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BBenenue

AKTyaJapHOCTH PadOTHI: fBjeHNE 00pa3oBaHUs YCTOWUYMBBLIX arperaroB B
pacTBOpax MOBEPXHOCTHO-aKTUBHLIX BemiecTB (ITAB), HasbiBaeMbIx MuIe/IaMH,
U3BECTHO y»Ke OoJjiee cTa JIeT U HAILIO IMHUPOKOE NMPUMEHEHNUE B COBPEMEHHBIX TEX-
HOJIOTUSIX OYUCTKU, Pa3JieJIeHns] BellecTB U cuHTe3a Hanovacrull [1;2]. B ormaue
0T HeoOpaTUMOI HyKJeallnn W KOAryJISIIN, MUIE/IN3AIIs sIBJISeTCs 00paTUMbIM
nporieccoM. Ilocsie nmepBoHavdaILHOIO TIEPEXojia B HEPABHOBECHOE COCTOSTHUE caMoar-
peraiusi B MUIEJISIPHOI cUcTeMe IPUBOAUT K YCTAHOBJIEHUIO HOBOT'O CTaOMIBHOI'O
arperaTuBHOrO paBHOBecusi Muilesur B pactBope IIAB mocpencrBoMm cBepXObICTpOI
[3], OwicTpoit 1 MeIenHO pestakcaryn [1; 47|, KOTOpbIe CjejyeT paccMaTpuBaTh
KaK MepapXuieckue CTaj i Mune/in3ani. TepMonHaMiuKa 1 KHHETHKa MU/~
3alil KHTEHCHBHO N3y Ja/ICh B TeUEHUE TOCIeIHIX JecaTuiernii [4;6;8-19|, oqrako
U Ha CEroJIHANIHUI JIeHb MHOIrue (yHIaMeHTaJbHbIE BOIPOCHI 110 MEXaHM3MaM U
3aKOHOMEPHOCTsIM arperaiyuy U pejlakcalid B MUIEISPHBIX CUCTeMaXx elle He Ha-
ILJIM OTBeTa, U MHTEHCHUBHOCTb MCCJIEJ0BAHUI B 9TOM HalpaBJEHUU IIPOJIOJIZKAET
HApacTaTh.

Crenenb pa3pabOTaHHOCTH TeMbl HccJiegoBaHUsi: OCHOBBI TEOPETHU-
JeCKOro OIMMCAHUS KHHETHKN MUIEe/I000pa30oBanns ObLIN 3aJI0KeHbl B paboTax
Annanccona [4; 20], B KOTOPBIX HCIIOJIB30BATACH HEIPEPBIBHAST AITIPOKCHMAIIUST
Dokxkepa-Ilmanka st KOHEIHO-PA3HOCTHBIX ypaBHeHuit Bekkepa-/lépunra [21],
OIUCBIBAIONINX MOJIEKY/ISIPHbIIT MexaHu3M arperaiuu. [IpeioxKeHHbIi 110/1X0/T TTO/1-
pasyMeBaeT HCIOJIL30BaHNE TEPMOJIMHAMUYECKUX Mojieieii MUHUMAaJIbHON paboThI
obpaszoBaHusl MUIE/JISIPDHBIX arperaTon, ONPEJIE/ISIONNX PaBHOBECHOE paCIIpe/iesie-
HUEe arperaToB II0 pa3MepaM, a 3HAUUT W CTEIEHb MUIC/IN3AINT, CPEeIHee TIC/I0
arperanuy u JUCIEPCH0 ducya arperaiun [15;22].

TepMmonnHaMITYecKe MoOJIeJ N PadOThl arperanni cepuuecKux MU JIJIst
pasiuunbix tunos [TAB u pacrsopureseit paccmarpuBajuch B paborax [23-29).
Kunerndeckoe onucanue pejakcainn cdepudecKkux MHIe/i, Oa3upyrolieecs Ha
Y30CTH WX PaBHOBECHOI'O pacIpejesieHs] 110 UNCIaM arperamuu, M03BOJINIO II0-
JIYIUTH aHAJNTHIECKHE BBIPaXKeHUs JIIST BPEMEHHU MeJjIeHHoN penakcaiun [20]
n BpeMéH ObicTpoit penakcannu [16; 30]. Hanbosiee mpsimosmueiinbiM  criocobom
pacuéTa CIIeKTpa PesaKCalliil sIBJIZeTCd YUCAeHHOe PellleHre JUHeap30BaHHOM cu-

creMbl ypaBHenuit bekkepa-/lépunra, ojiHako, HeECMOTPS Ha YHUBEPCATIHLHOCTD STOTO



110/IX0/1&, OH SIBJIFETCS BeChbMa, PecypcoéMKuM. Takue dncjieHHble pacdeThl ObLIN ITPO-
BeJIeHbl B paMKaX KalleJbHOH Mojesnn paboTel arperaiun B pabore [31], u 6bL10
MOKA3aHO, YTO aHAJUTHIECKAs TEOPUsl MOJEKYISPHOIO0 MEeXaHU3Ma MUIE/IsIPHO
pesiakcallii B pacTBOpax co chepruiecKuMU MUIE/JIAMU ITPUBOJIUT K XOPOIIEMY CO-
[JIACHIO JI/IsT BPEMEHH MeJJICHHON peJlaKCallmi U 3aMeTHO XyJMIeMy JIJIsT CIEeKTPa,
ObIcTpOit pestakcanuu. B [32] ObLia mpepuHsTa yeIenHast MoMbITKa YTy IiiTh Ka-
JeCTBO aHAJMTUYECKUX IIPeJICKa3aHnil BpeMEH ObICTPOIl pesiakcalun JIJisd KaeabHOI
MojIesiE pabOThl arperanun ¢ IMOMOIIbI0 TEOPUH BO3MYIIEHU, OJHAKO HNPUMEHEHNE
TOTO YKe MeTO/la K KBas3UKaIlebHOI Mojie/In pabOThl He JIaJI0 Y/I0BJIETBOPUTETHLHOTO
pe3yJbTaTa.

Hpyroit Tun moJiekysisipHoit ynakoBku B arperarax [IAB npu 6osiee BbIcOKIX
qpcaax arperamun IpuBOAUT K (POPMUPOBAHUIO MUJIMHIPUIECKUX MUIIEJLI, PaBHO-
BECHOE paclipejie/ieHne 110 YUCIaM arperaiun KOTOPbIX SIBJIsIeTCsl 3aMeTHO 0oJiee
MIUPOKUM. B KMHETH4ecKOM II0OBeJIeHUN MUIE/ISIPHBIX CUCTEM, B CHJIY IOJIUJINC-
HEPCHOCTU IUJINHIPUICCKIX arperaToB, MOsSBJISIOTCS HOBbIe OCOOCHHOCTH, KOTOPHIE
TPeOYIOT OT/E/JIBLHOIO aHaju3a. AHaJIUTUYeCKas KUHETHIeCKas TeOpUsl MUIIE/I000-
pasoBanus B pactBopax [TAB ¢ muimHApIIeCKIMEI MUATIE/IAMEI TPU MOJIEKYJ/ISTPHOM
MexaHmn3Me arperanui 6bia pacemorpena B [33-36]. Dta Teopust mpoeMOHCTPU-
poBaJia CyIecTBOBaHUE NEPAPXUIECKOil crucTeMbl crennduiecKux BpeMEeH ObICTPOIt
U MeJIJIEHHOW peJIaKCAIMi JIjIs CUCTeM C IWJIMHAPHICCKUMEI MUICIAMI U CBsI3a-
JIa 9T BpeMeHa ¢ XapakTepucrukamu muiiesr n kourenTpanueit ITAB. HecmoTpst
Ha XOpOIlue MpeJcKa3aHns BpeMeHU MeJIeHHOil peakcanuu [4; 37|, anaaurude-
CKHUe IIpeJiCKa3aHnsl BPEeMEH OBICTPOil peslakcaly IoKa3aJid IIJIOXOe COTJiacue ¢
pe3y/jbTaTaMi YHCJIEHHBIX pacdeéToB. /lONOJTHUTENBLHON CJI0YKHOCTBIO IIPU aHaJIN3e
CIIEKTPa PeaKCaIui IUJINHIPIIECKIX arperaToB BeICTYIaeT (DOPMYJINPOBKa, MO/Ie-
Jieit paboThl arperanun 1 KO3OUIIMEHTOB MPUCOEIMHEHNs] MOHOMEPOB K MUIIE/L/IAM,
BO3paCTaHe KOTOPBIX 110 Mepe yBEJINUICHUSI pa3Mepa arperaTtoB CTAHOBUTCS BEChMa,
CYIIECTBEHHBIM [IJIsT PACUETOB B CHUCTEMaX IUJIMHIPUYECKUX MUIe/I. B To Bpems
KaK JIJIsl cpepruIecKX MUIEIT B MOJIEIHN CJIYIailHbIX OJIy>KIaHnii OBbLI pacCUnTaH SB-
HbI{1 BIJ] KOI(DDUIIMEHTOB TIpHcoeInHeHns [38|, /71s1 IMIIMHPOB MCII0JIB30BaIach |34]
npocreiinmas PpeHoOMEHOIOTHIecKasi MOJICb TPAMOIl ITPONOPIMOHATLHOCTH KO DU-
[UEHTOB IIPUCOCIMHEHIS YUCTY arperaiuu B 00JI1aCTH IUJINHIPUIECKUX MUIIELI, He
CIIMBAIOMIALACS ¢ 00JIACTBIO MIPEIMUIIC/UIPHBIX C(DEPUICCKIX arperaros.

IHenpio nanHOl PAbOTHI ABJISIETCS ITPOBEICHNIE aHAJIUTUICCKIX PACIETOB JIJIs

CIIeKTpa OBICTPOIl pPelaKcaIuu JIJIsi pa3JIuIHbIX MUIIEC/ISTPHBIX CHCTEM.



JL1st TOCTH2KEeHMS 1TOCTaBIEHHO 11eJI HeOOXO0AUMO OBLIO PEIIUTh CJIeIYOIIIe
3a1a49M:

1. TlocTpouTh MoOJIeb pabOTHI arperaruu, OMMCBHIBAIONIYIO TLIABHBIN Tepe-

X0J oT cepudyecKnx K HMJInHApudeckuM arperaram. OO0OIIUTHL MeTO/T
CIAYYalHBIX OJIYXKJIAHWI JJId PACUYETOB PEAJMCTUUIHBIX KOI(PMUITMEHTOB
HPUCOETMHEHUS TTUJINHIPTICCKITX MUIICLT.

2. BoaenunThs u3 crekTpa pesakcaiyun, HaiieHHOro IIyTEM IPSIMOI0 UMCJIeH-
HOT'O pellleHusl CUCTeMbl JINHeapu30BaHHbIX ypaBHeHuit Bekkepa-/Iépumnra,
pusndecKkn 3HaYNMbIE BpeMeHA, OTBEYAIOINIIE PA3INIHBIM CTaIUAMEI PeIaK-
Calli.

3. Pazpaborarh o0ImIyI0 cxemy Iepexojia K HelNpPEepbIBHOMY OINNCAHUIO MU-
HEeJIISIPHOI peJslakcallii, He MCIOJIb3YIONLYIO allllPOKCUMAIUN JIjIsT pabOThI
arperaiun 1 K03 UINEHTOB IPUCOETNHEHNSI.

4. TlpumeHuTb paspabOTaHHYIO CXeMY JIJIsl PACUETOB CIIEKTPa OBbICTPOIl pesiak-
calliy B PA3JINYHBIX CUCTEMAaX C(PEePUUEeCKUX U IMUJINHIPUIECKITX MUIIEL.

Kparkoe comep:kaHue pabOThI:

B rnaBe 1 ¢opmynupyioTcss OCHOBHBIE IIOJIOXKEHUS KUHETUKNU MUIIEII000-
pa3oBaHusi, BBOJSTCS 0a30Bble OIPEJEJICHNSA, MPUBOJATCH KOHEUHO-PA3HOCTHBIE
KHHeTH4YecKne ypaBHeHusi Bekkepa-/IépuHra, OIMChIBAIOIINE pPeJIaKCAIMI0 MUIE/I-
JISPHBIX CUCTEM W PacCMATPUBAIOTCA Pa3JUUYHbIC MOJEJIN pabOThl arperaiud u
K03 PUINEHTOB ITPUCOCINHEHHSI.

B rnaBe 2 wiercs pereHne 1MOJIHON CHUCTEMbl JIMHEAPU30BaHHBIX ypaBHEHUIT
Bekkepa-/lépunra B Bujie pas3jioXKeHUs 110 COOCTBEHHBIM BEKTOPaM OIlepaTopa 9BO-
JIOIKU. B 1oJIydeHHOM pelleHnN BBIJACSIOTCS CTa uu CBEpXOBICTPOIi, OBICTPOIl 1
Me/IJIEHHOM peJlakcallii U Ha OCHOBE aHAJIN3a COOCTBEHHBIX BEKTOPOB OIIPeIeIsSTIOTCsI
COOTBETCTBYIOIIUE STUM CTaJIUSIM BPEMEHa pPeJaKCAINI. DT BPEMeHa PeTaKCAIUN
UCIIO/IB3YIOTCA B CJIETYIONINX IJIaBax Kak IMOBepOUHble I aJbTepHATUBHBIX, MEHee
PECYPCOEMKHUX METOJ/0B.

B riaBe 3 paccMmarpuBaeTcs OOIIMIT aHAJTUTUYECKUI IOJIXO0M K IIEPeXojy OT
KOHEUHO-Pa3HOCTHBIX ypaBHeHnit Bekkepa-lépunra K quddepennnaibabiM. B pam-
Kax 9TOr0 I0JX0/1a IIPUBOJIUTCS BBIBOJ YPABHEHUsI, OLIPEJIEJISAIONIEr0 CIIEKTP BPeMEH
OBICTPOIT peslakcalluy MUIEISIPHBIX cucTeM. KOHKpeTHble pacdéTbl MPOM3BEIeHbI
BO BTOPOM TIOpsiJIKE TEOPUHU BO3MYIIEHWI JJId TPEX Mojeseil paboThl arperaun

cpepuuecKknx MUIIEJLI.



B raBe 4 paccMaTpuUBAIOTCS CHCTEMBI C COCYIIECTBYIOMIMME ChepUIeCKIMI
U UITHJIPUYECKUMEI arperaTaMu, OTINYaionuecs MOJIINCIEPCHOCTHIO arperaToB.
[IpuBomgaTCa nBa MeTO/1a pacdéTa CIeKTpa OBICTPOIl pe/lakcalu B TAKX CHCTEMaX.
[TepBoIit MeTO OCHOBBIBaETCA Ha TPAJUIIMOHHOM JIJIsi TAKIX UCC/IEI0BAHUN UCTIOhb-
30BaHMM IOJMHOMOB Jlareppa. HoBuzna MeTojia cOCTOMT B MCIOJIB30BAHUU STUX
MOJINHOMOB B KauecTBe Oazuca Jjis oriepaTopa 3BOJIIONIH BMECTO HETIOCPEICTBEHHO-
0 UCIOJIb30BAHUST UX B KAUeCTBEe COOCTBEHHBIX (DYHKIIHIT OrlepaTopa 9Boonn [34].
AJTbTepHATUBHBIN METOJI OCHOBBIBAETCSI Ha, UCIIOIB30BaHIH 3D MEKTUBHOIO TOTEHIT-
aJia, MMOCTPOEHHOTO I 3aJIaHHbIX Mojlesieil paboThl arperanut 1 Ko3pOUInenTon
npucoeuHeHus. MeTos 3pbdeKTUBHOTO TOTEHINAIA UCITOJIb3YETCs COBMECTHO C OC-
HOBHBIM ypaBHEHUEM OBICTPOI peslaKcalliy, MOJYYEeHHBIM B TIJIaBe 3, U ABJISAETCs
YHUBEPCAJTBHBIM JIJIS PA3TUIHBIX MUIEISIPHBIX CUCTEM.

['maBa 5 mocssIena MPUMEHEHUIO MOJTYaHATNTHIeCKONH MOIN(MUKAIITT MEeTO/Ia
3P PEKTUBHOTO TOTEHITHAIA Oe3 UCIIOIB30BAHNS AITPOKCUMAIINI PAOOTHI arperaum
n K03 purmenTos npucoeaunennsd. [IpuBoagarcsa pesyabTaThl NCHO/IB30BAHIA STOTO
MeTOJIa JIJI CUCTEM KaK cepruiecKnx, TakK W IUJINHIPTIECKIX arperaTos.

B npunoxkennn A mpuBeJI€H BBIBOJ] HEJMHEHHBIX Mojeseil KodhuinenTon
MPUCOeTMHEHNS JIJIs TUINHAPpIYIecKnX Mutesl. [lomydeno TouHoe aHaInTHIecKOe
BbIpazkenue s cheponIaabHoi MOJIETN UJIMHPUIECKUX arperaToB W MpuOJIu-
JKEHHO pellieHa 3aja4a Jijid cepolnInHJIPUIeCKON MOJICTH.

B npunoxkennn b npuBojgaTea getasn pacdéToB BO BTOPOM IMOPSIIKE TEOPUN
BO3MYIIIEHUIT U3 TJIaBbl 3.

Hay4ynasi HOBU3Ha: Bce BbIUNCIEHUS W OCHOBHBIE PE3YJIbLTATHI SABJISIOTCS
OPUTUHAIBHBIMI U OBLTN OIyOJTMKOBAHBI B HECKOJBKIX CTAThAX, B OT€YECTBEHHBIX
1 3apyOEXKHBIX KypHAJax.

ITpakTuvieckass 3HAYUMOCTh: PaboTa nMeer TeopeTnyecKuil xapaxkrep.

MeTtooiorus 1 MeTO/Ibl uccjiesiloBanus: Meroosiorus paboThl ocHOBaHA
Ha MeToJ/laX HepPaBHOBECHOW CTATUCTUYECKON (DU3UKU, KBAHTOBOW MEXaHWKH, JIU-
HeifHol aaredphl M KOMIBIOTEPHBIX BhIYUCHAennil. s pacuéToB m BU3ya n3aIium
pPe3yJIbTaTOB HCIIOJIb30BAJINCH CUCTEMbI KOMIIbIOTEpHOH ajredbper Maple 2017.0 u
Wolfram Mathematica 10.

OcHoOBHBIE TIOJIO}KEHWS, BBIHOCUMbIE HA 3aIIUTYy:

1. Monenb ciyvdafiHbIx OJIyKaHUN IMO3BOJISET IMOJYIUTH TOYHOE aHaJNTH-

Jeckoe perieHne Juid Kod(pOUIMEHTOB MPUCOSINHEHNsT MUIELT chepo-



nJIaIbHOM (POPMBI U IIOCTPOUTH Ha €ro OCHOBE AalllIPOKCUMAIUIO JIJIsi
K03hDUIIEHTOB IpUcoeHeHNsT c(PEPOIUINHIPTIECKIX MU
YucjieHHOE pellleHre JIMHeaAPU30BAHHBIX KHUHETHUYECKUX ypaBHeHHiT bBek-
kepa-/JIépuHra 103BOJISIET OCYIIECTBUTH BbIJICJIEHNE PA3JIMIHBIX CTaJIHi
pesiakcalun B 00IeM CIIEKTPe BPEeMEH peslakcallii Ha OCHOBE aHAJIN3a CO-
OTBETCTBYIOIIINX COOCTBEHHBIX BEKTOPOB.

Bajilada HaXOXKIEHHUsI CIIeKTPa ObICTPOIl pesaKCallii MOXKeT ObIThb Iepe-
dopMyImpoBaHa B TepMUHAX YHHUBEPCAJIbHOIO YpaBHEHUS Ha COOCTBEHHbIE
3HAUYEHNs, IPUMEHIMOIO K JIIOOBIM BHJIAM MULE/UIAPHBIX cucTeM. Dddek-
TUBHOE peIIeHNe 3TOTO yPaBHEHHS OCHOBBIBACTCS Ha PEIICHUN 3a/adud O
JIBUKEHUU KBaHTOBOI YaCTHIILI IIEPEMEHHOI Macchl, 3ajiaBaeMoil Koaddu-
[IEeHTaMU IPUCOEUHEHNS, B 110JI€ C TIOTEHIINAJIOM, OlIpe/ie/sieMbIM paboTOIl
arperarmm.

KadecTBo aHaINTHYECKUX [IPeIcKa3aHIil BpeMEH peJlaKcallii CyIeCTBEHHO
3aBUCHUT OT IIOJHOTHI yUéTa BUJIA PAOOTHI arperaiuu, 4To 1 IpoJIeMOHCTPH-

POBaHO B METOHaX, IIPEIJIO?2KEHHLIX B ,ZLaHHOfI JAUCceEPTaAIN.

JlocTOBEpPHOCTH 1I0JIyUEHHBIX CTPOIrUX aHAJUTUYECKUX PE3yJIbTaToB 0bec-

IneamBacTCd CTPOIOCTBIO MaTeMaTHUYECKUX paccqu[eﬂnﬁ, a KOHTPOJIb TOYHOCTHU

HpI/I6JII/I}KéHHI)IX aHaJIMTUYIECKUX METOJ0B OCYLIECTBJIACTCA IIYTEM CpPpaBHEHUA C pe-

SyJibTaTaM# IIOJTHOI'O YMCJICHHOI'O pelleHuA ManI/I‘{HOﬁ 3ada4u.

JIngubrii BKJIa 1. Bce BoIunciienns u ocHOBHBIE pPE3YJILTATDhI ObLIIN I[TOJIYyY9€HbI

aBTOPOM JIMYHO WJIX IIPpU €ro IHpAMOM y4YaCTHUU.

Arnpobanust padboThI:

OcHoBHBIE peE3yJIbTaThbl pa6OTbI JIOKJIa/IbIBaJINCh Ha:

Mexk ryHapoaHoit Kondepeniun ~ Science and Progress 20177, 13 - 17 Hosi6-
ps, 2017, Cankr-ITeTepOypr;

Mexk aynaposaoit kKondepeniun ~Jlomonocos-2018”, 9-13 Ampess, 2018,
Mockaa;

Mexnynapoguoit koudepennuu 'V international conference on colloid
chemistry and physicochemical mechanics”, 10 - 14 Centsiopst, 2018, CankT-
[TetepOypr;

Mezxx iynaposnaoit koudepenruu ~ International Conference on self-assembly
of colloidal systems 2018”7, 20 - 22 Centsiopsi, 2018, Bop10;

Mezxx ynaponoit koudepenmun ~ Science SPbU — 20207, 25 Jlexabpst, 2020,
Cankt-ITerepOypr;
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— Mexaynapognoii kKondepeniun ~CoBpeMeHHasi XUMU4Ieckasi (pusnkKa Ha
cThike puzuku, xumun u ounostorun” , 29 Hosiopst — 3 Ilekabps, 2021, Yepro-
r'OJIOBKA.

ITyoaukamum: OcHoBHBIE Pe3yJIbTaThl 110 TeMe JUCCePTAINN U3JI02KEeHbl B 6
nevaTHbIX u3ganustx [8-11;13; 14|, 6 u3 KOTOPBIX U3IAHBI B YKYypHAJIAX, PEKOMEH]I0-
BarHbix BAK, n BxogsaT B pedeparuphbie 6a3b! gJanubix Web of Science u Scopus.

