu Touxku daso-

BOI'O Iiepexo/ia.

Ocnosnag 1pobseMa pacuera E Mojiesin cocToNT B HAJIMYNY HECKOJILKIX HEIO [BUK-
HBIX TOYEK, B KOTOPBIX MHJEKC z pasjandeH. [109ToMy IepBOCTEIICHHBIM BOIPOCOM
SBJIAETCA AHAM3 UX yCTONYMBOCTH. Pe3yabTaThl NpeJblIyIInX paboT Ha 3Ty TeMy
[22], [23] mpoTuBOpeuar Apyr Apyry, U HE JAIT OJHO3HAYHOIO OTBETA Ha ITOCTAB-

JIEHHDII BBIIIIE BOIIPOC.

Hepenopmuposannoe Jiefictsue E Mojien KpuTnieckoit iunaMuku orpejiessiercs V-
KOMITOHEHTHBIMHE TIOJAME 1 , 1) 1 OJIHOKOMIIOHEHTHBIM TI0JIeM m. BanmoeiicTue
B cucteMe spisercs U (N ) cummerpnanbiv. Kax yrnomunasocs panee (1.1.2), mrobas

MO/IeJIb CTOXACTHYIECKON JMHAMUKU OIUChiBaeTcs ypashenuem (12). Xapakrepusy-
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forue Mozesb E kosddunnentsr On3arepa n MexKMOJI0BOI CBA3KM UMEIOT B

0 Aoy O 0 0 iAoy 93,0
a= Ay O 0 , B= 0 0 —iAoyg3.00 " |
0 0 —Apmd? —iAopg3.0% iNoygs ot 0
(106)
rje Aom 1 Aoy — HepeHopMuposanible Koadgdunuentsl Onsarepa.
CooTBeTcTByIOlIEe JIeiiCTBIE UMeeT BU/I:
S(¢) = 2/\0¢¢/+¢/ + ¢/+ [—@w + )\(wHw + iA0¢ggome] + c.c. —
—Xomm'm’ +m’ | =8m — Xm0 Hy, + idoygso (0 H — v Hy)|
(107)
rje
5% ()
H. = 108
st + 910, 4+ \2 1

B ypasuenun (107) cumBod c.c. 0b603HaYaeT KOMILJIEKCHOE COTIPsiZKEHHE.

[Togcrasus (108) u (109) B (107), mosydum jgeTajbHO PACIHCAHHOE HEPEHOPMEIPO-

BaHHOeE JieiicTBuE:

S = 20T Y — Aogum'*m’
+ {00 + Mopl0® — ot — g1 (0T /3] + idgsth[—m + B} +
+ P{=0T + AT — 70" — g (TY)T /3] — idgsyT[—m + h]}
+ m{=0m — Aomud®[—m + h] + iAoygs[tb T 0% — pO*Y T} . (110)
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3.2.1 PenopmupoBka Moaean

Mogesib siBIsIeTCS MYJIBTUIIHKATHBHO peHopMupyeMmoii [39], coorsercryoree eif

peHOPMUPOBAHHOE JIefICTBIE NMeEET BUJI:

S = 22, MY — Zodum 9P m!
+ W= 20000 + N[ Z30%0 — Zump — Zsgi (W 0N /3] + i ZsMopgst[—m + R} +
+ {0 4+ Xoy[0P0T — 1T — i)Yt /3] — idoygsyT[—m + R}
+ m{=0m — Zg ud*[—m + h] + i ZgAgs[ T 0% — p0*Y T} (111)

Koncranter peropmupoBki Z; (i = 1---9) BbIpaykaloTcst 4epe3 KOHCTAHTBI PEHOP-

MUPOBKH II0JIEH
Vo =VZy, Yo =" Zy+, bo=0Zy, miu=m'Zy, my=mZ,,(112)
11 IapaMeTPOB
=AM\, To=7Zr, Gio=0kZg, uo=uZy,, G30=g3i 2y, (113)
CJICJLYIONIIME COOTHOMICHUSIMU:

Iy =I\Z5 2y,  Zy=205Zy,  Zy=Z\ZLZy,

Zy=\Z2: 25,2y,  Zy=DZpZ}Zy 7} Zy

Zs = ZnZyslimZy Ly, Zq= ZnLulpy

Ty = ZpnZu,  Zy=Z2ZyZpZ}Zy. (114)

Ucnonb3ysd nHTErpupoBaHue M0 9acTaM, yI00HO MTPUBECTH OJMH U3 MHOXKHUTE e BO

B3anmozieiicrsun (111) k Bujy:
m/ (0" — pIT) = O (YO — oY), (115)

Orcroia BUIHO, YTO Ha KazK bl BHelHi xBocT m/ 1-HenpusoauMbix dyHKuii I'pu-
Ha BBIJICJISETCs] BHEIHUN UMITYJIbC. DTO sSIBJIIETCS IPUUNHOM TOTO, YTO B CJIaracMOM
m’O0ym peropmupoBantoro jeiicrust (111) oTcyTcTByeT KOHCTAHTa PEHOPMUPOBKI,

4TO, B CBOIO OYepEe/ib, IPUBOJIUT K CBA3U KOHCTAHT PEHOPMUPOBKU

Ty = 1. (116)
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B pabore [39], rjie ucnosb3yercs cxema peHOPMUPOBKU MS, 1oJtydeHbl ciiejytorine

JOITIOJIHUTEJIbHBIE OI'PaHMY€HN s Ha KOHCTaHTbl PEHOPMUPOBKMU!
Ty = ZysZp = 1 (117)

¥ TI0Ka3aHO, YTO KOHCTAHTbl PEHOPMUPOBKY Zg1, Ly, Zr COBIAJAIOT CO CBOMMHU CTa-
TUCTUYECKUME aHajioraMu. Takum obpa3om, B 9TOI JIMHAMUIECKOI MOJIe/IN €CTh 110

CpaBHEHUIO CO CTATUKON TOJIbKO 3 HOBBIE HE3ABUCHUMbIE KOHCTAHTHl PEHOPMUPOBKH.

Kak 1 B mpeabIayIix 3a1a4ax, Mbl MCIOJIb3yeM CTaHIAPTHYIO CXeMY PEHOPMUPOBKI
- Minimal Substraction (MS). Ompee/siomnnue KOHCTAHTB PEHOPMUPOBKI HOPMHU-
poBaHuble GyHKINE ['pruHa MOIYT ObITH 3allMCAHBI B BUJIE:

— 31+ +
T, = _ 92ty lp—0.0—0

— F 1) =
Iy = é/\ |p=0.0=0 ; 2 Ag1p*
_ _ Tyt
I'y = @'wa/ﬂp |p=0.0=0 5 ['g = —% |p=00=0 ;
B T LAG3
Ty = (92 ALY _ 1T
3 \ p=0,w=0 F7:—82 m'm’
bl | 2“7 2\
T, — — Pty Yy T=0 ‘ o B 1 .T.
4 p=0,w=0 » _ 2+ m'm
AT Iy = —§@p 3 |p=0.0=0 ;
_ 1. 50+ 1, o1+
[a = ——82 m'ypty e —62 m'ypty 0w - 118
) 2 Pigspu®e lp=0.=0 2 "idggu®e lp=0.=0 (118)

KoncTanTbl peHOPMUPOBKU Z; B cxeme MS mmeroT BuJI:
=1+ g Z (119)
Jl1st HAIUX 11eJ1eii Mbl OI'PAHUYNBAEMCSI PACIETOM KOHCTAHTBI Lo.

3.2.2 JImarpaMMHas TEXHUKA U CXeMa peLyKIuu

st ynobeTBa BBeIeM 0003HAUEHMS

¢={b, " "}, = {m,m}. (120)

B paccmarpuBaemoil MO/ HET «CMEMIAHHBIX» IPOIAaraTopoB, KOTOPLIE COJepKaT

OJIHO I10JIe U3 HAbOopa ¢ 1 OJIHO I10JIe U3 HAabopa 1M, IOITOMY IIOJIHAsT MAaTPUIA KBa/I-
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paTnyHoil (popMbl UMeeT OJI0YHYIO CcTPYKTYpy. MaTrpuna ¢ K ¢ nmeer Buz:

0 0 0 —iw + A(k* + 1)
0 0 —iw+ AE2+ T 0
PK ¢ = . 5 ( )
0 iw 4+ k24 7) 0 0
iw+ AMk* + 1) 0 0 0
(121)

ObpaTHas MaTpHIla, OIPEJCISIONIas MPOIAraToPhl, JaeTcsl BbIparKeHUEM

22
0 \—z’w+>\(2k2+r)|2 0 m
. —2A 0 . 1 0
K—l _ |[—iw+A(k247)[2 X —tw+A(k2+T) ’ (122)
0 B () 0 0
TR 0 0 0
OTKY/JIa
1
(1) = () (E)) = —enpl MR + 7l — o]
(123)
(W)™ (t2)) = (T ()Y (t2)) = O(tr — ta)exp[=A(K* + 7)(t — 1)] .
(124)

CooTBeTcTBEHHO, JIJII KBaJIpaTUuIHON (hopMbl MK, uMeem

. 2
K, — 0 1w+ Ak (125)
—iw+ M2 K2 ’

ME2 iw—=E?
-1 —iw+Ak2)? —iw+Ak2)?
K, = (_( J_Ak% ( 0* ) ) : (126)
(—iwtAk2)2
OTKYyJda
(m(t))m(ts)) = exp[—Au(k?)|t; — taf] , (127)
(m(t)m' (t2)) = O(t1 — to)exp[—Iu(k?)(t1 — t2)] . (128)

B Tab.5 npusejienbl jauarpaMMubie obo3HadeHus jijis BepimH mogenn (111) ¢ co-
OTBETCTBYIOIIUMI BEPIIMHHBIMI MHOXKUTEJIsIMI. Bce BepIIMHBI MOYXKHO Pa3aenTb

Ha J[Ba THUIIA OTHOCHTEIBHO 3apsiioB: ‘muHaMndeckne’ (¢ KOHCTAHTO B3amMojeii-



58

CTBUSI 3, OTIPEJIEJISTONIEH CIUTY MEYKMOJIOBOI CBsi3n) 1 “‘crarndeckue” (¢ KOHCTAHTOM
B3aMO/IEIICTBUS ¢, 3HAYCHNE KOTOPOIl B HEIIO/BIKHOI TOYKE OIIPEeIesIdeTCs] CTaTh-

gqecknM Jeiicterem (109)).

Tabauna 5: Bepunnbl B Mozen

Static: YT, %Am YYTYY, 725\91

Dynamic: YTyp'm,  idgs P'Tpm, —idgs
K

vrgm!,  irgs(k* — ¢°)

Brejiennble mponaraTopbl M BEPIINHBI OMPEEISIOT CTAHIaPTHYIO JUarpaMMHYIO
TEXHUKY JIJId paccMmarpuBaeMoil pyuknun ['puna. [Ipn pacyerax BOZHUKAIOT Te Ke
1poOJIeMbl, 910 U B A MoJjiesn: OOJIBIIOe THICIO JHarpaMM I yCJIOXKHEHHOCTD 110 CPaB-
HEHNIO CO CTATHKON MOIBIHTErPpAJIbHBIX Bhlparkennii. [Ijis mpoBejiennsa pacdeToB Mbl
UCIIOJIB3YEeM Te Ke IPUeMbl, UYTO U JJisd A Moje/n — PeAyKINIo JuarpaMM U MeTO/]

Sector Decomposition.

Cxema peaykimm

YdauThIBast, 9TO INHAMIYECKIE BEPIINHBI He TAI0T BKJIA/A B CTATHIECKIAE KOHCTAHTHI
PEHOPMUPOBKH, MOYKHO OXKHJIATh, 9TO B E Mojiesn peyKifusi JuarpaMM OKazKeTcst
naxke 0ojiee 5pHEKTUBHON 110 CpaBHEHUIO ¢ A MOJIEJ/IBIO. DTO IIPOSIBJISIETCSI B TOM,
aro B E Mojiesin, HOMUMO PaBEHCTB JIJIs YeThIPEXXBOCTOl (CTATHYECKOI) BEPIINHDI,
aHaAJIOrmIHbIX coorHommenusaM (90)—(92) B A Mojie/1i, KOTOPbIE CBOJAT CYMMY J[IHA~
MUYIECKIX JHArPAMM K CTATHIECKOM, /I TPEXXBOCTOM ( JUHAMIYIECKOI) BEPITHHDI

ClIpaB€JINBO COOTHOIIEHME!:

N (129)

k? — ¢? N 1 1
(kK2+7)(2+71) k24717 @F+7T
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T.C. OolIpeaeJieHHas CyMMa BEPIINH O6paH_[a€TCH B HOJIb.

9TO, B YaCTHOCTH, O3HAYAET, UTO B TEOPUHM BO3MYIIECHUI MBI MOYKEM YUHUTHLIBATD
TOJIbKO BPEMEHHBIE BEPCHH, B KOTOPBIX “BHEITHIE JTUHUN TI'PADUKOB SIBJISIOTCS Kpaii-

HMMHU TOYKaMMU.

ITo amamorun ¢ Momeapi0 A MBI TakKe PacCMOTPUM CHUTYalldio, KOIJa Y HAC €CTb
HEeHyJIeBOe KOJUYEeCTBO BHENIHUX XBOCTOB ¢ nojsmu m wm m'. Ilpunnunmaibaoe
OTJIMYNE 9TOr0 CjIydasi OT CXeMbl PeAYKINU B A MOJe COCTOUT B TOM, UTO HEOD-
XOJIMO YUIUTBIBATH OCTABIIYIOCsT 9acTh Hoiarpada (a He TOJBKO OJHY BEPIIUHY ).
[TosToMmy MBI TIpeiIIoIaraeM, YTo paccMaTPUBAETCA He CyMMa, BEPIITIH, & CyMMa, 1101~
rpacdoB, B KOTOPBIX OJHA BHEIIHAA JIMHUA sIBJIIETCA 0E3MaccoBOil, a OCTaJibHbIE —

MaCCHUBHDBIC:

[IponmiocTpupyem 9To Ha IpUMepe IBYXIET/IEBbIX JuarpamM. MMeercs nBa pasHbix

CJlIydasd COKPpallCHUA:

® IICPBBIN CIIydaii:

/\\\ /\\\
Vlﬁ V\\\ I + Iﬁ V\\\ ! - 0 (130)

® BTOPOIl ciyyJaii:

ﬁ =0 (131)

B obeux curyanngx (130) u (131), cymma nuarpamm obOpariaeTcs B HOJb M3-3a Pas-

JINYHBIX 3HAKAX B BeplmHax. Takoe MoAnUIIPOBaHHOE IIPABUJIO PEJYKIINNI TaKKe
MIO3BOJISIET YMEHBIIUTh YUCJIO PACCMAaTPUBAEMbBIX UHTErPAJIOB B BBICIIUX MOPSIKAX

TEOPUHU BO3MYIIICHUI.

Anajiornano tabsmie ¢ wutoctpanueii pegaykinnn B A mogenn (Tab.1) B [pumoxke-

Hun B npejcrasiena Tabuna i E Mogenn BIUIOTE 10 3-X HETJIEBOTO IPUOJINKe-



60

HUA.

3.2.3 Awnam3 pUKCHPOBAHHBIX TOYEK

C nomompio PI'-anaimza ObLn HaitjieHbl (hpUKCHupoBaHHbIE TOUKN U3 yeaoBus [3; = 0.
[Tocsie aToro omnpejensiiach yCTONINBOCTb HEMOABUXKHBIX TOoYeK. [y aToii mesn
ObLIIN MCC/IeJI0BaHbl COOCTBEHHBIE 3HAYCHUST MATPHUIIHI IEPBBIX POU3BOIHBIX {21 =
00;/0gy. (cobcTBeHHBIC 3HAUEHNUST JIOJIKHBI OBITH TOJIOKNTEIbHbIMN ). Crieyer moMm-
HUTB, 9T0 {F;} - 910 nosHbiil Habop B -dyukiwit, a {gx} - 910 HOMHBIIT HAGOD 3apsi-

108 (= {g1, g3 ,u}). s ynobersa Jiydiie nepeiitu K Jpyroi nape AnHAMUIECKIX
sapsiyios { f, w} Bmecro {gs3, u}:

2

93 1
= = . 132

st Hux jguHaMudeckast 3 -pyHKIMSA MOXKeT ObITh 3allicaHa B BUJIE:

Br=fl-2—yw+2n], Bu=—wy. (133)

HeO6XO,ZLI/IMbIe AuarpaMMbl IBYXIIECTJIEBOI'O HpI/I6.HI/I}K€HI/IH BbBIYUCJIAIOTCA aHaJINTU-

YeCKU, Pe3YJIbTaT JJIs Y\ U Y, MOXKET ObITh IIPeJICTAB/IEH B BUJIE:

T o= Hiw — fAF(w) —% [6 In (g) - 1] : (134)
o = 1 | | + Pl - Pl - o om(5)-1] . o
re
Hw) = 1050 [w2(2 Fw)ln (;1(2++w5)> v %] !
(136)
Flw) = m [4(1 4+ 2u)In (%) +54(1 + w) In (g) 8w 12] |
(137)

B mopesnn E Tpu dpukcnpoBaHHbIE TOYKH, B KOTOPBIX apaMeTp w MPUHUMAET 3Ha-
yenus w* = oo, w* = 0 u w* = const. IlepBwlil cilydaii He MHTEPECEH, IIOTOMY UTO
o Bcerga Hecrabusien. Touka w* = 0 (“weak scaling fixed point”) crabuibha 1pu

n > ne, TIe N — 9UCI0 KOMIIOHEHT 10JIs1, a Touka w* = const (“dynamic scaling
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fixed point”) crabuibha pu n < n,. . Beipakerust jijist STHX (DUKCUPOBAHHBIX TOUEK

NMEIOT BUJL:

3 4 1 4
fr=etyg [21n <§> —1} e?, w'=1+ {29—324111 (5)15,

2 2 4
w* =0 f* = gé‘#‘ﬁ |:7021Il <§) - 167] 82,

a BesmanHa n.(d) opeesseTcs BhparKeHneM

ne(d) = 4 —[191n(4/3) — 11/3] + O(?).

st “dynamic scaling fixed point” (138) Besmuunet 7y}, HAXOAATCS TOYHO:

* *
Yo =0, T =¢/2,
B pesyibrare KpuTndeckuil mokazaresb z NpUHUMAET 3HAYCHUe
d
2:2—7§:2—6/2:§.

s pukcuposantoit Toukn (139)

. v e 259 52 [4\] ,
—ejgq Jw e 29T 08y %
N=e24 5 T 3+[675 25 \3/]°

1 TOrJIa KPUTUYECKUI WHJCKC 2 UMeeT HETPUBHAIbHYIO POPMY:

(138)

(139)

(140)

(141)

(142)

(143)

(144)

st d = 4 — € uHIEKCHI W, CBSI3aHHBIE C 3apsanaMi [ 1 w JjIsl HEIIOABUKHON TOYKI

(138), umeror BuT:

103 259 4
Wy e+ [200 oo ™ (3)] e” =¢—0.230097e",

£ 347 1507 4 €
w = -+ |=———"In(=)|e’=-—0.108171¢
“ 7l [800 800 n(s)] ! <

(145)

(146)
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a Jist HeMOIBIZKHOM Toukn (139) —

158 72 (4
_ —= T =] e =c—0.1263022 14
Wy €—|—|:225 2511(3)]5 e —0.126302¢", (147)
e [52.  [4\ 259 £
w = ——+ |=In|=])—=|e?=—= +0.214675¢%. 14
w 3 + [25 n (3) 675] £ 3 + 0.214675¢ (148)

[Tepeonavasbao De Dominicis u Peliti [41, 44| obrapy:Kuiun HOBYIO yCTOHYUBYIO
bukcupoBaHHyto TOUKY, HasbiBaeMyio weak scaling (139). Ho onn momyctuim duc-
JIeHHY10 OIMmOKy, Ha KOoTopyio ykazas Dohm [22|. Pesymbrarsr maeit paborbr co-

rracyiores ¢ [22] u moxrsepxkaaioT omuoky B [41, 44].

Kax ormedasiocs B [39], npu d = 3 cyuiectByior e hukcupoBaHtbie Touky (142),
(144). JIsyxmerieBoii pacdeT MOKa3bIBaeT, 9TO JUHAMUIECKUiT peskumM ( 142) stBiisi-
ercst VK-cTabmibHBIM, HO CUTYyalllsd MOYKET U3MEHUTHCSI IIPU PACCMOTPEHUH CJIE]Ly-
IOIIUX TIOPSIJIKOB TEOPUHM BO3MYIIEHUI. DTO CBSI3aHO C MAJIOCTBIO KO MUIIMEHTOB
Wy, B € paznoxkenun. CjegoBaTesibHO, CAEIYIONINNA TOPSIIOK TEOPUH BO3MYIIEHUIT
MOKET M3MEHHUTDb 3HAK W , TEM CaMbIM ITIOMEHSITH yCTONINBOCTDL. [loaToMy akTyab-
HOIT 3a/1a4ell ABJISIeTCs TIPOBEJICHNE TPEXIIETIEBOTO pacdeTa. BrlosHeHHAsA B paboTe
PEAYKIA TPEXIIETIEBBIX JHArPAMM, ITPUBE/IIAas K 3HAYNTETHHOMY YMEHbITEHUIO UX

KoJIn4ecTBa, MOXKET CJIY2KHTb OCHOBOII TaKOI'o pac4deTa.

AkTuBHOoe paszButue E Mojem 1MOMOXKeT HMPOJBIUHYTHCS B M3YUE€HUN POJICTBEHHOI,
6osiee cioxkuoit F' Mozesin, KoTopas UCMOIL3YeTCs /s OMUCAHNS TMHAMUAKN KPUTHU-

"ecKoil 1epexo/ia OT HopMaJIbHOM K ceepxTeKyueil skuaKkoctn B Het [24, 45).
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I'naBa 4: Ilponeaypa nepecyMMupoBaHuUs

[Tocsie BBITIOSTHEHNS MHOT'OIIETJIEBOIO pacdeTa W MOJIydeHnsd WHTepecyIoleil Hac Be-

JINYMHBI B BUJE £—Pa3/IOKeHUs, ee HeoOXOAUMO IepecyMMUPOBaTh, YTO IO3BOJIHUT

IIOJIYYUTD boJIee TOUHBIE TeOpeTU4YIECKUe IIpeJICKa3aHd. CymeCTByeT MHO>KeCTBO Ba-

PUAHTOB TIEPECYMMUPOBaHUs, HO B JJAHHON paboTe OyJileT paccMOTpeHa TOJILKO ITPO-

1e/lypa IepecyMMUPOBaHus 110 KoHMopM-bopetto ¢ yueroM acUMITOTUKK CUIbHOM

cs3u [46]. Hizke kpaTko ormcana cyTb METOJIA.