O6beM m cTpyKTypa paboThl: /luccepraliist COCTOUT U3 BBEJEHUSI, D IJIaB,
3aKJ/IIOYEHNs], 2 TPUIOKEHUI 1 criucka juTeparypbl. [loHbIT 00bEM auccepTamum
coctapysier 110 crpanuil, BKo4Yas 37 pucyHKOB U 3 Tabyniibl. ClICOK JTUTEPATY PhI

COIEPXKUT H4 HaMMEeHOBAHUI.
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I'maBa 1. Kunerudyeckue ypaBaeHus bekkepa-/lépuHra u
TepMOJMHAMUIECKNEe MOJEJN PadOThl arperaiui MUNeJIJISPHBIX
arperaTosn

1.1 OcHoBHBIE TTOJIO2KEHNA KNHETUKN MUIEJJI000pa30BaHUSI

Ocobennoctbio Mosiekyst ITAB siBiisiercst Ham4une y HUX TApPOMUILHON 1 TH/I-
pododuoit gacreii. [Ipn konnenrparusix ITAB B pacrBopuTesie HIKe KpUTHIECKOI
koureHTpanun mutesoopasosarust (KKM) ITAB cymiectByer B Bujie OT/I€IbHBIX
MOJIEKYJT — MOHOMepoB. [Io Mepe yBesmyeHusi KOHIIEHTPAIUN MOJIEKYJIbI CIIepBa CO-
OMpaloTCa B yCTOWYMBLIE cpeprdecKue arperarbl, a 3aTeM chepruiecKue arperarhbl,
HPUCOeIHsISI BCE OOJIbIIIe MOHOMEPOB, IIPUHIMAIOT OoJiee cjioxKHble (hbopMbl. B naH-
HOIl JccepTain 00bEKTOM UCCJ/IEIOBAHMS SIBJISIOTCA KaK MUIE/IIPHbIE CUCTEMBI,
COCTOSIINE UCKIIOUUTE/IbHO U3 chpepruIecKnX MUIELI, TaK 1 O0Jiee CJI0yKHBIe, BKJIIO-
Jarole B cebsl JIONOJTHUTE/IHLHO IUJINHIPIICCKIE arperaThl.

[IpenmeTom ucce0BaHNs sIBISIETCST PeJIaKCallis MUIEISIPHBIX CHCTEM K CO-
CTOSHHIO yCTOiunBOro papuopecusi. OcobeHHOe BHUMAaHUE YJIe/J1eHO OJHOM u3 crauii
peJtakcamyy — ObICTPOIl peslaKcalui, B pe3yabTaTe KOTOPOil yCTaHABINBACTCS KBa3H-
pPaBHOBECHOE paclipejiesieHue B 00J1aCTH arperaToB ¢ J0CTATOYHO OOJILITUMEI YUCIaAMU
arperaiuu.

B xoje mporecca pesakcaluy IMPOUCXOJUT UCITyCKAaHUE U ITPUCOEINHEHIE ar-
peratamu moHomepoB IIAB. Takoit MexaHnm3Mm ommcaHus pesakcalii Ha3bIBAeTCS
MOJIEKYJ/ISIDHBIM, I CcTyIeHdaTbiM. COOTBETCTBYIOIINE ITOMY MEXaHU3MY IE€pPexo-

JIbI BJIOJIb OCH YHUCEJI arperaiui MOYXKHO 3allUCATh CJICIYIOMIM 0Opa30oM:

{n}—l—{l}bn—‘_t1 {n+1} n=23,.... (1.1)

anC1

Arperatel, cocrtodiine W3 1 MOHOMEpOB, OyjeMm obo3Hadarb {n} u Ha3bIBaThH
n-MepaMu, a caMoO N — YHCJIOM arperary, Wik MIPocTo pasMepoM. TakuMm odpazomM,
monoMmeps! [TAB Oyem obosnauars {1} . Besqnanna a,, — 970 BEPOSITHOCTH MPUCOE U~
HEHUSI arperaToM pasmepa 1. KOHKPETHOI'0 MOHOMEpa 3a eJIUHUILy BpeMeHu. Tora
a,C1 — 9TO KosmmdecTBO MoHOMepoB ITAB, npucoennnusieMbix K arperary 3a eJIMHI-
Iy BpEeMEHH B PacTBOpE C KOHIEHTpaImeii MOHOMEPOB ¢ . Besuunna b,,1 umeer

CMBICJT BEPOSITHOCTH UCIIyCKaHUS arperaToMm pasmepa n + 1 MoHOMepa 3a eJIuHUILY
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BpemeHu. Byiem HasbiBaTh @, 1 b, KO3MUIMEHTAMI ITPUCOCIMHEHUST 1 UCITyCKa-
HUS COOTBETCTBEHHO.

Beejém yHKINIO ¢, pacipejie/leHns arperaroB 10 4nucjaM arperamun, KOTo-
pas 3a7aércss HAOOPOM KOHIEHTPAIINl N-MepOB U 3aBUCUT OT BpEeMeHH t 1 UKCIIa
arperaruu n. C y4éToM ONUCAHHOIO BBIIIE MOJIEKYJISIDHOTO MEXaHI3Ma N3MEHEeHMs
YHC/Ia arperalin SBOJIIONIS KOHIEHTPAIIN arperaToB BO BpeMeHH O {INHSIETCs Clle-

JIYIOHNIAM yPAaBHCHUSAM:
dc,,
ot

rae J, — MOTOK BjoJb ocu [nces arperanun n3 {n} B {n + 1}. C yuérom (1.1)

:_(Jn_Jn—l); 7122,3,..., <12)

MOZKEM HAIINCATH BBIPAZKCHUS JJISA IIOTOKOB J, :
Jp = apcic, — by, n=2,3,.... (1.3)

Cucrema ypasrennit (1.2) ¢ yuérom onpeneserusi motokos (1.3) HasbBaercs
KIHETUYECKUME ypaBHeHusMu Bbekkepa-/Iépunra B paznoctnoii (popMme u sBjIsieTcs
OCHOBOII KHHETHYECKOI0 OINCAHUS MUIEIO00PA30BAHUA U PEJAKCAIMA B MUIEJ-
JISIPHBIX crucTeMaX. UToObl 3aMKHYTL 9Ty CHCTEMY, TPeOyeTcst JOMOJHUTENILHOE
ypaBHeHue 1151 KoHieHTparun ¢; Monomepos [TAB. Eciu nosmroe komuaecrso IIAB

B ejunuIe 00béMa (6pyrro-konienTpanus [TAB) dukcuposano, BEpHO paBEHCTBO

801 - aCn
—_— = — n—-. 1.4
2 s
[Toncrasisist B mpaByio dacthb (1.4) Beipaykerust (1.2), MOYKHO TOJIyUINTh YpPaBHEHIE

s KOoHIleHTpalun MoHomepoB [TAB:

(901 =
oa _ 4 , 1.
> Ji nz_;fn (1.5)

OTe/bHO HY?KHO PaccMOTpeTh Bbipazkenue ist Ji . [lepsoe ciraraemoe B mpa-
Boit wactu (1.3) oTBedaeT 3a YUET MOJHOTO UHCIA AKTOB CAUSHEST MOHOMEPOB 1
Nn-MepoB B eJInHUIEe 00bEMA 3a eMHUIly BpeMeHu. IIpousBeienne cic¢, MMeeT CMbICT

YUCJIa BCEBO3MOXKHBIX COYCTAHUI IIap MOHOMED — T-MeEp. B clIyda€ 2Ke CJIMAdHNA

ABYX MOHOMEPOB YUCJIO BCEBO3MOZKHBIX coYyeTaHuii npeacraBJsieT €000t BbIpazKe-

C1 (61—1)

5— . llonmarass ¢ > 1, nonyuaem

Houne

2
Jl = alzcl - bQCQ. (16)
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[Ipu HacTyIJIEHUM arperaTuBHOIO PABHOBECHSI BCE TIOTOKU 00PAIIATCsI B HOJIb

9~

(Vn @ J, = 0). Baecb u jajee npu MOMOIIU CHMBOJIA OyJemM 0603HAYATD
PABHOBECHBIC BEJIMYKUHDL.
[Tpennosarast, 9To K03PPUIMEHTEI UCIYCKAHNS He 3aBUCAT OT KOHICHTPAIUN

MOHOMEPOB, MOZKEM BBIPDA3UTL HUX KaK

e A Y- (1.7)

Cn+1

by =
2 262

Takum o6pazom, ¢ yaérom (1.3) u (1.7) moroku J,, MOryT ObITH TIpe/icTaBieHbr [36;39)

B BH/IE:

~2
J1 = %al i ﬁ@ Jp=ay | c1c, — flﬁcnﬂ , n=2,3,.... (1.8)
€2 Cn+1
PaBnoBecHast KOHIIEHTpAIUsT ArPErATOB ¢, MOYKET OBITH BbIparKeHa, IIPU ITOMO-
i GUIyKTYaIonHoit opmysiel BosbiiMana depes Ge3pasMepHyio (BbIpazKeHHYIO B
sHepreruvecknx enuHunax k1", rime k — nocrossunast Bosbnvana, a T — abcosror-
Hasi TeMIIepaTypa CHCTeMbl) MUHIMAIbHY0 pabory W, obpasosanust arperara {n}

1 PABHOBECHYIO KOHIIEHTPAIII0 MOHOMEpOB ¢ [5; 16; 40]:
Gp = eV, (1.9)

Snecn, nosaraem Wi = 0.

B npubimkennn mjgeaabHOTO pacTBOPa BCSI 3aBUCHMOCTH pabOThI arperaiun
W, OT KOHIIeHTpAaI MOHOMEPOB €1 BbIpakaercst uepe3 ciaaraemoe — (n — 1) log ey .
Torna yno6no seectn W, — 3aBHCAILYIO TOJILKO OT 1 6e3pa3MepHyIo paboTy arpera-

UK [P HEKOTOPO#i paBHOBECHO{ KOHIIEHTPAIMH C1 , YCJIOBHO IPUHATOMN 3a eJIMHHUILY:
W, =W, — (n—1)log(cy). (1.10)

C momormpio (1.10) coornomenue (1.9) MoxkKeT ObITH HMEPEMNUCAHO CJIEIYIONIM 00-
paszoM:
Cp = e M (1.11)

st onpenenenust KKM BBenéMm crenenb Munesinsanun & Kak

> Ny
~ neM
X = ———", (1.12)
> néy
n
rje M — obnacTb MUIE/UISIPHBIX arperaToB B IIPOCTPAHCTBE UMCE arperarin.

Crenenb MUIEIN3AIUMN TOKA3LIBAECT, KaKas 70Jisd oT obiero kosmdectsa ITAB B
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pacTBOpE COAEPKUTCA B Mullesiax. byaem cunrars, uro KKM — 910 Takast KOHIICH-
tpanusa [TAB, npu koropoii & = 0.1, To ectb Mune/Lib cocraiaior 10% ot obiero
kosmuectBa ITAB B pacrBope. B pamkax ganHoil pucceprainun OYAyT paccMaTpH-

BaThcs KoHIenTpamuu MoHoMmepos [TAB, npesocxonsmue KKM.

1.2 Moaeau cepudecKnx arperaTtoB

B srom pazjenie Oyier paccMmarpuBaThes cucreMma pactsopute/ib-IIAB B npu-
CYTCTBUU arperaToB TOJbKO cepuieckoit bopmbl. s MOTHOTHI (hOPMYTHPOBKI
381941 HEJ0CTadT olpejeeHns paboThl arperannn W, 1 ko3 bUIIEHTOB IPICO-
eTMHEHUS Qy, -

Hauném c onpejenenust KoadpdunnenTon mnpucoeannenns. CyIHecTBYIOT pas-
JIMIHbIE BbIpayKeHust Jyist 5Tux Kodbdurmentos [41-43], omnako pacipejesenue
cpeprdecKX MUTIE/T 110 pa3MepaM, B OTJINYNE OT MIJIUHIPUIECKIX arperaToB, SB-
JIleTcs NMpaKTHIeCK MOHOJIMCIIEPCHBIM, W MOXKHO IOJIOKUTH BCe KOI(MDPUITMEHTDHI
IIPUCOEIMHEHNS TTOCTOSTHHBIME. B jlasibHeiineM OyjieM 1oJiaraTb UX paBHBIME €TUHU-

e, BHOCA COOTBETCTBYIOIIYIO KOHCTAHTY B HOPDMUDPOBKY BpPEMEHU!:

Vn: a,=1. (1.13)

ajiee paccMOTPUM HECKOJIBKO Mojiesieli paboThl arperamui chepuiaecKnx M-
1EJIT, UCHOJIB3YIOMNXCs s pasndnbix komOunamuit [TAB u pacrBopureseii, a
IMEHHO JIBE MOJIEJIN TPSAMBIX CHEpUIecKnX MUIMET (KaleJbHyI0 U KBa3HKAIe/lb-
HYyTO, ONUCAHHbIe B [24-27]), 1 3Be319aTyt0 MOjie/h cheputeckoil muremb [28;29).
PaccemoTrpentbie MOJIEH TPSIMBIX MEIIE/LT TTOApa3yMeBaioT, 9To MoJieKy bl ITAB mve-
10T CPaBHUTEJIHLHO HEOOJIBINYIO I'MJIPOMUIbHYIO TOJIOBHYIO JacTh U OoJjiee JITMHHbBIIH
ruApodOOHBIN  YIVIEBOJIOPOIHBIN XBOCT. KarejbHast MoJie/ib MpsiMoil cheprdaecKoi
MUIIEJIIBI IPEJIIIoIAraeT, YTO MOJIEKYJIbI TOJISPHOIO PACTBOPUTEIIS HE TPOHUKAIOT B
ruJIpopUIIbHYI0 KOPOHY U I'MJIpod0oOHOE siJIipo MUIE/Ibl. KBa3ukalejbHas MOJIE/hb
arperaToB, HAIPOTHUB, MO/Ipa3yMeBaeT YaCTHIHOE BBE/ICHNE MOJIEKY/ PACTBOPUTEIA
Mexk Ty nosigpubiMu TosioBamu [TAB. Takast Mojiesib nipejiosiaraet, 9To MoJsipHble
roJjioBbl MoJiekyJs1 [TAB Menbiie, a ux rugpodobHble XBOCTBI KECTYE, YeM B CJIydae

KalleJIbHOIl MOJICJIN. 3B€3,IL‘1&T&H MO/I€JIb IIOCTPO€Ha IJIgd MUIIEJLI, O6p&3YIOH_H/IXCH B
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pacTBopax JIH1OJIOK-COIOJIMMEPOB € JIJIMHHON T'UJIPOMUILHON TPYIIION U KOPOTKOII

ru1podoOHOII.

1.2.1 KamneabHasg MoaeJb

HaunboJsiee mmpoko ncro ib3yroreiicss MoJIeIbIo MPAMbIX c(DePUIEeCKUX MUIIEILT
SIBJIIETCSI TaK Ha3blBaeMas KalleJbHas MOJIEIb CheprudIecKoro arperara ¢ »KHIKO-
OIOOHBIM sIIPOM, 00pa30BaHHBIM THAPOGOOHBIMI (bparmenTamu Mosekya 1TAB,
BBeIéHHas TordopaoM (23] 1 AKTHBHO Pa3BUBABIIASCS 1 UCCIEIOBABIIASICT B JTab-
mefireM (Hampumep, [24;25;27; 31]).

Pa6ora arperain W, kKak GyHKIIIS 9HCIIa arperallii OlPeIe/IaeTcs B PAMKaX

KalleJIbHOW MOJIeJTn KaK

W, =wi(n —1)

Qs

+wy (n— 1) + ws(n—1)3 (1.14)

IlepBoe, BTOpoe W TpeThe cjaraeMble CBA3AHBI C BKJIAJIOM 3JIEKTPUIECKOTO
OTTAJIKUBAHUS B JBOIHOM 3JIEKTPHIECKOM CJIOE, 00Pa3yIOIIEMCs Ha TTOBEPXHOCTH ar-
perara, ¢ THJIPOPOOHBIM 3PPEKTOM MOTPYKEHUS YTJIEBOJOPOIHOTO XBOCTA BHYTPH
arperara u ¢ IMOBEPXHOCTHBIM HaTsyKEHUEM arperara COOTBETCTBEHHO.

Beibepem napamerpsr wy , ws , w3 B Beipaxkenuu (1.14) mpu momorry yeoBuit
Ha, TIOJIOZKEHNE Ty MIHIMYMa paboThl arperarnn W, a TaksKe Ha 3HAYCHHs pabOThl

arperarun B munumyMe W, n makcumyme W, :

ns, = 60, W, =10, W, =20. (1.15)
I3 Boipakenwuit (1.14), (1.15) MOXKHO TIOJIYIUTH MAPAMETPBI MOJEJIN:

['paduk BesmauHbl paboTHI arperainyuu W, , MOCTPOEHHBIN ¢ UCIOJIB30BAHUEM
sHaveHuit mapamerpos (1.16), mpuBegén Ha pucyhke 1.1. 3jech 7y — MOJIOKEHIE
MuanMymMa Wy = Wn‘n_ﬁ paborer arperannn W, , a Ang XapaKTepusyeT IOJIYIIII-

—1Its

pUHY [OTEHIUAIBHON siMbl Ha rpaduke paborsr W, (Gynem ompejnensts Ang Kak

DTa MOJIeIb PabOTHI arperalnun JeMOHCTPUPYET XapaKTepHOe ITOBeIeHne, KOTO-

poe Jajiee OyaeT HaOJII0JAThCA U JIJId JIPYTUX MOJIe/Ieil: CyIecTBOBaAaHNE MaKCUMYyMa,
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AT,

—1
- =2

0 c I 5 1 I

0 20 40 60 80 100 n
Pucynok 1.1 — Pa6ora arperamuu W, Kax QpYHKIIIS 9HCIa arperalii n B PaMKax
KaIeIbHOM MOJIe/IN MUIE/LTBI B TOJISIPHOM pactBoputesie (1) u eé mapabosmieckoe

npubsmKenue (2).

IPU MaJIbIX 9HUCJIaxX arperanuu (n = n.), MUHOMYMa — IpU OOJIBIIIX THCIaX arpe-
rarn (n = ng) U PocT paboThl arperaln i n — oo (B OTINYHUEe OT MPOIECCOB
bopMUpOBaHIST KAIeTh).

Byjem HazbpiBaTh IpeMUIIE/LISPHON 001aCTBIO PErOH N < M, BILIOTH JI0 Bep-
IIMHBI TOTEHIUAILHOIO TOPOa, OKOJIOKPUTHYECKONH 00JIACTHIO — OKPECTHOCTL TOYKH
Ne , & MUTEUISIPHON 00JIACTBIO — PErnoH [n — ng| < Ang BOKPYD MUHUMYMAa 1 = N
paborbl arperarun |5; 30; 43; 44].

BaMeTuM, 4TO I KaleJabHON Moje/u apado/imiecKkoe Npro/InzKeHne XOPOoIo
OIIICBIBACT IOBEeHNe PabOThl arperanyuy BOJIN3KM JIHA SIMbBI, 9TO YIIPOIIAET II0OCTPO-

eHre aHAJINTUIEeCKOTO CIIoco0a HAXOXKJIEHNS CIEeKTpa BPEMEH ObICTPOIl peslaKCalii.

1.2.2 KBasmkanejgabHas MOJIEJIb

Kaneypaas MOJ€EJIb ITOJIHOCTBIO NCKJII0OYa€T ITPOHNKHOBEHNE BOAbI B YIVIEBOIO-

pojHOe Aapo. B TO Ke BpeMst 3 9KCIEPUMEHTOB H3BECTHO (1 9TO ObLIO MPU3HAHO
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B OPUIHHAJIBHON paboTe, ONUCHIBAOIIEH KaleIbHYI0 MOJeb [23]), 9T0 MOJIEeKyIIbl
BOJIbI MOI'YT YACTUYHO MPOHUKATH BHYTPbL MUIE/LIb. OKazagioch BOZMOKHBIM |20]
IIOCTPOUTL MOJIEJIb ChepudecKoro MoJjekysspaoro arperara ITAB, momyckaromryio
IIPOHNKHOBEHNE MOJIEKYJI BOIBI B arperaT U, CJIeJ0BaTeIbHO, Pean3yoILyo JIPyroii
BaApUAHT CTPYKTYPBI yIyIeBOMOpoaHOTo sijipa. [locrpoennast B [26] Momenb paborsr

arperalnuy BbIIJISIAT CJEIYIONIIM 00pa30M:

N

W, =vi(n—17+vn—1)240v3(n—1) . (1.17)

Hecmorpst Ha m3MeHeHUs, KOTOpbIE MpeTepIer BKJIaJbl B paboOTy arperaruu, Io-
JIyIUBIIagACs paboTa MMeeT Te »Ke XapaKTepHble 0COOEHHOCTH, UTO 1 KalleJbHasl
(emorpu pucynkn 1.1 u 1.2). Ananormano (1.14) BkiaJ, CBA3AHHDIN C 9JEKTPOCTa-
TUYECKUM OTTAJKIBAHUEM, MPEISITCTBYET HEOTPAHUIEHHOMY POCTY MUIE/JISIPHBIX
arperaTon, a THAPOMOOHBIN 3PPeKT crocodbeTByeT 00pPa30BaHNI0O MUHUMYMa B pa-
boTe arperaiumu.

B pabore [19] MerogoM MOJIEKYJISIPHON JUHAMUKN OBbLIO TMOJYUEHO pac-
npejesieHrne MUIE/II 10 pasMepaM B BOJHOM pacTBope ImBurTep-moHHoro IIAB
okTmIpochoxomHa. ITO pacipeiesienne ObLIO UCIIOIb30BaHO JIJIsi HAXO0XKIeHUs Pa-
OOTBI arperaiun JIjisi MU/, COCTOSIINX u3 2 =+ 40 MoJiekys1, U e€ 3aBUCUMOCTb OT
qucjia arperaluu Obljia MpU3HAHA COOTBETCTBYIOMIEll Bbipazkenuto (1.17).

st ynobcTBa cpaBHEHUsS KBa3UKAIIEJIbHON MOJIEIHN C KalleJIbHOH MOYKHO HC-
KaTh MapaMeTphl vy, Vg, v3 U3 Bhipaxernus (1.17), ucnosb3ys ycaosus (1.15), u

TOI'/1Ia OHU HpI/IMyT CJIQ,ZLYIOIHI/IG SHaYCHIAg:
v, =0.0667, vy =—1.069, wv3=4.445. (1.18)

Ha pucynke 1.2 npuBejién rpadpuk KBasnKamne bHOI Mojie/ I PadOThI arperarun
C WCIOJIb30BaHneM 3Hadennii mapamerpos (1.18).

Kak BujgHo n3 pucynkos 1.1, 1.2, obmuit Buj rpaduka coXpaHnIcs HEN3MEH-
HBIM, HO IIPH STOM IIOTEHIHAJbHAs sfMa rpaduka W, B ciydae KBasHKalleJIbHOI
MOJICJIN MeHee CUMMETPHYHA U XapaKTepu3yeTcsd MEHbIIel IOJYIIUPUHON, YeM B
caydae KalleJbHOI Mojen. KBaaparudnoe npub/imzkKenne BOJIN3K JTHA TOTEHIINAb-
HOI SIMBI Y2Ke JJOBOJIbHO CUJIbHO MCKarKaeT peabHOe MoBeJleHne padOThI arperalii,

1 TpebyeTcs yIeT KyOudecKoro ujieHa, 9ToObl 3TO YACTUIHO UCHPABUTD.
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Pucynok 1.2 — Pabora arperannu B KBasukareabHO# Mojenn (1) kak GyHKIHs

qucsia arperamun n, eé napabosndeckoe (2) u Kyoudeckoe (3) MpHOIUKEHS.

1.2.3 Mogeab aubJJI0K-COIIOJINMEPHBIX MUIIEJIT

Moutekyiibl 10JI0K-COIIOJTMMEPOB 00Pa3yloT chepruiecKne MUIELIBI ¢ HeOOIb-
M $1JIPOM U3 TUJIPOPOOHBIX XBOCTOB U KOPOHOI U3 JIJIMHHBIX I'UIPOMDUILHBIX FOJIOB
cuapyxu. s omucanust J1nuOJIOK-COMOJUMEPHBIX cepUIecKUX MUIIE/T OyJIeM UC-

10JIb30BATh 3BE3[YATYIO MOJIe/Ib PAOOThI arperalii B BiJie, pACCMOTPEHHOM B [28|:

- 3

Wy,=wi(n—1)24ws(n—1)+ws(n—1). (1.19)

winy

B jaHHOM BBIpayKe€HHU II€PBOE CJaraeMoe OIUCHIBAET CBOOOJHYIO SHEPIUIO I'MJIPO-
¢uiibHOI KOPOHBI, BTOpoe — TUAPOodOOHBINH 3DPeKT, a TpeThe 0TBeYaAeT 3a YUET
MOBEPXHOCTHON SHEPTUH SJIPA.

B [28] 6bL10 cieano npejnoiozkenue, 9To wy = 1, napameTp ws MOKET U3Me-
HAThCA B Juanazone 20 + 50, a riryOnHa moTeHnabHo IMbl BeChbMa 3HAUNTETHHA.
B kauecrBe npumepa Boibepem B hopmyite (1.19) cieayronne 3HaTeHNsT TapAMETPOB:
w; =1, wy = —15, w3 = 30. CoorBercrBytomuit rpadux paboTs! arperamun W,

JUTs TUOJIOK-COTTOJIMMEPHBIX MUIIE/IT TTOKa3aH Ha pucyHnke 1.3.
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20

0

0

Pucynok 1.3 — Pabora arperanun (1) n eé napabosiieckoe npudimzxenue (2) B Mo-
Jesn An0JIOK-COMOIMMEPHBIX ¢hePUIecKnX MUIE/T KakK (DYHKIIHA TNC/Ia arperamumn

n.

['pacbuk paboThl arperanuu JTUOJOK-CONOJTUMEPHBIX CHEPUIECKIX MUIIELT
UMeEeT Te YKe XapaKTepHble YepThl, YTO U aHaJOTHYHble TpaduKn i KaleJ bHoi
1 KBa3WKaleJbHo Mojiesieil. DTO MO3BOJISIET CTPOUTH OOIIYIO AHAJTUTHIECKYIO TE€O-

puio0 OBICTPOI peJlakcalun JijIsi BCeX TPEX CJIydaes.

1.3 Mogaean cocymiecTByOMNX chepudecKnX U MAJTAHIPUICCKITX
arperaTosn

B cuny cymiecTBoBaHus MOJTMMOPGU3Ma arperaroB B MUIE/UIIPHBIX CHCTe-
Max MOXKeT ObITh HEOOXOJIMMO MOCTpoeHne 0oJiee CJI0YKHON MOJIEI MOJIETNn pabOThI
arperamum, 9eM paccMOTpPeHHbIe Bbile. CaMbIM IIPOCTBIM CIydYaeM HPOsiBJICHUs 110-
numopdusma siBisiercs: pactsop IIAB, B koropoMm cdepuueckne mnpeMuIiesigspHable
MOJIEKYJIAPHBIE arperaThl COCYIIECTBYIOT ¢ IIIMHAPIIecKuME MutiestaMi. [Tepexon
oT cheprdecKoil K NMUJINHIpUIeckoil ¢popMe MosieKyrsapraoro arperata ITAB mpounc-

XO04ouT C yBeJIMYCHHEM 4YHUCJa arperaijun 7 1 COOTBETCTBYET HU3MEHCEHUIO criocoda
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MOJIEKYJISIDHOI yrakoBKu B arperare [35; 45; 46]. EcrecrBeHHBIM B TakoM Cirydae
OKa3bIBAETCS UCIOJIb30BAHNE KYCOUHO-33/IaHHON (PYHKIUHU, TepBasg JacTbh KOTOPOIt
pejicTaB/IsgeT n3 cedbs OJHy U3 Mojeseil cpepniecKnX arperaToB, a BToOpas, B COOT-
BETCTBUH C 9KCIIEPUMEHTATBHBIMI U TEOPETUIECKUMI pe3y/ibTaTaMu [47;48|, mo/KkHa

IPEJICTABIIATh U3 ceOsl JIMHEIHYI0 (DYHKIINUIO 71 .

1.3.1 KycouHo-3a/jaHHass MOJeJb

Besien 3a 36| OyjeM ucrosib30BaTh CIEAYIONYIO MOJEb pabOThl arperamum

MUIIEJLIL;
_ w n—lg—l—w n—1)+w n—lg, n<n,

W= _1( ) 2 ( ) + ws ( ) | (1.20)
W + 2= n > ng

B nmannoit Mmomenm 1 arperaTtoB pasmMepa n < 7y HCIOJb3YeTcsd KalleabHasd
Mojiesb cepuaeckux arperatos (1.14). Iapamerpbr w; u ng ciaeayer BuIOUPATDH
Tak, YTOOBI 00eCIIeYNTh HEIIPEPBIBHOCTEH pabOThI arperalni BMecTe ¢ € IepBoil 1po-
U3BOJHOM 110 4ucy arperauuu n . Ilapamerp n, mMeeT CMBICJI CpeIHEr0 pasMepa
JIMHIPUYECKUX MUIEJLI B 00JIaCTH N > Ny IPU KOHIIEHTPaIn MOHOMEPOB ¢1 = 1.

Takum obpasom, pabora arperaiui B 9Toii 00acTn MokKeT ObITh [43| Hammcana B

BUJIEC:
W, = W+ —0 (1.21)
Ny — Ny

rje

Wo = Wy — (ng — 1) log ¢ (1.22)
u

1
Ny = No + — —. (1.23)
Erd log ¢q

C 1menblo 0becednTh HENMPEepbIBHOCTL PAadOTHI arperamu u eé mepBoil mpo-
U3BOJIHOI, TPEJOCTABUTL IPABUILHOE IOBeJicHUe Tpaduka paboTbl arperanun B
obiacTax n < ng U N > Ny U HOJYUUTh PEAJMCTUIHbIE 3HAUEHUS] SKCTPEMYMOB
pabotsr W, (s = 60, W, = 10 u W, = 20) MOKHO BBIOpATh HapaMeTphl B BLIPa-

o
xkennu (1.20) ciemyionM 00pazoMm:
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w1 = 1011, Wy = —8213, w3 = 17305, (1 24)
Wy =10.027, ng=62.033, @, = 100. '

BaMGTI/IM7 9TO ITOCKOJIbKY ObLII Bbl6paHbI YCJIOBUA Ha IKCTPEMYMbI, COBIIaJaOIINC

¢ (1.15), To u 3HadeHust mapamerpoB w; cosnasu ¢ (1.16).

W

204

15
10 W,
5

ﬁC ﬁs nO ﬁ*

0 50 100 150 200 250

Pucynok 1.4 — Pabota arperanuu B KyCOYHO-3aJIaHHOI MOJEIN IUJIMHIPUICCKIX

MHUIeJIJI KaK (byHKHI/IH qucJla arperainmm 7i .

I'paduk zapucumocTn paboTsl arperamun W, or n ¢ napamerpamu (1.24) npu-
BeJICH Ha pucyHKe 1.4. O0mmuMu yepTaMu 3TOro rpaduka 1 aHaJOrIIHbIX IPapUKOB
st cepudecknx Muresn (pucynku 1.1-1.3) sBiistiorTest HAJUYIHE TOTEHIUATBHOI
SIMBI U JIOCTATOYHO BBICOKOI'O MOTEHINAIBHOrO Topba (OTMETHM, ITO Tig < Tg, HO
pasHuIla Ny — Mg HEBEJINKA), OJHAKO CYIIeCTBYIOT U 3HAUUTe/bHbIe orTamdust. [l
cpeprdecKnX MUIIENJI, PACCMOTPEHHBIX B IPEJIBLIYINEM pasjiese, MOoTeHIInaIbHas
siMa, JIOCTATOYHO XOPOIIIO alllPOKCUMUPOBaJIACh apaboInIecKuM MpuOJINzKEeHneM 1
OblJIa, CPABHUTEJIHHO Y3KOIii, TAK YTO COOTBETCTBYIOIEE pABHOBECHOE paCIIPe/IC/ICHIE
(1.11) umesio IpaKTUYIECKN MOHOJAUCIEPCHBIN BUJI, TOT/IA KAK [IpaBas IacTh ITOTEH-
[UAJIBHOI 9MBI B C/Iydae MUJINHAPUIECKIX arperaToB UMeeT JIMHEeHHYI0 (OpMY, UTO

BEJIET K OOJiee TMMPOKOMY PaBHOBECHOMY pacIpeiesIeHuIO.
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1.3.2 TI'maakasa momesb

OmnuncanHast B IpeJIbILyTIEM TTo/pas/iesie Mojiesb paborbl arperanuu (1.20) mme-
eT CYIIeCTBEHHBIII HeJIOCTATOK: €€ BTopas IIPON3BOIHAS, & 3HAYUT U UCIIOJIb3yeMblil B
rJ1aBe d MOTEeHINAJ He SIBJISIOTCA HEeIIPEPhIBHBIMU B TOUKe 1 = ng . s yerpanenns
9TOI TPOOJIEMBI TIOCTPOUM TIJIaJAKYyI0 Mojeab W, Ha OCHOBE MUHUMU3AIUU PAOOTHI
arperaiun 1o InapamMerpaM (opMbl MHUIE/UILI. B KadecTBe Ipumepa paccMOTPUM
npeioKennyio B [14;49] pabory arperanuu cepnaecknx MUIE/IT, Ha OCHOBE KOTO-

poit OyzeT mocTpoeHa Mojesb pabOThl JIJIs MUJINHIPUIECKIX arperaros:

N

Wn:gl(n_1)3—Q2(n—1)—(n—1)log(1— ”“0)+

3— 210 ).z 1.25
(n—1) ok ) 4+ R (n— 1) (1.25)

__nag
<1 Ssph)

3nech R — pajnyc cdheprdeckoil MUTIE/IB, Gy — ILJIOIa/ b, 3aHIMaeMas Ha [TOBEPX-

HOCTH MUIIEJUIBI T0JIOBHOI rpymmoil Moseky/sl IIAB, Sy, — mioma/is moBepxHoCTH
cepuieckoit Mutesbl. B Beipazkerun (1.25) Tpernii u 9eTBEPTHIl BKJIa COOTBET-
CTBYIOT YUETY 3hpeKTa NCKIIOUEHHOI II0MA N 1 B3aUMOAeICTBISI FOJIOBHBIX IPYIIIT
mosieky/1 ITAB Ha moBepXHOCTH MUIE/IbI, & IIAThI BKIaJ — yUeTy KOH(OpMaIU-
OoHHOro 3 deKTa CKATBIX B sIApPe MHUIe/Ibl XBOCcTOB MoJiekysa ITAB npu yciaosun
IIOCTOSIHCTBA IJIOTHOCTH CEIMEHTOB XBOCTa BHYTPHU SIJIpa MUIIEJLIbI. DTa MOJIEIb Pa-
O0TBHI arperamum IPUMEHIMa KaK IPsAMBIX, TaK 1 00PATHBIX MUIIE/I B HEIOJISIPHOM
pacTBOpHUTEJE B OTCYTCTBHE BOJIbI B IIPEJIIOJIOKEHUN CJIa00CTH 3JIEKTPOCTATHIECKO-
o B3aMMOJIEIICTBIA, B TO BpeMsi Kak B paborax [23-27| 910 B3anmo/ieiicTBue nrpaJo
KJIFOUEBYIO POJIb B CTAOMIN3AINN MUIE/LIIL.

[IposiesibiBasi aHATIOTHYHBIE U3JI0KEHHBIM B [14] paccy:KjieHust, MOYKeM MOJTy-

auTh Moudukanuio hopmysl (1.25) st caydast ceporiInHIpIIecKinX MUTIELI:
= 1+ n

W, = a1 Sao) +
1 ) sc
2 nag (126)
(1) )2
1

o~
=t
—~
S
I
—_
~—
ol
|
2
[\)
—~
S
|
[—
~—
|
—~
S
I
—_
~—
—
@)
09
/N
[—
|

o 2 4R 2 5L
7+ (Q3R strip T B 3L+4R) (n—1),

rjie L — JUInHa MUJIMHIPUYIEeCKOoi yacT Mule/ibl, R — pajuyc cpbepuiecKnx KphIIiex,

Sse — ILIOIMIAJb arperara.
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B npeinoniozkennn mocTOSHHOM IJIOTHOCTH P YTJIEBOJOPOIHBIX XBOCTOB BHY TP

MUTIEJJTBI MOYKHO HalTH CBA3b Mexjy R u L:

Z 3L n

gnR 1+ )= . (1.27)
[Tosb3ysich (1.27), MOXKHO 1TpU (PUKCHPOBAHHOM YHCJIE arperarii 1 pacCMaTPUBaTh
mogiesb pabotel W, (1.26) Kak QyHKIINIO TOJBKO MepeMeHHoit L i ompenesinTs st
KazkJ10ro n 3nadenue L > 0, obecrieunBaloiiee MUHIMYM pabOThl arperamu. ToT
MOJIXOJT JI/Isi 3HAYEHU MapaMeTpoB paboThl arperanuu q; = 1.73, g = —8.2,
g3 = 1.6-1073, ap = 21, p = 4.65 - 1072 naér snavenna R u L, npusej éHmble

Ha pUCyHKe 1.D.

{L, R}

80 //,,//
60

40 ncrit ///

20

ey ‘ ‘ ‘ N
20 40 60 80 100
Pucynok 1.5 — OnrumasibHble 3HaYeHHs napaMeTpoB L (IyHKTUpHas jnHus) u R

(crutomtaast yianust) Jyist Mogesn (1.26) kak QyHKINE 9uc/ia arperarun 1 .

I3 pucynka 1.5 BujHO, 9TO cHavasIa MUIEJJISPHBIN arperaT pacTéT Kak cde-
pa, yBeIudnBas pajuyc R [0 3aKOHY N3, a 3aTeM, HAYMHAS C YICIA ADEralli
Nerit = 21, 3Ha4enne pajuyca NPaKTUYECKU IepecTaéT MEHATbCH U HaYNHACTCA
JHERHbI 10 n poct jmnbl L. Padora (1.26) npu takom nosegennn R u L mpu-
BejleHa Ha pucysnke 1.0.

I'pacduk pabors! arperarun, IpuBeIEHHBII Ha pucyHKe 1.6, IMeeT Te »Ke Xapak-
TepHbIe 0cobeHHOCTN ToBeAeHust, aTo 1 (1.20): JUHEHHDIH 110 1 POCT PN GOJIBIITIX
3HAUYCHUAX 1, OOJIBILYIO HIUPUHY [MOTEHIUAJBHON SMbI, a TaKXKe aHaJIOI'MYHOe OIIU-
canne chepruiecknux MpeJIMUIEISIPHBIX arperatoB. [Ipu sToMm Haiijilennass padbota
arperamyy gABJsieTcs IVIaJIKOil, YTO I103B0JIACT IPOBOJNUTD OIUCAHHBII B IvlaBe 2 aHa-

JIN3 IIOJTHOI'O CIEKTpa peJlaKCalllu.
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15 W,

nc ncrit nS
| | | | N
0) 20 40 60 80 100
Pucynok 1.6 — Pabora arperanuu B 171a/1K0i MOJIE/IN MIJINHPUIECKIX MUIIEJLT KaK

QYHKIUS 4dncjia arperamnud 1 Ipyu KOHIIGHTPAIIMN MOHOMEpPOB ¢; = 1.5, 4TO COOT-

BeTcTBYeT X = (.31 .

1.3.3 Moaeaun Ko3dpunmeHToB npucoenHEeHNSs

Bospociasi B ciiydae coOCyIIecTBYIONINX cOEPUIECKUX U IUJINHIPUIECKIX
arperaToB IIUPUHA PABHOBECHOI'O paclipejiesieHusl arperaTtoB 10 pa3MepaM He I1103-
BOJIsIET IIpeHedperaThb 3aBUCUMOCTBI0 KOI(MMUIIMEHTOB IPUCOCTUHEHNA 4, OT UHCIA
arperaiuu n B 00J1acTH N > Mg, KaK OBLIO CJieJIaHO IIPU PACCMOTPEHUHN TOJILKO ce-
pudeckux mureat (1.13). [Ipu sToM pasymHO canTaTh, 9T0 B 00JaCTH 1 < 1y BCE
KO3 PUIMEHTHI IPUCOSNHEHNsT [TO-TIPeKHEMY paBHBI ennuIe. Haunbosee mpocThiM

sIBJISIETCSI PUOJINzKeHne JIMHeTHOM 3aBUCUMOCTU @, OT 1 .
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JImaeitHasg Mo/iesTb KO3((PUIMEeHTOB Mprcoe IMHEeHN A

Bynem paccmarpuBaTh KOI(MMUIMEHTH MPUCOEINHEHNT B 00JACTU 1. > Ny

B BHJIE:
n
ap = ap, f (), z=—. (1.28)
no
B ciyuae smmeiinoit momenn yuknuo f(x) npumer ciemyontyio ¢Gopmy:
fin(®) =14+h(z—1) . (1.29)

B nanbneiimux pacuérax OyjeT npejnoaararbes h = % . [losicnene NMEHHO TAKOTO
BBIOOpPA 3HAUEHMUSI 9TOr0 MHOYKHUTE A OyeT JaHo B npuioxkerun A (cmorpu (A.9)).

HecoMHeHHBIMI TIPEUMYIIIECTBAME JIMHEHHOIO MPUOJIMZKEeHNUs JIjIsT KO DUIm-
CHTOB IMPUCOEJMHEHNs, 10 CPaBHEHUIO ¢ 0OJiee CJIOYKHBIMU MOJICTSIMU, sIBJISIOTCS
BO3MOYKHOCTb TTOJTyYeHI aHATUTUIECKUX BhIPaXKEHUIT JJIsT BpeMEH OBICTPOIl peJrak-

cal M YCKOpeHWe YNCJIeHHBIX pacdeToB.
Henuneiinbie Mmomean K03 PUIMNEHTOB NPUCOEINHEHUS

B kadecTBe MOJIe/IN yCTPONRCTBA MUJIMHIPUIECKON MUIIE/IBI MOYKHO paccMaT-
pUBaTH TaK Ha3bIBAEMBbIil CCDEPOIMJINHJIP, TO €CTh arperaT ¢ MUINHIPUICCKIM TEJIOM
1 JIBYMs TTOJTyChepUIecKiMI KPBIITKAME Ha ero Koutax [35;45] wiu e cdepou [9].
Yrobb! 1MOJIyIuTh O0JIee PeaMCTUYHYIO0 MOJe/bh KOI(MMUINEHTOB IIPUCOeTMHEH IS
MOHOMEPOB K MHUTIIe/IIaM TaKuX (popM, ObLIN ITPOBEIEHBI PACUETHI UM QPY3NOHHBIX
MOTOKOB Ha TMJIMHPUIECKNE MUIEJIBI ¢ PasHbIMEU ducjgamu arperamun [9; 13].

[Tosib3ysick Tepmunosorneit (1.28), mast cdeponia yaaérest mMOMYIUTh TOUHbI aHa-

JUTUYECKU OTBET, UMEIONTUIl BUJI:

x2—1

fspheroid (SL‘) = log (aj n \/ﬁ) .

st cdepormmHIpudIecKoil MOJIe/ I arperaroB MoJydeHrne TOUYHbIX aHaJInTU-

(1.30)

YECKHNX OTBETOB HEBO3MO2KHO, ITIO9TOMY BMECTO HEI'O OBLI HpOI/ISBe,Z[éH YUCJICHHBII
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pacuét. Ero pesysbraTbl XOpOIIO allllpOKCUMUPYIOTCA (DOPMYJIOit

1+i(x—1)=0051(z—1)*, 1<a<i
fSC (x) — 3fspheroid(x) 11 8 . (131)
x> =
1.01144+0.021(x—1.75) > 8

OxasbiBaercs TaK2>Ke, 9TO 9TU PE3YJIbTAThI C BBICOKOII TOYHOCTBIO OIMCHIBAIOTCA CJIe-

AYIOIUM aHaJIMTUYIECKHUM BbIDazKEHUEM:

2 14 22

fsc (l’) - fspheroid (x) (132)

31+ \/;TZ—_l arcsin (@) ,
rJie BTOPOil MHOZKHUTE/Ih NMEET CMBIC/T OTHOIIEH s 1I0Ta et cdeporminmpa u cde-
pou/ia ofnHaKoBoro oobéMa. [loapobubtit BeiBoj cooTrormenuii (1.30), (1.31) u (1.32)
NPUBEJIEH B npusiokennn A.