Pacemorpum dyukimo A(g), s kotopoit uzsectbl mepsbie N + 1 kosddurment

A, B pasjioxKeHnn
o
Alg) =D Ang",
n=0

1 acUMITOTHKA BICOKOTO nopsiika (ABII) koaddurmentor A,

A, =% ¢(—a)"n!nb .

Torna kordopm—bopesesckoe mpejcrasienne dbyakiun A(g) umeer Bu:

Ag) = /OOO dtexp™" " (g—t)VB(w(gt)),

w(gt)

rje

(149)

(150)

(151)

(152)

(153)

ABII kosdbdurmentos pasnokenust dynkinu (151) B psig o g umeer sug (150) ¢

3a/JAHHBIMI 3HAYCHUSIMHI ITapaMeTpoB a U by, ecaiu mapameTp by BEIOpaThH U3 YCJIOBUA

b=bo+3/2.

(154)
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ITputuzkennoe sepazkenne AN (g) s dynknun (151) nmeer sug

00 v N
A(N)(g):/O dtexp 't (%;t)) Zan". (155)

n=0

Owno nostyaaercst ¢ yaerom N +1 epsoro ciiaraemoro cymmbl (153). Koadbdurmentor
B,, BuiOupatoTcst u3 TpedoBanusd, 9Toobl 1epbie N + 1 4ujieHa pasjiokeHust pyHKIIHA
(151) coBmamanu ¢ n3sectubiMn Kodbdurmentamu A, n3 (149). Homoanureabubrii
mapamerp v B (151), KoTopslii 6611 BliepBble BBeJIEH B craThe 46|, yrpasisier acumii-

TOTUKOMN “CHJIbHOMN cBa3m’L:

Alg) "% g (156)

B obcyzk1aemoit 3a1a4e napaMerp  HeM3BEeCTeH, MOITOMY MbI OyjIeM UCIOIb30BaTh
ero Jijigd YJIy4IllleHUs CXOJUMOCTH IPOIElyPbl CYMMUPOBAHU 110 MEpPe yBeJUYeHUsd

qUC/Ia WICHOB psijia B pasjioxkerun (149).

Caremys pabore [47], npousutioctpupyeM 3hHEKTHBHOCTD 9TOTO MOJX0/Ia Ha, TPUMepe

MOJIEJTHLHOMN (DY HKITHH

A(g) :/ A (157)
0

st sroit pynknun Bee koaddurmenTsl pasnoxkenns (149) usecrubr, a ABIT mve-
er Bug (150) co sHauenmsimu mapametpoB a = 4, by = —1. [lapamerp v ume-
er sHadenue v = —1/4. Ha Puc. 3 npejicraBieHo cpaBHeHre TOYHOIO 3HAYEHUST
A(1) = 0.6842134279 dyuknuu (157) npu g = 1 ¢ pe3yabTaToOM BBIYHCICHUI 110
dopmyse (151) (¢ ydueToM pa3iInIHOrO UYHCJA CJIATAeMbIX - FOPU30HTAJbHAS OCh)

[P BapbUPOBAHUN ITapaMeTpa .

Lenemyto pabote [46], MBI ncTIOB3YeM 0603HAMEHNE V JI7TsT TIapAMeTpa CHJILHOM CBsI3M, KOTOPOE B 3TOM KOHTEKCTe

He BCTpeYaeTCd OJHOBPEMEHHO C KPUTUYIECKUM HMHICKCOM V
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Puc. 3: 3nauenme mepecymmmpoBannoro psna
AN) (9) dyskmuu (157) npu g = 1, 17151 pasaInaHbIX
N uv.

13 pucynka BIIHO, YTO CXOAUMOCTD ITPOIE/ Iy Phl CYMMUPOBAHUS ITPOUCXOTUT B OITPE-
JIeJIEHHOM JTualla30He 3HA4YEeHUil TapaMeTpa v, U CKOPOCTb CXOJUMOCTHU 3aMETHO YMEHb-

[raeTcd 1Ipu ydaJieHUu 3TOI'0 IlapaMETpa OT «MCTHUHHOI'O» 3Ha4YeHUd UV = —1/4

Cremyer OTMETUTB, UTO JIJIsi HEKOTOPBIX Pa3JIOXKEHUIT TaKas MpoIeypa He JaeT JI0-
CTATOYHOI CXOJMMOCTH, K IPUMEPY AJid KPUTUUECKOIO MHJEKCA 7) B CTATUYECKOI
mogenn ¢*. Jljist yurydIneHns CXOANMOCTH PsiJia, BBEJEM ellle OJHY JOHOJHUTEIbHYIO

CBsI3b — IPUBSA3KY K TOUKe £ = 2 [48].

[IpescraBum uccseyeMoe 3uadenue r(e) B Buje
z(e) =x2+ (2 —¢)A(e), (158)

rje

T = Ten,  Ale) = % - ZAng (159)

u cienaeM nepecymMupoBanue psaga (159). Kosdbduiments 91010 psijia cBA3aHbBI €

koabbunmentamu nexognoro x(e) = > °° A" cooTHONTEHMAMIE:

AHZQAn—An_l n>0,
A =0. (160)
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13 (160) ciemyer, uto napamerpst a 1 by ABII koacbdpunnentos A, u A, oqUHAKOBEL.

B pabore [21| nmokasano, uro mapamerpel @ u by B Momenn A pasubl 1/3 u 7/2
cooTBeTcTBeHHO. HJeKe v g paccMaTpuBaeMoil MoJie/l B HacToslIee BpeMsl He
usBecren. B ommdne ot Mojenn ¢, st Koropoit B [48| Gblia HCo/Ib30BaHA METO-
JITKa TIePeCYMMUPOBAHUS € YYeTOM IPUBA3KHI K TOUKE £ = 2, TOUHOe 3HAYeHUe To B
HallleM cJIydae TaKzKe He n3BecTHO. Mbl onpe/iemim napaMeTpsl V 1 Ty U3 YCIOBUS

caMoii OBICTPOI CXOAUMOCTH IIPOIEAYPhl CyMMUPOBaHUS JIid € = 1.

BepHeMCH K KPUTUYECKOMY NHIAEKCY 7] U IIOCMOTPUM Ha PE3YJIbTAaT IMEPpEeCyMMUPOBa-

HUA €70 MECTUIIETJIEBOIO Pa3JIOzKEeHUA C HpI/IBHSKOfI K TOUKe € = 2:

Puc. 4: 7o = 0.25 Puc. 5: 7o = 0.235 Puc. 6: 1o = 0.22
ns = 0.0367 ns = 0.0363 13 = 0.0359

XopoIo U3BECTHO, UTO B JIBYMEPHOM IPOCTPAHCTBE TOYHOE 3HAUYEHME 7) PaBHO 1/4.
Vcnosb3yst MoiuUIMpoBaHHbIil MeTo 1 KOHPOPM-Bopesis, Mbl MOIYyIUIn 1)j—o =
0.235 u n4—3 = 0.0363.

4.1 Mogenn ¢* ¢ Kybudeckoii cuMmeTpueii

B pesymbraTe n3ydenns Mogen ¢ ¢ Kyomdaeckoii cuMMeTpueil ObLIH MOy deHbl pas-
JIOKEHUsI 10 € TPeX KPUTHUIECKUX mokasareseit (v, 1, v) - (63), (64) u (65). Mo
IPUMEHIIN K STUM [OKA3aTeIsIM TeXHUKY TepecyMMupoBanus Koudopm—bopers
¢ mpuBsI3KOit K Touke £ = 2. Vcmonb3yst nexogubiii psij (63) st KpUTHIECKOTO

nokazaresisi 1) (pacemarpuBaeM n = 3) u cooTHorerne (158), mosyaaem Mogndurm-
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POBaHHBIN Ps JJIS 1):
1 1 ) 1 ;
n = n+(2-—¢) — e+ (0.010288 — =y ) &* 4 0.014528 — ==y | 7+

1 4 1 5
+ (0.00312995 - 3—2772) et + (0.012882 - @”2) o+

1
+ | —0.0264495 — —=n, | €°| . 161
( o)< (161)
OOBbEKTOM ITepecyMMIPOBAHMS PACCMATPUBACTCS PsiJl B KBaJIpATHBIX CKOOKaX B BbI-
pazkerun (161). Ha Puc. 7-9 npencraiien pesysbraT mepecyMMIPOBAHHOTO HHJIEKCA

7 It PA3/IMIHBIX 3HaYeHU KO3hpuImenTa ny = 1(4—2).-

Puc. 7: 1o = 0.18 Puc. 8: 7o = 0.20, n = Puc. 9: o = 0.22, n =
n = 0.0357 0.0366 0.0375

Yucaennble 30a9eHns IepecyMMIPOBAHHOTO KPUTUIECKOTO WHJEKCA 1) ITPeCTaBIe-
Hbl B Tabsmmiie 9, u3 KoTopoit BUAHO, 9TO CXOAUMOCTD JAHHON BeJIMINHbBI IPOUCXOIAT

JIOCTATOIHO OBICTPO.

Tabauma 6: [lepecyMMmEpOBanHOE 3HAMTE-
HUE 7) METOIOM MOAU(PUINPOBAHHOIO KOMQOPM—
Bopeisi ¢ y4eToM pasjndHOro 4YnC/a 4IeHOB HC-

XOJIHOT'O PsJia.

| 2 eq.(158) | 4loops | 5loops | 6loops
Nizs | 7 =020 | 0.0365 | 0.0366 | 0.0366

Takasi »Ke mporeaypa MOXKeT ObITh BBIMOJTHEHA W I KPUTHIECKUX WHJIEKCOB 7Y 1
v. OJHAKO ee HeJIOCTATOYHO JIJIsI HOJIYUYeHHsT aKKypaTHON cxoguMocTu. Vcrnob3yst

KoHpopM—OopesieBckoe nepecymmupoBanue 1 ABII, MoxkHO 3adukcupoBars He JiBe
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BesimauHbl a u by (150), a Tosbko oaay a. Ocrasimiicst mapamerp by BapbUpOBATH
TaK Ke, Kak 1 napamerp v. JleTajbHble BBIYNCIEHNS € UCIOJIB30BAHUEM TOTO MO-
TGUITPOBAHHOTO METO/Ia TIePeCy MMUPOBAHIST TOIPOOHO OIICAHbI B cTaThe [25]. B
JIAHHOI paboTe mpejicTaB/isieM TOJbKO OKOHYATEIbHBIN pe3yJIbTaT JIJisd Iepecy MMUp-
BaHHDBIX KPUTUYECKUX WHJIEKCOB 1), ¥V U UX CPaBHEHHE C IPEJIIIEeCTBYIONUMEI padoTa-

MU JIPYTUX aBTOPOB.

Tabsmia 7: 3naueHne KpUTHUECKIX HHICKCOB 1) U I/, HOJIY9eHHBIE B PE3YIBTATE HePECyMMI-

POBaHMA MHOI'OIIETJIEBBIX PAJOB IIO €, B CPaBHECHUU C PE3YyJIbTaMU TPEXMEPHOI'O PI' ananusa.

Ne of
loops n v Paper n v Paper
€ expansion 3D RG
3 - 0.700  [49]-1984
4 0.034 0.68(3)  [25]-2019 | 0.0331 0.6944  [50]-1989

0.0332  0.6996 [51]-2000
5 | 0.0375(5) 0.6997(24) [52]-1998 | 0.025(10) 0.671(5) [53]-2000
0.0374(22)  0.701(4)  [14]-2000
0.0353(21) 0.686(13) [25]-2019
6 | 0.036(3) 0.700(8) [25]-2019 | 0.0333(26) 0.706(6) [14]-2000

Kak Bujgno ms3 Tabsaunpl 7, pesy/iabrarhbl IepecyMMUPOBAHUS B IIPeesiaxX IIOrPelll-
HOCTHU XOPOIIIO COIJIACYIOTCS C paHee MOJYUYCHHBIMU 3HAUYEHUAMU JIJIsT KPUTUICCKUX

UHJIEKCOB.

Kaxk o6cy»ktanoch patnee B TiaBe 2, OMEHKA KPUTHIECKOIT pa3MepHOCTH 110J1st N, (62)
IIpeJicTaB/IsieT OOJIBINON NHTEpec, TaK KaK MMEHHO 9Ta BeJINUNHA OlIpeIesIsieT NCTIH-
HBIIl PEXKUM KPUTHYECKOI'O MOBEJIEHUsT B PeaJIbHbIX KyOmuecKux peppoMarHeTukax.
[Ipenpiayiime paboThl OKA3BIBAIOT, YTO 3HAUEHNE YKC/Ia KOMIIOHEHT I10JIsi 1, CYIIe-
CTBEHHO BJIMSET Ha YCTONYUBOCTD HEIMOJIBUKHBIX TOYEK U IIPUBOJUT K KOHKYPEHIUN

MEXKJIy Taii3eHOeproBCKOil HEIOIBUAKHOM TOUKONI 1 KyOUUeCKOil.

[lepBble uncaeHHbIe OTEHKN N, TTOJTyIeHHbIe B ITPUOINKEHITX HUBITIX TOPIKOB €
passoxkenus |8, 9, 10, 11] mporaosuposau n. > 3, 9T0 TOBOPUIIO Obl O HECTAOUTHLHO-
cTH KyOM4Ieckoit TOUKN B peajibHOM IpocTpancTBe. OJIHAKO 1033Ke, IIPU ITPOBEICHIN
pacdeToB 0oJiee BBICOKOI'O TOPsiJIKa, OBLIO IMOKAa3aHO, YTO 3HAYEHUE N, CTAHOBUTCS
MenbIuM Tpex |50, 35, 12, 13, 53, 51, 14, 54, 55|. TosrygeHroe HAMHU IECTUIIETIEBOE

e-paznoxkenue (62) BeauInHbl n, ObLT0 Hepecymmuponano (cum. [25]). Homydenmbrit
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pe3yJIbTaT IpHUBe/IeH B Tabmie 8 BMECTe ¢ pe3yjbraraMu 0oJiee paHHIX padoT.

Tabyma 8: Kpuruueckas pasmep-

HOCTD M.
YucJio

reresib Ne Paper
1 4 [10]-1974
2 2.333 | [10]-1974
3 3.128 | [10]-1974
4 2.918 | [12]-1997
2.958 | [35]-1995
5 2.87(5) | [14]-2000
2.91(3) | [25]-2019
6 2.915(3) | [25]-2019

4.2 A MoIeJb

[Ipumerum mporeypy nepecyMmMupoBanus koudopm-Bopesst (151) - (155) k moJty-
YEeHHOMY HaMu e—pasjioykeruto (104) nnHaMIueckoro KpUTHIECKOro uHekca z(n =
1). Torya psii JUId 2 ¢ y4ETOM IIPUBA3KY K 3HAYCHUIO 2 = Z(c—1) BBIIAIUT CJIE/1y-

IOIIM 00Pa30M:

1 1 1 1
2 =~z | e+ (0.00672308 - g22>€2 + (0.00887968 — 1—622)63+

1
+(0.00164984 — 3—222)54 4 (0.00968492 — 0.01562525)e” |
(162)

IJle BhIpazKeHue B CKOOKaX dABJIsIeTCsl 0ObEKTOM IIepPecy MMUPOBAHUSI.

[Tapamerpsl a u by ObLTH BIOpaHBI, coracHo |56], paBubiMu a = 1/3, by = 3/2.
B pabote |57| mokazano, 9TO 9TH MapaMeTpbl HMEIOT OJNHAKOBbBIE 3HAUEHUS U JIJIsI
n(e) u pist Besmannst 2(e). Ha pucyrkax 10 — 15 3HaueHns THHAMIYECKOTO KPUTH-
YECKOIO MHJIEKCA 2 /IS TPEXMEPHOIro IPOCTPAHCTBa d = 3 IIOKA3aHbl B PE3YJILTaTe
[epeCYMMUPOBAHUSI ¢ PA3JINIHBIM KOJTMIECTBOM YUNTHLIBAEMBIX YJIEHOB PA3/I0ZKEHIST

psifia z(€) 1 3HAYEHUIT TAPAMETPOB V U Zo.
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Puc. 10: 29 = 2.12 Puc. 11: 2z = 2.13 Puc. 12: 29 =2.135
z = 2.0227 z = 2.0232 z = 2.0234

Puc. 13: 2o =2.14 Puc. 14: z9 = 2.15 Puc. 15: 29 = 2.16
z = 2.0237 z = 2.0241 z = 2.0247

N3 cpasnennsa Puc.3 u Puc.10 - 15 BuaHO, 9TO CXOANMOCTD IPOILELYPHI TEPECYMMMU-
poBanus 110 BopeJtto ji7is1 z(€) 0YeHb MOX0XKa HA PACCMOTPEHHYIO paHee MOJIEJIbHYO
dbyuximo (157). Haubosibinast ¢CKOPOCTh CXOUMOCTH JIOCTUTALTC 1pu ¥ = 2.2 1
29 = 2.14, 910 HaeT cjejyionne ONeHKHN JJIs JUHAMIIECKOro TToKa3aTe/ sd 24—3

Ta6ﬂI/IHa 9: HepeCYl\ﬂ\/II/IpOBaHHOQ SHa4YeHrue z MEeTOJ0M

MOIUMPUITTPOBAHHOTO KOMbopM—DBopeid ¢ yueroM pazind-

HOI'O 4ucCJla YJIeHOB MCXOJHOI'O psAda.

\ 29 eq.(158) \ 3loops \ 4 loops \ Sloops
za—s | 22 = 2.14 | 2.023566 | 2.023647 | 2.023654

13 Puc.10 — 15 caemayer, 9To yuer napamMerpa CUIbHON CBA3U ¥ HEOOXOIUM JIJIs ITPa-
BIJIBHOI'O OIIPEJIe/ICHUs] JIMHAMITYECKOIO KPUTUIECKOT'O MHIEKCa 2 METOI0M KOHMOPM-
Bopeiist, mockobKy mpn 3Hadenun v = (0, KOTOpoe HCIoJIb30BaIoCh B [21], exomu-

MOCTb O4Y€Hb MeJIeHHad 1 [AJigd COIIOCTaBHUMOI'O peE3yJibTaTa HGO6XO,ZLI/IMO Y4IUTbIBaTb
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ertie GoOJIbINEE THCIIO WICHOB psjia z(€).

Taxum oOpas3oM, OJIyUeHHbIe HAMU Pe3YJIbTaThbl HAXOISATCS B COIVIACHH B IIpejesax
MOIPEITHOCTH ¢ pe3yJIbTaraMit paboThl [38], coracHo KoTopoii ipu d = 2 KpuTude-

ckuit unjiekc z pasusercs 2.17 £+ 0.03.
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SaKJII0OUeHne

OcHoOBHBIE Pe3y/IbTaThI, MOJYUEHHbIE B JUCCEPTAIMN, MOXKHO C(OpPMYJINPOBaThH B

CJIEJYIOIIEM BUJIE:

e Pa3Bur MeTO PEeAyKIUN JuarpaMm, IIO3BOJISIOMINI 3HAYUTEJIHHO COKPATUTH
00'beM BBIUNC/IEHNIT B MOJIEJISIX KpUTHdecKkoil puaaMuku. OCHOBHOI Ipod/ieMoii
IPOJIBUKEHUSI B CTapIINe HMOPAIKI TeOPUN BOBMYIIEHUN B 9TUX MOJIEJIAX SIBJIsI-
eTcs OYeHb OOJIbIIIOe YBeJIUUYeHHe JHIC/a JuarpaMM 10 CPaBHEHHUIO C 3a/adaMu
CTATUKHU, & TakKe 0oJiee CJI0XKHBIN B/ HOIbIHTErPAIbHBIX BhIpaskeHnnii. Mero.y
PEJYKIINN JIHarpaMM II03BOJIET HE TOJbKO YMEHBIINTH YNCJIO 3(DPEKTUBHBIX
JarpaMMm, HO U YIPOCTUTb COOTBETCTBYIOIINE UM IIOJbIHTerPa/bHbIe BhIparKe-

Hud.

e Ha ocnoBe Merojia peJlyKIUU JMarpaMM IPOBeIeH PEKOPIHBIN ITATUTIETIEBOI
pacuer JMHAMIYECKOr0 KPUTUIECKOI0 MHIEKCA 2 B MOJAETN A KPUTHIECKO -
HaMUKH. JJaHHBIIT MEeTO YMEHBIINI YUCI0 BLIYUCAIEMbIX HHTEIPAJIOB B YEThI-
pexnerieBoM npubdamkenun ¢ 66 g0 17, a B naruneriesom — ¢ 1025 mo 201.
Takoe cokpallieHue Mo3BOJIUI0 PACCUNTATh £—Pa3JIoyKeHUe JUHAMUYECKOTO MH-

JeKCa Z BILJIOTH JO IIATOIO IIopdAKa II0 € BKJIIOYUTEJILHO.

e [IpouspejieHo 0600IIEHE METO/Ia PEIYKIINN JHarpaMM Ha, MOIEH KPUTHIECKOI
JMHAMUKN C MEXKMO/JIOBOI CBSI3bI0. BBINIOJIHEH ABYXIIETIEBOI pacueT B MOJEIN
El, KOTOpBIii 1103BOJIMI BHECTU SICHOCTH B IIPOTHBOPEUMBLIE PE3y/IbTaThl padOT
npeecTBeHHUKOB. [IpoBejieHHas pelyKIus guarpaMM B TPEXIIeTJIEBOM IIPU-
OJIMPKEHNH 110Ka3aJ1a, YTO €CJIU YUCJI0 BhIYUCISIEMbIX HHTEIPAJIOB B JBYXIIETJIC-
BOM MPUOG/IIZKEHIN COKPAIAETCsT TPUMepHO B 3 pasa (¢ 52 yo 18), 1o B Tpex-

MeTJIEBOM — yzKe mpuMepto B 8 pas (¢ 4950 10 595).

e BrinostHeH peKOpHbII MIeCTUIeT/IEBOI pacueT KPUTUIECKUX UHJIEKCOB 1) U V B
Mozesn ¢* ¢ Kybudeckoii cummerpreit. Ha ocHoBe HelaBHO BBIOJHEHHOTO aHa-
JIMTHIECKOTO PEHOPMIPYIIIOBOro pacdera O(n)-CHMMETPIIHON MOJIeIN ¢* naii-
JIEHBI PA3JI0?KEHUS IIECTOrO TTOPsIKa 110 € JIJI UHJEKCOB C YYETOM JOIOJTHUTE b~
HBIX TEH30PHBLIX CTPYKTYP, OOYCJIOBJIEHHBIX cuMMeTpueit mojienu. [Tpousseieno
yTOYHEHUE KPUTUYECKOI'O 3HAYEHUSI YUCJIA N, KOMIIOHEHT 1101, KOTOPOEe Ollpe-
Jle/IsieT MCTUHHBIN PEXKUM KPUTHUUIECKOro TOBEJCHUS B peasibHbIX (heppoMarHe-