Taknum 0Opas3oM, B JAHHOI TyIaBe ONUCAH DsJT TEPMOJANHAMITIECKIX MOJeeil
paboThI arperanui, Ha OCHOBE KOTODPBLIX IIpH HoMoIn ypasuenuit Bexkepa-1épun-
ra B IIOCJIEJIYIONINX [VIaBax Oy/eT M3ydaThCs IOJIHDI CIEKTD BPEMEH pesIaKCaluu i
COOTBETCTBYIOIINE STUM BPEMEHAM MO/IbI, OIUCHIBAIOIINE [TPOIECC PETAKCAITNN MU~
MEJUISIPHBIX PACTBOPOB B cucTeMax chepuiIecKnx 1 COCYIEeCTBYIONHX chepuaecKux

N IMJINHAPUYECKUX al'peraTosB.
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I'maBa 2. YucsienHoe pelieHne JUHEAPU30BAHHBIX YPaBHEHUI
Bekkepa-/lépunra

2.1 Pemenne JuHeapu30BaHHbIX ypaBHeHUit Bekkepa-/Ilépunra B Buae
Pa3JIoyKeHNs MO COOCTBEHHBIM (PYHKIIMSIM 3PMUTOBA ollepaTopa
SBOJIIOIUN

Otrne/bHBI HHTEpEC MPH U3yYeHHH CHCTeMbl ypaBenuit Bekkepa-/Iépun-
ra (1.2), (1.5), (1.8) mpejcraBisier pacCMOTpeHUE JIMHEAPU30BAHHOH (hOPMBI 9THUX
ypasrenuii. JlnHeapusaiio OyieM MPOBOANTH TT0 MAJBIM OTKJIOHEHUSIM O¢;, () KOH-
HeHTpaIyii ¢, (t) arperaToB OT CBOMX PABHOBECHBIX 3HadeHuii &, (t): ¢, (t) =
Cp (t) + 8¢y, (1), Tie 8¢, (t) < €, (1), mpeHebperasi caraeMbIMi, HEJTHMHEHHBIMU TI0
OTKJIOHEHUsIM O¢, (1) . B pesysibrare mosydnm BbIpaKeHue Jijisi TIOTOKOB B JIMHEA-
pU30BaHHOI dopme:
dcy, ()

Cn

Ypasuenusi (1.2), (1.5) ¢ onpenesnennem moTokoB (2.1) Tem JIydiie OMUCHIBAIOT M0
BeJIeHIe CHCTeMbI, YeM CTPOKe BbINOJIHsIeTcs HepaseHcTBO |&, ()| < 1. Bompoc
00J1aCTH TIPUMEHUMOCTY JINHEAPU30BAHHBIX YPABHEHUH aHAJUTHIECKH U YUCIEHHO
paccmatpuBajicst B paborax [20;37;40;50|. ViobHoil /i aHATUTUYIECKUX PACIETOB

OKa3blBaeTCsd 3aMeHa IIepEMEHHDbIX

Uy (t) = —=, (2.2)

Cn

&‘

NPUBOJAIIAA K IPMUTOBOCTH OIEPATOPa IBOJIONUN MUIEIIIpHON cucTteMbl. [To-
crap/dst onpejesenne (2.2) B cucremy ypapenuit Bexkepa-/lépumra, mosydaem

ypaBHeHue Ha BeKTOp u = {uq,Us,...}:

ou ~
— = Mu 2.
ot ’ (23)

riae M — 570 cuMMeTpHYHas MaTpPUIla BeleCTBeHHbIX KOI(MMUIMEHTOB, NMeoIast

TpéXrZLI/IaFOHaJIbHI)II?’I B C HEHYJIEBLIMN HepBOﬁ CTpOKOﬁ " II€PBbLIM CTO.H6LLOMZ



(ooo ° o o o \
o o o 0 000 ---
° o o ( 000
° ° ° 000

. e 0 ° 000

=
I

(2.4)

\0)

2ZKupHbiMu TouKaMu 0003HaUYEHbI HEHYJIEBbIE dJIeMEeHTbl MaTpuilbl M , onpejieséH-

HBIE KaK

0.9}

My = —aé — ) agly,
k=1

Ci—1 =~ _
My ;= M; = (%’-1 o = az) C1Gi, 1=2,3, ...,
_ (1 ¢ ~
My o = <§alg—; + &2) C1, (25)

— Ci—1 ~ .
Mi,i:<ai—1 3 —I—ai)cl, i=3,4, ...,
= - G —
M i1 = Mig1, = aiéiy /=, 1=2,3,....

Cit1

1151 BBIYHCIIEHNs CIIEKTPa BPEMEH peJiakcanun 1o Marpuie M e HeoGXommo
obpe3aTb Ha HEKOTOPOM JIOCTATOYHO 0oJibioM pasmepe N . [TockobKy rpadukn pa-
60Thl arperarun W, moKa3bIBaIOT POCT 110 MEpe CTPEMJICHUS YUC/Ia arperamunl n K
OEeCKOHEIHOCTH, Beerjia MOyKHO BbIOpaTh Takoe N , uro Vn > N : ¢, ~ 0. I'paduk
paboThI arperaiun IUJINHIPIIECKIX MUIE/I UMeeT JIMHEeHBI XapaKTep pocTa, 110~
sroMy npuxojantcs Beiouparb N ~ 5000. B chepudeckom ciaydae pocT 3aMeTHO
obicTpee, n jloctaTodHo BeIOUpaTh N ~ 200 . B pajabHeimmx riaBax Jjisd TPOBEPKN
TOYHOCTH Pa3IMIHBIX METOJ0B PACUYETa CIEKTPa peslakcalun Oy1eT NCIoab30BaThCs
HallJIeHHBII YUCJIEHHO CIIEKTP MATPUIIBI M , KOTOPBIiT OyjeM Ha3bBaTh "TOUHBIM.

YpaBHeHnE

S A = A (2.6)

k
olpejiesisieT COOCTBEHHbIE BEKTOPA ’Llh(l) U BeIIeCTBEeHHbIE COOCTBEHHBIE UNC/IA Ap

marpuiibl M . CobcTBEeHHbIE BEKTOPA, COOTBETCTBYIOINE PA3IUIHBIM Ag, OPTOIO-
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HaJIbHBI, 1 MO2KHO CHHUTaTb HUX OPTOHOPMHPOBaHHbLIMU:
(0.¢]
k m
> W = 8y (2.7)
n=1

3aech u jajee Oy, — cuMBoJ Kponekepa.
. k .
[Tonmblit Habop cOOCTBEHHBLIX BEKTOPOB 11),2) obpasyeT OpTOHOPMUPOBAHHBIMN
basuc jyist 106010 BeKTopa w(t), COOTBETCTBYIONEro (DYHKINN PACIPEICTCHI, a
3HAYUT pelieHre ypaBHeHus (2.6) Moxker ObITh MPEJICTABICHO B BUJIE PA3JIOKEHHUs

10 COOCTBEHHBIM BEKTOPAM:
un (8) = bppPe ™ (2.8)
k=1
rie by 3aa10TCd HAYAIbLHLIME YCJIOBUSMU u,(lo) (1) = u, (t=0):
b= U 29)
n=1

Perienne (2.8) onmcbiBaer 9BOJIIONUIO MUTIEISIPHON CHCTEMBI ¢ BPEMEHAMHE
peakcanum 7\,;1 U COOTBETCTBYIOIIMMU UM MOJIaMU w%k). Hajiee OynyT m3ydaTb-
¢ pa3IUYIHble BKJIABI B 9TO PelleHne MpU pa3InIHbIX HAYAJIbHBIX YCJIOBUSIX IS
MUIEIIpHbIX cucTeM. Cpejin OOJIBIIOTO KOJNYECTBA BPEMEH C IMMUPOKUM JTHAIIA30-
HOM 3HaUEHUI UHTEPEC MPEJICTABSIOT TOJbKO BpeMEHa, COOTBETCTBYIONINE CTAIASAM
MeJIJIEHHOM, OBICTPOIi 1 CBepXOBICTPOIl penakcanun. VaenTuduiupoBars 5T Bpeme-
Ha MOKHO II0 JIOKAJIM3aIlUM COOTBETCTBYIONIMX UM COOCTBEHHBIX BEKTOPOB 1|)7(1k) B
IPOCTPAHCTBE YHCE/l arperalnn, KOTopas 3aBUCUT OT HAYAJbHOI'O COCTOSTHWS MU-
HEIITPHOTO PACTBOPA.

[TpomrocTpupyemM BbIIEHAITICAHHBIE PACCY 2KICHIA O JIOKAJII3AIUN COOCTBEH-
HBIX BEKTOPOB Ha IPUMEPE CUCTEMBbI cO cheprudecKnMu Munie/iamu. B cusy obiero
JJIsT BCEX paccMaTpuBaeMbix Mojeseit cepudeckux murest ((1.14), (1.17) u (1.19))
OOJIBINIONO TIepera/ia MexK/y MOTEHIHAJIbLHBIM ropOoM U MO B paboTe arperarun
W, (emorpu pucysok 1.1, 1.2 u 1.3) crieKTp BpeMEH pejiakcaniun XapaKTepu3yeTcs
nepapxueii BpeMeHHbIX MaciiTaboB. CiepBa Ha CTaJ il CBEpXOBICTPOIl pesakcalun
[3] meee (1 < m < nc) norennuasnbHoro ropdba paborer W, dopmupyercs: Kpa-
3UPaBHOBECHOE Paclpejie/IeHe arperaToB. 3aTeM Ha CTa Ui OBbICTPOI peslaKCalium
KBa3NpaBHOBECHOE paclipejiesierne GopMIpyeTcst mpasee (1 > n.) MOTeHINATHLHOTO
ropba, Ipu 3TOM 00Ilee YUCJIO0 CTAOUJIbHBIX arperaToB B 9TOH 00JACTU HE U3Me-

Hsercsd. Ha cienyromieit crajgum — MejIeHHON pejiakcalun — oblllee paBHOBECHOE
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pacipejie/ieHie yCTaHABJINBACTCs 38 CUET MEPEXO/I0B arperaToB depe3 MOTeHIUa/b-
HBIT TOPO. XapakTepHble BpeMeHa Pa3HbIX CTauil Pa3IndaroTcsd Ha HECKOJIBKO
HOPSIJTKOB.

PaccMoTpuM JiBa XapaKTepHBIX THIIA HAYaAJbHBIX BOZMYIIEHNI B 9TOil cucreme:
BO-IIEPBBIX, JI00aBIeHe HeDOIbIIOro KommdecTBa MoHoMmepoB [TAB B paBHoBecHyIO
cucremy I[TAB wu, Bo-BTOpBIX, paBHOMEpHOE pa3daBjieHIE PaBHOBECHOI'O PaCTBOPA
ITAB.

~(0
[lycTs HagambHOE paBHOBecHOe pacupejeserne [TAB 07(1)

, coracto (1.11), 3a-

JaeTcsd B BHJIE:

n

&0 — (5@)” e W, (2.10)

Cuepsa paccMOTPUM cJlydaif, KOrjla HepaBHOBECHOCTL CO3/IaETCd B HaYa/IbHbII MO-
0 ~(0
MeHT ¢ = 0 nobaBjienueM HeOOJIBIIOIO KOJMIECTBa Acg ) = Bcg ) monomMepos [TAB,
0
mie B < 1. B pesyisrate Hooe pacipeje/ienie ¢y B MOMeHT spemenu ¢ = 0

OyJeT UMeTh BU/I:
c§0) =+ Ac(lo) =(1+pB) é§0) ,
&Y = <E§O)> e n>1.

B ntore cucrema perakcupyeT K COCTOSHUIO PaBHOBECHOTO PACIPEIETCHUT G, , 3a-

(0)

nasaemomy (1.11). Orkionenust 8¢;,” B MOoMeHT BpeMenu ¢ = () OT pacripe/ie/ieHust

(2.11)

En MOr'yT OBbITH HallMCaHbl B BHUJIC:

1
- n 2.12
el = e — 2, = [(89)" = 21] . > 1. (212)
Ecnun BBecTn
561 = ¢ — & (2.13)
1 JIMHeapu30BaTh BbipazkeHus (2.12) 1mo 8¢, TO OHU MPUMYT CJIEIY IO BU/T;

5l = el — 5é,
- n n - n—1
6(:%0) = W [(Ego)) — (Ego) + 661> ] = —¢ " (Ego)) 6¢1, n>1.

[Toncrasiss Boipazkenus (2.14) B ycaoBue coxpanernns kondecrsa [TAB B emumme

(2.14)

oObéMa Y néc,go) = 0, moaydaem:
n=1

n—1 -
B’ =56, > n? (5@) e W (2.15)
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(0)
Ucnosb3yst ypasaenne (2.15), MOYKHO BBIPA3UTh HAYAJIBHBIC OTKJIOHEHUS dcy,
OT UTOTOBOI'O PABHOBECHOI'O paCIIPElIe/IeHNusI ¢, B TEPMUHAX IapaMerpa [3, HO OKa-
3bIBaeTCsI OoJiee YA00HBIM BBIPDA3UTH [3 Uepe3 OTKJIOHEHHsI OC; OT KOHIIEHTDAIUN

MOHOMEPOB B KOHETHOM COCTOSTHIN, HojcTaBuB (2.15) B (2.14). B urore mosyuaem:

60(10) =8¢ (i n’ (5§0>)n_1 e W — 1) . (2.16)

n=1

~(0)

3aMeHsIsi B paMKax JIMHEHHON Teopnu KOHIEHTpAIUN ¢; B BbIpakenusx (2.14) u

(2.16) Ha ¢, moJIyIaeM OKOHUYATEJHHO:

(0) (0)

n n 1 3 n > ]. )
rjie
="k te M -1, eV =—ng e > 1. (2.18)

PaccMoTpuM Teneph B KauecTBe HAYAJILHOIO BO3MYIICHUS PABHOMEPHOE Pas-
Oapjenne pactBopa (1o ectb ymenbinenne B (1 + ) pas, mie B < 1, Beex
PABHOBECHDBIX KOHIICHTPAIMI MOHOMEPOB U arperaroB B PACTBOPE B HAYAJbHBINH MO-

MEHT BpeMeHH t = 0). B sTom ciyuae BMecTo Bbipakenuit (2.11) mosrydanw:

(1+BY1&P>%TWQ n>1. (2.19)

CootBercTBenHo, BMecTo (2.12)
50 = O _ g, = ¢ W [ ( ) —(é®+6a>}, n>1,  (2.20)

a (2.14) samenurcs Ha

MO2KHO HalllCaTb.

_ n - n—1
5l = —Be W (69) — &éine (5%0)) , n>=>1. (2.21)
Ananorndno
o - n—1
R Zne_w <010 ) = —0¢; Zn e < > . (2.22)
n=1
Ns6asissacy ot B B (2.21) mpu nomontu (2.22), Bmecto (2.16) mpuxoaum K
N o)\ k-1
) pEemE) e
5cl0) = d¢q —ne W» <6§O)> , n>1.

- k
Z ke=We (61 )>
k=1
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~(0) ~ =
AHasornaHo HpesbIIyIeMy ciydalo, moJjaras ¢, =2 ¢, noiaydaeM Bmecto (2.17)
u (2.18):

5l = Wse, n>1, (2.24)

rie

o0 = k=l —ne M@ n>1. (2.25)

Coorromenust (2.2), (2.9), (2.17) u (2.24) mO3BOISIOT HAXOIUTH DPEIICHUS
(2.8) miIst KOHKPETHBIX MOJesiell pabOThl arperannil B Pa3JIndHbIX MUIEIAPHBIX
crucreMax, 9To U OyjeT MpoJeaHo B MOCAEIYIONMNX pasjenax s chepuaecKux n

IMJINHAPUYICECKUX al'PEraTos.

2.2 Cdepuveckue arperatbl

Paccmorpum crucremy cdepruiyeckKux arperaTtoB ¢ KBas3uKalleJbHONW MOJIEJIbIO
paborel arperannu (1.17) u snadenusimu mapamerpos (1.18), cumrast, 9T0 KO3]-
uieHTsl pUCcoeUHeHNsT @, He 3aBucaT or n (Vn @  a, = 1). Bygem uckarnb
coOCTBeHHbIE 3HaYeHUs A 1 COOCTBEHHbBIE BEKTOPA 1|)7(1k) YUCJIEHHO, 00pe3ast MaTPUILy
M na pasmepe N = 250. Bce BbruncieHust ObLIN TPOU3BEJIEHBI TTPU KOHIIEHTPAITIH
MoHOMepoB ¢ = 1.07, aro Goabme KKM ¢ = 1.019 u coorsercreyer & = 0.68.

CHekTp BBIUMC/IEHHBIX COOCTBEHHBIX 3HadYeHHil A comep:kut Ay = 0, coor-
BETCTBYIOIee 3aKOHY COXPaHEHUs] MacChl, 3aJ0yKEHHOMY B CHCTEMY, & OCTaJIbHbIE,
nojiokurenbunle, Ay > 0, k = 2,3, ...,250 yjg006HO TpOHYyMeEPOBATH B TOPS/I-
Ke BO3pacTaHusd ux 3HadeHus. Hanmenbiiee u3 9TUX MOJI0KUTEIBHBIX COOCTBEHHDBIX
3HaueHUit — Ay = 1.13 - 1079 — Ha HecKoJIbKO HOPSIIKOB OTIMYAETCS OT cJiesiytole-
ro 3a HUM A3 = 0.0418 u sgBigeTcsd oOpaTHBIM BpEMEHEM MeJIJICHHONH PelaKCaIiu.
Ha pucynke 2.1 npuBegéH oOmmil BuJ CIIeKTpa COOCTBEHHBIX 3HAUYEHUIl B ciIydae
chepuyueckx arperaTos.

Y1066l 0TOOPATH Cpen BeexX 3HAYeHUil Ap (pU3MUIECKN 3HAUNMbBIC, OIMCHIBAO-
e HabJII0IaeMble CTAINN PeJTaKCallni, HalEM MU TOMOIIH orpejiesenust (2.9) u
BBIUNCJIEHHBIX COOCTBEHHBIX BEKTOPOB 1]),(1]{) AMILTUTYBI by . Pe3ysibrars! 111 Haua b

HbIX yesoBuit (2.17) u (2.24) mpuBeieHbI, COOTBETCTBEHHO, HA PUCYHKE 2.2 1 PHCYHKE
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Pucynoxk 2.1 — CobcTBeHHbBIE 3HAUEHUSA A, MATPUIIBI M st cepriecKnx arperaTon

B IIOPAJKE BO3PaCTaHUAI.

2.3 B pa3/IMUHbIX MacliTadax g ya00cTBa. B BbIUMCIEHUSX JJIsI OIIPeIeIEHHOCTH
HCIIOJIB30BasIoCch 3Hadenne O0¢; = 0.001.

Jl1s1 060MX TUIIOB HaYAJILHBIX YCIOBUI HAOJIIOMAIOTCS JIBe IPYIIIbl 3HATIMbIX
COOCTBEHHBIX BEKTOPOB: [Tl MaJibix 3Hadenuii k (K < 15) u jyist GoJbInX 3Ha-
gennit k (k > 70). B obiactu ¢ 6osbiumu k 3HAMIMBIE BEKTOPA EPEMEZKAIOTCS
[IPaKTUIECKN He3HAUNTE/ILHBIMU, KaK, HAIIPUMe]D, COOCTBEHHBII BEKTOPD 1|)q<1116) , COOT-
BeTcTBYIOIINI A116 = 15.1708 u umeromumii camblii O0JIBIION B cBOell rpylIiie Bec byyg ,
TOT'/Ia KaK ero coceian 1b$1115> npu A5 = 14.9435 u wﬁ}m npu A7 = 15.7785 umeror
Beca byis u biy7, npakTuyeckKu paBHble Hysr0. HecMmorpst Ha 0/1M30CTH COOTBETCTBY-
IOIUX COOCTBEHHBIX 3HAUEHUI, B 9TUX TPEX COOCTBEHHBIX BEKTOPOB PA3UTEILHO
OTJIMYAETCs, UTO MOKA3aHO Ha pPHUCYHKe 2.4.

)

Pucynok 2.4 moka3wIBaeT, YTO 3HAYUMBIHI COOCTBEHHDINT BEKTOD 11)7(1116 OTINCHI-
BaeT peaKkcalliio B IPEIMUICISPHON 00JIaCTH, B KOTOPOIT 9TOT BEKTOP MOJIHOCTHIO
Jokajm3oBaH. OcTajbHble 3HAYMMbIE COOCTBEHHBIE BEKTOpa ¢ PUCYHKOB 2.2 m 2.3
U3 IPYIIBI ¢ OOJBIINMI HOMepaMu k JIEeMOHCTPUPYIOT aHaJornaHoe roBejierue. O0-
JIACTH UX JIOKAJN3AIINN TOKPBIBAET BCE OOJIBLITYIO YacTh MPEeIMUIIEIAPHON 001acTH
10 Mepe yObIBaHms HoMmepa k , MMOKa He JIOCTUTaeT ToJioxKeHns Makcumyma W, n e
nepeBaJimBaeT depe3 Hero. BuImuimeM cOOTBETCTBYIONIIE STUM BEKTOPaM COOCTBEH-

HbI¢ 3Ha4dYCHUAd:

{Aro =357, A;3=3095, Arg=424, Ay =462, Ay =515, Agy=D5.88,

(2.26)
Ag7 = 6.94, A2 =855, Aygg = 1118, Ay6 = 15.17, Ajp3 = 21.43}.
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Pucynok 2.2 — Ammintyasl by 1mocie jobaBjieHnsi MOHOMEPOB B PaBHOBECHYIO CH-

CTEMY B TPEX pa3IMYIHBbIX MacliTabax.

st MyLTIoCTpaliui BBIIECKA3AHHOTO TIPUBEJIEM MPUMEPBLI COOCTBEHHBIX BEKTOPOB
xpﬁf‘” npu Ayg = 3.57 1 1])%83) npu Agg = 4.62 na pucynke 2.5.

YuuTbiBasg HaOIIOAAEMYIO JIOKAJIN3AINI0 COOCTBEHHBIX BEKTOPOB 1|)7(170) , 7(183)
u 11)7(1116) B IIPEIMUTIEIIISIPHON U OKOJIOKPUTUUECKON 00/IACTIX, MOYKHO YTBEPKIATD,
9TO COOTBETCTBYIONME GOJIBbIIIE COOCTBEHHbIE 3HatUeHNsT Ay (2.26) onpesessior 00-
paTHbIe BpEMeHa CIIeKTpa CBepxObICTpoil pejakcanuu [3|. 3ameTnm, 9TO MOUCK
BpeMEH CBEpXOBICTPOH pesakcarmu TpebyeT pacusToB He 1o mosHoil marpuie M
a TOJIKO M0 €€ OTHOCHTEeNIbHO HebosbioMy 00Ky [3]. Takum obpasom, BeIUHC/IE-
HUs COOCTBEHHBIX 3HAUEHUl 0 KBaApaTHoit MaTpuie pazmepa N = 20 MOJIHOCTHIO
BOCITPOU3BOIAT HAOODP (2.26).

Haee mocMoTpuM, KakK HadaJbHOE pacipejiesieHne 65,(10) = (p%o)f)él, 3a/1aBa-
emoe (2.18) u (2.25), mpeobpasyercsi, IPOXOJIsl CTaJUKU OBICTPON U CBEPXOBICTPOIL

. 0 ©
pesnakcanuu. [lo ananmornu ¢ (2.2) BBeaEM W) = de

=,
o
ul? =x0se, ¥V ="~ (2.27)
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Pucynok 2.3 — AmmmaTyabl by 1ocje pasdaBiieHns PABHOBECHOI CHCTEMBI B TPEX

pPa3/INIHBIX MacCIITadax.

[Tocsie 3aBepitniennst cTaann cBEPXOBICTPOIT peTaKcallni BCe SKCIIOHEHTHI ¢ COO-
cTBeHHBIME 3HadeHuaAME (2.26) B perennn (2.8) obpaTaTcest TPAKTHIECKA B HOJIb,
u cymMma B (2.8) Oyjer 3a/aBaTbCs MPEUMYIIECTBEHHO nepBbiMu 10 Momamu, 3Ha-
YeHUST KOTOPBIX MPAKTHIECKN He M3MEHATCA 3a a3y CBEpXOBICTPOIl pe/laKCaITH.
Hrorosoe pacripejienienne ug) = Xg)éél 1300payKeHo COBMECTHO C u%o) Ha PUCYHKe
2.6 17151 000MX TUTIOB HAYAIBHBIX yYCJIOBUI. YEPHBIH MyHKTUP n300parkaeT Hada b
Hble pactpejeenus (2.18) u (2.25), KpacHblil IYHKTUD MOKA3bIBAET, KAK BBILJISIJISIT
pacIipeJieJIeHus MocJie 3aBepIeHns CTa M CBePXObICTPOil penakcanuu. BuaHo, 9To
pacrpejie/ieHns N3MEHUINCH TOTHKO B IIPEIMUTIC/LUIAPHOIN 00/1aCTH 1 3aMeTHbBIE Pa3-
JINUNsi, KOTOPBIE CYIIECTBOBAJIN B 3TOI 00JIACTH Y JIBYX HAYAJILHBIX YCJIOBUN, CUTHHO
CII/IUJINC.

[TokazkeM, 94TO OTMeUeHHOE BBIIE BbIpABHUBAHWNE paclipejie/ieHnii CBA3aHO C
TeM, UTO JIjIg 000OMX CJydaeB HadaJbHBIX YCJIOBUI B MPEIMUTIC/ISAPHON 00J1acTh
10CJIe CTa/INN CBEPXOBICTPOIT peslaKCaI YCTaHaBINBACTCI KBA3NPABHOBECHOE Pac-
npejiesienne. Taxkoe paciipeieienne cgzqe) = (cgqe))n e W mveer Bug PaBHOBECHOT'O

pacrpesesenns (1.11) ¢ Kakoii-TO KOHIEHTpaIeii MOHOMEDOB cﬁq"’) =1 + 6c§qe),
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Pucynok 2.4 — CobcTBeHHBIE BEKTOpa 1b
arperamuu n . 3Jech U jajiee BepTUKAJIbHbIE JTMHIK OTMEYAIOT 3HAYEHUS N, Ng U

2ng — N (TOUKHU, CAMMETPUIHOI 7. OTHOCUTETHHO T ).
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Pucynok 2.5 — CobcTBeHHBIE BEKTODa 1|)7(170) u 11) 83 kax pyHKIIM Yucaa arpera-

UK 7 .

[IO3TOMY

00— ey e 8 =g (22

chlqe)

Wnu, B Tepmunax obosnadenuii (2.2),

uld®) = né?_le*%écgqe) : (2.29)
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Pucynok 2.6 — 3MeHeHns B HAYaIbHOM PACIIpE/Ie/IeHIN KaK (DYHKITMH YUCIa arpe-
raliu 1 1MocJje 3aBepIieHns CTa I CBEPXOBICTPOIT pestaKcallun JIJTd JIBYX Hada bHBIX

yCJIOBHIi: JT00aBIeHnsT MOHOMEPOB (cjieBa) u pasbapienus (crpasa).

Bennauna Snge) OlpeIeNIsieTcsT yeaoBreM paBeHcTBa KosmdectBa [TAB B mpemmvu-
HEeJIISIPHOI 00J1aCTH B HAaYaJIbHBIII MOMEHT BPEMEHHU U II0C/Ie CTaJii CBEPXObICTPOIt
pesaKkcalnn, B Xo4e KOTOPOil IIPONCXoInuT TOJbLKO repepactpenenerne ITAB B sToit
obnactu. B pesynbrate nveem:

Z nécglo) = 6@1 Z ’)’L(p%o) = 6C§qe) Z TL267117167W" . (230)
n=1 n=1 n=1
ser 3 kol
[Toscranoeka BeiTekatomero us (2.30) paseHcTBa écgqe) = n’iﬁ B (2.29) naér
kZ::lk ¢y e Wk
ne: e k(pggo)
ult?) = xl198¢;, ¥l = —— (2.31)
> k%’f*le_wk
k=1

0
Pucynok 2.7 mokasbiBaeT KPYIHBIM ILJIAHOM HadaJbHOE pacipejeieHne X%)

(u6pHast CILIOIIHAS JIMHISI ), DACIIPE/Ie/IeH e x;” , cchopMupoBaBITIeecs TOCIe CTa N
cBepxXOBbICTPOil pestakcaln (YEpHbII TyHKTHD ), 1 KBA3UPABHOBECHOE PACIIPE/IeIeHIe
X7(lqe) (kpacHbIil TyHKTHD). Bee oHu lokam30BaHbl B IpeMuIe/IspHOi obractu. U
JIJ1s1 HAYaJIbHOTO PacIpe/ieIenus ¢ (p%o) , OTIpeJIeIEHHBIMI BhIpazkenueM (2.18), u s
caydas (2.25) rpadukn xq(ll) u XS?G) COBIAIAIOT B objtacTu duces arperamun 1 < n <
10, 9T0 M OJTBEP:KIACT YCTAHOB/IEHNE KBA3UpaBHOBECH B 9T0i 0b1acTu. CoryiacHo
(1.8), ycraHoBjIeHUE KBA3UPABHOBECHSI B TIPEIMUIIE/IISIPHOI 00IACTH O3HAYAET, UTO
norokn J, ~ 0 B odstactu 1 < n < 10.

3a crajimeit cBepxObICTPOil pestakcalun CaeyeT cTa iusi ObICTPOl peTaKCaIINH,

CIIEKTD KOTOPOIl COOTBETCTBYET 3HAYMMBIM COOCTBEHHBIM BEKTOpaM C HOMEpaMu
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Pucynox 2.7 — Ycranosienne KBa3smpaBHOBECHOTO pacIpeaeeHns X7(1qe) rocJjie

3aBePINeHNs CTA NN CBEPXOBICTPOI pestakcallun s JIBYX HAaYaJbHBIX YCJIOBU: 10~

OaBJieHIsT MOHOMEPOB (cJIeBa) 1 pasbasiieHus (CrpaBa).

k=2,3,...,10 na pucynke 2.1 (ammiurya byy y»kKe npakTuuecku Hysesast). [Ipu-
Mepbl COOCTBEHHBIX BEKTOPOB, COOTBETCTBYIOIINX BpEeMEHaM ObICTPOI pesIaKCallii,

IIpUBEJIeHbl Ha PUCYHKe 2.8.

Vn 3
0.2 0.2
01 0.1 /\
AN n n
5(\/ 100 150 200 250 0 100 150 200 250
-0.1 -0.1
-0.2 -0.2
w(ﬂ
n
0.2
0.1
n
100 150 200 250
-0.1
-0.2

Pucynok 2.8 — CobcTBeHHBIE BEKTOPA 1])%3) : 1|)$l5) 41 11)517) KaK (DYHKIIUN YHCJIa arpe-

ramnum n .

y k .
Yucmo ocruagiuii coOCTBEHHBIX BEKTOPOB 1|)$1) pPacTET BMeECTe C HOMEPOM
k. B orimune oT BEKTOPOB, CBA3AHHBIX CO CTajilell CBEpXOBICTPOIl peJlaKcallii,

. k
paccMarpuBaeMble ceifyac coOCTBEHHBIE BEKTOPa 11)7(1) TaKKe He DPaBHbI HYJIIO B



39

OKPECTHOCTHU JTHA IIOTEHINAJILHON SIMbI Ny = 62 paborsl arperamnuun W, . N30bITOK

qucCJla MHUIEJLJI (HO CpaBHEHMNIO C PaBHOBECHBLIM COCTOHHI/IGM) JJIgd BCeX pacCMaT-

PUBAEMBIX 11)2’“) KpaiiHe MaJ: i 1|)£lk)\/a ~ 0, k= 3,4,...,10. D1or axr
COOTBETCTBYET XOPOIIIO I/ISBGCTIZSTI\L/IC}/ 3aKOHY COXpPaHEHWs JUCJ/Ia MUIE/T Ha CTaun
OBICTPOI pelaKCAITIN.

Brimminem mepBbie HECKOJIBKO 00paTHBIX BPEMEH OBICTPOIl PesIaKCaIliu, MOJIy-

YeHHBbIX YHUCJIEHHO:
{As =0.0405, A3 =0.0521, A;=0.0698, As=0.0766, Ag=0.0957}.  (2.32)

B orymmume or criekTpa cBepxObIcTpoii pestakcarn (2.26), He CYIIECTBYET MPOCTOrO
criocoba 1oJIyYeHust ATUX 3HadeHu il drcsienno. [lo/rydeHnio aHaJImTHIeCKIX peJcKar-
3aHnil s clieKTpa OBICTPOll pesakcannn cheprniaecKnx MUIE/IT MOCBIIIeHa TiaBa
3 JMaHHON JuccepTaIii.

[Tocsie 3aBepiennst crajun ObICTPOI peslakcaruu perenne (2.8) mpuHUMAaeT
BUJL Uy, (t) = b21|)7(12)e_7‘2t, 1 HauYMHAeTCsl cTajus Mejjennoii pejakcamnyu. CobCTBeH-
HBIT BEKTOP 1])%2) 1 BEKTOP (p(z) = \/% npuBejieHbl Ha pucynke 2.9. JIuneitubrit Buy
IIpaBoro rpaduka B IPEJIMUIC/IAPHON 1 MUIEISPHON 00/1acTaX yKa3blBaeT Ha,
KBa3WPABHOBECHOI pacipejiesienne, cchopMIPOBaBINeecs: B 9TUX 00aCTAX K MOMEH-

Ty OKOHYAHUSI CTAJINU OBICTPOIl pesIaKCalliu.

v, o
0.2 20, 'n
0.1 10
n /\ n
50 100 150 200 250 0 40 0 80 100
-0.1 -10
-0.2 -20

Pucynoxk 2.9 — CobcTBeHHBIIT BEKTOD 11)7(12) 1 BEKTOP (p7(12) KaK (DYHKIIMK YHCJIa arpe-

ramum n .

st 6e3pasmMepHOro oO6paTHOTO BPEMEHH MEJJIEHHON pejakcanun B paborax

[4;31; 37| 6GbLIO TOJIyUeHO CJIeIYIONIee aHATUTHIECKOE BbIDarKeHHe:

-1

C« ~9
My , (2.33)

Cu [, _
7 O 2 2
C1 + CM {HM + (AnM) ]

an __
Ay =
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o0

~ 0 Z Cn
rie Cyy = > ¢, — HOJHAsT KOHIEHTPAIS MUTIEILT, Ty = A — CpejHee HCIIO
n=ne M
m ~
arperalyy B Mutesiax, Any = | > (n — fiy)§- — CTaHJapTHOE OTKJIOHEHHe OT
M
n=n,

Ng -1

cpesiHero gmcsa arperanuu, a J = & Y
n=2
yepe3 MoTeHna IbHbI Topd paboTs! arperanun W, B Touke n = n.. Pesyabrar pac-

=~ — KBa3WUCTAIIMOHAPHBIA ITOTOK
4éTOB 110 BhIpazkenuto (2.33) — AS" = 1.21-107% — 6im30K K pesy/abTaTy YHCIeHHOro
pacyéra cleKkTpa MaTpPHUIlbl M: A = 1.13-107.

Takum o00pa3oM, MOYXKHO I Cjaydasi cepuuecKuxX MUILE/I U3 OOJIBIIO-
0 YUCJIEHHO HallJIEHHOI'O CIIeKTpa COOCTBEHHBIX 3HAUYEHUI BbIJIEJINTH HEDOJIbIIOEe
KOJINIECTBO (PUBMIECKN 3HAYUMBIX, PA30UTh UX Ha TPU CTAJINN PeTaKCaIlluu 1 MPe/l-
CKa3bIBaTh 3HAUYECHUs] BPEMEHU MEJJIEHHON peslakcallud U CIEKTpa CBEPXObICTPOI
pesakcannn. AHaJUTHIECKHUe IpeJICKa3aHns CIIeKTpa OBICTPO pesakcaiun OyayT

o0cyK1aThcs B TUiaBe 3.

2.3 lnamHapudyeckKue arperarbl

Coorrorrennst (2.1)-(2.25) ocratorcst cripaBe[/TMBBIMU U JJisT [IUJINHIPUIECKIX
MUIIEJIT, HO JIJIsi KOPPEKTHOTO OIPEJIeJIeHNsT BDEMEH pejlakcallin 13 ypapaenus (2.6)
TpeOyeTcsd 3HAYUTE/LHO YBEJIUYUTh PasMep MaTPHUILbI M Bunors 10 N ~ 10000
IIPU BBICOKMX KOHIEHTPAIAX. B mporiecce peslakcann K paBHOBECUIO PACTBOPA TTH-
JIMHJIPUYECKUX MUIET PeAJn3yIoTcsd Te »Ke CTaJuH, 9TO W JJisd cepuieckKnx, u
HAOJTIONAIOTCS aHAJIOTUYHBIE IPYTIBI COOCTBEHHBIX BEKTOPOB. IIpuMepbl cobcTBEH-
HOI'O BEKTOpA, OIUCHIBAIOIIEr0 OBICTPYIO pejakcaluio (¢ HoMepoM k = 4), u
COOCTBEHHOT'O BEKTODA, OIMECBHIBAIOIIErO CTAJNI0 CBEPXOBICTPOil peaakcaryn (¢ HO-
mepom k = 1229), npusejenbl Ha pucynke 2.10. DT BeKTOpa JIOKAJIN30BAHbI B
00J1aCTH TTOTEHITUAIBHON MBI W TTPEIMUIIE/IAPHON 00/1acTH COOTBETCTBEHHO.

PaccmoTpuM cucteMy TIIHHAPUIECKIX arperaToB ¢ MOJIETbIO pabOThI arpe-
rarmu (1.26) mpu kommenTpain MoHOMepoB ¢ = 1.2 (& = 0.34). s rakoro
3HAUYCHUST KOHIICHTPAIMK JIOCTATOYHbIM OKasbiBaeTcs BbiOpaTh N = 4000 . CrekTp
CBEpPXOBICTPOIT PeJIaKCAITNN, COOTBETCTBYIONIMIT COOCTBEHHBIM BEKTOPAM, JIOKAJII30-

BaHHBIM B IIPEIMUIIE/IAPHON 00J1acTh, COeP:KUT 4 cOOCTBEHHBIX 3HAUEHUS:
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(4) (1229)
0.2¥n 0.2 1y ¥n
0.1 0.1
/\ n A n
/' 200 400 600 800 1000 20 40 60 80
-0.1 -0.1
-0.2 -0.2
Pucynok 2.10 — CobcTBeHHbIE BEKTOPA 1|)$l4) , 1 1|)§11229) KaK (PYHKIIMH YKC/Ia arpera-
IUn 7 .
{As50 = 5.45, Ags7 = 8.16, Aqoog = 25.2,  Aggo0 = 10402} . (2.34)

C TOYHOCTBIO JI0 TPEX 3HAUYAINNX IUGP BCE ITU 3HAUYEHHSI MOYKHO IIOJIYUUTD, €CJIH
BBIJIEIUTD U3 MaTPUIIbI M 1o6710K pazmepoM 10 x 10 u orobpaTh 4 HAMOOJBIINX
COOCTBEHHBIX 3HAYEHHUSI COOTBETCTBYIOMIEH MATPUIIBL.

[Tocsie npoxoxKaeHust CTaun CBepXObICTPOil PeIaKCaIlii B IIPEIMUIE /I PHOIT
00J1aCTH yCTaHABIMBACTCS KBa3UPaBHOBECHOE paciipejiesieHre. AHAJIOIMIHOE pacipe-
JleJIeHIe yCTaHABIUBAECTCS B MUIEJISIPHON 00JIACTH TIOC/IE MPOXOXKJIEHUs CTaiuu
OBICTPOIl pesakcalnu, Mocje Yero HacTylaeT CTausl MeIJIeHHON pesakcalun, Ha,

KOTOPOIl BUJI OTKJIOHEHUS PacIIpe/ieJIeHNs] OT PABHOBECHOI'O TEJIMKOM OITPEJIe/ISAeTC s

2 . 2 (2) .
cOOCTBEHHBIM BEKTOPOM ngl ), KOTOPbII B TepMUHAX (pgl ) = \/’—cif uMeeT BUJI, IIPUBEJIeH-
n

HbIil Ha pucynke 2.11. I'paduK MoJTHOCTHIO aHAJIOTHYEH PUCYHKY 2.9, MOJTyYIeHHOMY
JUId cpepUIeCcKNX arperaros.

ObpaTHoe BpeMst MeJJIeHHON pesiakcallnil Tak »Ke, Kak Ji/Isi cPepuIecKmx M-
TeJIT, MOYKeT OLITh BhrdmcieHo 1o dopmyie (2.33). Pesymprar A" = 6.781-107°
IPAKTUYECKN COBIIQJAeT C TOYHBIM 3HAaYeHHeM Ao = 6.786 - 107°. Buauenue OJTY-
YUJI0CH OOJIBITAM, UeM B ciiydae chepuIecKuX MHUIE/LI, MTOCKOJIbKY B 3TON MOJE/IN
paboThl arperanuy BbICOTA MOTEHIUAJILHOINO ropba OKa3bIBACTCS HECKOJIbKO MEHb-
e, 4eM JiJIsi KBa3UKalleJIbHOI MOJIeJIN.

XapakKTepHble BpeMeHa OBICTPOIl peslakcaluu, MoJydeHHbIe TaKuM 00pa3oM,
OKa3bIBAIOTCS MPUMEPHO B O pa3 OoJIbIle /Il MIJIMHAPIIECKUX MUIET, YeM JIIs
chepuueckux. [Iprmanna Takoro pasjmdns — 3aMeTHO BO3POCIIas MUPUHA MOTEHITI-

aJIbHOI sSIMbI pabOThI arperauu.



42

(2)
10 (’Dn

-5
—-10
-15

-20
Pucynox 2.11 — BekTop (pg) KaK (PYHKIUS YUCTa arperaiu 1 .

Takum obOpa3oM, B paMKaxX JIaHHOIl IJiaBbl Ha OCHOBE aHa/u3a COOCTBEHHBIX
BEKTOPOB yJIaJI0Ch BBIIEINTH (pU3MYEeCKIe 3HAUYNMbIEe BpeMeHa peJlaKcalllil Kak JI/Ist

cepuyuecknx, Tak M AJs IMUIKHIPUIECKIX arperaTos.
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I'maBa 3. AHajanTu4deckue pacuéTbl CHEKTPa BPeMEH OBICTPOIL
peaakcanumn chepmiecKnx MUIIEJIT

3.1 OcHoOBHbIE TTPEJINIOJOXKEHNS, JIeXKaIl[Ne B OCHOBE aHAJUTUIECKNX
pPacdY€ToOB BPeMEH OBICTPOIl pejlakcaliun

Ko/mmgaecTBeHHBIN YNC/IEHHBII aHAIN3 CIIEKTPa BPEMEH OBICTPOIl pejlakcallii B
3aBucumoctn ot Kounentparun [TAB panee 6b11 iposesien B [31] Ha ocHOBe perteHust
ypaBHeHust (2.3) B paMKax KareJbHO#l Mojen chepudecKux MUIemr. AHaIuTude-
CKIe PacUeThl CIEKTPOB BPEMEH OBICTPOIT peslaKCallii OCHOBBIBANCH Ha CJIEIYIONTNX
npejnosioxkenusx (emorpu [4; 5;40; 43)):

1. B obmactn 1 < n < n, B 1porecce cBepxOLICTPOIl pestakcalui ycTaHaB/IBa-
eTcsi KBA3UPaBHOBECHOE PACIIpe/ieJieHe arperatos [3|, a moroku J,, B 9T0i
obstactn obparmaroTcs B HOJb. Torga yceiosne J, = 0 OPUBOANT K COXPa-
HEHWIO OOIIero 4Ymncja MUIET TP . > N, U, KaK CJIeICTBUE, YPaBHEHHE
(1.5) mpuHEMaeT Bu:

dc -
— ==Y . (3.1)
ot

n=n,

2. Hucso arperanuu n paccMaTpuBaeTCcsl KaK HellpepbIBHAsI IIepeMeHHast JIIHe-
apU30BaHHOTO PACIpeieIeHus arperaTos &, , MOTOKOB J,, , KO3 DUImenTon
IpUCOeINHEHNS @, U padoTwl arperanuu W,,. Torma KoHedHble pa3HOCTU B
ypasaennsx (1.2) u (2.1) MOXKHO 3aMEHUTDH TTPOU3BOIHBIMIE TI0 THCJTY Arpe-

ralyuu n 0pu 1 > N :

oJ, I,
Jn_Jn—lg_ana En—!—l_an:ai-

3. CymMupoOBaHUe 110 1 IPU 1 > N MOKHO 3aMEHUTH UHTEIPUPOBAHUIEM.

(3.2)

4. Jlna paborsl arperaruu W,, MOXKHO MCIIOJIB30BaTh KBaIPATUIHOE TPUOJIH-

»KeHne BOJIM3U JIHA, IOTEeHINAJILHOM SIMBI IIPH N = Ny

W,=W,+w(r), w(r)~r?, r="""s Ang = # (3.3)

Ang ’ (dZWn)
dn?

CpaBHenne ¢ pesyjabTaTaMi YHCJIEHHOTO HHTErpUpOBaHus ypaBHeHHil Bek-

n=ng

kepa-/lépunara mokasbIiBaeT, 9TO MEepPBOE M TPETHE IPEJNOJIOKEHNST BBITTOJHIIOTCS
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Ha CTaIUN OBICTPON peJlaKCaIlii ¢ BBICOKOI TOUHOCTHIO. Kpome TOro, MOXKHO MpeHe-
Opedb 3aBUCUMOCTBHIO KOO(MMUIIMEHTOB IIPUCOEINHEHNS G, OT YUCJIa arperamud n
MIOCKOJIBKY 3aMeHa @, Ha 3HaYeHHUe, B3ATOE Ha JIHE MOTCHIMAJbHON SIMbI, HE OKa-
3BIBAET CYIIECTBEHHOI'O BJIUSTHUS HA YMCJIEHHO PACCUNTAHHBIE BPEMEHa PeJIaKCAIIIH.
s ynobetBa Oynem jajee cautartb Vn @ a, = 1.