THKax ¢ Kybudeckoit cummerpueii. [lokazaHo, 4To yCTOWYMBOI /I peabHbBIX
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dbeppomaraeTukos (n = 3) B TPEXMEPHOM MPOCTPAHCTBE SIBJIAETCST KyOUIecKast

HennoABU2KHaA TOYKa PEHOPMI'PYIIIIBI.

e [Ipoussejieno mepecyMMUPOBAHIE TIOJTYIEHHBIX £- PA3JIOXKEHUT METOIOM KOH(POPM—
Bopess 1 BerYucaeHbl yTOUYHEHHbIE 3HAUYEHN KPUTHIECKNX TToKa3aTeseil B nc-
CJICIOBAHHBIX MOJEIAX — CTATHUCCKON Mojesn ¢! ¢ KyGuueckoil cuMMeTpreit i

IMHAMIYIecKoil A Moenn.
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ITpunoxxenne A

Tabymia 10: Bxaage!l quarpamMu, ompeie/saionyuX KOHCTAHTY PEHOPMUPOBKE Z; B A

MOJIEJIN JI0 YeTBEPTOr0 TOPSIKA TEOPUN BO3MYIIIEHUI.

naaekc Hukems IUCJIEHHDII

JJId CTaT. Juarp. pe3yJbTaT
2 1eTyn
ellllel \ 1/81log[4/3]e™! + 0.041670207(4) 4 0.0647910(6)e + 0.0446045(9)e
3 et
el12]22e] | 1/4log[4/3]e~2 + 0.1368518(6)e ! + 0.27091943(4) + 0.2852955(29)e

4 netyim

e112|33|e33|| | 9/641log[4/3]e™% + 0.1070793(11)e~2 + 0.2560858(32)e ! + 0.358251(6)

el12]e3|333]| —0.0008517(30)e~2 — 0.005031(10)e " — 0.017487(15)

e123[e23[33]|| | 3/321og[4/3)e~3 + 0.0848713(9)e 2 4+ 0.2161338(31)e " + 0.377071(5)

e112|23[33le| | 3/161og[4/3]e=3 4 0.1562589(12)e2 + 0.400053(4)e " + 0.579729(8)

Tabmauma 11: Bkuajsl quarpaMm, onpe/e/saiomux KOHCTaHTy PEHOPMUPOBKI Z; B A MoJie/IH.
[1aTBI TOPSAIOK TEOPUU BO3MYIIIEHUIA.

nuaeke Hukems YU CJIEHHbIH

HJId CTaT. Juarp. pe3yJibTaT

el112(33]ed4|44|| |  3/40 log[4/3]e~* + 0.073163(4)e > 4 0.204788(16)e 2 + 0.35477(5)e

e112]33]444|e4|| —0.000666(12)e~3 — 0.00451(4)e=2 — 0.01797(12)e !

e123|e23]44|44|| | 1/40 log[4/3] e~ + 0.0315824(25)e =3 + 0.098616(9)e~2 + 0.236148(31)e "

el12|e3]344|44]| —0.001333(25)e =% — 0.01160(9)e =2 — 0.05244(28)e !

e123|234/|34|4]e| 0.0172897(9)e~2 + 0.076055(4)e~

el12|34|e34|44]|

1/10 log[4/3]e~* + 0.111931(5)e > + 0.331417(19)e 2 + 0.67233(6)c -

e123[e24[34[44]]

1/20 log[4/3]e~* + 0.070358(4)e > + 0.239613(18)c 2 + 0.61230(6)c -

e112[34]334[4]e|

3/20 log[4/3]e™* 4 0.182275(8)e ™3 + 0. 587323(

e112|23]e4|444]|

—0.001955(21)e=3 — 0.01250(7)e~2 — 0.04914(25)e~

e112|23|44|ed4]|

e112[23|34[44]e]

7/40 log[4/3] e=* + 0.188694(8)e 3 + 0.573681(2
1/10 log[4/3] e=* 4+ 0.119119(6)e 3 + 0.390094(2

8)e™? + 1. 21353(9)5-:*1

8)e~2 + 1.03326(9)e "
3)e™2 4+ 0.75114(8)e !
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IIpnnoxkenue B
Taonuia 12: Penyknua quarpamys E momenmn.

nnjgexkc Hukens | # aunaMudeckux | # BPEeMEHHBIX | # PeylnpOBAHHBIX
JUI CTaT. JUarp. JarpaMm BepCHit JIarpaMm
1 et
elllel 2 2 1
2 1
2 et
elllle| 2 2 2
el12[2]e| 10 10 0
el2|e3|33| 14 26 8
el2[23|3]e| 8 14 8
52 18
3 MeT/In
el112|3]e4|44|| 32 98 0
e12]33]44/5/5]e| 20 108 4
e12(23|4]45|5]e| 30 132 48
e12(34/35]4|5]e| 140 864 130
el2]e3|45|45|5|| 64 368 33
el112[33|e3|| 24 44 0
el2|e34[34/4]| 48 184 1
e12(34/35|e|55|| 28 196 16
el2]e23|4|44|| 76 292 0
e12]23]4]e5|55|| 100 536 109
e12(34/34|5|5]e| 36 209 79
el2[e3]34[5/55|] 104 h84 32
el2|e3]34[44]| 34 114 0
e112[3]34/4]e| 38 114 0
el2]e3|333|| 7 13 4
e1223|44|ed]|| 38 107 0
el2|e3]44[44]| 16 44 0
e12]34[34e4|| 96 352 56
el12|3]e33|| 12 24 0
e12(23|34|4]e| 42 124 28
el12[e3]33|| 19 17 10
el12[23|3]e| 42 72 10
el2]e3|44|55|5|| 40 195 16
el112[3]44e4|| 32 101 0
e123e23]3|| 25 58 19
el12(22]e e, ¢t mogenn
\ 4950 \ 595
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Huarpamma ¢ Torosiorueit el112|22|e| comep:kur 3 craTudeckie BepIIMHBL U PABHA
JarpaMMe ¢ Takoil yKe Torosiorneil 3 A Mojiesin, HO ¢ BHENTHUMHI XBocTaMu 1),
a ne ¢'T1). Bosee Toro, mo npasmiaM peayKuuun A MogeIbHbIE ITHHAMUYCCKHE Ha-
IPaMMBbI C TAKIMI BHEITHIMI JTMHUSIME CBOAATCS K UUCTO CTATHYECKNAM JIArPAMMaM
Mogtesn ¢, Tem caMbIM MeTOJ PeIyKINH MO3BOJMI 1 B E MOJEN BbIJIEINTD YHCTO

CTaTUYCCKYIO 9aCTb.



7

ITpunoxenne C

B stom Ilpunoxkenun Oyjier paszodpaH pacdeT 2-X IeTJIEBBIX JuarpaMm, COOTBET-

crytomux gyuknuu I'puna 'y Mosesn E.

Homenkiaarypa Hukesis

B nannoit pabore jid onucanus JUHaAMUYECKUX JiMarpamMM Mojienn E ucnoab3yer-
cg HoMmenksiarypa Hukensa. Tak Kak jjannas MoJie/ib COJIEPXKUT He OJiHO0, a 6 TUIOB
MoJIell. TO 3TO JIOJIKHO OTOOPaXKAThCS B YCJIOBHON 3aICH JuarpaMM depe3 HOMEeH-
knaTypy Hukess. 3amnuimeM MHEMOHHYECKHE TpaBUIa JIJIs PAcIpPOCTPAHEHUS HO-

MeHKJIaTypbl Hukenst na quHamMudeckne guarpaMMbl:
e Hymepyem Beprmunbl rpada, Haunnas ¢ (.

e PaccMmarpuBaeM BepIIMHBI B IOPsAKe Bo3pacTaHus. /s KaxKao0il BbITIChIBAEM
BEPIINHBI, CMEXKHbIE ¢ Heil, n Jeil HoMep 0oJIbllle,9eM Y pacCMaTpPUBAEMOil Bep-

MWHBL. Ecam y BepImmMHBI €CTh BHEITHUN XBOCT, TO €My COOTBETCTBYeT OyKBa

) )

c.

e Brenem obosnavenns jus nogeii: ¢ — p, ' — Pyt —r " = R, m — m,
m' — M.

Paccmorpum guarpaMmy

CooTtBercrBylonias eit HoMeHKIaTypy Hukess 3amnucbiBaeTcs B BUJIE:

el2|23|3le| : OR_mM pr|rP_primM|0p|
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JIByxmeTJjeBoit pacder auarpamm E moaenan

B aByxmeriieBoM npubsinzkeHnn CymecTByeT 4 Bujia TOMOJIOruil Jijist JIAHHOH MOJIeJIH:
elllle, e112|2|e|, e12|e3|33|| u e12|23|3|e|. IlepBast Tomosorust 0bpaszoBata INCTO
CTATUYIECKUMU BEPIINHAMHU, T.€. OHA MOJIHOCTHIO COOTBETCTBYET JuarpaMme A Mojie-

¢ BHermHUMHI xBoctamu 10’1, Tlostomy Haunem paccmorpenne ¢ el12]2]e].
Tonosnorus el12|2]e]

Kak roBopmioch B pasjesie 3.2, METOJ PEJYKIIIN THAIPAMM TT03BOJISIET OJIHOCTHIO
ybpath JaHHyio Tomosornto. [IpuBemem cnmcok gamarpamMm, BXOJAIINX B 9Ty TOIIO-
JIOTHIO, U MOKAYKEM, KaKast KOMOMHAI[HST TO3BOJIUT UX MOJHOCTBIO COKPATHUTb.
1. 112|2|e|:0R_pR_rp_prjmm|0P|
SC =1 1+4=0
2. 112|2]e|:0P _pr_rP_rp/mm|OR|
SC =1 2+3=0
3. e112|2]e|:0P_pR _rp rp/mm|OR|
SC =1 2+3=0
4. e112|2]e[:0R_pr_rP_prjmm|0P)|
SC =1 1+4=0
5. el12|2|e|:0P _pr_rp_rp|Mm|OR|
SC =1 5+6=0
6. e112]2[e[:0R_pr_rp_pr|Mm|0P|
SC =1 5+6=0

Tonosnorus el2|23|3|e]

Vcrionb3ys peyKIuio JuarpaMM, MOYKHO 1TOKa3aTh, YTO OCTAIOTCS TOJHKO BpeMeH-
nple Bepcun 0123 u 0213. Paccmorpenue jiByXInerieBblX jJuarpaMM B Ly yipo-
MAaeTCs eIe W TeM, 9TO CyMMa JuarpaMM IMpu YJI00HON MPOTedKe MMITYIbCa JTaeT

TPUBUAJIbHYIO 3allUCh HJId CyMMBbI BCEX BPEMEHHDBIX BepCI/Iﬁ.
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1. €12]23|3e| : OP_mM _rplpr_rp|Mm|0R| SC =1

3012 0312
3021 0321
3201 0132

3021 3102
3012 0312
0321 0231

3. €12|23|3le| : OP_mM rp|pR_rp/mm|0R| SC =1

0123 0312
A= /‘2—07 0132 3012

4. e12|23|3le| : OP_mm_rp|Pr_rp|Mm|OR| SC =1

N 3210 3021
o ﬁ 3201 0321
A

Time wversions :

Time versions :

Time versions :

AN Time versions :

5 e12|23|3le| : OP_mM _rP|pr_rplmm|0R| SC =1

Time wversions :

0132 0213
0321 0312
0123 0231
3021 3012

6. 12|23|3le| : OP_mm_rplpr_Rp|Mm|OR| SC =1

Time wversions :

0312 3102
0321 3201
3012 3120
3021 3210

N Time versions :
AN 0213 0321
AT ﬁ 0231 3021
8. e12|23|3le| : OP_mm_rp|pR_Rp|mm|0R| SC =1

N Time wversions :
S 3120 3012

AL /ﬁfH 3102 0312

bynem oTnebno paccMaTpuBaTh CyMMY BpeMeHHbIX Bepenit 0123 n 0213.

I rpynmna: Bpemennas Bepcud 0213

(FPu+k+7)(Pu+ @ +7) (k=) +¢* +7) (k — q)* + uk® + ug® + 7)

Beegem obosuavenus: (—2)/. Sammmiem dbeifHMaHOBCKOE PEICTABICHHUE:

v ((k—q)°+7)
Vg <> (q u+q2+T)
v3 > (k2u+k2+7)
vy (Ku+ (k—q)* + ¢u+7)

Torma marpuna v u coorBeTcTBYIOmMil eit det v u3 riasbl 1 UMEIOT B

V=
—V4 — U1

v1 +v3(1+u) +vg(1 +w)

—Uq4 — V1
v+ vo(1 4+ u) +vg(1 +u)

det v = 2viv9 + 20 v3 + 4vovs + 2v1v4 + dvovy + dUsvy + 3vi
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Ucnobayst mero Sector Decomposition (cm. rraBa 1), pasbubaem o01acTh MHTeE-

I'pupoBaHnAd Ha CEKTOPa M HaxXOAUM PE3YJIbTAaT IJIAd KazKI0I'0 U3 HUX:

Iy = % (5 log[2] — 31og[3] + 7(log[11] — log[7] — 6v/3 tanh ™ (\/§> +

+6v/3 tanh™! (2\/5)) (166)
Iy = ]_i?,
Ly = ﬂ(1610g[2] + 3log[3] + 151og[5] + 7log|7] — 22log|11]
L=1I;
- 9 3 ! 7 1
I3 = —Zlog[2] +7 log[3] — glog[5] + 3 log[7] — élog[ll] —
—44/3tanh ! (\/3) + 44/3tanh ! (2\/5) (167)
8
-1 Tlog[3] Tlog[7] = 25log[5]
fao = g Tlogl2) === = ==+ 5
_ log[2] 5log[b] 11log[11] log[3] = 7log[7]
Ty — _ _
G 8 24 4 T3
I 7log[3]  5log[5]  35log[7] N 11 log[11]
T8 24 24 12

YuanrteiBas kKodddunuentol ['(e) n —2 B deliHMaHOBCKOIT MpejicTaBIeHns 1, moJy-

qaeM:

. _ 3 3
> I=2hLs+ hy+2(Is + Iy + Iy) + I = = log (—) (168)

4 4
[[e] (T[2 — £/2))° ;_ 3log (3)
4 Z 86

= (—2)

C Y4I€TOM 3apAA0B OTBET BBITJVIAINUT KakK:

= (g3, u) (169)
—€QU(5§+ 7 (—ulog(u) + (u+1)log [(u ;2] +log [—2D

= (f,w) 2 2 (170)
e (e + s [ s |7
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IT rpynma: Bpemennast Bepcus 0123

2((k—q)* = k) (¢ = (k—q)*)
(B2+t) (uk2+ k2 4+t) (P +t) (ug?+ > +t) (E—q)?+t) (k2 + (k—q)®> + ¢*> + 3t)

(171)

Y100BI BOCIIOIBL30BATLCS METOAOM SD, paciuiineM 3TOT HHTerpaJl Tak, 4To0bI yOpaTh
MHOYXKHATEIb B UNCTATEIE:

8
R4tk + 2+t (u? + @ +1) (2 4+ (k—q)?+ ¢ +3t)
2
W+ R ) w2+ (k=) (R + (k—q)?+ @2 +3t)
2
R W+ R0 (P4 (g + P A1)
=871 — 2/ _21® (172)
o 1 sriax, I

V1 <> (k2 + t)

vy <> (2k% — 2kMq + 2¢° + 3t)

vy & (k* +t + k*u)

vy > (P +t+ )

Torga det = (vy + 2vs + 2v3) (209 + 2vy) — V3

1
N = 0.012634
b = Jygz — 0:0126349

1
W~ 0.01211 =
1y = 0.0121100 +

1Y = 0.0147803

1
1Y = 0.00592 _—
2 = 0.00392873 + 5

1
L} = 0.0156338 + —
34 * 24¢e

IV = 0.0284238
1Y = 0.0123895
11 = 0.0172003
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[IepBblii BKIaJ 1a€T:

1 3 3log(2) 3log(3)  log(u+1)

Tt 1)?  2wH1? (et )2 2ut1)?  w(utiR
e 2 rian, 12

vy < (K% 4 ¢* — 2kqM + t)
vy <> (2k* — 2kMq + 2¢° + 3t)
113<—>(k2—|—t—|—k2 )

& (° +t+ ¢*u)

Torpa det v = (v + 2v9 + 2v3)(v1 + 209 + 2v4) — (V2 + v1)?

119 = 0.0251902

112 =11 = 0.0351295
1Y = 0.0137288

1) = 0.0256404

1) = 0.012085

1Y) = 0.0155663

Bropoit Bk1a1 1aeT:
2
7oLl (T2 — ¢/2))

2 _ log (31)
(u+1)2

(173)

(174)

(175)

(176)



e 3 Briaz, [0
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V1 <>
ve > (q +t)
K2+t + ku)

C+t+q u)

V3 <

e Y N N

Torga det = (v1 + 2v3)(v2 + 204)

Tpernit BK1ag gaet:

Uroro, 811 — 272 — 21().

=

76 _ 0.0449813¢/2 + 0.0555556

14 — 5/2

S _ 0.0420155¢/2 4 0.111111
12— 6/2

]1(3) _ 12(3)

78 _ 0.0362953¢/2 + 0.0555556
32 — 6/2

S _ 0.03013442/2 4 0.0277778
34 — 8/2

I:g?)) _ If))

4 4

4log(u+1)

(81D — 27 _ 91®) )F[Z‘T]( 2 —¢/2))°

4

4 910g(

T @A a{ut 1)

7MW _ 972 _ 95 — _

17 e

C Y4I€TOM 3apA0B OTBETHI BBIIVIAAAT KaK:

(177)

(178)

(179)

(180)
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= (93, u) (181)
A 1 ~ 9log (3)
e e(u+1)2  2e(u+1)?
= (f,w) (182)
1 9log (%)

e(w+1)2  2e(w+1)2

\

Tonostorust e12|e3|33]|

HpOBe,ILeM aHaJIOTMYHbIC BbIYNCJICHUA OJIA CJIe,ILYIOHLeﬁ TOIIOJIOT

1. e12(e3|33[| - OP _rp_mm|0R_mM|Pr_rp|| SC =1 6.e12(e3|33|| : 0OP_mm_rp|0R_pR|Mm_rp|| SC =1

//,@f\\ Time wversions : Time wversions :
L o 1320 1032 1320 1032
‘I’ * 1302 0132 1302 0132

2. €12e3(33]| : OP_rp_mM|OR_mM]pr_rp|| SC =1 7. e12]e3|33|| : OP_mm_rP|OR_pR|mm_rp|| SC =1

. . Time wversions :
Time wversions :

- N 0132 1023 1023 0132
o 0123 1032 1032 0123
T X 0213 1302 1302 0213

3. €12|e3|33|| : OP_rp_mm|0OR_mM|Rp_pr|| SC =1 8. e12(e3|33(| : 0P _mm _rP|OR_pr|mM _rpl|

Time wversions :

/,Q%\ Time wversions : 0931 0123
1320 1032 0213 1023

_'_’ \j/: 1302 0132

4. €12(e333|| : OP_rp_mM|OR_mml|pR_rp|| SC =1 9.e12(e3|33|| : 0P_mm_rP|0R_pr|lmm_rP|| SC =1
. . Time wversions :
T :

ST O 0231 0123
_':’ \$ 0213 1023 0213 1023

5 e12(e3|33|| : OP_rp_mM|0R_mm|pr_rP|| SC =1

,\@\ Time wversions :
p -
N

0231 0123
0213 1023

Time wversions :
1320 1032
1302 0132

Kak BujiHo n3 pucynka, JJaHHyIO TOTOJIOTUIO Y00HO pa3dUTh Ha JIBE TPYIIILI C yUe-
TOM pacIOJIOYKeHUsT 6€3MaCcCOBBIX JIMHUI: TepBas I'PYIIa — 9TO JuarpaMMbl ¢ 1 110
5, Bropas rpyiiia — guarpaMmbl ¢ 6 1o 10.
[ rpynma:

K — (k—q)°

4 : =41  (183)
B2+t (P +t) (@ +@2+1t)" (k24 (k—q)? + ¢> + 3t)
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Yrobbl BOCHOIB30BaThCs MeTojgoM SD, pactuiiem [ 3TOT HWHTErpaJ Tak, 9TOOBI
yopaTh MHOXKHUTEIb B YUCTUTEJIC:

1 1
— +
(@) (@P+ P+ R+ (k=g +@+3t)  (R2+1)(2+1) (> + P +1)
1 1
+ +
P+ P+ 4+ R+ k=2 +¢@+3t) R+ (@+@+0)> (k2 + (k—q)?+ ¢+ 3t)
= 1O 1@ L 16 L W (184)

Tenepnb y HaC ecTb 4 OT/Ie/IBHBIX HHTErpaJia, TPeOYIONUX BHIYNCICHUS:

e 1 sriax, I

Vg > (2k2—2k;Mq—|—2q2—|—3), Vo ¢ (q2u—|—q2—|-1), V1 & (q2—|—1)

(185)
=~ L 0104074
1 12¢
5
IV = -2 0.209929
2 48¢
1Y = 0.0124075
[lepBrIit BKIa1 j1a€T:
O 3/ 2
M 224 4—6log(4) + log(3) (186)
32 €
e 2 rian, 1?
o (K24 1) + v (P @+ 1) + s (¢ + ) (187)

11 = 0.274653
1Y = —0.4086974
1Y) = —0.25225

Bropoit BK1a1 1aeT

1?1 —log(4) = —0.3862944
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e 3 Bruan, I®, pasen srnagy IV

o 4 Briax, I

vy <> (2% —2kMq+2¢°+3), v (K+1), < v (2¢8+1) (188)

113 = 0.0796134
14y = 0.0180497

1
I — — 4 0.0590162
91 62 +

1
Iy = 0.0229395 + —

12¢
1{Y = 0.0107872
YeTBepThlil BKJIA/ JAET:
1 1 1 27 1
W . — + >+ log | =) =—+0.190406
2 378 Og(16) R
Uroro, (I — 1) 4 16) 4 1) .
1 1 1 9log(3)
—————— 3log(2 189
» 0g(2) + T (189)

Hajio oTMeTuTh, 4TO MCXOMHOE BbIpayKeHue COACPIKUT PACXOAUMOCTHL B moarpade.
Ucnonbsys R onepanuto (cm. riaBy 1), yareM cOOTBETCTBYOIIUIT KOHTpUIeH. BRiai,
wiymuit or R’ onepanuu, pasem:

1 1 (14 2u) log[1 + u]

_ — 190
41+ w)?e?  8u(l +u)’e * 8u?(1 + u)?e (190)

Torya uroroBeiit oTBeT Jyist nepBoil rpyrbl Tonosoruu el2|e3|33|| ¢ yuerom muo-

wurens D(e) (T(2—¢/2)) /4 u 4

2(1 + u)2e? * 2u(l +u)?e  4(14u)’ 0

1 u—1 9 4 (1 + 2u) log[1 + u]
E 2u2(1 + u)2e

(191)

Takum 0OpazoM, JIId Pa3/InYHbIX Tap 3apsA/0B OTBET UMEET BHU/I:
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= (g3,u) (192)

& ((1 +t)2€2 T +2u)25 @ +9U)25 8 ED
= (f,w) el

I ((1 +f,u)252 T +2w)25 - +9w)25 tog ED

IT rpynma

1
(k2 + 1) (¢Pu+ ¢* + 1) (u (k? = 2kMq + ¢?) + k> + ¢?u + t)

=T (—4) (194)

Onate nepeiijieM K peifHMAaHOBCKOMY ITPEJICTABICHUIO:

= U3 &> (u(kZ—Qqu+q2)—|—k2—|—t+q2u)

V1 < (kQ + t)
Vg > (q2u + q2 + t)
1 _
Vo [ + v3(1 + ) Uv3 (195)
—uv3 va(1 + u) + v3(2u)

det v = vyvy + UV Vs + 2uv1V3 + Vo3 + 2uvevy 4+ uPvgus + 2uvs +utvd  (196)

Ucnonbayst metoj; SD, cocuuraeM BKJIa/| KaxKJI0T0 CEKTOPA M0 OT/IE/TbHOCTH:

1
Iy = Zlog [11] - §10g 2]

4
L3 = %logm + 15—210g[5] — %log[ll]
Iy = é + % + élog[ll] — % log[2] — %10g[3]
Iy = 1_;5 + 2—14 + %log[i%] - élog[Z] + 3105[7] - 5101%[11]
I3 = 1% log [11] — 1% log [5] — glog 7] + glog 3]

11 1. Jor
= N L= g log |2
2. 4a+8+80g{ ]
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- 1 1 1 1 27
= [ = ZIiZF[e](FD —¢/2])* = 1o + 5 T T log [—]

B obmem Bujie

_ 1 1 1

I = —sarupe T i T du(l 1 uyre 20+ W losl2] +uloglu)
(2 +u) )
—2log {(Hu)] —ulog [(1+u) (2+u)}] (197)

Kak u B mpe bl ayIneM ciaydae, JJaHHas JuarpaMMa IMeeT pacXoIuMoCThb B moarpade.

CoorsercrBylomuii BKia or R onepanun pasen

C1-logl2] 1

198
- 6= 8 (198)
rorosulit oTBeT 151 JAHHO I'PYIIILI KMEET BUI:
= (93, u) (199)
& (I+wu)e? (14 u)ke
2
—[2(1 log|2| + 2log|1
+u(1+u)35[ (1 + u)log[2] 4+ 2log[l + u]+
tuloglu] — (2 + u) log[2 + U]D
= (f,w) (200)
Sw 2w
2 R
J <<1 oy e
2w (14 w)
log|4
+(1—|—w)35[ w ogl4+
2 1
+2log[l + w] — Gut+1) log[2w + 1]})

Vcnosb3yst naHHBIE pe3y/bTaThl, a TaKyKe PACCMOTPEB aHAJOTMYHLIM 00Pa30M Be-
Junaunbl 'y u 'y, IpuxonM K aHaJuTUYeCKIM pe3yJibTaTaM, IPeJ/ICTaBIeHHBIM B

pazjiene 3.2.
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Introduction

Relevance of the topic

This work is focused on the application of modern techniques of calculation of Feyn-
man diagrams for describing the continuous phase transitions and critical phenom-
ena by renormalization group (RG) and e—expansion approach. The RG method
allows one to justify critical scaling as in problems of critical statics

(thermodynamics, simultaneous correlation functions), and in describing relaxation
processes (critical slowing down). Quantitative scaling characteristics are critical
exponents. The renormalization group method allows one to calculate them in the
form of e—expansion (¢ is a formally small parameter, which shows the deviation
of the dimension of the space d from its critical value d.). The resulting series is
asymptotic and require resummation. For effective Borel resummation, it is neces-
sary to know as many terms of expansion as possible. The complexity of calculating
the coefficients of this series increases with the consideration of higher and higher

orders of perturbation theory.

The progress that achieved in solving these problems by the end of the 20th century
did not allow us to answer a lot of questions from the theory of phase transitions.
Promotion to the higher orders of perturbation theory, accompanied by a number
of significant difficulties. First of all, a factorial growth of the number of the di-
agram. And as well as a nontrivial view of the corresponding dynamic integrand
expressions that do not allow to use modern methods of numerical calculation of
diagrams as in a static. For a long period of time in this area there has been no
noticeable progress. And only recently the significant successes were achieved. The
development of new analytical methods for calculating Feynman diagrams, as well
as numerical calculation algorithms (the Sector Decomposition method) has made it
possible to move to the higher orders of perturbation theory. In problems of critical
statics, the record fifth order of e—expansion was obtained in 1993 [1] and hold until
2016 [2]. Calculations of problems of critical dynamics are much more complicated.
Until recently, the third order of perturbation theory, obtained in 1984 3|, was the

highest achievement.

The study of the models of critical dynamics presented in this thesis - model A
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and model E - is undoubtedly interesting: in the article [4] it was recently shown,
that model A describes not only the critical behavior of ferromagnets for which it
has traditionally been used but also phase transitions in multiferroics, the model E
successfully describes the behavior of planar symmetric antiferromagnets. The gen-
eralization of recently obtained analytical results for the O(n)-symmetric model ¢*
2] on the model ¢ with the cubic symmetry, makes it possible to receive a number

of new results for that model.
The elaboration extent of the topic

The renormalization group (RG) method and e—expansion have proved to be very
successful in the research of problems of critical statics. Currently, the O(n)-
symmetric model ¢* has been calculated with six loop accuracy [5, 6, 2|, and for
the anomalous dimension of the field, the seven-loop result |7] is also known. These
works are necessary basis for advancing perturbation theory in the sixth order in the
®* model with the cubic symmetry. A detailed study of critical exponents in these
static models was carried out by many groups: in the works [8, 9, 10, 11, 12, 13, 14]

the study was conducted using e—expansion, and in [15, 16, 17| within real space.

In a contrast to the static case, the study of critical exponents of the dynamic mod-
els for a long time could not move beyond the third order of perturbation theory.
For example, the percolation theory [3] was studied only up to the second order; a
numerical two-loop result was also obtained for the H model [18]|. Since model A is
the simplest representative of the dynamic models, it was possible to advance a little
further, although for a long time it was known only the second order of perturbation
theory [19]. Then in [18] a third-order result for € was presented, but it turned out
to be erroneous due to a technical error. Also, a three-loop correct calculation was
demonstrated in [3]. The fourth order calculations were impossible due to unavail-
ability of sufficient computational resources. But after nearly a quarter of a century,
a four-loop numerical result for the critical exponent z was presented in [20]. And
on the basis of the data obtained in [20], the expansion of the critical exponent z

was resummed [21].

The investigation of the dynamic model E is of particular interest. The model E

is one of the simplest dynamic models that take into account intermode coupling.
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The articles [22| and [23| that were published within one year contradicted each
other. Both works were carried out in a two-loop approximation; no one was able to
advance further than the second order due to a significant increase in the number

of diagrams and their complexity.

The main goal of this work is to obtain a highly accurate numerical result for
critical exponents in the ¢* model with the cubic symmetry, as well as in A and E
model of critical dynamics. The following tasks are solved for this:

1) Generalization of the multi-loop results of the O(n)-symmetric model ¢*
on a static model ¢* with the cubic symmetry.

2) Development and application the dynamical diagram reduction method in
case of A and model E of critical dynamics.

3) Generalization of the “Sector Decomposition” method to the problems of
critical dynamics. Calculation the dynamic critical exponents of models A and E
using this method.

4) Resummation the five-loop e—expansion of the dynamic critical exponent
of the model A and the six-loop e—expansion of the static critical exponent of the

cubic model using the modified conformal-Borel method.

Scientific novelty

The goals and problems of the thesis that were formulated above are new. All the
main results of the thesis were obtained for the first time, which is confirmed by
their publication in leading domestic and international journals and approbation at

the international conferences.

Theoretical and practical significance
The results obtained in the thesis can be used in a wide class of models of critical
dynamics, such as models C, F, and H [24], as well as to study models based on the

model ¢*, but belonging to another symmetry class.

Methodology and research methods

The methodology of the thesis is based on the use of field-theoretical methods — the
method of functional integration, Feynman diagram technique, diagram reduction
method, renormalization theory and renormalization group, the numerical calcula-

tion of the diagrams by Sector Decomposition method, Borel resummation method
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of the divergent series.

The reliability of the results is ensured by proven field-theoretical methods. The
results of the research conducted in the thesis, published in leading peer-reviewed
journals, were reported at Russian and international conferences. The calculations

were also verified by comparison with previously obtained results of other authors.

Thesis statements to be defended
1) The Sector Decomposition method, which is an effective way to calculate Feyn-
man diagrams in higher orders of perturbation theory, was adapted with regard to

the problems of critical dynamic in work.

2) The proposed method for the dynamic diagram reduction is an effective tool in

advancing higher orders of perturbation theory in critical dynamic.

3) The consideration of higher orders in the e—expansion allows us to significantly
refine the value of critical exponents, both in the static model ¢* with the cubic

symmetry and in the dynamic model A.

The approbation of the research
The results of the work were reported and discussed at the following scientific con-

ferences:

e “The XIX International Scientific Conference of Young Scientists and Specialists
- AYSS” (Dubna, Russia, 2015)

e “The International Student Conference “Science and Progress” (Saint Peters-
burg, Russia, 2015)

e “The XX International Scientific Conference of Young Scientists and Specialists”
(Dubna, Russia, 2016)

e “42nd Conferences of the Middle European Cooperation in Statistical Physics”
(Lyon, France, 2017)

e “VI International Conference Models in Quantum Field Theory - MQFT” (Saint
Petersburg, Russia, 2018)
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e “The Small Triangle Meeting - SMT20” (Pticie, Slovakia, 2018)

Five articles were published in journals, on the topic of the thesis, recommended by

the Higher Attestation Commission of the Russian Federation and included in the
RSCI, Web of Science and Scopus databases.

e L.Ts. Adzhemyan, M. Danco, M. Hnatic, E.V. Ivanova and M.V. Kompani-
ets; Multi-Loop Calculations of Anomalous Fxponents in the Models of Critical
Dynamics; EPJ Web of Conferences, Vol. 108, p. 02004, 2016

e S.Y. Vorobyeva, E.V. Ivanova, V.D. Serov; Borel summation of the dynamic in-
dex z in the model A of critical dynamics with an account of the strong coupling
asymptotics; Vestnik SPbU. Physics and Chemistry, Vol. 5(63), iss. 1, p. 13-19,
2018

e L. Ts. Adzhemyan, E.V. Ivanova, M.V. Kompaniets, S.Ye. Vorobyeva; Diagram
reduction in problem of critical dynamics of ferromagnets: 4-loop approrima-
tion; Journal of Physics A: Mathematical and Theoretical, Vol. 51, Num. 15,
2018

e L. Ts. Adzhemyan, S.E. Vorob’eva, E.V. Ivanova, M.V. Kompaniets; Represen-
tation of renormalization group functions by nonsingular integrals in a model

of the critical dynamics of ferromagnets: The fourth order of the e-expansion;
Theoretical and Mathematical Physics, 195:1, p. 584-594, 2018

e L.T. Adzhemyan, E.V. Ivanova, M.V. Kompaniets, A. Kudlis, A.I. Sokolov; Siz-
loop € expansion study of three-dimensional n-vector model with cubic anisotropy;
Nuclear Physics B, Vol 940, p 332-350, 2019

Personal contribution of the author
All the main results were obtained by the applicant personally, or with his direct

participation in the inseparable co-authorship.

Thesis structure
The thesis consists of Introduction, four Chapters, Conclusion and three Appen-
dices. The full volume of the thesis is 93 pages. The thesis contains 15 figures, 12

tables and a list of references from 57 titles.
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e In the Introduction the relevance of the thesis was substantiated, goals were
established and scientific novelty of the research was well-argued, the method-
ology and research methods were described, the degree of elaboration of the
research topic was proved, and also the practical significance of the results ob-

tained and presents the scientific provisions for defense were showed.

e Chapter One is devoted to the description of the methods used in the next
three chapters. This includes a description of the construction of dynamic and
static models, a description of the selected procedure for renormalization (Min-
imal Substraction) and a description of the numerical method of calculating

diagrams Sector Decomposition.

e In the second chapter a generalization of six-loop renormalization group
results is carried out for O(n)-symmetric ¢* model to the ¢* model with the
cubic symmetry. For considered systems in the sixth order of perturbation
theory, e-expansion of critical exponents 7, z, v is obtained. The marginal
order parameter dimensionality n., which affects on the choice of a stable fixed
point (competition between a cubic fixed point and a Heisenberg point), was

also analyzed. The material of the second chapter is based on the work [25].

e The third chapter is devoted to the study of dynamic critical models A and E.
First of all, the Sector Decomposition method which was described in the first
chapter was generalized to the dynamic case. The scheme of diagram reduction
that proposed at this work is also described in detail using the example of the A
and the model E. This scheme allowed not only reducing the number of effective
diagram, but also simplifying the corresponding integrands. As a result, this
allowed us to carry out multi-loop calculations (five-loop for the model A and
two loop for the E-model) and to obtain the e—expansion of the dynamic critical
exponent z of model A with an accuracy of €°. The material of the third
chapter is based on the works 26, 27].

e In the fourth chapter a description of the resummation of the obtained
asymptotic series by the method of modified conformal-Borel using the strong
coupling parameter is given. Using the example of a zero-dimensional theory
by comparing with the exact result known in this case, it is shown that the use
of the strong coupling parameter significantly improves the convergence of the

resummation procedure. This resummation technique was applied to the crit-
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ical exponent 7 for the model with the cubic symmetry, as well as the critical
dynamic exponent z for the model A. The material of the fourth chapter is
based on the works [25, 28].

e The Conclusion of the thesis presents the main results and findings. In Ap-
pendix A the numerical results of the five-loop model A approximation are
given. And in Appendix B the three loops analysis of the model E is given,

taking into account the diagram reduction method.
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Chapter 1: Formulation of the problem. Used

methods.

1.1 Formalization of the problem

1.1.1 Static case

The thermodynamic problems and the description of the equilibrium structure of
matter nearby critical points are usually referred to problems of critical statics. The

time dependence does not appear in exploring this class of problems.

We consider the system in d-dimensional Euclidean space, where the set of fields
® = {®D;(x)} is defined. The value exp[S(P)| defines the weight of the configuration
¢, where action S(®) is a polynomial by fields ® in form:

S(®) = —%cchp + gV (D). (1)

The action consists of the quadratic part ® K® and the “interaction” gV (®), where
g is a coupling constant that determines the interaction, V' (®) is a polynomial of ®,
in which the degree is higher than two. A detailed record of the quadratic part has
the form

Loke--] / da / d’ 2 ou(2) K (2, 7)o () (2)

Taking into account the action of the considered model, one can introduce the

generating functional of the Green functions.
1
G(A) = 5 / D exp [S(®) + AD] | (3)

where A is a set of field sources A = {A;}, which determines the generating func-
tional of connected functions W(A) =InG(A). Applying Legendre transformation
W (A) for A, one can obtain the generating functional of 1-irreducible Green func-

tions:

oW (a)

['(a)=W(A) — aA, a=—

(4)
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Quantity G, W, I' can be found from perturbative theory as expansion by coupling
constants. As a result, these quantities are infinite series. The coefficients in such
series are depicted using the Feynman diagram technique. The diagrams are com-
pared to integrals over momenta (coordinates). It can be represented as a set of
lines and vertices, the lines correspond to the values of K~1(x,2’) — the so-called

propagators, the vertices are compared with vertex factors
V(xy.wy) =0V (®)/[0P(x1)..00(x,,)] . (5)

The integrals which correspond to diagrams usually contain ultraviolet (UV) diver-
gences due to the region of large integration momentum (short distances). Thus, it is
necessary to make the regularization of the model. Since this procedure is universal

for both static and dynamic problems, we will return to it later.

1.1.2 Dynamic model

In addition to the problems of critical statics, in this thesis, there is a consideration
of some models of critical dynamics describing the dynamics of equilibrium fluctu-
ations nearby of critical points. These models are specific to such effects as critical
slowing down, the effect of critical fluctuations on the speed of sound, viscosity,

thermal conductivity, etc.

Models of critical dynamics are based on static models. And in this, different dy-
namic models could correspond to the one static model (for example, ¢*). It depends
on whether the order parameter is conserved or not, as well as consideration the pos-
sible link between the dynamic order parameter with other “soft” modes (intermode

coupling).
The standard stochastic dynamics problem is described by the equation:

atgp(x) - U(x; 90) + 77<:C) o < 77(50)77@/) >= D(:E, x/) y L= {X7 t} ) (6)

where 7 is random noise with Gaussian statistics and a given pair correlator D(x, 2),
and U is a t — local functional, which is not dependent on time derivatives ¢. For

non-—conserved order parameter ¢, it is defined using specified static action S* ()
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as the following relation:

05 ()
0p(x)

where A is nthe Onsager coefficient. It is used the model of white noise for the

U@wﬂZA[ ]\w¢wm, D(w,a') =23 —a), (1)

correlator D(z,x’). And it was made the replacement A — XA for a conserved

order parameter, where A is the Laplace operator.

The Martin-Siggia-Rose (MSR) formalism makes it possible to reduce the stochastic
problem (6), (7) to the quantum field model with twice number of fields ® = ¢, ¢'.
Then the action S(®) and generating functional G(A) could be presented as:

/D /
5@ = £+ o+ U] . GLA) = [ DbexplS(®)+ 48], (9
In some problems, when constructing the dynamics of an order parameter, it is
necessary to take into account its interaction with other “soft” modes (the overview
of various models is presented in [24]). The consideration of interaction is made by

passing from (6) to the following equation for the multi-component ¢ = p,:

8t90a($) = (Oéab + 6ab> 55;(;(:0) + Na s (9)
< na(x)mp(2') >= 2a40(z — 2'), (10)

where oy, = ozg; are Onsager coefficients, and [, are the new coefficients of inter-

mode connection with properties:

Bav = ~Bha>  IBun(x:59)/dalx) = 0. (11)
The stochastic problem (9), (10) corresponds to the action:

557!

| (12)

S(®) =o' + ¢ |—0p + (a+ )

In Chapter 3, we will return to dynamic models and, based on eq.(12), consider

dynamic models A and E.
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1.2 Renormalization procedure

The role of fluctuations in the consideration of physical systems in the critical region
is highly dependent on the dimension of the space d. There is a critical dimension
d.: for the case d > d,. fluctuations are insignificant, but for the case d < d. they
play an important role. In all the models considered in the thesis, d. = 4 and fluc-
tuations are significant. Considering d as a continuous variable, and € = d. — d as a
formally small parameter, Wilson proposed to build a theory of critical phenomena

in the form of ¢ dilutions.

When ¢ — 0, UV divergences appear in the perturbation theory diagrams as e
poles, which are eliminated by a well-developed renormalization procedure. The
initial action is declared to be non-renormalized, and the parameters ey that are
included in it are bare. The renormalization procedure is to make a transition from

the bare parameters and non-renormalized field to the renormalized parameters and
field:

ey — Ze€, O — Zyo. (13)

Renormalization constants Z; are chosen from the condition that € poles are absent
in the perturbation theory for renormalized charge. The choice of renormalization
constants is ambiguous. In the following minimal subtraction (MS) scheme, they

have a form
Zi=1+) Cl({ghe™, (14)
m=1

i.e. only € poles are included.

Some ambiguity of the renormalization procedure is preserved in the framework of

the MS scheme. It is reflected in the fact that the renormalization of the charge

9o = 1°97Z4(g)

accompanied by a transition to a dimensionless charge g. And the dimension of the
non-renormalized charge gg is reflected in the factor p°, where p (the “renormal-

ization mass”) is an arbitrary parameter, from which renormalization constants are
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independent.

Arbitrariness in the value of the renormalization mass is used to obtain the RG—
equations that allow one to justify critical scaling and calculate critical exponents
in the form of e—expansions. [ - functions and the RG-functions v are a crucial
elements of the RG-equations, which are expressed in terms of the renormalization

constants by the relations:

1 + Zk gk 8gk In ng .

Bi({g}) = < vi({g}) =

—€ , 15
1+Zk‘gk (9% angk ( )

The conditions f;({g*}) = 0 define a fixed points of the renormalization group, and
the values of v({g*}) - values of critical exponents. The stability of a fixed point
is determined by the eigenvalues of the matrix M, where M;; = 9, 8;({g"}). If all

eigenvalues are positive, then the fixed point is stable.

The renormalization constants are calculated iteratively in the form of renormalized
charges expansion, which coefficients are determined from the condition of reducing
poles in the set of 1-irreducible functions defined for each model (which guarantees

the absence of poles in any functions).

Consideration the renormalization constants can be replaced by Bogolyubov-Parasyuk
R-operation on diagrams of the basic theory (in which the action depends on the

renormalized parameters, but it is assumed that Z; = 1):
' =Rr'=(1-K)RT. (16)

I' is a function, which could be calculated from the base theory diagrams; R’ is
an incomplete R operation eliminating divergences in the subgraphs; the operation
(1 — K) eliminates the remaining surface divergence. In terms of R’ operation, the

renormalization constant are written as:

Z;=1—KRT;. (17)

In this thesis, it will be used both methods of accounting for counterterms.
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1.3 Sector Decomposition

One of the main technical problems arising from the consideration of dynamic and
static models is that the calculation of finite integrals of high multiplicity. Using the
Monte Carlo method does not allow one to advance to higher orders of perturbation
theory since the accuracy is greatly reduced. It turned out that an effective method
of increasing the accuracy is to use the Feynman representation with the Sector
Decomposition method (SD) [29].

This work presents the adaptation of Sector Decomposition method to the model
of critical dynamic. First, consider the static case. Second, show how it can be

generalized to the dynamic case.
The whole explanation is illustrated with examples.

1.3.1 Feynman representation

Method SD is based on the Feynman representation of the diagram. It is convenient

to start from the Feynman representation for static case.

The graphs of perturbation theory correspond to:

I, = W/dkl../dkn/ﬁ@l, (18)

where n is the number of loops, N is a number of line in the graph, and E; = k? + 7
is an energy of lines with momentum k. This momentum is a linear combination of

the momentums of integration. Thus, the eq.(18) can be rewrite as:

I, = W/dkl../dkn/ﬁ@% (19)

where J\; is the number of line with energy E; and [ is the number of different
energies. In the denominator of eq.(19) one can find a product of quadratic forms

with respect to a momentum of integration. It can be reduced to the degree of a
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single quadratic form by integrating over the auxiliary Feynman parameters u;:

l z —
BN EN = Zz 1) / / duy . . Zizlui - 1) le’:l w |
[T- T(A [Zé:l Eu;] i1 i
(20)
The momentum integral of the degree of a quadratic form in (20) have a form
2221 Eiu; = vi;kk; + ak; + ¢ and could be calculated as:

L/ ok / dk ! _ (4m) =T (a — dn/2)(det v)
(27T)d b " U@'jk'kj + a;k; + 6)04 - F(@)[é — (U l)zjaza ]oz dn/2 ( ) )
21

where o = > \;. Thus, the task reduces to integration by Feynman parameters.