Jjist yerpaHeHnst 3HAUUTEbHBIX pacxozk/aeHnil (cmoTpu kKpusbie (3) u (4) Ha
pucytke 3.1) Mex)y pesyabTaTaMi YHCJIEHHOTO pacdéra W MOJydIeHHbIMU B [31]
AHAJTUTHICCKIMUI pe3yJIbTaTaMi JIjIg BPEMEH OBICTPON peslaKCcaIml JIsd Kalle/Ib-
HOW MOJIe/i paboThl arperanuu B [32] Oblia MPeNPUHATA TOMBITKA yUéTa BTOPBIX
IPOU3BOHBIX B (3.2) U MONPABOK K KBaJIPATHIHOMY MPUOJINKEHIIO PAOOTHI arpera-
un B ypasHennn (3.3). Bbuio mokasaHo, 9To Takoii MOJXO/ MO3BOJISIET YCTPAHUTD
BBLIDOK/JIeHNE B AHAJUTHIECKOM CIIEKTPe U YJIYUIIUTL COTJIAcHe ¢ YUCTEHHBIMEI Pac-
géramu. OHAKO TO37Ke 0OHAPYKUIOCh, 9TO ¢hOpMYInpoBaHHbIil B [32] MeTos naét
3HAYUTE/IHHO XYJIIINE Pe3yJibTaThl B TPUMEHEHUN K KBa3WKaIeJbHOI Moje/n cde-
pudecknx Mutesn [26]. Dtor dakT MokeT ObITH 00bsiCHEH GoJIbIIeil acuMMeTpueit
HOTEHIAIBHON MBI B KBa3UKAIIEJIHHONH MOJIEIN OTHOCUTEILHO KalleJIbHON MOJICIH.
Cxorkne mpobJieMbl, KaK 0Ka3aJ10Ch, HADIIOMAI0TCS U I JIPYTHX Mojeseit cdepude-
ckuxX mutest. [losTomy B jaHHoll IJ1aBe MmocTapiena 3ajgada MOJAUMUKAIINT TeOPUN
BO3MYIIEHUI B NPUMEHEHNN K JIMHEAPU30BAHHOMY JnddepeHIinajlbHOMy ypaBHe-
nnio bekkepa-/lépunra Takum oOpas3oM, U4TOOBI OHa ObLIa TPUMEHUMA JJIst JTI00O0i
MoJie/In pabOThl arperalun Jijisg MU PA3JIMIHBIX (DOPM, & TaKzKe JJIsT JIPYTHUX ar-
peranuonHbIX SBJICHUII C pesakcalieil K COCTOAHUIO PaBHOBECHU, OIINCLIBAIOIIEC
MOJIEKYJIAPHBIM  MEXaHU3MOM.

B ¢Ba31 ¢ BBIMEN3I0KEHHBIM JIJIsI TIOCTPOEHN KaueCTBEHHO aHaAINTIIeCKO
TEOPUH [TEPBOE U TPETHE IIPEJINOJIOKEHIA COXPAHIOTCS B aHAJI3E, & BMECTO BTOPOIO
1 9eTBEPTOrO CTPOSATC OoJiee aKKypaTHbIe pa3jioxKeHnus. Ha 6a3e HOBBIX IPe;IIosio-
JKeHuit ObLIa ITOCTpOeHa YTOYHEHHAsI TeOpHs, KoTopast JaéT 0oJiee KadecTBEHHbIE
peJicKa3atus CIeKTpa ObIcTpoil pesakcanuu. OTMETHM, YTO U3JI0KeHHbBIH B [31]
MIOJTXOJT, TIPEJICTABJISIET U3 cedsl TJIaBHOE MPUOJINKEeHNe HOBOI TE€OPUH, W TOTJIa 3a/1a-

qa COCTOUT B IIOHMCKE IIOIIPaBOK K 9TOMY IVIaBHOMY HpI/I6JII/I}KeHI/HO.
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3.2 Oobmas cxema nepexona Kk auddepeHiuajabHoil dhopme
JIMHeapu30BaHHBIX ypaBHeHUili bekkepa-/lépmara

B pabore [8] 6bL1a mpemioxkeHa o01as cxeMa Mepexojia 0T KOHETHO-PA3HOCT-

ubix ypasuenuit (1.2) u (1.5) k auddepeHnuanibHbIM Ha OCHOBE HCIHOJIb30BAHUST

COOTHOIIIEHU
Ty =y = D", (3.4)
En+1 - En - ﬁgrn)‘t—vna (35)
Fﬂe BBCIICHDI OHepaTOpr
o0 k k o0 k
An) _x~(=1)" 0 NOIE
D" :kz o DY :;EW' (3.6)
=1 =1

B pesynbrare (1.2) u (1.5) npuanmaior B

85 +00
618—;:—/Jndn, (3.7)
n_—
. 0§ A
"ot = DY I, (3.8)
a mortok (2.1) —
To = antrn [81 - f)@&n} . (3.9)
Hurkuuii npejiest uarerpuposatusi B (3.7) J0KEH yJIOBIETBOPSITEH YCIOBHSIM
n_ +00
n.>lud J, < f Jy, dn . Bbibop Takoro n_ Bcerjia BO3MOXKEH B CBA3M C IKCIIO-
n=1 n_

HEHIIHA/IbHBIM YObIBAHIEM DABHOBECHOTO pacipejesenns (1.9), crosiero B KauecTse
MHOKHUTE I B Bhipaxkenuu (3.9). [To Toit ke npudnne npu pacyérax MOXKEeM pPacIIii-
PUTH HUXKHUI TIpesiesl UHTerpUpPOBaHUs JI0 —0O0 .

Ecnn onpee/inTh cKaJisipHoe POn3Be/IeHne JIBYX MPOM3BOJILHBIX (DYHKITII Uy,

n @, Kak

(Un, Gn) = / Uy, qn dn, (3.10)
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TO OllepPaTOPbI D" ZA)S?) SIBJISTEOTCST COTIPSTZKEHHBIMH ( ]A)(_n))Jr = D(f) :

A (1) A (1)
Un,D an | = D* UnsQn |
o ) (3.11)
U, DVqy ) = D+ Un, 4n

[Ipu 3a/1aHHOM PABHOBECHOM paclipejiejieHnn cooTHotenust (3.7), (3.8) ¢ yué-
ToM (3.9) MpejCTaBIsIOT 3aMKHYTYIO CHCTEMY YDPABHEHUH JIJIsi BEJHIUHBI &1 1
dbyuknnn & (r) (B gaspHeiflieM BMeCTO Umc/a arperanu 1 OyIeT HCIoIb30BaTh-

cst iepemennast 1 (3.3)). 3aluchiBasg HCKOMbBIC BEJIMUMHDBI B BUJIE BEKTOPa-CTOJIOIA

&1 N
& = , MOXKHO IIPEJICTABATH YKA3aHHYIO CUCTEMYy ypaBHCHUI B BU/JIE %—‘:’ =
&(r)
—AE . Pemarh Takyio CHCTEMY II0 T€OPUH BO3MYIIEHHI yI00HO, ec/u JHHeHHbIIt
ollepaTop B IIpaBoil YaCTH SBJIsIETCS CaMOCOIPAXKEHHBIM, Yer0 MOYKHO JIOCTUTHYTh,
[IpOJIeJIaB OIIPEJIeJIEHHYIO0 3aMEeHY IepeMEHHbIX.

CriepBa OIpeIesINM CKAIsIPHOE MTPOU3BEJIeHNE JIBYX MPOU3BOIBHBIX BEKTOPOB
(1) (1)
v q
v(r) = , q(r)= (3.12)
v (r) q(r)

(v,q) = vWq + (v,q) , (3.13)

COOTHOIIICHUEM

rjie, no axasorun ¢ (3.10), MOKHO HAIHCATEH

oo

(v,q) = /v (r)-q(r)dr. (3.14)

—00

Torma ycaoBue caMOCONPSIZKEHHOCTH IIPOU3BOJILHOTO oriepaTopa A 3amuiinercs: B BIe

<v,flq> = <flv,q> : (3.15)
V106HBIM OKa3bIBAETCsI COBEPIIUTD EPEXOJl, AHAJIOMHIHbI (2.2), 0T dhyHKIUHI
E(r) k u(r) = &(r)y/c(r) mor & k ulV) = &,/<, a spems ¢ sameHuTsb Ha

IIepEMEHHY 10

t. (3.16)
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Ypasuenusi (3.7), (3.8) mpUHUMAIOT TOT/A BUJI:

ull) n)® 1 OO~ ;OOA,ér
o=l fegyarvant [ 229y ar,  @an
D_e(r)]ut! —

ot 51
v | ur)
= c(r)Dy : 3.18

[Tpu mosrydernn BTOpOTo cjraraeMoro mpasoit dactu (3.17) OBLIO MCIOJIB30BAHO CO-

—00 —

3
2

ou(r)  (Any)? -

orromrenne (3.11). Oneparoper D_ 1 D, B TepMUHAX TEPEMEHHOI 7" UMEIOT BUJI:

. = (—=DF o . - 1 "
D_= . D . 3.19
kz:; k! (Ans)k’1 ork - kzz; k! (Ans)kfl ork (3.19)

MasocTs mapameTpa ﬁ MO3BOJIAET C 33/IaHHOI TOUYHOCTLIO YUUTHIBATEL B [
S

A

n [D_ KoHeYHOe 4HCJI0 cjaraeMbiX. B ompejesienne 9TUX oneparopoB ObLI BKJIIO-

YEH JONOJHUTEIbHBI MHOXKHUTETb Ang, TaK 9TO Teleph B IVIABHOM PUOJINKEHIN

N o~ 9 D o~ O
D_ ~ 8r7D+_8r'

st cokpalieHusi pa3zmepoB popMyJl yI0OHO BBECTU BEJINYNHbI

09} 0

Ws 3 GWS
S=e%(An)}, U=2 / &(r) dr = / ) gy (3.20)
1
e's" e
y(r) = ——=D_[¢(r)] = e D [e—w(r)} (3.21)

1 OIpe/IeIUTL onepaTtop H cooTHomennem

o) = ;(T)f)_ [5 () D. [ “6(2)” | (3.22)

Ucnonbsys (1.9) u (3.3), Boiparkerne (3.22) MOXKHO mepermcaTh B 6oJiee yao6HOM

BUJIE:
~ w(r) A

Hv(r)=e2 D_

[e_w(r)f)+ {ewg) v (7’)” : (3.23)

Omnepatop H B pamkax ckassipHOro npomssejetust (3.10) saB/seTcst caMoCcoIpsizKEH-

HbIM:

(3.24)
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CUMMETPHYHOCTD TIOCJIE/IHEr0 BhIPAYKEHNsT OTHOCHTEILHO MEPECTAHOBKH U 4% ¢ U
O3HAYAeT CaMOCONPsKEHHOCTL oneparopa H . Ilpu jokazaresiberse ObLIO HCIO/Ib-
30BaHo coorHorenne (3.11).

B oboznadenusix (3.20)-(3.23) ypasuenns (3.17), (3.18) npuHIMAIOT BUI:

1 +OO
agi) = -US*uM + 8 f y(r) w(r)dr,

(3.25)

au( = Sy (r)u) — Hu (r).

B marpuunom Bujie cucrema (3.25) MoxKeT OBITH 3ammcaia Kak

o [ 2 A 3.26
T<u<r>>‘ <u<r>)’ (8.26)

rje JuHeiHbli oneparop A maércs marpuieit

- Uus* —-S(y,...)
(L5 ), o

DTOT orepaTop SIBJISETCs CAMOCOIPSIXKEHHBIM, TO €CTh YI0BJIeTBOPSAET COOTHOIIEHHIO

(3.15). eiicTBUTENIbHO, BBIUNCIISS JIEBYIO 9acTh B (3.15), mosydaem:

(v, flq) = USPWgM — 50 (y,q) = Sq™V (y,v) + (v, ﬁq) - (3.28)

D710 BRIparKeHue, ¢ yaéToM (3.24), CHUMMETPUIHO TI0 MEPECTAHOBKE U 4= ( .

B nanbneiiieM moTpebyioTCs COOTHOIIEHNS, OCHOBAHHBIE Ha ONPEIETEeHNAX
(3.20)-(3. 23) cbopMyﬂe (3.11) u oueBmmueix pasenctBax Dy [1] = D_[1] = 0,
D.[r ] D_[r] = —1, Beitekatomux u3 onpegenenns (3.19) omeparopos D
i

A

D_

H\é =0, (3.29)

Hg(r)=y(r), gr)=—=ryc(r)=re 2 | (3.30)
(v, vEm) =0, (3.31)

(y(r),g(r)=U. (3.32)
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Vcronb3yst 3T COOTHOIIEHNsI, MOYKHO HaiiTu HyjeBble Mojabl Al; = 0 omeparopa

A

A BekTOp

0
G= | (3.33)

COOTBeTCTByHHHHﬁISaKOHy'COXpaHeHHH qucJia MUIEJJI, 1 BEKTOP

1
G = wy | s (3.34)

Sre

COOTBETCTBYIOLINI 3aKOHY coxpaHeHmns KoJjmndecTsa ITAB.

3.3 Ilepexon x maTpudHOii opMe omnepaTopa dBoJjoruu. Oomuit BuI
ypaBHeHUs Ha COOCTBEHHbIE 3HAYUEHUS, OIIPeAe/Isdiolne BpeMeHa
peJiakcanun

[Iycte By u Py (1) — cobcTBeHHBIE 3HAUEHUST I HODMUPOBAHHBIE COOCTBEHHBIE

dyukIIN omneparopa H:
Hp (r) = Epi (), k=0,1,2, ... . (3.35)

Ucnonbsys onpegenente (3.22) u coiicto (3.24), MOYKHO TOJYIUTD JIJIs COOCTBEH-

HBIX 3HadYeHuit [; ciemyiolee mpeacTaBaeHne:

o) 2

By — (q)k,fihpk) - / é) | Dy lbi((?) dr (3.36)

Cc

3 KoToporo ciejayer, uro Vk :  Ep > 0. Bynem cumrarh, 4T0 cOOCTBEHHbIE 3HA-

geHusi Fjy pacro/ioXkeHbl B mopsijike Bospacranus. CormacHo (3.29) MuHUMATBHOE

snadenne Fy = 0 peanusyercs Jisi COOCTBEHHON (pyHKIINN

_w(r)
o (1) = . (3.37)

[IpesncraBum ¥y (r) u u (r) B Buje pasjioxkKeHUHd M0 COOCTBEHHBIM (DYHKI[HSIM

o1epaTopa EJI
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y(r) = Zykll’k, yr = (v, V) (3.38)
k=0
w(r) =Y upbr, wp = (u,Py) . (3.39)
k=0
B Ttakom mpejicraBiieHnn cKaasipHoe TTponsBejienue (3.14) sanuriercst B BUjE:
(v,q) = ka% ) (3.40)
k=0

a cucreMa ypasHenuil (3.25) mepeiiér B

85(11) = —-US%uM + 5 z YRl

=0 (3.41)
% :Syku(l) —Ekuk, kZO,l,Q, cee
B Marpuunoil 3ammcu 3Ta CUCTeMa, UMEET BHUJ YPaBHEHUA
ou -
—=-A 3.42
5 u (3.42)
JIJId BEKTOpa
(1)
u = (“ ) , (3.43)
Up
rage MaTpHulia
[ US> —Syy —Syi —Sy» -+ —Syr -\
—Syo EO 0 0 s 0
—Sy1 0 E1 0 s 0
A= =Sy, 0 0 Ey -+ 0 .- (3.44)
—Syr; 0 0 0 - E. -

— peasmsarust orneparopa (3.27) B H -TIpeIcTaBJIEH .
Britme Gbi10 nosrydeno (enorpu (3.33) u (3.34)), uro oneparop A umeer 1By-

KpaTHO BBIPOXKAECHHOE HYJIEBOE cobcTBenHoe 3Hadenne. Hammimem B gaBHOM BUIEC
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ypaBHeHUe Ha cOOCTBeHHbIe 3HadYeHust MaTpulibl (3.44). Vcnosb3yst pasiokeHne o

coberserbM dynkimsam orneparopa H B (3.30), ¢ yuéroum (3.35) mosydaem

Uk =Ergr, 9= (9,%r) - (3.45)

Beipazkenue (3.45) nokasbiBaet, 9to yg = 0, mockoibKy Fy = 0. Takum obpasom,
BTOpasi CTPOKa 1 BTOPOii crosber B Marpuiie (3.44) cocrodr u3 Hyseil. D1oT akT

IIO3BOJIAECT IIepelliCaTh XapaKTEpUCTUYeCKOE YpaBHCHUE

det(A—Al) =0 (3.46)
B BHJIE:
A (US? - i Sy’“ ) (3.47)
(Ey — !

=1

rjie OOIMiT MHOYKUTEIb A B JIEBOI YACTH COOTBETCTBYET HYJIEBOMY DPEIIeHNUIO.

st ymporenust ypaBHeHUST Ha COOCTBEHHbIE 3HAYEHIS MOZKHO BOCIIO/TH30BaTh-
cst coorHotennem (3.32), B KOTOPOM CKAJISIPHOE MPOU3BEJIEHNE 3AIUIIETCST B BHUJIE
(3.40), u yuecrs (3.45). Ilpu ymuoxkenuu obenx uacreit Ha S? MOSyUUTCs COOT-

HOIIIECHUE

US? — EOO: M =0. (3.48)

[Tocse Berauranust (3.48) n3 xapakrepucTudeckoro ypasuenus (3.47), qeqéHHOrO Ha
A, U IOBTOPHOI'O JIEJeHUA Ha A IIOJIYYUTCA yPaBHEHUE Ha HEHYJIeBble COOCTBEHHDIE
sHaueHns MaTpullbl (3.44), KoTopoe B JajbHeiiem OyeT IMEeHOBATHCS OCHOBHBIM

ypaBHEHUEM ObICTPOil peJlaKcaluu:

=~ (Sy)’
1+Z 3 k:O' (3.49)

13 (3.49) BuIHO, 9TO BCE KOPHU TOTO YPABHEHUS JOJZKHBI OBITDH TOJIOKATETHHBIMU.
HeiictBurebHo, ecin moaokuTh A < 0 B (3.49), To JieBasi 9aCcTh 9TOTO ypABHEHUS
He MOKeT ObITh paBHA HYJIO B cuily HepaseHncta Vk @ Ep > 0 (3.36).

Jl1st orpejiesieHnst BXOASIIIX B 9TO ypaBHEHNE BEJIMUNH JIJIsI cjiydast cepude-
CKUX MUIET B pazjese 3.4 OyaeT MCIo/ib30Bana TeOpUs BO3MYIIEHUN C TJIaBHBIM
puOJINKEHEeM, B KOTOPOM CIIEKTD ypaBHeHus (3.35) CBOIUTCS K CIEKTPY KBAHTO-

BOI'O TAPMOHUYIECKOTO OCHUJLIATOPA. Y YET MOMPABOK ITO3BOJISIET 3aMETHO YJIyUIINTh
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corjlacue ¢ TOYHbIMHU 3HAUEHUSIMU JIJIsI HANOOJIbIIIEro U3 BpeMEH pejakcannu. ajib-
Helflllee pas3BUTHE TOrO IIOAXOJa IPeJJIoKEeHO B pazjene 4.3 B paMKax Teopuu
BOBMYIIICHH, B KOTOPOIi I'IaBHOE NPUOJIMKEHIE CBOAUTCA K ONPEACICHUIO CIIEKTPA
orepaTopa OJHOMEPHOI'O JBUKEHUS KBAHTOBON YacTUILI B 9(M@PEKTUBHOM ITOTEH-
1uaJje, ompejaeaseMoM paboroit arperamnuu. CoOCTBEHHBIE YHCIa U COOCTBEHHDIE
QYHKIIMU COOTBETCTBYIOIIEIO OllepaTopa HAXOJISATCs MPU TaKOM I10JXO0Je ITPH TOMO-
i Metona Pynre-Kyrrel. B nmogpasaene 5.1.2 K HuM HaileHbI MTONPABKU IEPBOTO
HOPsIJIKA.

OcHoBHOe ypaBHeHUEe ObICTPOl pesIaKCAIli COXPaHsIeT CBOI BUJ U JJIsI CU-
CTEeMbl IIJINHAPUIECKNX Mume/l. Menoab3yromuiicss B 9Toii 3a1a4e 3 MeKTUBHbIIM
IIOTEHINAJ II03BOJISIET BOCIIOJIb30BAThCsl PEIIeHNeM 3aJladil JIBUXKEHUSI JaCTUIILI B
TPEYTroJIbHOI IMOTEHINAJIBHOI siMe, UYTO U IPOJAEMOHCTPUPOBaHO B pasjeie 4.2. Huc-

JIEHHOE pelleHne 3Toit 3a/Ja4u MPUBEJIEHO B pasjese o.2.

3.4 Teopust Bo3mymieHuii: mapadosmdeckasi MoJeJib PadOThI arperaumn
B KadecTBe IJIaBHOT'O ITPUOJINKEHUS

J171s1 aHAJTUTHIECKOTO PACIETa CIIeKTPa BpeMEH ObICTPOil pesiakcarun B 8] ObL
IPEJIJIOYKEH IIOJX0/I, B KOTOPOM BBIPayKeHHe Jjisi paboThl arperanun W, B paBHO-
BECHOM DACIpeJIe/IeHNN B 0OJIACTH ClIpaBa OT MOTEHINAIBLHOrO Topba (pu n > n.)
MOZKeT OBITh 3aITCAaHO B BU/JIE PA3JIOXKeHUA B psil Teitopa 1o iepeMeHHoil r = %
Ha JIHe MOTeHINaJbHON aMbl. [IpuHnMas Bo BHIMaHUe He TOJIHBKO KBaJIpaTHIHDIN,
KaK B BbIpaxkeHuu (3.3), HO U MOCJEIYIONINE UIE€HbI PA3JIOKEHHsI, PACCMAaTPUBAae-

MbI€ KaK BO3MYIICHUA, IIOJIyYdaeM:

W, =Ws+w(r), w(r)=r*+esrd e+, (3.50)
1
Cp, = 51€_WS_T2 1— £3r3 — 847’4 + 58%7“6 +... 0, (3.51)
e €, t = 3,4, ... — cOOTBeTCTBYIONMNE KOIPPUITMEHTH Pa3ioyKeHnsd B psj Teii-

jiopa Juit W, 1pu cTemeHsix r .
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[IpoBejeM pacyér BXOALANMX B OCHOBHOE YypaBHEHHE OLICTPOIl peakcaiun
(3.49) napamerpos Ej u y? BO BTOPOM MOpP#AJIKE TEOPHU BO3MYIIEHuil (B cuty Tpu-
BHAJIbHOCTH TOMPABOK MePBOro mopsiaka Manoctu st Fy (B.3)). st storo Gymer

HCIIOJIB30BaTbCA CIeAYIOIEE IIPpEACTaBJIEHNE OIlEpaTOopa H:

= A4 g0 4 o, (3.52)

rie H© - oneparop B rnasnom nputmmskennn, a HM u H® — nonpasounbie onepa-
TOPBI IEPBOTO 1 BTOPOro Mopsiika Masoctn. [pu nonydennn oneparopos HY u H?)
UMEIOT MECTO JIBa MCTOYHUKA IIOIPABOK. IIepBblil MCTOUHNK — 1epexos 0T KOHeYHO-
Pa3HOCTHBIX ypasHennii K jnddepennnanbubiM. Canras Aing MAaJIBIM [IaPAMETPOM,
MOYKHO OTPAHUIUTHCS YUETOM TEPBBIX TPEX CJAraeMbIX B BbIpaykeHusix (3.19) st
onepatopos D_ 1 D . BTopoii HCTOMHIK — ANPOKCHMATIS (3.50) paborsl arpera-

" _ 103W(r)
i W (1) B OKpeCTHOCTH JiHA TOTeHInaIbHOM sMbl. [lapamerpor €3 = 553

4 r=0 )

1 0W(r)

> B (3.50) Oyem caUTaTh BEJTMYUHAMU TEPBOrO U BTOPOTO TTOPS/I-
=0

€4 = 24  ort

K& MaJIOCTH cooTBeTcTBeHHO. Torma u3 (3.23) mis omeparopa H 0) y [IOITPABOYHOTO

oreparopa mepsoro mopsuka HY momyaaewm:

2
H(O) = —W + (7“2 — 1) 3 (353)
2
HY = ﬁ [—r% - % +r(r’=2)| +e[3r(r*—1)] . (3.54)

Omnepatop H (@) MozkHO 3ammucaTb B Brje CYMMBbI

A~

H® — g0 gl g0.2) (3.55)

(2,0)

3J1ecb MaJIOCTh BTOPOIo Mopsijaka B H 00yCJIOBJIEHA TIOITPABKaMI, CO3/1aBAEMbIMU

(0,2)

YIETOM CTapIINX ITPOU3BOAHLIX, B H — IoIpaBKaMu K paboTe arperamuu, a B

HLY — cMemaHHBIME TOIpaBKaMu. B pesysbrare mMeeM:

H0 — (Ais)z {—1—125—:4 — %7’288—; — r% + 1—12 (77’4 — 247% + 3)} ,
HOD = & [_;w% — 3 4 92 (2 — 2)] , (3.56)
H0.2) — e [%Tﬂ + &4 [27“2(27“2 — 3)] .