In the future, instead of the charge g, a more convenient charge u is used:

Sd . 27Td/2

Therefore the Feynman representation for the n-loops 4-tailed diagram could be

written as
C(ne/2)I™(2 —€¢/2) [* ! 151 — .
o T2 ) [y, [, T St g
20 TL; P(A) 0 0 (det v)?e/?

And for n-loops 2-tailed diagram —

[(ne/2)I™ (2 6/2 CTI, u 15(1_22 u;)
J? = P TO / / duy (et 02 =, (24)

where det v and ¢ are defined by relations

C = (v;,'bibs — &), (25)
l

> Ejui =1+ & + 2b;(pk;) + vis(ki, k), (26)

1=1

where p is an external momentum.

det v and C' values are necessary for using the Feynman representation and could

be obtained directly from the form of the diagram, by passing the momentum rep-
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resentation, according to the following rules:

e det v of a n-loops diagram is equal to the sum of all possible products of Feyn-
man parameters with the number of factors equal to the number of loops from
which the “forbidden” multiplications are excluded. The “forbidden” terms are
formed taking into account the laws of conservation (principle of momentum
conservation at each vertex, as well as their various combinations) occurring in

this diagram.

e The value C' is equal to the sum of all possible combinations of Feynman param-
eters with the number of factors, one greater than the number of loops, taking
into account “forbidden” terms, from which in this case prohibitions associated

with conservation principle in vertices containing external lines are excluded.

For example, consider the construction of a det v for a two-loops diagram:

Us

U,

Figure 1: Two-loops four-tailed diagram of the
¢* model with corresponding Feynman parame-
ters on the lines.

For this diagram, n is equal two and there are four Feynman parameters. The sum
of the various products of Feynman parameters with the number of factors equal to
the number of loops looks like wjius + ujug + uiuy + uouz + usty + uguy. In this
diagram there are several “forbidden” terms: {ujug, usuguy, uiusug}. Among this
set only one uquy is essential. Based on the foregoing, det v of this diagram Fig.1

has the form:
detv = UTU2 + UTUZ + UoU3 + UU4 + UIUY4 . (27)

It should be noted, that the Feynman representation of a dynamic diagram can
be obtained by simple transformations from a static one with the same topological

configuration. This will be described in detail in Chapter 3.
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1.3.2 Description of the method SD

Then, the presence Feynman representation for diagrams allows to use Sector De-
composition method. Consider simple static diagram Fig.1. det v is represented by

the relation (27). Then the Feynman representation (23) of the graph takes the

form:
7 1 2 £ T
0= ﬁF(s)F (2 — 5) :
4
T = H/ldu O(1 — uy — ug — uz — uy) (28)
i=1 70 Z (u1u2 + UU3 + UU3 + UsU4 + u3u4)2—e/2 :

The dimension of the space d is written in the form d = 4 — ¢, as well as in the
following models (Chapter 2 and 3). The denominator in eq.(28) turns to 0 either
when uq, us and uz tend to 0, and uy goes to 1 (including the delta function), or
when w1, ug and uy4 tend to 0, and us to 1, and finally, when uo, uz and uy tend to 0,
and u; to 1. These singularities in the integrand lead to divergences of the integral

for e = 0 and to the poles by € = 0 for ¢ — 0.

SD method helps to extract residue at these poles in the explicit form. The entire
procedure is divided into two simple step. First we need to divide the area of inte-
gration into the sectors, where one Feynman variable is “main”, i.e. its magnitude
is more than other ones. Then that in each sector it is necessary to return the inte-
gration domain to the unit cube by replacing the variables. This two steps one need
to make until the singularity of the integrand is determined by the simple degree
of one of Feynman variables. Finally the residue at the pole is easily calculated. It

can be shown that the number of repeats is equal to the number of loops in the graph.

Consider these steps for the diagram 1:
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I. First sectorization and substitution:

[H [ dui] F{ur}) =

0

1 1 U
/0 dul/ dUQdU3dU4f({UZ}) +/0 du2/0 duldU3dU4f({UZ})+

0

1 1 Uy
/OdU3/O duldU2dU4f({Uz'})+/0 du4/0 duydugdug f({u;}) =

+

1
:/ du1 _ dululf<U1,U2U1,U3U1,U4U1)+
0 i=2.3.4

1
T o~ 3.~ L
+/ dus du;uwsy f (U us, ug, Ugus, Usts) +
0

1

T o~ s N

+/ dus du; us f (uyug, ugus, us, Ususz) +
0
i=1.2.4

1
~ 3 ~ ~ ~
+/ dU4 H duz U4f(U1U4, UQU4,U3U4,U4) =
0 i=1,2,3

:f1+i2+i3+i4. (29)
I1. Second sectorization and substitution:
/ du1 / dUQ / dU3 / dU4f ui, U2, Us, U4)
—I12 +I13 +121 +Iz3 +Iz4 +I31 +I32 ‘|‘IS4 +I42 +I43 (30)

This diagram has a symmetry: 1 <+ 4 and 2 <+ 3. This fact lead to the following

relations:
Loz =139,

fm = Z,s = i4,2 = f4,3 ,
Doy =131 =Ty =134, (31)
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So we can write the result of the SD only for this 4 sectors:

1 —c
7 2= / / dugdusduy 1 7 (1 + up + uguz + usuy) (32)
7+ u3 + u2u3 + u2ud + u2udud)?E/2
1 €
7, 3= / / dusduszduy 1 5 (1 + urug + ug + ugug) (33)
! (1 + ul +ulu3d + ud + udud)?~ e/2’
1 €
121 B / / dudusdus 1 /2 (L o ustn + waty)” (34)
721+ u3 4 ulud + ud + uludud)?—</2

One can see, that in the eqgs.(32)—(34) now the singularity only in one of the variable
determines the poles. In the general case, after isolating the features, we may have

two situations.

1.If the singularity has the form u=1*"¢, then the calculation of the residue at the

pole occurs is as follows:

/01U—1+5nf(u)du _ /Olu_1+5n(f(u)if(0))du:

_ / w0 du + / W (f () — £(0))du =
0 0

= IO [ - o) -

En

_ % + /Olu‘”m (/Oluf'(CLU)da> du. (35)

Introducing the integration with respect to the additional parameter a allows us to
make an explicit reduction of the singularity in the last term. Then, the integrand
of the last term is represented as a series of €. And the required number of members

from expansion is selected.

2. Singularity in the form u~"""¢ where m > 1.

/01 u_m+€nf(u)du _ (36)
) /1 dudau-m+enlE = D" o flau) + OO 0O, ()
0

(m—1)! ne ne—1 —~ ne—m+1

As a result, with the help of SD method, we divided area of integration to the 6
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sectors. But due to the symmetry requirements, the number of sectors was reduced
to the three. Change of variables were made in each of these sectors. The expansion
allowed us to distinguish features in original integrals and express them in terms of

integrals convenient for numerical calculations.

The main disadvantage of this method is a large number of sectors in multiloop
diagrams. Without symmetry, for an n-loops diagram, the number of sectors is N-n!,
where IV is the number of terms in the determinant, without taking into account the
“forbidden” terms — N = C7'. The accounting “forbidden” terms reduce this number,
but all the same, the number of sectors grows rapidly with the growth of n. Taking
into account the symmetry of the diagram, we can distinguish equivalent sectors in
which the integrands of the expression coincide up to the change of variables. This

is useful in terms of reducing the effective number of sectors.
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Chapter 2: Static case

This chapter is devoted to the consideration of such statistical models as ¢* with

the cubic symmetry.

2.1 The description of the ¢* model with the cubic symmetry

The consideration of real materials with more or less complex structure need to
take into account some anisotropy of the order parameter. The simplest example
of such material is ferromagnet with the cubic symmetry. In the language of the
Hamiltonian this corresponds to the inclusion of an extra term, which is invariant
with respect to the cubic group of transformations in form go > ", o} where @, is

n-component order parameter field and go — anisotropic coupling constant.

The considered model contains two charges. For a pair of charges ¢g; and gy there
are 4 variants of the fixed point of the renormalization group: Gaussian (0,0),
Ising (0,¢}), Heisenberg (gj;,0) and cubic(gf, g5). So the main question is what
critical regime takes place in real ferromagnets. Previous works show the value of
the number of field components n significantly affects the stability of fixed points
and leads to competition between the Heisenberg fixed point and the cubic one.
Therefore, it is worthwhile to determine the critical value of n = n., at which the

mode change occurs.

2.2 Renormalization of the model

The critical behavior of the model ¢* with the cubic symmetry is described by the

following action with two coupling constants:

1 1 1 2
S = /dD${§ [(0p0a)” + MGp5a] + — [901TC(¥5)75 + gozTég)fﬂ; PL0aP0BLYPs ¢

4!
(37)
where g, is n-component unrenormalized field, gy and gy are unrenormalized

coupling constants. The tensor factors T and T2 display the O(n)-invariant and
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cubic terms in the action respectively. Represent them in the following form:

1
To%)w = 5(5046575 + 6ay055 + 6as0+8), (38)
1, aj=a=...=q,
T(Eé?75 = 5046757 5a1...ozn = ' ’ (39)

0, otherwise.

TW and T® satisfy the relations:

0 p) _nnt2) )

_ _ 2) P2 _
afyéT afyd T ) afyd— afyd n, T T, =n.

afyo~ apyo

The action (37) is positively defined under conditions: 1. ggo > —go; for go1 > 0;
II. goo > —ngo1 for go1 < 0.

This model is multiplicatively renormalizable. Renormalization of parameters and

fields is determined by the relations:

my =m’Zyz, gor = g1}t Zy, Jo2 = Gofi Zy, , o= wZ,. (40

As a result, the renormalized action has the form:

1
st = /de {5 (Z1(8¢a)” + Zom® L] + (41)
1[Zg TV 47 T“] (42)
4' 3 1,u aBys 492,u aByo PaPBEYLS ¢ 5
Zy =172, Zy = ZypZ?, Zy=Zy 7}, Zy=Zy, 25, (43)

where p is renormalization mass, g; and go dimensionless coupling constants. Renor-
malization constants are determined from the condition of the UV finite of the fol-

lowing two and four points one-irredictable Green functions:

2 4 4
G, e,
1) " (1)
) _ 3agys ~ Tasns) L @) _ (042D om0 = 3Tpms
1 n(n—1) afys? 2 n(n —1) fyd

For investigation this model we use the Minimal Subtraction (MS) scheme where
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the renormalization constants are represented as:

Zi(g1,92,€) = 1 + ZZi(k)(glag2) ek, (45)
k=1

One of the way to calculate renormalization constants is use the R’ operation. With

its help, renormalization constants are expressed by the relations:
Z; =1+ KRT;, (46)

The normalized Green functions I'; are determined by the expressions:

. 9 . 1/9)\?
fe-2re) T ( )r<2> o,

om? 2 \ op

2 L @ r L

I's = r 0, I4= r —0 - 47
g ! [» PR I (47)

The main advantage of using relation (46) is that the counterterms of the diagrams
computed for O(1)-symmetric model can be easily generalized to any theory with
non-trivial symmetry due to the factorization of the tensor structures. For instance,
it was made in work [30, 31, 32|. Thus, the reseach of this model is divided into two
separate parts: 1.directly the account of diagrams (one can use six loop result for
! model that was obtained in the work [6]) and 2. account of their tensor structure

(such an operation can be automated by programs FORM [33]| and GraphState [34]).

2.3 Renormalization group analysis in the six-loop approxi-

mation

Let’s consider the RG functions v,, 7,2 (anomalous dimensions) and 8 function,
which could be defined as

dgi

aZ(il) aZ(il)
62’(91,92,5) = M@_/J |901,902: —gi |€ — g1 g g

i=1,2, (48)

(1) (1)
dlog Z; 0Z; 0Z;

. 2
7]'(91792) = MTJ ‘9017902: —0 891 — g2 ag2 y ) =¥,Mme, (49)

where Zi(l)b are coefficients at first pole by € from (45).
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One calculate this RG functions eq.(49 - 48) as series by renormalized coupling

constants up to the sixth order:

6 l
ko (1—k _ .
Bi=gi| e+ D Ci" Vgt i=1.2, (50)
=Y CHRgigt = m?. (51)

This expansions are found analytically and presented in our work [25]. One of the
main tasks is to find critical exponents such as «, 8, v, n, ¥ and §. They can be

expressed due to 7, = ym2(9g1, 93) and v = v,(g1, g3) in the following way:

,__D Df2—1+n; . D+2-2y
o = — ) = , —_— s
1 2 — 2%
= 27", V= , = 2. 52

As one can see this critical exponents are connected to each other. Only two of them

1

are independent. In this work the critical exponents n and v~ are objects of our

Interest.

Let’s return to the study of the RG function. Zeroes of  functions

51(g>1kag>2k7€) = 07 52(9?79595) =0 (53)

define fixed points (g7, g5), which control the critical regimes of the system. The
analysis of eqs.(53) shows that there are four fixed points: Gaussian (0,0), Ising
(0, g7), Heisenberg (g3;,0) and cubic (g§, g5). One of the most important question is
the determination of the stability of these fixed points. For that purpose one needs

to analyze the eigenvalues wy, wy of the folowwing matrix:

B (91, 92) B (91, 92)

0 0
0= 7 S (54)
0062(g1,92) 0B2(91,92)
dg1 dgs

The eigenvalues are taken at g1 = g7, g2 = g5. The case when both of them are
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positive (the fixed point is stable), describes critical regime which takes place in real

ferromagnets.

First two points are always unstable for arbitrary values of order parameter di-
mensionality n. However the the last two of them , which corresponding to the
Heisenberg and cubic modes, compete depending on n. For n < n., where n, is
marginal order parameter dimensionality, the Heisenberg critical regime is stable

while for n > n, — the cubic case. Fig. 2 illustrates the situation.

wzs

L/

/4_

92
92

S . (s 0
AN ——— \t I m¢

Figure 2: RG flows of renormalized coupling constants. The left picture corresponds
to n < ng, the right one — to n > n.. Symbols in boxes mark Gaussian, Ising, Heisenberg
and cubic fixed points.

So, the true regime of the critical behavior in real cubic ferromagnets is determined

by the value of n..

First of all, we need to find fixed points as e—expansion in the six loop approximation.
We are interested in the non-trivial cubic fixed point. One can solving the eq.(53)

using ¢ iterations and obtain:

£, o 106 1%
_& _ E: 55
J=5TE ( s oz 27n O, (55)
e(n—4) /424 178 31
. _ O(TY (56
=3, TF (81n3 22 T2 ) Z =+ 0(")..(56)

where higher-order coefficients Cg(f), Céf ) are presented in [25]. We are interested

in the physically realizable case, when n = 3. Below the analytical and numerical
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value of a fixed point in this case are presented, as a series by .

G = 3E T " T 729 708538

L, [30308¢(3)  2¢(4)  200¢(5) 48973747
T 729 2187 344373768]
L5 [ 5A608659¢(3) | 101851¢(4) 825¢(6) 1519¢(T)
| 114791256 708588 39366 6561

5375¢(3) 230560093043
59049 1338925209984]
 [24368284757((3) | 59T6666ILC(4)  20057900878765

27894275208 1721868840  108452942008704
112573461 ((5) 7725253 ((6) | 16586384((7) | 176698¢(8)

L, 98 L, [ 28¢(3) 61975] 57

645700815 0565938 7971615 13286025
2011136¢(9) 101024906 G(3)* 14080¢(3)°  28412(4) ¢(3)
1782969 215233605 531441 177147
115696 ((5) C(3)  90592¢(3,5) .
O —
Triar T aassers | TOE)

— 0.33333¢ + 0.134432% — 0.13363< + 0.16124e* — 0.43104£° + 1.3278¢8

. 1118 435439 260¢(3)
%= 57t o T |amanred  2IsT ] * (58)

Lo [ 23H04C(3) 226¢(4) | 920¢(5) 257911843]

T 531441 2187 | 2187 | 1033121304
| 201502330C(3) | 692465C(4) | T60450((5) | 22925¢(6)
| 344373768 2125764 531441 39366
_B1115(7) | 52853((3)° 1077861709331]
19683 177147 4016775629952
L0 [ 54T951382833((3)  631200310((4) 1732037966 ((5)
418414128120 1033121304 645700815
17543357 (6)  120541604¢(7) _ 200656711((8) 86928264 (9) |

0565938 23914845 39858075 14348907
880268036 ((3)° , 436673550255737  708704¢(5) ¢(3)

615700815 | 1626794130130560 1594323
12497456 ¢(3,5) 490496 ((3)® 1185542 ¢(4)¢(3
¢( )Jr ¢(3) n ¢(4)¢(3) +O(ET) =
13286025 1594323 2657205
= —0.1111¢ + 0.05396¢2 4+ 0.06193£> + 0.05059e* — 0.1884¢” + 0.9522¢° |

5

+ée
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where

1
((3,5) = ), —5— = 0.037707672985. (59)

O<n<m

Consider the eigenvalues of matrix (54). We are interested only in wo, which deter-
mines the value of the critical dimension n.. When n goes to n. the cubic fixed point
tends to Heisenberg fixed point (this means that ws goes to zero). Identifying this
behavior of wy by the lowest order of perturbation theory, we obtain the following

g—expansion:

3 ¢ 81n3(n + 2)

Iy 1) (—84 Mm? — 1 0
wzgn o (n —1)(—848 4+ 660n + 72n 9n3) Z ek 4 O(e
k=

(60)

where coefficients Cg;) are presented in [25] (the same form is suitable for wy, coef-
ficients C) are presented in 125]). As we said above the critical value of n = n, is

determined by the condition:
wa(ne,e) =0. (61)

Solving it iteratively by € we receive:

AR A R £SO I O A
L[93¢(3)  15¢(4)  3155¢(5) 125¢(6) 11515¢(7) 229¢(3)> 1
T Tes T3 T TR 12 T 384 1M _384}+

- [1709¢(3)  2657¢(3,5)  279((4) = 4879¢(5)  21175¢(6)
e T T 10 T s 20736 6912
182663¢(7)  237079¢(8)  2554607¢C(9)  21685¢(3)?  1793¢(3)?
4472 2560 23328 3456 324
229¢(4)¢(3)  3455¢(5)¢(3) 97 6y _
"o 216 o8 (O

— 4 — 2¢ + 2.588476c% — 5.874312¢% + 16.82704¢* — 56.62195¢° .

(62)
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2.4 Critical exponents 1 and v

As it was mentioned above, we are interested in six-loop e—expansions only for
critical exponents n and v~1 from relations (52). The e-expansion for this value
can be obtain from the eq.(51) and e—expansions for the cubic fixed point. Below
e—expansions for the critical exponents are presented for physically interesting case

n = 3 (for arbitrary n see [25]):

_ 5o, M33 [ 2102395 856
T 243 T 236196 220582512 59049

<<3>} n (63)

L 5[ 211933C(3)  214¢(4) | 880C(5) 302817233 ]
19131876 19683 | 19683 | 223154201664

| o[ 123938827¢(3)  211933¢(4) , 80933((5) , 1100¢(6)
| 55788550416 25509168 = 3188646 19683

__80458<(7)_+ 169100¢(3)* 120071712419 Lo =
531441 14348907  72301961339136 -
— 0.020576¢2 4 0.018768% — 0.0082681=* + 0.022634¢® — 0.065781¢5 |

4 383 400 181229
V= 2t g T §EﬁCB)_2u%nﬂ} (64
L0 [322790(3) | 100(4)  3T60(5) 45792931 }
531441 729 6561 2066242608
L5 [6780303((3) | 52279¢(4)  857650(5)  47004(6)
172186884 | 708588 1594323 6561
38710G(T) _ 20032(3)> 18908350495 ]
19683 177147 2008337814976

o [ 12508116067¢(3) | 6730303¢(4) , 2197962510179
167365651248 229582512 ' 650717652052224
137705935¢(5)  1076375¢(6)  10154279¢(7) | 94237301 ¢(8)

1549681956 3188646 19131876 15943230
101478944¢(9)  44681927¢(3)2  560896((3)® 10016 ¢ (4)((3)
14348907 129140163 1594323 50049
~ 1565872¢(5)¢(3)  2714888((3,5) L O(ET) =

1594323 2657205

= 2 —0.4444¢ — 0.17513£2 + 0.134602> — 0.34969¢* + 0.99461&° — 3.48637<5 .

Moreover, it is necessary to find the critical exponent v, because it can be measured

in experiments and extracted from lattice calculations. For n = 3 this expansion
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can be written in a following form (for arbitrary n —in [25]):

9 277 200¢(3) 85931
Vo= et g e 2182) +1062882] (65)
_+€4';_87775C(3)__ 5og(4)_+ 1880C(5)_% 23261567]
1062882 729 6561 516560652
_%85'__10826597((3)<_ 87775((4)_+_346225C(5)<+_2350C(6)__
| 172186884 1417176 1594323 6561
__19355@'(7)_+ 10016((3)2_+ 2452679419 ]
19683 177147 ' 125524238436
o [ 384088139¢(3)  10826597¢(4)  782936¢(3)C(5)  94237301((8)
83682825624 229582512 1594323 31886460
240030707¢(5)  1913375¢(6)  23980511C(7)  280448((3)3
3099363912 6377292 38263752 1594323
50739472¢(9)  51810395¢(3)2  5008¢(3)¢(4)
14318007 258280326 59049
1357444¢(3,5) 323266891181 +OET) =
2657205 81339706506528

= 14 0.2222¢ + 0.126665> — 0.029080> + 0.16865c* — 0.44336° + 1.6059<8 .

For this model, there are a number of tests for our final e—expansion:
e Comparison with the known five-loop approximation [35]

e For the case of Ising (g1 — 0) and Heisenberg (g, — 0) fixed points, the resulting
e—expansion can be compared with their counterparts for the O(n) symmetric

model [6] for n = 1 and arbitrary n, respectively.

e The ¢* model with the cubic symmetry has nontrivial symmetry for n = 2,

which in terms of the field and charge can be written as following:

Y1+ P2 _><P1—902

_> Y 9 66

¥1 \/5 ©2 \/5 ( )
3

g1 — g1+ 592 , g2 — —go. (67)

Using such a substitution, the structure of the action will not change [36]. The
expansions (50) and (51) satisfy this symmetry requirement. The cubic fixed

point and the Ising one are transformed into each other.

As a result, the critical exponents 7, v, ¥ and marginal order parameter dimension-
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ality n. were obtained as e—expansion up to 6 orders. Such asymptotic series can be

resummed, which will be discussed in chapter 4.
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Chapter 3: Dynamic case

This chapter is devoted to the consideration of such statistical models of critical

dynamics as the model A and the model E.

3.1 Dynamical model A

This chapter begins with a study of model A. It describes the critical slowdown
effect for systems with a non-conservative order parameter. Model A is the simplest
dynamic model. Therefore, it is most convenient to consider the adaptation of the

technical method from static on its.

Despite the relative simplicity of this model, for a long time it was known only the
second order of perturbation theory [19]. Then in [18] a third-order result for e
was presented, but it turned out to be erroneous due to a technical error. Also,
a three-loop correct calculation was demonstrated in [3]. The fourth order calcu-
lations were impossible due to unavailability of sufficient computational resources.
But after nearly a quarter of a century, a four-loop numerical result for the critical

exponent z was presented in [20].

Currently, a new motivation has emerged in the study of this dynamic model. As it
turned out, it describes not only the critical behavior of ferromagnets, for which it
has traditionally been used, but also phase transition in multiferroics. In the article
[4] the dynamics in the multiferroic chiral antiferromagnet MnW O, was studied.
Also at the article [37] the transition which correspond to the change in the ordering
state in the sublattice Au - Ag into AuAgZns was studied. Since the development of
ordering does not require the transfer of atoms over long distances, this alloy can be
considered as a model of transition with a “non-conservation order parameter”, i.e.
as a dynamic model A. Also,in the work [38], a critical dynamic exponent z = 2.17
of a scalar one-component two-dimensional model ¢* was obtained using computer
simulation. As can be seen, the theoretical calculation of the critical exponent z

with high accuracy is an urgent task today.
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3.1.1 Renormalization of the model

The unrenormalized action of the model A of critical dynamics is determined by
the set of fields ¢y of two non-renormalized O(n)-symmetric n component fields
oo = {10, ¥} and can be written in form [39]:

So(do) = Xowhoty + Pol—0itbo + Aod Sy’ /o] =
= Doty + Yhl-Outh + M@t — oo — o], (69)

where .
Si' (60) = —(9vh0)*/2 — Ty /2 — Zgowé : (69)

Model A is multiplicatively renormalizable, so after renormalization of parameters
and fields the renormalized action Sk can be represented as the sum Sp = Sp+AS

of basic action Sp and counterterms AS [39]:
Sy = MY+ -0+ MO — 7 — ipfgu)]. (70)
Sk = ZiXN'Y + ' [ Zo0) + N Zs0*p — Zyr¢) — %25/«6591/)3)] , (71
where
N=Ay, To=TZ;, go=gWZy, Yo=vZy, o=1Zy, (72)
and

Iy =2\Z3, Zy=Zyly, Zy=ZyZzZy, (73)
Zy = ZyinZsloy, Zs= ZyZ\LyZ.

Moreover, the fact that follows from the multiplicative renormalizability of the mod-
els (107), (69) is that the renormalization constants Zy, Z-, Z, in this model coincide
with the static ones (i.e. of the model eq.(69))

Zw - (Zw)sta Z; = (Zr)stv Zg - (Zg)sta (74)

and the ratio ZyZ\, = Z, is satisfied [39]. This means that the renormalization

constants Z3, Zy, Zx are purely equivalent to the static one and the following relation
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is fulfilled
1= 15. (75)

Thereby, the only new renormalization constant is Z, which can be represented in
a form:

Iy=12y'25 =2, 77 . (76)

As one can see from the eq.(76) the result for Z) can be receive from Z; or Zs.
We calculated the constant Z;, which is determined by the diagrams of the one-
irreducible Green function I'yy = (¢"9")1_i/(2X) on the zero external frequency

w and the momentum p.

Then use the coupling constant for constructing a perturbation theory

Sy 27rd/2
= —— Si=—F—= 7
Tem TR o
where Sy is the area of the d-dimensional unit sphere. As we mentioned in chapter 1

1, the expansion for the renormalized one-irredictable Green function has the form:
D lamopmn = Zo(LH 200 ) 27 AP 4 302 )P 2 5P A0 1) | (18)
where A" is determined by the sum of the corresponding i-loop diagrams.

As in the case of the ¢* model with the cubic symmetry and for dynamic model E,
the minimal subtraction scheme (MS) is used for renormalization of the model (71),
in which the counterterms contain the only pole by €. In particular, the required

renormalization constant Z; can be presented as

Zi=1+> 2" (e, (79)

n>1

where the coefficients Zl(n)(u) could be found in the form of series by charge u from

the condition of the absence of poles by ¢ in a function (78). It should be noticed,
that the renormalization constants Z, and Z; in (78) can be taken from the static

case.
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3.1.2 Diagram technique and time version

Dynamic model A contains two types of propagators and one type of vertices, which

in the diagram notation has a form:

(y) = * ()= I * Yy = +|—

Propagators in frequency-momentum representation are determined by the expres-

sions
—2A
WY = T B (80
N 1
(o) = —iw+ ANk2+ 1)’ (81)
and in time-momentum representation they have a form:
(WU(t)Y(t2)) = (K + 1) eap[=A(K* + 1)ty — ta]] (82)
W(t)Y (t2)) = Ot — ta)exp[=A(k* + 7)(t — t2)], (83)

Propagator (¢/(t1)1'(t2)) is equal to zero. Each vertex is accompanied by a multi-

plier g.

Using discussed propagators one can construct all necessary graphs for calculation
['1 according to standard rules. The main difference from the static case is additional
integration by time (or frequency). For using the same calculation technique like in
a static model (in particular, the Sector Decomposition method), it is necessary to
take the time variable intergation in a diagram. This can be done due to the simple
exponential dependence from time in the propagators (82). The result of integration
can be represented graphically, which allows one to automate the calculation process

as much as possible. We illustrate this using three-loop diagram

)
to ; ;t ; 12

1

which we consider in the (k, t) representation at the zero external frequency. It is
convenient to make integration using the introduction the concept of “time versions”.

Due to the translational invariance of the propagators eq.(82) over time, the time
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at one of the vertices (for example, ty) can be considered to be fixed. The area
of integration over the remaining times ¢; and ¢ is limited by the presence of the
function O(ty — t1) in the propagator (1) (t9)1'(t1)). This area can be divided into

the following regions (time versions)
(to > 1 > tQ) + (to > 19 > tl) + (tg >ty > tl) .

In accordance with these inequalities, the relative position of the vertices in the
diagram (84) (in decreasing order from left to right) was fixed. We represent this

diagram as a sum of three contributions:

{2 {2
@* i -
to %) 12
to ti to St

Integration over relative time in each of the time intervals is easily performed. The
result can be represented in the form of diagrams containing only integration over

momentum:

The lines without any hatch with a momentum k& correspond to the “static propa-
gator” 1/Ey, where Ey = (k* 4+ 7). The lines with a hatch correspond to 1. Dashed
lines correspond to a factor in the denominator, which is equal to the sum of the

“energies” E} lines that cross dashed lines. In particular, for the second time version
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1
R+ R +7)(E+T)((k—q?+T7)

1
(k2 4%+ (k = 8)? +37)(¢* + s* + (k = q)* + (k = 8)> + 47)

That example shows us one of the problems of calculation in the critical dynamic
models compared with static — significantly larger number of integrals. All static
diagram with specific topology gives us a set of time version in dynamic. Which
increases with the order of perturbation theory, and that fact leads to a significant
complication of calculations. It is worth noting, that extra part in the denominator
in such integral has a different form than the static part, which makes it difficult to

use the same approach as static methods of calculation by dividing into sectors.

It is the main reason why dynamic models are calculated not higher than third
order perturbation theory (except model A), while in static model one advanced up
to 7 loops ([6]-6loops, [7|-Tloops). All these problems are solved by our scientific
group. The problem with a nontrivial denominator was solved by adaption of Sector
Decomposition method to the diagrams of critical dynamic. And the problem with
the growing number of time versions was largely overcome due to the developed

Diagrams Reduction Scheme.

3.1.3 Feynman representation for the dynamic diagrams

The calculation by Sector Decomposition method involves using the Feynman rep-
resentation for diagrams. As already noted, integrands for dynamic diagrams have
a more complex structure than static ones. This is due to the fact that we do not
consider the diagrams by themselves, but their time versions, which gives an addi-

tional contributions to the denominator from the dotted lines.

For example, consider 2 loops diagram from the dynamic model A:
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This graph has only one time version. The result of integration over time of the

diagram has the form:

) A

To distinguish the static Feynman representation from the dynamic, Feynman pa-
rameters are denoted by the letters v; on the dynamic diagram. They are mapped
to each line without a hatch and to each dashed line (in this case lines with hatch
do not depend on momentum, they are equal to one). In the figure, the parameters
vy and vy were formally entered for the convenience of comparison with the static

case, but they will be assumed to be zero in the final expressions.

Taking into account the Feynman notation for the static diagram with the same
topology as considered dynamic, one can easily get a Feynman representation for
the dynamic diagram using the following replacement of static parameters u; for
dynamic v;:

(8 =U¢+2Uj- (84)

Here, the summation is carried out over all parameters of v; of the dropped lines

that intersect lines with the same momentum as the line with the parameter v;.

Considered dynamic diagram has the same topology as the diagram presented on

Fig.1. And according to the set rules, the replacements are:

Uy = U1 + V4, Uy = U2 + U3,

Uz = vy , Ug = Vg - (85)

Substituting (85) into (27) and (28), one can get the following Feynman represen-
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tation for the dynamic diagram:

L2 —eg/2)? (! §(1 — vy — vg — 3vs — 2u5)
:[[ - 2 dU1,2,5,6 2_5/2 )
2 0 (det v)
detv = v1v9 + 20105 + VU5 + vg + v1vg + 20906 + dvsvg + vg . (86)

For integral in such form, one can apply the Sector Decomposition method for
following calculation. A more complex form of integrand expressions in the Feynman
representation for dynamic diagrams creates additional problems in the construction
of sectors. We have shown that these sectors can be built from static ones according
to certain rules, and the total number of sectors increases. Thus, the amount of
computation of dynamic diagrams is growing not only at the stage of formation of
time versions, but also at the stage of building sectors in the SD method for each

time version.

3.1.4 Reduction of the diagrams

The presence of time in models of critical dynamics complicates the calculation in
comparison with the statics. Integration over time entails the appearance of time
versions (which were discussed in the previous section 3.1.2) and also complicates the
integrands. In a number of papers [40, 41, 42, 43] a grouping of diagrams was used
to simplify the answer, but a general recipe for such a procedure was not formulated.

The answer to that problem was received in our work [26].

Description of procedure

In this thesis we propose a procedure, based on a combination of diagrams accord-
ing to certain rules, which leads to the construction of the modified diagrams, the
number of which is much smaller than the original. This technique allows one to
automate the calculations and eventually move to higher orders of perturbation the-

ory for dynamic models.

It is worth noting that this possibility of reducing the diagrams is already visible
from relations (74). In fact, these equalities (74) are a consequence of a more global
statement: 1l-irreducible static functions (Y)1_ipr|st, (VYUY Y)1_ipr|s and dynamic
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functions (V') 1 i, (W'YYY1Y)1 4 at zero frequency coincide respectively:

<¢/¢>1—irr|w:0 — <w¢>1—irr|st 3 <wlww¢>1—irr|w:0 — <ww¢w>l—irr|st . (87)

It means that the summation result of dynamical diagrams must be equal to the sum
of the static diagrams for each pair of functions. Consider the technical realization

of such a procedure.

Let us prove the equality:

oo .

st

1
2

time, the left-hand side could be written as

where 5 and % are symmetry coefficients of diagrams. Performing integration over

1 1
W N SRR
2 w0 T 01 2 EyE3 (E1 + Es + Es)

Here the numbers denote the sequence numbers of the integration momentum, and

the integrand stands on the right-hand side of the formula. Symmetrization of this

expression with respect to the momenta of integration gives:

1 1

1
Z . - 89
2E,E3 (Ey+ By + E3) (89)

. 1 ( 1 n 1 . 1 ) 1 1 1
6 \ EhFjs E B, EiFE; (El + Eoy + Eg) 6 EE5FEs

The resulting expression coincides with the integrand of the right side (88).

In the diagram language, the symmetrization procedure can be written as:

¢
<+
<+
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The general form of symmetrization for arbitrary diagrams can be written in the

form of a symbolic equation:

} >+>:> (90)

Moreover the same procedure can be applied to another number of output lines:

:,><+I>< =>< (91)
N

Using this new rule, let’s consider a more complicated example: the sum of three

three-loop diagrams:

W W
o 4‘_@? ‘MZO +§ to t1 12 |w:0 +§ to t1 t2 |w:0 ) <93)

Similar to the previous “two—loop” example, using time versions and performing

symmetrization:

The first diagram in (93) has one time version and “corresponds” to two first graphs

(94)

in eq.(94); the second diagram in (93) has two time versions and “corresponds” to
diagrams 3 and 4 in (94); the third diagram has one time version and “corresponds”

to the fifth contribution in (94). Using relations-simplification (90)-(92) one can
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rewrite (94) as

| l 2
1 1 : 1
J:_m - :_@ :
SEas T T

For the first brackets in eq.(94) we used the relation (90), for the second one —
eq.(92) and for the last transition — eq.(90). Therefore, the result of the summation

of the dynamic diagrams (93) turned out to be a static diagram.

The considered two examples show that the number of original dynamical integrands
can be reduced using the rules (90)-(92). The same procedure can be performed in

any order of perturbation theory.

However, we also interested in one-irreducible Green function I'y. For this case
the complete reduction to static is impossible. But, eqs.(90)-(92) are still valid,
which can significantly reduce the number of contributions and simplify their form.

Consider the sum of two time versions, which are the part of the dynamic diagram

w/w/:

It is worth to noticed, that the values of the diagrams do not depend on the num-
bering of the vertices. So making symmetrization and using the relation (92) one

can get:

Jl -3 ; + N+ A N+ A -5 .

As a result, one can see that the reduction is possible even in the more complicated

case.
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So consider the more general case and describe all steps in obtaining the result of

the reduction:

o Step 0.

Examine the following two diagrams, containing in total ten time versions:

o Step I.
Draw the diagrams of the static theory so that vertices with external legs are
extreme left and right, while other (internal) vertices ordered in all possible
ways. At the same time, the nearest vertices should be connected with each

other.

Possible order

Forbidden order g N —

o Step II.

On basis of the diagrams from Step I, draw a set of diagrams with dashed lines

starting from the left vertex. The number of dashed lines run through all integer

values from the interval |1, the number of vertices -1].

o Step III.
For all lines coming from the left to the vertex located between the two sections,
we arrange the hatches in all possible ways. If there are two similar lines, on
which it is possible to arrange hatches, then we put only one, the remaining

variant is taken into account by the symmetry coefficient.
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e Result: The sum of ten “original” time versions of that two considered dynamical

diagrams has been reduced to the sum of three effective diagrams (95).

3.1.5 The result of diagram reduction for the model A

In the Tab.1 we illustrate the difference between the initial number in integrate
(column VI) and the number of expressions after diagram reduction method (column
VII). Reducing the number of diagrams is significant for the 4-loop approximation -
from 66 to 17. In the next, five-loops approximation, it is even more noticeable - from
1025 to 201. This significantly reduced the amount of calculations we performed in

the fifth order of perturbation theory.
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Table 1: Comparison of the number of effective integrand expressions before
(column VI) and after (column VII) reduction of diagrams for all topologies.

I 11 111 v \Y VI VII
Nickel a(n) number of | number of | number of
index dyn.diag. | time vers. | red.diag.

2 loop
1 @ elllle] (2+n)/3 1 2 1
1 2 1

3 loop
1 @ e112(22]e| (8+n)(2+n)/27 1 2 2
1 2 2

4 loop

1 @ e112(33/e33|| (n? + 6n + 20)(2 4+ n)/81 2 10 3

2 @ el12e3|333|| (2+n)?/9 2 10 3

3 @ e123]e23|33|| (22+5n)(2+n)/81 3 18 4

4 @ €112(23|33]e| (22 + 5n)(2 +n)/81 5 28 7

12 66 17
5 loop

1 @ e112(33[e44[44]| | (n® + 8n? + 24n + 48)(2 + n)/243 2 15 4

2 @ e112[33[444e4|| (8+n)(2+mn)?/81 3 45 9

3 @ e123]e23]44]44]| (2+n)(3n? + 22n + 56) /243 3 30 8

4 @ el12]e3|344]44]| (8+n)(2+mn)?/81 4 30 8

5 @ €123]234|344]e| (22+5n)(2+n)/81 6 90 10

6 @ e112|34]e34]44]| (2+n)(3n? + 22n + 56) /243 9 90 17

7 @ e123]e24]34]44]| (n? +20n + 60)(2 +n)/243 12 120 23

8 €£ e112|34|334/4]e| (n? + 20n + 60)(2 + n) /243 21 270 51

9 @ e112(23]e4|444]| (8+mn)(2+n)?/81 7 65 19

10 e112]23]44[e44]| (2 +n)(3n? + 22n + 56) /243 13 150 29

11 @ €112|23|34/44]e| (n? +20n + 60)(2 +n)/243 12 120 23

92 1025 201

Moreover, the new effective graphs have a simpler form than the original ones.

The table also contains Nickel indices for each of the static diagrams and additional
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factors a(n), which allow moving from the one-component case n = 1 to model A

with an arbitrary number of components.

Table 2: Four loop diagrams of I'y after reduction grouped by graph topology.

2 loops

Tab. 2 shows the full set of reduced diagrams up to a four-loops approximation. It
should be noted that in addition to reducing the number of diagrams, the number

of dropped lines in it decreases too, which simplifies the integrands.

One can sum up that the diagram reduction method has two main advantages. First
of all, the number of integrals to be calculated is significantly reduced. Moreover,

the corresponding integrands are simplified.
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3.1.6 Ceritical exponent 2z

The problem of finding a critical exponent z in the model A has been reduced to
obtaining coefficients A®) in the eq.(78), where k is a number of loops. Eventually
the diagrams were calculated using the Sector Decomposition [26] method adapted
for dynamics. The results are presented in Tab.10, 11 in the Appendix A. The sum of
the contributions of the diagrams from the Tab.1 with their combinatorial coefficients
and the factors a(n) is defined coefficients A®). The result for A% (n = 1) in the
eq.(78) are presented in the Tab.3:

Table 3: e-expansion of coefficients A® for n = 1 up to five order.

\ numerical result
AP [ 1/810g[4/3] =71 + 0.0416702(4) + 0.0647910(6) & + 0.0446045(9) 2

AB) | 1/8 log[4/3] €2 + 0.1368518(6) =1 + 0.2709195(13) + 0.2852955(29)e

AW [ 27/64 log[4/3] e~ + 0.3473579(35) =2 + 0.867242(12)e " + 1.297567(30)

AC) | 27/40 log[4/3] e~ + 0.77317(4) £ =% + 2.41421(13) e 2 + 4.8300(4) &1

Knowing the value of A® from the Tab.3 and the renormalization constant Zg from

static

8+ng o [((8+n)? 14+3n 5 ((8+n)
Z,=1 Z - e
9= T Y ( 362 4= ) 9 2162
 7(112 + 38n + 3n%) N 2960 + 922n + 33n? N ¢(3)(22 + 5n)
432¢2 5184¢ 54¢ ’

(96)

one can find Z7 in a form of u—expansion. It is worth noting that it is necessary to

know only coefficients Zl(l) at the first pole by ¢ in the Z;. The general form is

n+ 2
Zl(l) - 3 [z20u” + (230 + 231 n)u® + (240 + 2411 + 249 n)u'+

—|‘(Z50 + 251 M + 259 n® + 253 TLB)US] . (97)

So using eqs.(96, 97, 78) and Tab.10, 11 (Appendix A) one can find coeflicients z,,
in the eq.(97):
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Table 4: Numerical coefficients for eq.(97).

220 | -0.0359602590565 212 | 0.000167177330411
230 | 0.01052554615492731 250 | 0.04926(29)

231 | 0.0013156932693659138 | [ 25, | 0.01357(17)

210 | -0.0210863(5) 252 | 0.000386(16)

241 | -0.00399345(12) 253 | -0.0000082787

But the main idea is to find critical exponents with hight accuracity. For that

purpose the analytical result for three-loop approximation of this model can be

used:
Zfl) = — (221_:) log[4/3]u2 — u3(2 + 7’2&8 +n) [_ 8; log[4/3]+
+£(72 — 8Liy[1/4] + log[4/3](—6 — 21 log[3] + 13log[4])] +Oub).

(98)

The result of eq.(98) was received in the papers [19] (two—loop) and [3] (three-loop).

As is knowen, the renormalization constant Z; defines the RG functions:
v = B(u)d,log Zy . (99)

However, the relationship between the coefficients at the highest poles with the

coefficients at the first pole Zfl) and eq.(119) allows to represent ~; in a simpler

form:

M= _uauzfl)- (100)

Knowing the ~; one can find e-expansion for the dynamic critical exponent z. The

ratio between them can be written as:
S (101)

where 7§ = v1(u4) is the value 7 in the fixed point and 7 is Fisher-exponent. The
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e—expansion for u, and 7 can be taken from the static:

u = 8i€n + 18((g4j§)2)52 e f G (7118215 — 4045.98n — 350 240~
—24.75n%) + C f a7 (1543836.1 + 822152.n + 181543.n” + 21507.4n"+
+877.912n" — 0.625n) | (102)

e
—e? (82::) -(1096.74 + 334.33n 4 36.9984n" + 7.1875n" + 0.15625n") +
+e° ((:j_rg”))g (222337. + 117828.n + 25396.1n* + 2572.12n* + 13.8027n" —
—4.58183n” + 0.0486946n°) . (103)

As a result the critical exponent z looks like:

5 (24 mn)

z(e,n) =2+¢ 2(8+n)2(—1—|—6Log[4/3]) + (104)
2
+63ﬂ(162.461908017 + 31.9023677877n — 1.27351796946n2)
8(8 +n)*
s (2+n) 2
—— (—23752.4(16) — 6929.0(8)n — 770.28(13)n*—
—170.470(6)n” — 4.24423766241n") +
5 (2 + n) 7 7 6,2
— ———(1.986(25)10" + 1.038(23)10"n + 2.15(8)10
+e 128(8+n)8( (25)10" + (23)10"n + 2.15(8)10°n"+

+1.92(13)10°n” — 3.8(10)10°n* — 626(29)n” + 7.500527164701581n°) .
We also give an important special case n = 1:

2(2,1) = 2+ 0.01344615622 + 0.011036280223 — 0.0055791(4)e* + 0.01773(31)" .
(105)
The series (105) will be resummed in a Chapter 4.

The eq.(104) is written for n = 1 to show the growth of orders relative to each other.

Such asymptotic series can be resummed, which will be discussed in Chapter 4.