Omneparop H© caszan coornomtennem H® = 2h—1 ¢ oneparopom rapmortmte-

_ 1

I 2
CKOTO KBaHTOBOI'O OCHUJLIATOPA h = 5 (—% + r2> , 3allUCAHHBIM B Oe3pa3MepHbIX
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IIEPEMEHHBIX. DTO II03BOJIAET HallTH ero codcTBeHHbIE (DYHKIMKI U COOCTBEHHbIE 3HA-

YeHUAg:
A0 = EOpO O —op WO = TH (r), k=1,2,..., (3.57)
k
rie Hy (r) = gk—z)!\/ﬁeﬁ% (€_T2) — [MOJINHOMBI DPMHUTa, HOPMUPOBAHHBIE YCJIOBUEM

(i 0) = 810 (3.58)
(0)

OTMeTI/IM7 YTO BeJIMYNHA HAUMEHBIIIEro cOOCTBEHHOI'O 3HAUEHUs EO = 0 gapjisieTcst

Ha caMoM Jiejie, coriacHo (3.29), TOUHBIM Pe3yJIbTATOM, & COOTBETCTBYIOIas CO0-

0 _? _u(r)
CTBEHHas PYHKITUS 1])8 ) = é/%;e T COBIAJIAET C TJIABHBIM ITPUOJIMKEHIEM % e 2

JUIst TOYHOM pyHKImm Py .
Berancienus Bxojsininx B ypasaenue (3.49) sequuanu Ej u yy, npuBejeHbl B

npuaoykerann A. C HeoOXOANMOI TOUYHOCTBIO NMEEM:

EY =2k, EY=o0,
E/(f) - ((AZS)Z + 6+ Ses— 654) k2,

0) = ﬁ\/ﬁél,ka
= /T2 (383 + ﬁ) Sa.k (3.60)
__\/_\/_[ ggz —1—1658%——84}

Tl

(3.59)

Kax ciemyer u3 (3.60), BKJIaJ] [JIABHOTO TOPSIIKA TIPHCYTCTBYET TOJBKO B Be-
JIYUHE Y1, BKJIAJIBI [EPBOTO MOPSIKA MAJOCTH — TOJBKO B Yo . BeJumdnubl y7 c
k > 2 B OCHOBHOM ypaBHEHUHU OBICTpOIl peakcanuu (3.49) sBIAOTCS BeTMITHAMU
YeTBEPTOrO MOPSIKA MAJIOCTH, a 3HAUUT, COOTBETCTBYIONIMMU CJIAraeMbIMI MOYKHO
nperedpetb, e UHTEPECOBATHCS HAMMEHBINM COOCTBEHHBIM 3HAUCHUEM A, (B
9TOM CJIyUae 3HAMEHATE/IN STUX CJAraeMbIX He MaJjibl). Y paBaenne (3.49) Torma mpu-
HUMAaeT HPOCTON BUI:

(Syx)”
E;

Z1 29
1+ + =0, z=
(Ey —A) ' (Ey— ) K

(3.61)

Besimannbr 21, 2o BO BTOPOM TOpsiIKe Teopur Bo3MyIeruit ¢ yaérom (3.59), (3.60)

OIIPEACJIAIOTCA CJICAYIOINMU BbIpazKEHUAMMU:

_ 3 _—W, . 2 _ beg 57¢2 3y
21 = \/T_[(Ans) (& <1 (Ans)z An. 16 4 )

(3.62)

SV INT Y G
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Bribupasi Hanmenbimii Kopedb ypasHenusi (3.61), HaxomuM:

1
?\mz’n — 5 [(El + 21 + E2 + Zz) — \/(El + z1 — EQ — 2’2)2 + 42122] . (363)

DTOT KOpEeHb B JlaJibHElIeM Oy/ieM Ha3biBaTh 0OPATHBIM BpeMeHeM ObICTPOIl pesiak-

cannu. [Ipenebperast mompaBodnbivMu wienaMu B (3.63), mosrydaem:

11— _
N =5 [BU + B - [BD - B (3.64)
e

B =EY 40 =24 EY -4 (3.65)
Besmumna 2\ = VTt (Ans)3 e~ aBygerca MOHOTOHHO Bo3pacTaoleil PyHK-
el KOHIEHTPAIME MOHOMEPOB €1 U JIOCTUTrAeT 3HAYUCHUSI z%o) = 2 [IpU HEKOTOPOIi

KOHIIEHTPAIUH €] , IPU KOTOPOif Ego) = Eé()) . Takum obpazom, moJryuaem:

—(0) 0 ~ o

)\(O) _ Ey7" =2+ Zi ) , €1 <, (366)

EV =4, &>c.

Konnentpanus ¢} COOTBETCTBYET TOUKE BbIPOXKI€HNST COOCTBEHHBIX 3HAYEHUIT B TJI1aB-
HOM TpubKeHnu. llpu jrocTaTovHOM yjajJeHnn OT ITOH TOYKHU, KOIJa pa3sHOCTh
’EEO) — Eéo) ) 3HAUNTE/ILHO IIPEBBIIIAeT BEJININHY TOIIPABOIHBIX BKJIA/I0B, KOPEHb B
cooTHoIeHnN (3.63) MOXKHO pasyioKuTh B psjl. OJHAKO B OKPECTHOCTH TOYKHU BbI-
POXKJIEHUS 9TO HEJOMYCTUMO, U B JaJbHENINEM BO BCEM JHamna3oHe KOHICHTPAIHit
OyzeT MCrosIb30BaThCs Bhipazkenue (3.63).

OTmMmeTnM, 9TO, OCTABUB B OCHOBHOM ypaBHEHUN OBICTpOii pesakcaimn (3.49)
TOJILKO IJIaBHOE NMpUOJINKeHue Jiist Ky 1 Y , MOYKHO MOJYUIUTh PE3YJIbTATHI, IIPIBE-

nénubie B |31]: cobcTBenHbIe 3HAYEHUST OYIyT 33/1aBATHCST BBIPAYKEHIEM
AD =240 AW —9p (k=23 ..), (3.67)

a BeIpazkenue (3.66) Oy/er MOBTOPSITH Pe3yabTaT Il HAUMEHBIIEro 0OPaTHOrO Bpe-

MEHU OBICTPON peJIaKCAIIH.

3.5 Pacuérbl aas KOHKPETHBIX MojeJieii paboThl arperamnumn

B kadecTBe MJLTIOCTpAIUN T10JX0/Ia, PACCMOTPEHHOTO B IPEJIBIIYIIEM Pa3jie-

Jle, MOYKHO HafiTM yTOYHEHHOE aHAJIUTUIECKOE BbIParKeHHe JJisi BPEMEH ObICTPOIl
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pesTakcalliu Jijist TPEX Mojesieil ccepudecknx mMule/ur: KaeabHoi (1.14), kBasnka-
nesibHOf (1.17) 1 gubsok-comosmmepnoii (1.19). Ocobernoctn STUX MOzeseit ObLIT
paccMoTpeHbl B pazjesie 1.2.

Pesy/ibraThl pacd6ToB IIpH MOMOIIH BhIpaskeHwst (3.63) Oy/1yT COOCTaB/IEHbI CO
3HaAYCHUECM A;ﬂln HanOOJIBIIIEI0 BpeMeH! OBICTPOI peslaKcalun, HailJeHHBIM 13 CIIEK-
Tpa COOCTBEHHBIX 3HAYCHWIT MATPHUILDI M jmneiiHbix ypaBHennit bekkepa-/lé¢punra
(2.3). IIpu smoM 0OpaTHBIE BpeMeHa PeAKCAIN A, U3 Bbipaxenus (3.63), mosry-
YeHHbIe B TepMHUHAX BpeMeHu T, OyjayT nepesejieHbl B "Hacrosiiiee" Bpemst ¢ rpu

OMOII COOTHOIIEHUST Apyint = ApinT, KoTOpOE ¢ yuaérom (3.16) maér A, =
& ~1
(AnS)Q min

HO MX 3aBUCUMOCTL OT KoHeHTpaimn ITAB, oueBmnigHo, pasnasi.

-1
Amin - Oba Bpemenn — A_. n A~ — OINCBHIBAIOT OJHY U Ty K€ PeJIaKCallNIo,

Ha pucynkax 1.1, 1.2 u 1.3 nokaszanbl rpaduKi 3aBUCUMOCTH pabOTHI arpe-
raiun W, 1 eé CTeleHHbIX NPUOINZKEHHU Y J[HA HOTEHIHAIbHOM MBI OT YHC/IA
arperamyy n B paMKax KalleJbHO, KBa3WKaleJbHO! U JIOJI0K-COOJTUMEPHON MO-
JIeJIN COOTBETCTBEHHO.

JoparHoe Bpemsi ObICTpOIT penakcanuu A, PacCIUTHIBAJIOCH BO BCEX TPEX
MOJEJISAX B jualia3oHe crernenn munessinmsanun & = 0.10 = 0.97, garo coorser-
CTBYeT JWala30Hy PaBHOBECHOI KOHIeHTpamun MoHoMmepoB ¢; = 1.01 <+ 1.10 mra
JIBYX Mojeseil npambix munemr u ¢ = 0.87 <+ 1.019 ais momesnn JauOJI0K-COIO-
JuMepHbIX mutes1. Ilapamerpsl, xapakrepusyiomue GopMy MOTEHIUAJILHON SIMBbI
paboTbl arperain (cMoTpu Bbipazkenus (3.3) u (3.50)), MOHOTOHHO H3MEHSIJINCDH
B 9TOM jmalia3oHe B mHTepBasiax Ang = 12.43 + 12.35, ¢3 = 0.012 = 0.0036,
g4 = —0.0052 =~ —0.0031 (m1s kamenbHO#t Mogern), Ang = 8.22 =+ 7.89,
g3 = 0.081 + 0.066, ¢4 = —0.0042 = —0.0031 (151 KBA3UKAIIEJIBHON MO/IEIH)
u Ang = 544 + 539, ¢3 = 0.015 = 0.0099, ¢4, = —0.0033 ~ —0.0023 (s
TOJIOK-corosimMepHoit Mogiesn). Hambosiee cyImecTBeHHO M3MEHsIICS HapaMeTp S
(3.20): B narepsamax S = 0.4 + 5.8, S = 0.29 = 3.52 u S = 0.37 =+ 3.53 i«
TPEX MoJiesieil COOTBETCTBEHHO.

Ha pucynkax 3.1, 3.2 n 3.3 nmokasaHa 3aBUCUMOCTb A,,;, OT CTeIEeHN MUIEJI-
msanuu. Kpusbie (1) u (2) g1eMOHCTPUPYIOT MOBeJeHIe COOCTBEHHBIX 3HAYECHUI B
riaBHOM tpubsmkennu (3.67), a mepecedenne STUX KPUBBIX MpU X = & COOTBET-
CTByeT TOYKe BhIpoxKjieHnst. Kpusast (3) mmoctpupyer nosejenne perrernst (3.64)
ypasuenus (3.61) 6e3 mompaBoUHBIX UJICHOB, a KpuBas (D) MOKA3bIBACT OBECHIE
pemenns (3.63) ypasuenusi (3.61) ¢ monpasounbivn dienamu. Kpusas (4) ObLia

I[IOJIy4€Ha IIYyTEM YMCJIEHHOI'O OIIpeldc/ieHnd HalMEHbIICr'o CcOOCTBEHHOI'O 3HAYCHUS
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Pucynok 3.1 — Ob6parHoe BpeMmsi ObICTpOil pejlakcall B KalleJbHOI MOJeN Kak

QYHKIMSA cTeeHn MUIETIN3AIINT X .

GICTPOIT pestakcaln MaTpuIbl M JIHHeapH30BaHHOrO ypasHeHns Bekkepa- lépunra
(2.3). Kpusas (6) ObL1a mostydena ¢ moMoIbio Beipazkenuit (3.62), (3.63), B KOTOPbIX
nostoxkun €3 = 0 (TO ecTh B MpeHeOpesKeHN aCHMMeTpHeil TTOTeHINATBHO MBI
paboThl arperanui, Kak 9To ObLIo cierano B [32]).

Kak ciegyer u3 pucynka 3.1, B KaleabHOI MojeIn TIaBHoe IpUbINzKeHne Ha-
XOJUTCS B HEILJIOXOM COLJIACHU C TOYHBIM PACIETOM. YUeT MOIPABOK JIeIaeT COrIacke
BechbMa XopoiuM (HaMHoro Jyudrie, dem B [32]). Ho B kBasukanebHON Mojiesin pas-
JITYKe MEXK/Y TJIABHLIM HPUOINKEHUEeM ¥ TOUYHLIMU 3HAYCHUSIMU OYCHDL BEJIUMKO U
JOCTUTAET TpH BhICOKUX KoHIeHTparwsax 50%. Tor dakrt, uro kpusas (5) G/mke
KkpuBoii (6) K kpuoit (4) Ha pucynkax 1.1 u 1.2, mokasbIBaer, IT0 yJIydIlIeHHE Pe-
3yJIBTATOB PACIETOB Ay, 10 CDABHEHUIO ¢ pesy/braramu 32| cBsazaHo ¢ yuéToM
acUMMeTPHUU PabOThI arperalu.

Kak Bugno n3 pucynkon 3.1, 3.2, B obenx mojie/isix oOpaTHble BpeMeHa ObICT-
poii pesrakcaluyu JeMOHCTPUPYIOT MOHOTOHHBII POCT ¢ yBeIMYeHIUEeM KOHIEHTPAL
[TAB (wmn crenenu murnemsanyn). [lpy MuHIMATBHON paccMaTpuBaeMoil crere-
i Munemsannn & = 0.1 orHomenue O6paTHbIX( )BpeMéH, HOJIYUYEHHBIX B PaAMKax

q

. . A@
KBa3uUKale/JbHOI 1 KalleJIbHOIl MOJje/n, paBHO W = 1.91, a npum MakcuMaJsb-

min
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Pucynok 3.2 — Ob6patHoe Bpemsi ObICTPOI peslakcaliui B KBa3UKAIIeJIbHON MOJe/In

KaK (PYHKITUS CTEIICHU MUIE/JIN3aIun X .

HOIl crernenn murne/m3anun & = 0.97 3To oTHOIIEHNEe HEeCKOJIbKO CHUXKAETCS 0

)
Aszzn — 1 79 B 6 5 5 _
A(d) = 1. . OJibII€e€ 3Ha4Y€HME BPEMEHU OBLICTPOM pPeJlaKCallil B KalleJIbHOU MO
min

Jlesin obecrieunBaeTcst OOJIBbIEH TMMPUHON TOTEHINAIBLHON MBI pabOThl arperamun.

Ecin yaectb 10T (haKTOP IIyTEM IIepexojia K 0OpaTHOMY BpeMeH! peHaKC(a)LH/II/I Amin
. AL
(B TepMUHAX T), TO OTHOIIEHNE BDEMEH CTAHOBUTCS OJIMZKE K €JMHUIIE: # = 0.84
min

npu & = 0.1 (370 Ta BeJMYMHA CTENEHN MUIEJIN3AINN, TPU KOTOPO MOXKHO 10
BOPUTH O BJAUSHUU (POPMBI pabOTHI arperainy Ha BpeMeHa, PeJIaKCaIlii, TTOCKOJIbKY

B 9TOii TOUYKe BbICOTa Topba M TUIyOMHA sIMBI B OOEMX MOJIEJISIX PaBHbI), U TOIJIA

(q) (d)

-1 _
min) CTaHOBUTCH OOJIbIIE HeM (Amin> . DTO CBA3AHO CO

BpeMsI peJlaKCallun <7\
3HAUNTE/LHON acuMMeTpreil paboThl arperalny B KBa3UKAIEIbHON MOJE/N, KOTO-
past YBeJIMUMBACT IMUPUHY sIMbI ¢ OJHOI 13 ¢TOPOH. Ec/M BLIMUC/INTD IMUPUHY sIMbI
7, u3 yeaosus w (1) = 1 1 ocTaBuTh JiBa wieHa B passoxkennn w (r) = r? + e3r® B

3.50 6 W =1unl” —n, =
Boipazkernu (3.50), To B IJIABHOM HPUOIMZKEHUN TOJYIUTCS 7y’ = 1 U Ny’ — ng =
Ang, a ¢ y4éToM IOUpaBKU, BhIOpaB GoJbllee perienue, Haiiaém r2 = 1 + |e3| u

2 "
(ns — ns)? = (Ang)” (1 + |e]) . Yudr sToro pesyibrara HPUBOIUT OTHOLICHHE Bpe-
(a)

. AN
MEH IIpaKTUYEeCKU K €JIMHUIIE: 7\(’;3” ~ 0.9.

min
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Kax BujgHo u3 pucynka 3.3, kpusas (5) IPAKTUIECKH COBIAJIAET C YUCIEHHO
HaiijenHoli Tounoii Kpusoit (4). Ilpu stom kpusas (6) Taxxke Oimska K (4), Tax
9TO MOZXKHO CJIJIATh BBIBOJI, UTO B CJIydae JUOJIOK-COMOJMMEPHOl MOJIeN arpera-
TOB OCHOBHOIl BKJIaJ| B MONPABKH TACT YYET BBICIINX POM3BOJHBIX DU MEPEXOJIE
K HEIIPEPBIBHOMY OIMCAHMIO, & TOMPABKH 34 CUET yIéTa aCUMMeTPHN PabOThl arpe-

raiun W, cocTaB/igi0OT MEHBITYIO YaCTh.

T T T T T T T Ml T
ifxm?.'n. 1

0.18 - ’ .

0.1

0.08

0.06

0.04

0.02

0 1 1 1 1 1 I (1-8 1 1
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 e

Pucynok 3.3 — OOpaTHoe BpeMsi ObICTPOil pesaKcalu B JIHOJIOK-COIOJIIMEPHOIT

MOJIe/TN KaK (DYHKITHS CTENEeHN MUICTH3AINN X .

OCHOBHBIM PE3YJILTATOM JAHHON I'JIaBbI ABJISIETCs IPUBEICHUE YCOBEPIIIEHCTBO-
BaHHOIT 00IIeil cxeMbl KMHETUYIECKOIO OIMCaHUsl ObICTPOI pesaKcalui B aHcaMOJie
cheprdeckunx munes B pacrBopax IIAB. Drta cxema ocHoBaHa Ha IpUBEICHUN
JIMHEAPU30BAHHBIX PA3HOCTHBIX ypaBHeHuit Bekkepa-/lépunra (2.3) x jquddepen-
[UAJTBHOMY YPABHEHHIIO [TPOU3BOIBLHOTO TOPsiyiKa (3.25) 1 JajibHe1eM pa3iozKeHnn
1o 6a3ucHbIM (PYHKIUSIM OllepaTopa H (3.49). YpaBHenune ObICTpOIl pesrakcanum
(3.49) Oymer jasiee NCIOIB30BATHLCA KAK OCHOBHOE TIPH HOJIYIEHIN AHAJIHTHTECKIX
Pe3yJIbTATOB JIJI CIIEKTPa BPeMEH ObICTPOI pelakcalui PasJImIHbIX MUIEISIPHBIX
cucreM. OTHOCUTE/IbHAS TTPOCTOTA PEIIeHUs] STOTO yYpaBHEHUsT obecrieanBaeTcs OJia-
rojiaps ObLICTPOMY YOBIBAHUIO BXOJSAIINX B HETO BEJUYNH ¥i . DBIJIO TTOKA3aHO, UTO

peaicHne 9Toro ypaBHEHN A MOZKHO HaiiTH ¢ IIOMOIIIbIO TEOPUHN BO3MyI_T_l;eHI/IIL/'I7 rae rijiaB-
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HOE PUOJIMZKEHNEe COOTBETCTBYET KMHETHIECKOMY YpaBHEHIIO AHHAHCCOHA B CJIydae
CUMMETPUYHON IOTeHIUAJILHON siMbl pabOThI arperaium.

g nmocTpau puMeHeHns OCHOBHOTO YpaBHEHUS OBICTPOIl peTaKCaIini
OBLIO AHAJINTHYECKH PACCINTAHO HAMOOJIbINee BpeMs ObicTpoii pestakcanuu (3.63)
Kak GyHKIN KOoHIeHTpalun MoHomepos ITAB Bo Bropom mopsijake Teopun Bo3My-
IICHUI JIJIs1 KalleJbHOM M KBa3MKAIeJIbHON MOJE/N HPSIMbIX CHEPUIeCKUX MUIIEILT
1 3BE3TIATON MOJEN JTUOJIOK-COTOTUMEPHBIX MUIEI. Pe3yabTaThl, morydeHHbIe
TSI KaIleJIbHOH W OCODEHHO It KBA3MKAIEJIbHON MOJE/IN, MpeACcTaB/JIeHHbIE Ha,
pucynkax 3.1 un 3.2, moKa3bIBaIOT, YTO YUYET aCUMMETPUU PAadOTHI arperainu m03B0-
JISIeT 3HAYUTEJIbHO YIIYUIINTh Pe3yJbTaThl, mojydentble patee B [32|. lus momenn
JINOJIOK-COTIOJIMMEPHBIX MUIIEJIT TTOJyIEeHO MPAKTUYECKH TOYHOE COTJIACHE MEXKLy
HAMOOIBIINMEI BpeMeHaMU OBICTPOIl pesIaKCAIMy, MOJyYEeHHBIMI aHAJIUTUIEeCKN B
paMKax Teopur BO3MYIIEHUIT 1 HaliJIeHHbIMI YHUCJEHHO U3 JIMHEAPU30BaHHBIX pas-

HOCTHBIX ypaBHeHUil bekkepa-/lépunra.
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I'maBa 4. AHajanTu4deckue pacuéTbl CHEKTPa BPeMEH OBICTPOIL
peJlaKcaluy IMUJINHIPUIECKNX MU

4.1 Cpnenmundurka aHAJIUTHIECKUX PACIETOB BPEMEH OBICTPOIt
peJiakcalium

B namnoit rimaBe paccmorpum pactBopbl IIAB, B koTopom cdepuueckne
peIMULE/IIPHbIE MOJIEKYIIPHbIE arperaTbl COCYMIECTBYIOT € TOJUINCIEPCHBIMI
MUJIMHAPUIECKUMI MUTeIIaMi. UC/IeHHOe WCC/ejoBaHle MUTEIN3allud U pe-
JIAKCAIIMKM K paBHOBecuio B pacTBopax I[IAB ¢ HEMOHHBIME IUJIMHIPUICCKIMU
MUIle/JIaMI Ha OCHOBE KOHEYHO-PA3HOCTHOW (POPMbI KMHETHYECKUX YpaBHEHMUIl
Bekkepa-[épuHra jIeMOHCTPUPYET, KaK U B ciydae chepuiecKux MUIE/LI, CyIIecTBO-
BaHUE JIHCKPETHOIO CIEKTPA XAPAKTEPHBIX BPEMEH MUIEJIAPHON pesakcarn |34]
U MepapxXuio BPeMEH MeJJIEHHOM, ObICTPOil 1 CBEPXOBICTPOil pesiakcalui B TaKUX
cucremax (cMoTpu pasjen 2.3).