To verify the accuracy of the obtained results, they were compared with the expan-
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sion of the dynamic exponent by the inverse number of field components n, that
was obtained in the main order of 1/n for an arbitrary € in [19]. In the second and
third order by €, exact agreement with the analytical answer (98) is obtained; in the
fourth and fifth order, agreement also takes place, within the error of our values. In
order to increase the accuracy in the final answer (104), we used the exact value for
the highest degree of polynomials along n (corresponding to the results of [19]) in

the coefficients of e—expansion of z.
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3.2 Dynamic model E

In this chapter we consider one more dynamical model - model E [24]. The main
goal is to find critical dynamical exponent z, which determines the growth of the
relaxation time near the critical point. This model is one of the simplest models of
critical dynamics, which take into account the intermode interaction. Another dif-
ference from the previous model (model A) is its multiply charged. All these factors
complicate the analysis of the model E, so the research of this model is limited by

two-loop approximation.

Model E describes a planar symmetric antiferromagnet. The N component field
of the order parameter ¢ is the difference between the magnetizations of the two
sublattices. This quantity ¢ is not conserved, because it is not associated with any
symmetry. Unlike the total magnetization m, which is preserved in the presence of
spin isotropy. The m field plays the role of an additional soft mode. If we consider
the model E for one component N =1 field, it describes the behavior of superfluid

He* near the phase transition.

The main problem of calculation such model is that there are several charge, which
lead to various fixed points with the different exponent z. That is why the first
question to be solved is which of these points is stable. The previous results [22],

[23] contradict each other, so it impossible to unambiguously answer this question.

The unrenormalized action of the model E of critical dynamics is determined by the
N-component fields ¢ ,1" and the one-component field m. The interaction in the
system is U(NN) symmetric. As mentioned earlier (1.1.2), any model of stochastic
dynamics could be described by the eq.(12). The Onsager and intermode coupling

coefficients, which characterize the model E , have a form:

0 Xy O 0 0 A0y 3,00
a=|Ay O 0 , B= 0 0 —iAoyg3.00 " |
0 0 —Agmd? —iA0pg3.0% iAoy g3 ot 0

(106)

where Agy, and Mgy are non-renormalized Onsager coefficients.
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The corresponding action has a form:

S() = 2)\0¢¢/+¢/ + ' [—0) + AopHy + i)\(wggome] +c.c. —
—)\Omm’azm' + m’ —atm — A0m82Hm + i)\()djgg()(@/}—i—HJ — ¢H¢) ,

(107)
where
_0ST(Y)
Hy = — el (108)
St = — oo™ — %(WW — %m2 + mbhyg . (109)

In eq.(107), the symbol c.c. denotes complex conjugation.

Substituting eq.(108) and eq.(109) into eq.(107), one can obtain a detailed non-

renormalized action:

S = 20 — Noum/*m/
+ =000 + Aoy[0P) — Tot — gr(Y )Y /3] + idgs[—m + B} +
+ Y{=0t + NPT — Tt — g (W)t /3] — idggypt [—m + h]}
+ m{=0m — Xomud®[—m + h] + iAoygs[t 0% — p3*Y T} . (110)

3.2.1 Renormalization of the model

The model E is multiplicatively renormalizable [39]. So the corresponding renor-

malized actions can be written as:

S = 22\ — Zodum!8Pm’

+ YT~ 2900 + N[ Z30% — Zamtp — Zsgr (W) /3] + i ZsAopgsib[—m + B]} +
+ P {=0" 4+ Np[0P0T — T — gi( )T /3] — idoygstT[—m + h]}
+

m/{—0m — Zs ud*[—m + h| + iZoAgs[wT 0% — pd*T}. (111)

Renormalization constants Z; (i = 1---9) are expressed in terms of the renormal-

ization of fields

w(l) = w’Zwl , 6+ = ¢/+Z¢/+ , ¢Q = de} s m() = m’Zm/ s mgoy — mZm ) (112)
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and parameters
MN=A, T0=77Z;, Guo=qn*Zy, u,=uZy,, @g30= g3 Zs, (113)

using following relations:

Iy =I\Z5 2y,  Zy=2052Zy,  Zy=Z\ZLZy,

Zy =2 25,2y,  Zy=IDZpZ} 27} Zy

Zs = Z3ZyslmZy Ly, — Zq= Z\Luy

Zs = ZpnZu, o= Z2ZgZpZ}Zy. (114)

Using the integration by part, it is better to transform one of the factors in the

interaction (111) to the form:
! (0 0% — ) = Om/ (BOwt — v a) (115)

It can be noted that an external momentum is allocated to each external line m’ of
one-irreducible Green functions. Therefore, in the term m/dym in eq.(111) there is

no renormalization constant. That can be stated as
L Loy = 1. (116)

Also, in the work [39], where the MS renormalization scheme is used, the following

additional restrictions on the renormalization constants were obtained:
Iy = Lg3Zy = 1. (117)

Moreover, the renormalization constants Z,1, Zy, Z; coincide with their statistical
counterparts. Thus, in this dynamic model there are only 3 new independent renor-

malization constants.

As in the previous problems, we use the standard renormalization scheme - Minimal
Substraction (MS). Normalized Green functions, that define the renormalization

constants, can be presented in a following form:
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- 3 Lyrp(yry)
— F 14y F = — = =0
I = _1;)\1/) |p=0w=0, ° 2 Agiu* lp=0.=0
_ T
I'y = @wa/w |p=0.0w=0 » I = —% |p=0w=0 ,
f\ 82 FW—W) g3ﬂ
= ‘p 0,w=0 > f7 o 1 ol mmy |
— 5Y% p=0,w=0 »
T, = _Fw’w — Lyry |r=0 o
4 — \ ‘p:O,w:()) Ty = ——62 m'm |
T 8 — 2 D )\ p—O WZOJ
= 2 L m/ypt o I 'ww
'y = _581)2)\9 = |p=0.w=0 + (9 BYNEE |p 0,w=0 - (118)

The renormalization constants Z; in the MS scheme have a form:
=1+ Z Z" (119)

For our purposes, further investigation of model E can be limited by calculating the

constant Zs.

3.2.2 Diagramm Technique and Reduction Scheme

For convinience we introduce the notation:

¢= {7 "}, = {m,m}. (120)

In this model we do not have any “mixed” propagators, which contain one field from
¢ and one field from m, therefore, the full quadratic matrix has a block structure.
Then the matrix ¢ K¢ has a form:

0 0 0 —iw + A(k* + 1)
0 0 —iw + Ak + 7 0
PK¢ = . ) ( )
0 iw+ Ak*+7) 0 0
iw 4+ M(k? + 7) 0 0 0

(121)
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The inverse matrix that defines the propagators is given by the expression

1

0 =2\

SRR 0 Tl AT
. —2A 0 . 1 0
K—l _ |[—iw+A(k2+7)[? X —tw+A(k2+T) , (122)
0 B () 0 0
1
ST 0 0 0
which suggests
(W(t)YT (L)) = (WF (L) (ta)) = g——eap[=A(k* + 7)[t1 — taf],
ks +1
(123)
()T (02)) = (W (00 () = Ot — ta)eap[—A(K® + ) (11 — ta)].
(124)

Accordingly, the quadratic form mK,,m looks like

3 o2
K, — 0 iw+ A | (125)
—iw 4+ k% —k?

A2 w2
(Ciwt Ak2)?
which suggests
(m(t))m(ta)) = exp[—du(k®)|t; — ta], (127)
(m(t)m (t2)) = O(t1 — to)exp[—Iu(k?)(t; — t2)] . (128)

Tab.5 gives diagram notation for model vertices (111) with corresponding vertex fac-
tors. All vertices can be divided into two types with respect to charges: “dynamic”
(the vertex with an interaction constant g3, determining the intermodal coupling
strength) and “static” (the vartex with an interaction constant g;, whose value at a

fixed point is determined by a static action (109)).
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Table 5: vertex of the model E

Static: YT, %Am YT, 72??91

Dynamic: PYTp'm,  idgs P'Tpm,  —idgs
K

<

vrym!,  irgs(k* — ¢°)

The introduced propagators and vertices define the standard diagram technique for
considered Green function. In calculations, the same problems arise as in the model
A: a large number of diagrams and complexity of the integrands compared with the
static case. For calculations, we use the same techniques as for the model A — the

diagram reduction method and the Sector Decomposition method.

Reduction Scheme

Taking into account that dynamic vertices do not contribute to static renormaliza-
tion constants, it can be expected that the diagram reduction in the model E will
be even more efficient compared to the model A. This is manifested in the fact that
in the model E, in addition to the equalities for the four-tail (static) vertices, are
similar to the relations (90) - (92) in A models, which reduce the sum of dynamic
diagrams to static, the following relation for three-tailed (dynamic) vertices of model

E is performed:

k k k
q K-ﬁ*q N{%ﬁ-q \% -
N (129)
k? — ¢? 1 1

(k2 +71)(q¢*>+ 1) +k2+7 @2+

i.e. a certain sum of vertices vanishes.

It means that in the hight order of perturbation theory in model E one can consider

only time version where “output lines” of the graphs are extreme points.
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By analogy with model A, we also consider the situation when we have a non-zero
number of output lines with m or m/ fields. The principal difference of this case from
the reduction scheme in the model A is that it is necessary to take into account the
remaining part of the subgraph (not just one vertex). Therefore, we assume that it
is not the sum of the vertices that are considered, but the sum of the subgraphs in

which one external line is massless and the others are massive:

>Q--

Consider the diagrams-illustration from 2 loops. For such subgraphs there are two

different cases:

e the first case:

F\\ ‘L\\
Vlﬁ v\\‘ , + wﬁ v\\‘ \ =0 (130)

e the second case:
ﬁ N =0 (131)

In both cases eqs.(130-131), the sum of the diagrams vanishes due to different signs

at the vertices. Moreover, such a modified reduction rule makes it possible to reduce

the number of considered integrals in the hight orders of perturbation theory.

[t is interesting consider the same table, like (the Tab.1), for comparing the number
of integrals before reduction and after. The reduction—table is presented in the

Appendix B.

3.2.3 Result

Using RG—analysis, fixed points were found from the condition 8; = 0. Then the
stability of fixed points were determined. For this goal the eigenvalues of the matrix
of the first derivatives €, = 08;/0gr was investigated (the eigenvalues must be
positive). It need to noticed, {f;} is a full set of S-functions, and {gx} is a full set
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of charges (= {g1, gsu}). For convenience, it is better to move on to another pair
of dynamical charges {f, w} instead of {gs, u}:

2

g 1
/= 87rzu S (132)

For them the dynamic S-function can be written in form:

Br=fl=2e =y +20],  Bu=—w. (133)

The necessary two-loop approximation diagrams are calculated analytically. The

two loops result for v, and -, can be presented as:

o= HLw — f2F(w) —% [6 In <§> — 1] , (134)
o = I = 5|+ ) - P - A fow (5) 1] L s

where
(136)
Flw) = m [4(1 4+ 2w)In (%) 4+ 54(1 + w) In (g) _ 8w — 12] |
(137)

In the E—model there are three fixed points: w* = oo, w* = 0 and w* = const. The
first point is not interesting, because it is always unstable. The “weak scaling fixed
point”(w* = 0) is stable for n > n., where n is number of fields component. And
for n < n. “dynamic scaling fixed point”(w* = const ) is stable. So the expressions

for fixed points are:

3 4 1 4
f=ed - |2In{ =) 1]} w'=1+—1]29-324In{- 1
f 5+8[ n(g) ]5, w +50[9 3 n(g)]s, (138)

and

2 2 4
=0 ff=Ze4+— |702In( =) —167]| & 139
v / 38+675[ n(3) ]5’ (139)
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and the value of n.(d) is determined by the expression

ne(d) =4 —<[191n(4/3) — 11/3] + O(?).

For the dynamic scaling fixed point eq.(138) the values 5, are exactly:

T =0, n=¢/2.
As a result, the critical exponent z takes the value
d
z:2—fy§:2—5/2:§.

For the fixed point eq.(139)

(140)

(141)

(142)

(143)

(144)

For d = 4 — 2¢ the exponents w, which are associated with the charges f and w, for

the fixed point eq.(138) have a form:

103 259 4
(2 2202 Te?
+ [200 100 n<3>] € e — 0.230097¢“,

A7 1 4
Wy = E+[£—ﬂln (—)152:5—0.10817152.

™

(,Ufz

1 800 800 3 4

And for fixed point (139) —

158 72 (4
wr = e+ {———m (—)] 2 — £ —-0.126302¢2,

225 25 "\ 3
= 52 /4\ 259 e
w = ——+ |—=In{ =) —==|&%=—=+0.214675&>.
“’ 3" [25 t (3) 675] c 3" .

(145)

(146)

(147)

(148)

Originaly the new fixed point called weak scaling (139) was discovered by De Do-

minicis and Peliti [41, 44|. But they made a numerical mistake, which was pointed

out by Dohm [22]. The results of this paper are consistent with [22] and confirm
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the error of [41, 44].

As mentioned in the book [39], there are two (142), (144) fixed points for d equal 3.
The two loops consideration shows that the dynamical regime (142) is [R-stable, but
the situation may change when considering the next orders of perturbation theory.
This is due to the smallness of the coefficients of the w,, in e—expansion. Therefore,
next order of perturbation theory can change a sign of w and modify stability. That
is why analysis of three loops are of interest. The diagram reduction of three-loop
diagrams performed in this paper, which led to a significant decrease in their num-

ber, can serve as the basis for such a calculation.

Moreover the active development of the model E also helps to advance the study of
a related, more complex model F, which is used to describe the critical dynamics of

the transition from normal to superfluid in He* [24, 45|.
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Chapter 4: Resummation procedure

After making the multi-loop calculation and receiving the quantity of interest in
a form of e—expansion, it is necessary to resumed it, which provides more reliable
theoretical predictions. There are many options for resuming. But in this thesis we
consider only Borel resummation, taking into account the asymptotic behavior of

strong coupling [46]. Below the resummation procedure will be briefly described.

Let there be a function A(g), for which the first N + 1 coefficients A,, are known in

the expansion

Alg) = f: Ang", (149)
n=0
and the high-order asymptotics (HOA) of the coefficients A,,:
A, 25 e (—a)"n!nb . (150)
Then the conformal-Borel representation of the function A(g) has the form:
Ag) = /OO dtexp 't (g_t)” B(w(gt)), (151)
0 w(gt)

where

() = ATl (152)
B(zx) = i Bw". (153)
n=0

HOA the expansion coefficients of the function (151) in a series over g has the form
(150) with the specified values of the a and by parameters, the parameter by is chosen

from the condition

b="Dbo+3/2. (154)
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Approximate expression A (g) for the function (151) have a form

00 v N
A(N)(g):/O dtexp 't (%;t)) Zan". (155)

n=0

And it is obtained by taking into account N + 1 first terms of the sum (153). The
coefficients B,, are selected from the requirement that the first N +1 members of the
expansion of the function (151) match the known coefficients of A, in (149). The
additional parameter v in (151), first introduced in [46], controls the asymptotics of

the “strong coupling” *:
—00
Ag) '~ g" (156)

In the problem under discussion, the parameter v is not known and is used to im-
p 5 p
prove the convergence of the summation procedure as number of series members in

the expansion increases (149).

Following the work [47], the effectiveness of this approach using the example of

model A function could be illustrated:
A(g) :/ dz exp™™ 797" (157)
0

For this function, all coefficients of the expansion (149) are known, and the HOA has
the form (150) with a = 4,by = —1. The parameter v has the value —1/4. At the
Fig.3 the comparison of the exact value A(1) = 0.6842134279 of the function (157)
at g = 1 with the result of the calculation by the formula (151) (with allowance for
the different number of terms — horizontal axis) is presented for the different values

the parameter v.

Hollowing the work [46], we use the notation v for the parameter of the “strong coupling”, which in this context
does not simultaneously occur with the critical index v
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Figure 3: The value of the resummated series
AWM)(g) of the function (157) for g = 1, for the dif-
ferent N and v.

The figure shows that the convergence of the summation procedure takes place in
a certain range of the parameter values v, and the convergence rate noticeably

decreases as this parameter moves away from the “true” value of the parameter
v=-—1/4.

It should be noted that for some expansions such a procedure does not give suffi-
cient convergence, for example, for the critical index 7 in the ¢* static model. To
improve the convergence of the series, we introduce another additional condition:

free boundary condition at e = 2 [48].
The investigated value z(¢) could be written in the form
z(e) =x+ (2—¢)A(e), (158)

where

To = Te—s, Ae) = 2%;2 = ZAng (159)

and make resummation of the series (159). The coefficients of this series are related
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to the coefficients of original series z(g) = >~ A" by relations

AO:_%7
A, =24, — A, 1 n>0.
A, =0. (160)

From eq.(160) it follows that the parameters a and by of the HOA of the coefficients

A, and A, are the same.

In the work [21] it is shown that the parameters a and by of the model A are equal
1/3 and 7/2 respectively. The index v for the considered model is not currently
known. Unlike the ¢* model, for which the resummation technique was used in [48]
with a free boundary condition at € = 2, in our case the exact value of x5 is also not
known. The parameters v and x5 were determined from the condition of the fastest

convergence of the summation procedure for € = 1.

Let us return to the critical exponent 1 and look at the result of the resummation

of its six-loop expansion with a free boundary condition at € = 2:

Figure 4: 7o = 0.25 Figure 5: mo = 0.235 Figure 6: 1o = 0.22
ns = 0.0367 ns = 0.0363 13 = 0.0359

It is well known that in two-dimensional space the exact value of 7 is equal 1/4.

Using modified conformal-Borel we received 14—2 = 0.235 and 74;—3 = 0.0363.

4.1 Model ¢* with the cubic symmetry

As a result of the study of the model ¢* with the cubic symmetry the ¢ — expansions

of three critical exponents(y, 1, v) were obtained (63), (64) and (65) . We apply the
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resummation technique , such as conformal-Borel with a free boundary condition
at € = 2, to them. Then using original series for this critical exponent 1 (consider

n = 3) and the relation (158), a modified series for 7 is obtained in form:

1 1 1
n = m+(2—¢) [—Zme + (0.010288 - gng) 2 + (0.014528 - Enz> e+

1 4 1 5
+ (0.00312995 - 3—2172) et + (0.012882 - @”2> '+

1
—0.0264495 — ——ns ) €°] . 161
—|—<OO6 95 128772)5] (161)
The series in square brackets in the eq. (161) is considered as the resummation
object. In the Fig. 7 -9 the result for resummed exponent 7 for different coefficient

T2 = 1)(4=2) 1s presented.

Figure 7: 7o = 0.18 Figure &: Uy = Figure O: o =
n = 0.0357 0.20, n = 0.0366 0.22, n=0.0375

The numerical values of the resummed critical exponent 7 are presented in the Table

9. It can be seen that the convergence of the value n occurs fairly quickly.

Table 6: Resummated value of 7 using the
modified conformal-Borel method taking into ac-
count the different number of terms of original

series.

‘ 2 eq.(158) \ 4loops \ 5loops \ 6loops
Mis | 72 = 0.20 | 0.0365 | 0.0366 | 0.0366

The same procedure can be made for exponents for the critical exponents v and v.
However, it is not enough to get an accurate convergence. Using the conformal-

Borel resummation one can take from the HOA only one prameter a instead of two
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a, by (150). The remaining parameter by can be varied, as the parameter v. A
detailed calculation of this resummation technique is described in the article [25].
In this paper, we present only the final result for resummed critical exponents n, v

and their comparison with previous works by other authors.

Table 7: The values of the critical exponents 1 and v, obtained as a result of resummation
of multiloop series by ¢, in comparison with the results of the three-dimensional RG analysis.

Ne of
loops n v Paper n v Paper
€ expansion 3D RG
3 - 0.700  [49]-1984
4 0.034 0.68(3)  [25]-2019 | 0.0331 0.6944  [50]-1989

0.0332  0.6996 [51]-2000

5 | 0.0375(5) 0.6997(24) [52]-1998 | 0.025(10) 0.671(5) [53]-2000
0.0374(22)  0.701(4)  [14]-2000
0.0353(21) 0.686(13) [25]-2019
[25]-

6 | 0.036(3) 0.700(8) [25]-2019 | 0.0333(26) 0.706(6) [14]-2000

As can be seen from the Tab.7, the results of resummation agree within the margin

of error with the previously obtained values for critical exponents.

As discussed earlier in chapter 2, estimation of the marginal order parameter dimen-
sionality n. (62) is relevant, since it determines the true regime of critical behavior
in real cubic ferromagnets. Previous studies show that the value of the number of
components of the field n significantly affects the stability of fixed points and leads

to competition between the Heisenberg fixed point and the cubic fixed point.

The first numerical estimates of n. obtained in lower order approximations within
the framework of the e—expansion [8, 9, 10, 11| predicted n, > 3, which would
indicate the instability of the cubic point in the real space. However, in the the
later works [50, 35, 12, 13, 53, 51, 14, 54, 55|, where it was performed calculations
of a higher order, it was shown at that the value of n. becomes lower than three.
The six-loop e—expansion (62) of n. obtained by us was resummed (see [25]). The

result is shown in the Tab.8 with the results of earlier works.
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Table 8: the marginal order parame-

ter dimensionality n..

Number
of loops Ne Paper
1 4 [10]-1974
2 2.333 | [10]-1974
3 3.128 | [10]-1974
4 2.918 | [12]-1997
2.958 | [35]-1995
5 2.87(5) | [14]-2000
2.91(3) | |25]-2019
6 2.915(3) | [25]-2019

4.2 Model A

Let us apply the modified conformal-Borel resummation procedure eqs.(151) - (155)
to the e—expansion eq.(104) of the dynamic critical exponent z(n = 1). Then the
series for z with with boundary condition at z; = z(._y) looks like:

1

1 1 1
2 =~z | e+ (0.00672308 - g@)ez + (0.00887968 — EZQ)53+

1
+(0.00164984 — 3—222)54 4 (0.00968492 — 0.01562525)e” |
(162)

where the expression in the square brackets is an object of the resummation.

The parameters a = 1/3 and by = 3/2 were chosen, according to [56]. The work [57]
shows that these parameters have the same values for both 7n(e) and z(g). In the
figures 10 - 15, the values of the dynamic critical exponent z for the three-dimensional
space d = 3 are shown as a result of resummation procedure with a different number

of accounted terms of the expansion z(¢) and values of the parameters v and zs.
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Figure 10: 29 = 2.12 Figure 11: 2o = 2.13 Figure 12: 2z = 2.135
z = 2.0227 z = 2.0232 2z = 2.0234
Figure 13: 2o = 2.14 Figure 14: zo = 2.15 Figure 15: zo = 2.16
z = 2.0237 z = 2.0241 z = 2.0247

From comparison Fig. 3 and Fig. 10 - 15 one can see that the convergence of
the Borel resummation procedure for z(¢) is quite similar to the considered model-
function (157). The highest rate of convergence is achieved when the value v is
equal to 2.2 and 25 is equal 2.14, which gives the following estimates for the dynamic
exponent zg—s:

Table 9: Resummated value of z using the modified

conformal-Borel method taking into account the different

number of terms of original series.

\ 29 eq.(158) \ 3loops \ 4 loops \ Sloops
“ams | 72 = 214 | 2.023566 | 2.023647 | 2.023654

Moreover, from the Figs.10 - 15 it follows that taking into account the strong cou-

pling parameter v is necessary for the correct determination of the dynamic critical
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exponent z by the method of conformal-Borel resummation, because with the value
of v = 0, which was used in [21], the convergence will be very slow and it is neces-
sary to take into account an even greater number of terms of z(¢) expansion for a

comparable result.

Thus, our results are in agreement in the margin of error with the results of [3§],

where the critical exponent z is equal 2.17 pm0.03.
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Conclusion

The main results obtained in the thesis can be formulated as follows:

e The diagram reduction method has been developed, which makes it possible
to significantly reduce computation in models of critical dynamics. The main
problem of promotion to higher orders of perturbation theory in these models
is that the number of diagrams are greatly increasing in comparison with static
problems. As well as there is a more complex form of integrand expressions.
The diagram reduction method allows not only reducing the number of effective

diagrams but also simplifying the corresponding integrands.

e On the basis of the diagram reduction method, a record five-loop calculation
of the dynamic critical exponent z in model A of critical dynamics was carried
out. This method reduced the number of calculated integrals in the four-loop
approximation from 66 to 17, and in the five-loop — from 1025 to 201. This
reduction made it possible to calculate e—expansion of the dynamic exponent z
up to the fifth order by e.

e A generalization of the diagram reduction method on the model of critical dy-
namics with intermode coupling is made. A two-loop calculation was performed
in model E. This made it possible to clarify the contradictory results of the
work of the predecessors. The reduction of the diagrams in the three-loop ap-
proximation showed that the number of calculated integrals in the two-loop
approximation declined from 52 to 18, and in the three-loop declined from 4950
to 595.

e A record six-loop calculation of the critical exponents 1 and v in the ¢* model
with the cubic symmetry is performed. On the basis of the recently performed
analytical renormalization group calculation of the O(n) - symmetric model ¢*,
sixth order e—expansions of exponents are found taking into account additional
tensor structures due to the symmetry requirements of the models. The critical
value of the number n. field components has been refined, which determines the
true mode of critical behavior in real ferromagnets with the cubic symmetry. It
is shown that the cubic fixed point of the renormalization group is stable for

real ferromagnets (n = 3) in three-dimensional space.
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e The resummation of the obtained e—expansions by the conformal-Borel method
is performed and the refined values of the critical exponents in the studied
models are calculated — the static ¢* model with the cubic symmetry and the

dynamic model A.
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Appendix A

Table 10: The numerical value of all topologies up to the fourth order for the Z; in

the form of € expansion.

Nickel index numerical
for stat. diagr. result
2 loop
elllle] 1/81og[4/3]e™! + 0.041670207(4) + 0.0647910(6)e + 0.0446045(9)e
3 loop
el112]22]e| \ 1/4log[4/3]e2 + 0.1368518(6)c ! + 0.27091943(4) + 0.2852955(29)e
4 loop
e112|33|e33|| | 9/641og[4/3]e~2 + 0.1070793(11)e~2 + 0.2560858(32)e " + 0.358251(6)
el12|e3|333]] —0.0008517(30)e~2 — 0.005031(10)e~* — 0.017487(15)
e123]e23|33|| | 3/32log[4/3]e~3 + 0.0848713(9)e2 + 0.2161338(31)e ! + 0.377071(5)
e112]23[33le| | 3/161og[4/3]e3 4 0.1562589(12)e 2 + 0.400053(4)e~" + 0.579729(8)

Table 11: The numerical value of all fifth order topologies for Z; in the form of € expansion.

Nickel index
for stat. diagr.

numerical

result

e11233[c44]44]]

3/40 log[4/3] e =% 4 0.073163(4)z 3 + 0.204788(16)c 2 + 0.35477(5)e -

e112]33]444|e4|| —0.000666(12)e~3 — 0.00451(4)e=2 — 0.01797(12)e !
e123|e23]44|44|| | 1/40 log[4/3] e~ + 0.0315824(25)e =3 + 0.098616(9)e~2 + 0.236148(31 )"
el12|e3]344|44]| —0.001333(25)e =% — 0.01160(9)e =2 — 0.05244(28)e !

c123[234]34[4]c|

0.0172897(9)e =2 + 0.076055(4)e ™

el12|34|e34|44]|

1/10 log[4/3]e™* + 0.111931(5)e 3 + 0.331417(19)e =2 + 0.67233(6)c

e123[e24[34[44]]

1/20 log[4/3]e~* + 0.070358(4)e > + 0.239613(18)c 2 + 0.61230(6)c -

e112[34]334[4]e|

3/20 log[4/3]e™* 4 0.182275(8)e 3 + 0. 587323(2 ~2 4+ 1.21353(9)e!

e112|23]e4|444]|

e112|23|44|ed4||

e112[23|34[44]e]

)

)

)

—0.001955(21)e=3 — 0.01250(7)e 2 — 0.04914(25)e

7/40 log[4/3] e =4 + 0.188694(8)e 3 + 0.573681(28)e 2 + 1.03326(9)c
1/10 log[4/3] e~ + 0.119119(6)e > + 0.390094(23)e 2 4 0.75114(8)e -
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Appendix B

Table 12: Diagram reduction of model E.

Nickel index # dynamical | # time | Ne#£ reduced
for stat.diagr. diagram version diagram
1 loops
elllel 2 2 1
2 1
2 loops
elllle| 2 2 2
el12[2]e| 10 10 0
el2[e3]33]| 14 26 8
el2[23|3]e| 8 14 8
52 18
3 loops
el112|3]e4|44|| 32 98 0
e12[33]44/5/5]e| 20 108 4
e12(23|4]45|5]e| 30 132 48
e12(34/35|4|5]e| 140 864 130
el2]e3|45|45|5|| 64 368 33
el112[33|e3|| 24 44 0
el2|e34[34/4]| 48 184 1
e12(34/35|e|55|| 28 196 16
el2(e23]4]44]| 76 292 0
e12]23]4]e5|55|| 100 536 109
e12(34/34|5|5]e| 36 209 79
el2[e3]34|5|55|| 104 b84 32
el2|e3]34[44]| 34 114 0
e112[3]34/4]e| 38 114 0
el2]e3|333|| 7 13 4
e1223|44|e4]|| 38 107 0
el2|e3]44[44]| 16 44 0
e12]34[34e4|| 96 352 56
el12|3]e33|| 12 24 0
e12(23|34|4]e| 42 124 28
el12[e3]33|| 19 17 10
el12[23|3]e| 42 72 10
el2]e3|44|55|5|| 40 195 16
el112[3]44e4|| 32 101 0
e123e23]3|| 25 58 19
el12(22]e see ¢* model
\ 4950 \ 595
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The diagrams with topology e112|22|e| contains 3 static vertices and is equal to a di-
agram with the same topology from model A, but with external lines 1" (for model
E external lines are ¢'T1). Moreover, according to the rules of diagram reduction
applying to the model A, dynamic diagrams with such external lines are reduced to
purely static diagrams of the model ¢*. Thus, the reduction method allowed us to

select a purely static part of the model E.
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Appendix C

In this Appendix, the calculation of 2 loop diagrams corresponding to the Green

function I'y+yr of model E. will be analyzed.

Nickel Nomenclature

In this thesis, Nickel’s nomenclature is used to describe the dynamic diagrams of
the model E. Since this model contains not one, but 6 types of fields, this should
be displayed in the conditional graph record through the Nickel nomenclature. We
write the mnemonic rules for extending the Nickel nomenclature to the dynamical

case:
e Number the vertices of the graph starting from 0.

e Consider the vertices in ascending order. For each vertex we write out vertices
adjacent to it, and whose number is greater than that of the considered vertex.

If the top has an outer tail, then the letter ’e’ corresponds to it.

e Introduce the notation for the fields:: ¢ — p, ¥/ — P, " —r " — R,
m — m, m' — M.

Consider a graph:

The corresponding Nickel nomenclature is written as:

el2|23|3le| : OR_mM _pr|rP_primM|0p|
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Two-loop calculation of E-model diagrams

In the two-loop approximation, there are 4 types of topologies for this model: elll|e,
el12|2|e|, e12|e3|33|| and e12|23|3|e|. The first topology is formed by purely static
vertices, i.e. it completely corresponds to the diagram of the model A with external

tails ¢'¢'. Therefore, we will begin consideration from topology e112|2]e].
Topology e112|2|e]

As mentioned in the section 3.2, the diagram reduction method allows to completely
remove this topology. We give a list of the diagrams included in this topology and
show which combination will vanished.
1. 112|2|e|:0R_pR_rp_prjmm|0P)|
SC =1 1+44=0
2. 112|2|e|:0P _pr rP_rp|mm|OR|
SC =1 2+3=0
3. el12|2]e|:0P_pR_rp rpjmm|OR|
SC =1 24+3=0
4. el112|2]e|:0R_pr_rP_pr/mm|0P|
SC =1 1+4=0
5. el12|2]e[:0P _pr_ rp rp/Mm|OR|
SC =1 5+6=0
6. el12]2]e[:0R_pr_rp_pr|Mm|OP|
SC =1 5+6=0

Topology €12|23|3|e]

Using diagram reduction, it can be shown that only time versions 0123 and 0213
remain. Consideration of two-loop diagrams in I'y+y is simplified by the fact that
the sum of the diagrams, when conveniently writing momentum, gives a trivial

record for the sum of all the time versions.
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1. €12]23[3le| : 0P_mM _rplpr_rp|Mm|OR| SC =1 5 e12|23|3le| : OP_mM _rP|pr_rplmm|0R| SC =1
Time wversions :
Time wversions : 0132 0213
3012 0312 0321 0312
3021 0321 0123 0231
3201 0132 3021 3012

6. 12|23|3le| : OP_mm_rplpr_Rp|Mm|OR| SC =1

Time wversions :

Time versions : 0312 3102
3021 3102 0321 3201
3012 0312 3012 3120
0321 0231 3021 3210
3. €12|23[3[e| : 0P _mM _rp|pR_rp[mm|0R| SC =1 7. e12|23|3le| : 0OP_mm_rP|Pr_rplmm|0R| SC =1
X . . .
R Time versions : T~ Time wversions :
AN 0123 0312 AN
—Kt=< N 0213 0321
/ﬁ_’f 0132 3012 XK= ﬁ 0231 3021
4. e12|23[3[e| : 0P _mm_rp|Pr_rp|Mm|0R| SC =1 8. e12|23|3le| : OP_mm_rp|pR_Rp|mm|0R| SC =1
T \\\\ Tiigi[) Uer;ggis : \\\\ Time wversions :
2 N N 3120 3012
ﬁ 3201 0321 —R=<C /QZ_H 3102 0312
\\/\ \\\\:_

Consider separately the sum of temporary versions 0123 and 0213.

Group I: time version 0213

9
(RPu+k2+7)(Pu+@+7)(k—q¢)?+¢@+7)((k—q)?+uk® +ug®+ 1)
(163)

We introduce the notation: (—2)I. And one can write the Feynman representation:

Then the matrix v and corresponding det v from chapter 1 have a form:

vV — v + U3(1 + u) + 04(1 + U) —V4 — U1 (164)
—vy — U1 v1 +vo(1 4 u) + vg(1 + u)

det v = 20105 + 20103 + 4vovs + 20104 + dvgvy + dvzvy + 303 (165)
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Using the Sector Decomposition method (see. Chapter 1), we divide the area of

integration into sectors and find the result for each of them:

Iy = % (5 log[2] — 31og[3] + 7(log[11] — log[7] — 6v/3 tanh ™ (\/§> +

+6v/3 tanh™! (2\/5)) (166)
Iy = ]_i?,
Ly = ﬂ(1610g[2] + 3log[3] + 151og[5] + 7log|7] — 22log|11]
L=1I;
- 9 3 ! 7 1
I3 = —Zlog[2] +7 log[3] — glog[5] + 3 log[7] — élog[ll] —
—44/3tanh ! (\/3) + 44/3tanh ! (2\/5) (167)
8
-1 Tlog[3] Tlog[7] = 25log[5]
fao = g Tlogl2) === = ==+ 5
_ log[2] 5log[b] 11log[11] log[3] = 7log[7]
Ty — _ _
G 8 24 4 T3
I 7log[3]  5log[5]  35log[7] N 11 log[11]
T8 24 24 12

Taking into account coeffisients I'(¢) and —2 in the Feynman representation Chapter

1, we get:
- - - - - - -3 3
Z[:2[13+[14+2(131+[32+Ig4)+[4 = Zlog Z (168)
M) (M2 —¢/2)° 7 3log(3)
—2 [=—
= (-2) > =

4

The answer looks like:

—m(j—3+1)2 (—ulog(u) + (u+ 1)log [(2122} +log [%HD

= (f,w) (170)

sy oy (st + s [ e )
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Group II: time version 0123

2((k—q)* = k) (¢ = (k—q)*)
(B2+t) (uk2+ k2 4+t) (P +t) (ug?+ > +t) (E—q)?+t) (k2 + (k—q)®> + ¢*> + 3t)

(171)

To use the method SD, we write this integral so as to remove the multiplier in the
numerator:

8
(k2 +1) (uk? + k2 +1) (ug® + ¢*> +t) (k2 + (k — q)* + ¢* + 3t)
2

(uk? + k2 4+t) (ug® + ® +t) (k—q)? +t) (K2 + (k — q¢)? + ¢> + 3t)
2

(k2 +t) (uk?2 + k2 4+t) (> + 1) (ug® + ¢> + t)
=8I —27@ 2716 (172)

e 1 contribution 7

vy < (K* + 1)

vy > (2% — 2kMq + 2¢° + 3t)
vy < (K* +t + k*u)

vy & (¢ +t+ q*u)

Then det = (v1 + 2vg + 2v3) (202 + 2v4) — v}

1
N = 0.012634
1 = qygz — 00126349

1
I~ 0.0121109 + —
14 + 12¢

1Y = 0.0147803

1
I — 0.00592873 + —
32 + e

1
I — 0.0156338 + —
34 + 24¢e

1V = 0.0284238
1\ = 0.0123895
1) = 0.0172003
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First contribution gives:

70 T[] (T[2 — £/2])

_ : | (173)
1 3 3log(2) 3log(3)  log(u+1)
1 — _ _
= e(u+1)2 * 2u+1)2 (u+1)2  2u+1)?2  ulu+1)? (174)
e 2 contribution, /()
vy < (K% 4 ¢* — 2kqM + t)
vy <> (2k* — 2kMq + 2¢° + 3t)
V3 < (kQ-l—t‘l—kQ )
& (¢ +t+ ¢*u)
Then det v = (vy + 209 + 2v3) (V1 + 209 + 2vy) — (vg + v1)?
112 = 0.0251902
112 =11 = 0.0351295
1Y = 0.0137288
I = 0.0256404
1) = 0.012085
I = 0.0155663
Second contribution gives:
2
_ ol (F[24— e/2]) | (175)
1 64
7@ 08 (27) (176)

(u+1)2



e 3 contribution, I
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V1 <>
ve > (q +t)

V3 < k’ +t‘|—]€2

e Y N N

Then det = (v + 2v3)(vs + 2v4)

)

C+t+q u)

0.0449813¢/2 + 0.0555556

JiS .
H £/2
78 _ 0.0420155¢/2 + 0.111111
12 = /2
=
76 _ 0.0362953¢/2 + 0.0555556
73 _ 0.0301344¢/2 + 0.0277778
34 = /2
= ®
Third contribution gives:
L lE @R —e/)
4 Y
73 _ 4 N 4 Alog(u+1)
e(u+1)? " (u+1)?  u(u+1)?

The result, 81V — 2712 — 27():

= (81W —21® _ 210

8T —21@ 91 —

n Ll (T[2 — /2])°

4
4

J

910g(

(u+1)?

Given the charges, the answers look like:

T+

3)
)2

(177)

(178)

(179)

(180)
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= (93, u) (181)
A 1 ~ 9log (3)
e e(u+1)2  2e(u+1)?
= (f,w) (182)
1 9log (%)

e(w+1)2  2e(w+1)2

\

Topology e12|e3|33||

We will perform similar calculations for the following topology.

1. e12(e3|33[| - OP _rp_mm|0R_mM|Pr_rp|| SC =1 6.e12(e3|33|| : 0OP_mm_rp|0R_pR|Mm_rp|| SC =1

//,@f\\ Time wversions : Time wversions :
L o 1320 1032 1320 1032
‘I’ * 1302 0132 1302 0132

2. €12e3(33]| : OP_rp_mM|OR_mM]pr_rp|| SC =1 7. e12]e3|33|| : OP_mm_rP|OR_pR|mm_rp|| SC =1

. . Time wversions :
Time wversions :

- N 0132 1023 1023 0132
o 0123 1032 1032 0123
T X 0213 1302 1302 0213

3. €12|e3|33|| : OP_rp_mm|0OR_mM|Rp_pr|| SC =1 8. e12(e3|33(| : 0P _mm _rP|OR_pr|mM _rpl|

Time wversions :

/,Q%\ Time wversions : 0931 0123
1320 1032 0213 1023

_'_’ \j/: 1302 0132

4. €12(e333|| : OP_rp_mM|OR_mml|pR_rp|| SC =1 9.e12(e3|33|| : 0P_mm_rP|0R_pr|lmm_rP|| SC =1
. . Time wversions :
T :

ST O 0231 0123
_':’ \$ 0213 1023 0213 1023

5 e12(e3|33|| : OP_rp_mM|0R_mm|pr_rP|| SC =1

,\@\ Time wversions :
p -
N

0231 0123
0213 1023

Time wversions :
1320 1032
1302 0132

As can be seen from the figure, this topology can be conveniently divided into two
groups, taking into account the arrangement of massless lines: the first group is
diagrams 1 through 5, the second group is diagrams 6 through 10.
I group:

K — (k—q)’

4 : =41  (183)
B2+t (P +t) (@ +@2+1t)" (k24 (k—q)? + ¢> + 3t)
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To use the SD method, let’s write I this integral so as to remove the multiplier in
the numerator:

1 1
— +
@+ (PR+@E ) R+ (k-2 +@+3t) R+t (R +1) (@ +q+1)
1 1
+ +
(P (P+P+) K2+ (k-2 +@+3t) (40 (@+@+1) (k2 + (k—q)2 + ¢+ 3t)
=70 1@ 4 16 L 1@ (184)

Now we have 4 separate integrals requiring computation:

e 1 contribution, I}

V3 > (2k2—2qu—|—2q2—|—3), Vg > (q2u—|—q2—|—1), V1 (q2—|—1)

(185)
- L g i0a0m
! 12¢
5
Y= 2 0.209929
2 48¢
1Y = 0.0124075
First contribution gives:
(1) 3 (_2
e (= +4—6log(4) +1log(3) (186)
32 €
e 2 contribution, I
Ul(k2+t)+U?(q2+q2+t)2—{—f03(q2+t) (187)

1% = 0.274653
1Y = —0.4086974
1Y) = —0.25225

Second contribution gives

1?1 —log(4) = —0.3862944
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e 3 contribution, I® . is equal to contribution ™)

e 4 contribution, 7™

vy > (2 —2kMq+2¢°+3), v (K+1), < v (2¢8+1) (188)

113 = 0.0796134
1y = 0.0180497

1
I — — 4 0.0590162
91 62 +

1
Iy = 0.0229395 + —

12¢
1{Y = 0.0107872
Fourth contribution gives:
1 1 1 27 1
W . — + -+ —-log [ =) = — + 0.190406
2 73738 Og(16) Re
Result, (I1) — 1) 4+ 1) 4 1) .
1 1 1 9log(3)
—————— 3log(2 189
o 0g(2) + T (189)

It should be noted that the original expression contains divergence in the subgraph.
Using the R’ operation (see Chapter 1), take into account the corresponding coun-
terterm. The contribution from the R’ operation is:

1 1 (14 2u) log[1 + u]

_ — 190
41+ w)?e?  8u(l +u)’e * 8u?(1 + u)?e (190)

Then the final answer for the first group of topology is el2|e3|33||, taking into
account the factor I'(¢) (I'(2 — €/2))* /4 and 4 :

2(1 + u)2e? * 2u(l +u)?e  4(14u)’ 0

1 u—1 9 4 (1 + 2u) log[1 + u]
E 2u2(1 + u)2e

(191)

Thus, for different pairs of charges, the answer is:
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= (g3,u) (192)

& ((1 +t)2€2 T +2u)25 @ +9U)25 8 ED
= (f,w) el

I ((1 +f,u)252 T +2w)25 - +9w)25 tog ED

IT group

1
(k2 + 1) (¢Pu+ ¢* + 1) (u (k? = 2kMq + ¢?) + k> + ¢?u + t)

=T (—4) (194)

Again, we turn to the representation of the Feynman:

= U3 &> (u(kz—Zqu+q2)+k2—|—t+q2u)

V1 < (kz + t)
vy < (Pu+q* +1)
1 _
v [ut v3(1 + u) uv3 (195)
—uvs3 vo(1 + u) + v3(2u)

det v = v1v9 + UV VY + 2uV1U3 + VoU3 + 2uVav3 + UPVaU3 + 2uv§ + u2v§ (196)

Using the SD method, we calculate the contribution of each sector separately:

UPES ilog [11] - Zlog 2]

L3 = %log[Q] + 15—210g[5] — %log[ll]

Iy = é + % + élog[ll] — % log[2] — %log[B]

Loy = 1—;5 + i + %log[?)] ~ élog[Q] + 3108g[7] - 5101‘52[11]
I3 = % log [11] — % log [5] — glog 7]+ glog 3]
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] 1 SIS 1
= [ = ZI@FM(F[Q —¢/2)" = TT1622 732 32e log [E]

In general
I = : : ! 2(1 log|2 1
T 2(1+u)e * 4(1 4+ u)e i Au(l + u)3e [2(1 + u) log[2] + ulog[u]—
24+ u )
—2log {Eliu;] —ulog [(1 + u) (2—}—u)} (197)

As in the previous case, this diagram has divergence in the subgraph. The corre-

sponding contribution from the R’ operation is equal to

1—1log[2] 1
= — 198
~ 16¢ 82 (198)
The final answer for this group is:
= (g3, u) (199)
\ 8 2,
93 (1+wu)3ez  (1+u)e
—(2(1 log|2| + 2log|1
o (20 + ) logl2] + 21og[1 + e+
tuloglu] — (2 4 u) log[2 + u]D
= (f,w) (200)
Sw 2w
2 —_—
4 ((1 Fupe T rwpe
2w? (1 +w)
log|4
+(1+’UJ)3€|: w Og[ ]+
2 1
+2log[l + w] — w+l) log[2w + 1]})

Using these results, and also considering in a similar way the values of I's and I'7,

we obtain the analytical results presented in section 3.2.
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