B To Bpems KakK 3aBUCUMOCTb XapaKTEPHOTO BpeMeH! MeJJIEHHO petaKcaIun
oT obmieit konnerTparun [IAB xopoiro cornacyercst ¢ aHAJIUTUIECKUMEI pacaéTa-
mu [4; 37|, mocTpoeHne aHAJUTHIECKON TEOPUHN Jjisl BBIYUC/ICHNST BPEMEH ObICTPOIL
peJlakcalun siBJIsieTCsl JIOBOJIBHO TPYIOEMKOI 3ajadeil. 9TO CBSI3aHO C PSIIOM OCO-
OeHHOCTell Mojiesell MMJINHAPUIecKux Mumesul. JInHeiiHblil pocT paboThl arperaun
MIPUBOJUT K IIUPOKOMY CIIEKTPY PasMepoB MUIE/T ([IOIUUCIIEPCHOCTH ), UTO TPe-
OyeT y4déTa 3aBUCUMOCTH KOI(MMUITMEHTOB MMPUCOEINHEHNSA @, OT HUNUCJa arperaun
n (kak Oyjer mokaszaHo B pasuene 4.4, B MOJeNN @, = const pejiakcarust B CHCTEMe
[AJTTHIPUIECKIX MEIIEJIT BOOOIIE OTCYTCTBYET).

[ToreHnua/ibHas siMa pabOThI arperamu JeMOHCTPUPYET CUJIbHYIO aCHMMET-
PHUIO, TIO9TOMY YJIOOHBIM OKAa3bIBAETCsl PACCMOTPEHUE YIIPOIIEHHON MOojen paboThl
Ha TIOJIYOCH YHuceJI arperanuu ¢ OeCKOHEYHOI CTEHKOM cjieBa U JIMTHEHHBIM POCTOM B
obJ1acT UIMHApIaeckux Muriesut [6;17;18;33;34;46;48;51|, u npenebpexxenue [TAB,
HAKOILJIEHHBIM B IIPEJIMHUIIC/IIIPHBIX ¢peprIecKnX arperarax, o CpaBHEHUIO ¢ KOJIU-
gectBoM [TAB B mummaaprndyecknx Mumnesiax. st KoadhuimenToB mpucoemHe s
eCTECTBEHHOI sIBJISIeTCS TTpoCTeiiias gnneiinas moaes (1.29). B pabore [34] 3 co-
obpazkeHuil MaTeMaTHIeCKOro yJ00cTBa B 9TOi (hopmyJie ObLIO MOJI0XKEHO fi;, = hx,

YTO IIO3BOJIMJIO IIPOBECTU BBIUKCJICHUE CIIEKTPa BPEMEH OBICTPOI peaKCcalll ¢ HC-
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1oJIb30BaHueM 1oJinHoMoB Jlareppa. OJiHAKO MOJIyYEHHBIN TaKUM 00Pa30M CIIEKTP
MTOKA3bIBAET 3aMETHbBIE DACXOKICHIUS C TOTHBIMU 3HATCHUSIMU, HAllIeHHBIME 13 (2.4).

B paborax [9;11] 6b1710 OKA3aHO, 9TO UMEHHO HCIIOJIE30BAHUE YCIOBUST fl;, =
hx 1npuBOJUT K yKa3aHHBIM pacxoxkjeHusiM. OJiHaKo OTKa3 OT 3TOr0 YCJIOBHS He
TOJIbKO CHUJIBHO YCJIOXKHSIET BBIUMCJIEHUs CIIEKTpa, HO U IPUBOJAUT K HapyIICHUIO
3aKOHA COXPaHEHUsI YMCJIa MUJIMHAPUIECKUX MUIE/I B XOJIe CTaJiuul ObICTpOIl pe-
Jlakcalun. Y KaszaHHoe HapylleHne He TO3BOJISET HCIOJb30BaTh HEIOCPEICTBEHHO
OCHOBHOe ypaBHeHue OblcTpoil penakcarun (3.49), Tpebyst mepecMoTpa orpeese-
HUSI CKAJIIPHOTO TPOU3BEJIEHNS Ha, TOJIYOCH U YCJIOBHUS SPMHUTOBOCTH OIEPATOPA
spostonui. B pabore 9] Oblta npejiozkera Mo UKAIMsT BBITIEOTTHCAHHOTO MOIX0-
Jla, ¢ UCIOJIb30BAHUEM TTOJIMHOMOB Jlareppa B KadecTBe 6a3UCHBIX (DYHKIUI 1 ObLIN
chopMyTMPOBaHbI I'PAaHUYHbIE YCJIOBHSA, 00ECIIEUNBAIOIIIE BHIIIOJHEHIE 3aKOHa, CO-
XpaHeHust dncyia munes. [HomydeHHble TakuM oOpa30M pe3yJibTaThl MPUBEIEHbI B
pazzaene 4.2. HakomieHHbIi ONBIT 1TO3BOJIMI KOPPEKTHO MOCTABUTD 3314y Ha TOUCK
ClieKTpa pesjakcaryn Ha ocHoBe ypasherus (3.49). CooTBeTCTBYIOIIIE PE3YJILTATHI

u3JIoKeHbl B pazjiene 4.4.

4.2 @PopMyJIUPOBKA CKAJAPHOIrO ITPOU3BEJIECHUS U TPAHUIHOTO yCJIOBUSI
Ha moJryocu 4uceJsi arperarnuu. Vcnosb3oBaane moJanmHOMOB Jlareppa kKak
0a3uCHBIX (PYHKITHT

4.2.1 JluneitHast MozeJIb KO3 PUINEHTOB IIPUCOEIMTHEHNS

Bynem paccmarpuBaTh 3ajady Ha HpUMepe KYCOUHO-3aJIaHHON MOJIEIH Pa-
oorel arperannu unaapraecknx mutesnn (1.20). Kak ynomunamoch Bblime, mpu
PACCMOTPEHUN CUCTEM C IUJIUHIPUIECKUMU MUIIEIIaMI HeOOX0MMO YINTHIBATDH 3a-
BUCHUMOCTH KO3(DDUIINEHTOB IPUCOEUHEHNS (4, OT UHUCJIa arperanuu n. B kadecTse
npocreiitieil Mojien Takoii 3aBucUMOCTH BbibepeM JinHeitHyo Mojeb (1.29); orpa-
JKaIoILyI0 POCT @, C POCTOM 7 .

B sTom pasiene m3ydaercs IPOIECC YCTaHOBJICHUSI KBas3sUPaBHOBECUSA B 00-
JIACTH IMJIMHJIPUYIECKUX MUIE/ N > ng. lIpenmnosaras, 910 3HaYUTEILHO 0OJIee

OBICTPBIIl TIPOIIECC YCTAHOBJIEHNS KBa3UPaBHOBECHS B IIPEAMUIIE/LIAPHON 00J1aCTH ¢
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YUCJAMI arperainn n < N s chepuaecKxX arperaToB 3aBepImics, MOXKHO CUH-
TaTh, YTO B 9TOit obyactu .J, = 0. Y3Kyi0 001acThb n. < n < ng Oyaem 3hpeKTuBHO
VUINTBIBATLCA KaK TPAHUYHOE YCJIOBHE K 00JIaCTH N = Ny , 00YCJIOBJIEHHOE TPpeDOBa-
HUEM COXPaHEeHUsI ITOJTHOIO YKCJIa MUIE/I Ha CTaJun ObICTPOIl pesakcalum.

B obsiactu n > ng aHaJUTHYECKOE BBIUNCICHIE CIIEKTPa BPEMEH peaKCaIliN
OCHOBAaHO Ha Iepexojie K KOHTUHYAJbHOMY IPUOJIMKEHUIO, B KOTOPOM YHCJIO ar-
perain n CIuTaeTcsi HempepbiBHON Besnmuanuoit. Wcnonbsys omnpenenenue & (2.1),
MOKHO TIOJIy9IUTDb JITHeapu30BaHHOEe JuddepeHmaibHoe KHHETHICCKOe YPaBHEHHIE

bekxkepa-/lépunra B hopme Doxkepa-Ilnanka:

0 0J,
g, 05 _ 9 (4.1)
ot on
. 0§,
Jn = apCi1Cy &1 - 87; (42)
Yucso Murnesr B 06acTH N = Mg ONPEIETIACTCA MHTErPAIoM cjf (ng) =
oo
[ ¢ndn . Kak caenyer usz oupenenenns & u (4.1), %&m = Jp, - llotox J,, otiinuen

no
OT HYyJId, TaK 94TO YMCJIO MUIIEJLI B oblacT n 2 N He coXpaHdeTc:d. B To xe BpeMd,

€CJIN HadaJIbHYI0 TOUKY MHTEeIPUPOBaHUs JlaykKe HE3HAUUTEIbHO CJABUHYTH B 00/1aCTh
MEHBIIHX YKCeJI arperaiun, To, BCIeJCTBIE ObICTPOro PocTa paboTh arperaium, pas-
HOBEeCHAsT KOHIIEHTPAIHsI ¢, B TOTOKe (4.2) CTAaHOBUTCSI OYeHb MAJION BeJIMIMHOI, 9TO
BEJIET K COXPaHEHMIO YMCJIa MUAIIEJLI B 00J1acTU 1 2> N . 1lob3ysck y30cTbio 00J1acTi
Nne < n < ng, MOXKHO yUYeCThb €€ BJIMsAHIE Ha 00JI1aCTb M 2> Mg, BBEJA CTYIEHIATYIO

dbyuximo Xesucaiiga 0 (n — ng — 0) Kax JIOMOJHATETBHbIH MHOKATETH B (4.2):

i &
Ip = anCicy | & _Gin O(n—neg—0). (4.3)

['pannunoe ycyiosue st J, B (4.3) npenosnaraer, 9ro paboTa arperaiuu B TOUYKe
n = ng pe3Ko obpalaercss B OECKOHEUHOCTb, & IIOTOK — B HOJIb.
[Toncrasigas (4.3) B (4.1), moyaaem:

&y
ot

= RMEg, + &,F,, (4.4)

rJ1e orepaTop R(”), JIefCTBYIONINI Ha MPOU3BOJIBHYIO (DYHKIIUIO Uy, U (pyHKINA F),

olpeneJieHbl paBECHCTBaMU

R™v, = —— |a,é,0 (n — ng — 0) % , b, = —?83 [a,6,0 (n —ng — 0)] .
n Cp ON
(4.5)
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3aMeTuM, UTO B paMKaX CKaJIAPHOI'O ITPOU3BEACHUSI ABYX IIPOM3BOJIBLHBIX (PYHKIHIT

Up 1 Qn

o0

(Un, qn) = /5nvnqndn (4.6)

no
oeparop R aBisiercss caMOCOIPSIAKEHHBIM:

[ov . da,
on " " on

o

(vn, ]%(")qn) = —C dn . (4.7)

Pacemorpum (4.4) B pamkax JiuHeHON anmpokcuMalinu Ko3hbGUIUEHTOB dy, .

[Toncrasss (1.28), (1.29) B (4.4) u (4.5) 1 UCHIOJIB3YsT HOBBIE MIEPEMEHHBIE

n—no apy ey

rEn*—no’ TEno(n*—no)t’ (4.8)
MOZKHO IOJIYYUTD
0 A
% = RE(r) + (ne —ng) &1 F (1), (4.9)
rie
R (r) = e’"% [(r +e)e "0 (r—0) ag(:)} , (4.10)
F(r)=—e2[(r+e)e0(r—0), '
a
_ no

B repMuHax HOBBIX TEPEMEHHBIX I U T CKajsipHoe Ipoussejenne (4.6) mpuauMa-

eT BUJ:
(v,q) = /e_rv (r) q(r) dr, (4.12)

a yCJIOBHE caMOCOIPsKEHHOCTH orieparopa R (4.7) 3aMensiercs Ha,

(U, f%q) =— ]Oe_rﬁv (r) (r+¢) 94(r) dr = — (82} (r) (r+e¢) %4 <T)) : (4.13)

or or or or

B npocrpancTse dbyHKIUil cO cKaasipHbIM npou3sseiennem (4.12) mosHoil cucremoii

dbyHKIWi stBjIsTEOTCs 0 IMHOMBE Jlareppa Ly, (1), y/10BIeTBOpsIIolie ypaBHEHHIIO

(‘92Lk (7“) 8Lk (7“) o
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1 YCJOBUIO OPTOHOPMHUPOBAHHOCTH
(Li, L) = Ok, m - (4.15)
B wacrtnocTn,

Lo(ry=1, Li(r)=-r+1, Ly(r)==(r"—4r+2). (4.16)

| —

Bynem uckars pererne ypasaenust (4.9) B Bujie pa3ioyKeHHsl M0 MOJUHOMAM

Jlareppa: N
E(r)=) BiLi(r), Br=(&(r),Lg(r)) . (4.17)

[Toncrasnsst (4.17) B (4.9) u ucronb3ys (4.10), (4.11) u (4.15), MOXKHO HOJIYIUTH

cJiejlyromiee ypaBHeHue Ha, KoddduimenTol By:

0B, &
2 =N RB 4 (ns —no) E1Fy, k=0, 4.18
ot zz=o: k1 B+ (e — no) E1F), (4.18)
rje
Ry = (Lk,RLl) _ () (g aLalr(T)) |

(4.19)

Fio= (F(r), L () = ((r+ ), 220)

st Beraucsiennst Besmana (4.19) memosb3yeM M3BECTHOE COOTHOIICHHUE JITst

nosimaoMoB Jlareppa

oL
PO ) - kL (4.20)
or
a TaKzKe COOTHOIlleHue
dLy (r) i
- N7 4.21
or b ( )
=0
cJIeIyIoniee n3 pPaBeHCTBa
8Lk (7“) 8Lk_1 (?“)
= [, — =k 4.22
or kol or ( )

C yuérom ycsoBusi opronopmuposamnoctu (4.15) Beipazkenue (4.21) mo3Bosiser Ha-

(aL;T(T>, aLé;”) — min{k, [}, (4.23)

(8L§T(T) ,fraLg):r)) — k8. (4.24)

IINCaTb:
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Ucnonbayst (4.23) u (4.24), moxxuo nosyants n3 (4.19):
Rk,l = —k ék,l — & min{k, l} , (4.25)

=0, F=-1-¢, Fy=-¢ k>1I. (4.26)

[Togcrasiss (4.25) u (4.26) B ypasuenust (4.18), mosydaem:

OBy
- =0, (4.27)
OB -
a—; = —(1+¢€)[By + (n. —ng) &] — EEZ:BZ, (4.28)
9Bv _ e £]—k(1+¢)B " DB, k>1. (4.29
5p = elBit(ne—mo) &l —k(1+e)Br—e > min(k, ) B, k>1. (4.29)

1=2, 14k

YpaBHeHne Ha &7 MOXKHO TOJYUUTH, Iepeiiisa B (1.4) K OTKJIOHEHUSIM &,
0
GEL+ Y EmE, =0. (4.30)
n=2

Huddepentupys 9To COOTHOIIEHNE 110 BPEMEHU W 3aMeHss CyMMHUPOBaHUE TI0 7

MHTErpupoBaHueM, nojaydaeM ¢ yaérom (1.9), (1.21) u (4.8):

98w, i L 0E,
5 = ¢ n0) / (r—1)(n. —n0)] e 5 dr . (4.31)
0

C yuérom (4.12), (4.16) u (4.17) ypasnenue (4.31) MOKHO TIeperncaTb B BUJIE:

551 . W aB() 831
5 = € (ny —np) [n* 5 (ne — ny) 5 | (4.32)

OTKy/la, ucrosb3ys (4.27), moydaercs:

o0&y, B 2831
or = ¢ (o) 5

[Tepeiiem oT niepeMeHHbIX By 1 &1 K ux 0OoJiee yI0OHBIM JIMHEITHBIM KOMOMHA-

(4.33)

musiv. B KauecTBe mepBoii BeIGEpEM COXPaHSIIONLYIOCsT, coracHo (4.33), Beuanmy
Xo =& —e M0 (n, —ng)* By . (4.34)

YdauThiBasi, 9T0 BeJMInHbl &1 U By BXOJIAT B oinHAKOBON KoMOmHAIMN By + (n, —

no) & B mpasbie dactu ypasuennii (4.28), (4.29), ecTeCTBEHHO BBIOPATDH 9Ty CYMMY
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B KauecTBe BTOPOIT HE3aBUCUMOIT TIepeMeHHOi X1 . ITOOBI OJIyINTh CAMMETPIIHYIO
3alllCh ollepaTopa 3BOJIIOINN, HY>KHO BBECTU B 3TY IIePEMEHHYIO JIOIIOJIHUTEILHDII

MHOXKUTEJIb oc_l :

X1 =o' [Br+ (n. —ng) & | (4.35)

rie

= (1+8%)7, §2=e " (n, —ng)® . (4.36)

x
Haxkownern, ncriosissyst (4.28), (4.35) u (4.36), MOXKHO MOJIyIUThH ypaBHEHUE HA X1 :

% =—o(1+¢&)x1 —ocs%Bl. (4.37)
A ypasuenns (4.29) Torga mpuMyT BUT;
@——OCS —k(l+¢)By—c¢ i min (k,l) By, k>1 (4.38)
ot - X1 k ) L . .

1=2, 14k

Coornorennst (4.37), (4.38) 00pa3yoT 3aMKHYTYIO CHCTEMY YpaBHEHUH [171s
Habopa nepeMeHHbIX X1, Bs, Bs, . ... PaccMmarpuBas 3ToT HaOOp KaK BEKTOP-CTOJI0EI]

v, 3allilieM CHUCTEMY ypaBHeHI/Iﬁ B MaTpHMYIHOM BHJIC:

ov

% — _Qv; V= {Xl; B27 B37 .. } ’ (439)
rae MaTpHuna Q nMeeTr BHUI:
[P (1+e) e oe e \
e 2(1+c¢) 2¢e 2¢ :
Q= xe 2 3(1+¢) 3 (4.40)
e 2¢e 3e 4(14+¢) ...

\

CobcTBeHHBIC 3HAUEHUST MATPUIILI () OTIPEJIEIAIOT CIIEKTP BPEMEH PesTaKCcalliu.

B pabore [34] o ObLT BBIYUCICH B IPEIITOJIOKECHAN BHIITOJHEHNS HEPDABEHCTBA, N, > >
no . B aToM ciydae napamerp €, onpejenénnsiii B (4.11), man (e << 1). [Ipu ¢ =0

matpuiia (4.40) nuaroHajbHa U MMeeT COOCTBEHHBIE 3HAUCHUST
M=o A=k k>1, (4.41)

9TO COOTBETCTBYET PE3YJIbTATY, TMOJyIeHHOMY B [34].
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Kax ciemyer u3 (1.23), Besquanna n, sgBjisgercsd pacryiieit GyHKIeil KOHIEeH-
Tpaluu ¢, OJIHAKO TapamMeTp € cTaHoBuTCs MajibiM (€ &~ 0.31) TOJIBKO Ha mpaBoM
KOHIle MHTepBaJia 3HadeHuil kournenTpanun ¢; = 1.025, B To BpeMs kak nmpu KKM
€ =~ 5.83. Pesynbrarhl pacuéTa oOpaTHBIX BPEMEH ObICTPOI peslaKCaly ¢ UCIIOJIB30-
BaleM MaTPUIIHI @ OyjieM CpaBHUBATb C OOpPATHBIMU BpEeMEHaMU, KOTOPbIE MOIYT
OBbITH HafiJleHbl U3 JIMHeApU30BaHHBIX ypaBHenuit Bexkkepa-/lépunra (2.3). Beumy

(4.39) HEOOXOAUMO TOJIBKO MEepeiTH K MacITabHpOBAHHOMY BPEMEHU T U Ieperl-

carb (2.3) Kak %—QTL = M*w, 1Jie, COrIacHo (4.8), marpuna M* onpesensiercs Kak
M = no(n*—no)M
- anohél ’
A
4
:
5
4;
3¢
2r
1t
¢,

0.995 1.000 1.005 1.010 1.015 1.020 1.02

Pucynok 4.1 — JIBa HamMeHbIINX COOCTBEHHBIX 3HAYeHUsS MaTpuiibl M™ s -
HEITHOTO TPUOJTIKEHHsT @, (ITYHKTHPHbIE JIMHUN) U TP HAUMEHBIINX COOCTBEHHDBIX
3HaveHust MaTpuilbl () ipu € = 0 (CruIomHble JUHIN) KaK (QYHKIMH PABHOBECHOM

KOHIICHTPAIii MOHOMEPOB C .

Ha pucyske 4.1 nokazano cpaBHeHUe 3aBUCHMOCTH OT KOHIICHTPAIINN ¢ TPEX
cOOCTBEHHBIX 3HATCHNIT, mosydenubix mpn € = 0 (4.41), (crtontuble TUHAN) 1 IBYX
HANMEHDINX COOCTBEHHBIX 3HAUCHUN Apyin U Apert (MYHKTUPHBIC JTUHAN) MATPUIILI
M?* cucreMbl JIMHEAPU30BAHHLIX ypasHeHuii Bexkepa-lépunra (2.3). Ipu uncien-
HOM OITPeJIeJICHIN MOCIEIHIX MaTPHUIIA OrpaHnIrBaIack pasmepamn N X N | a 9ucsio

N yBesmauBaJjOoCh JI0 TeX II0P, I0Ka paccMaTpuBaeMble COOCTBEHHbIE 3HAUYCHUSI
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MPAKTUIECKN He TePecTaBaIl MEHsIThCs (B JaHHOM CJIydae 9TOMY COOTBETCTBOBA-
o saaderust N > 10000). Kak Bujgno 3 pucynka 4.1, cobcTBeHHbIE 3HAUCHUST Apip
U Apeyt MATPUIIBI M* cOMMAKAIOTC €O 3HAYCHUSIMU Ay = 2 11 A3 = 3 u3 (4.41) na
IIpaBOM Kpalo MHTepBaJa paccMaTPUBAEMbIX PABHOBECHBIX KOHIIEHTPAIUNIl MOHOME-
poB ¢ . IIpu Takmx OOJBIINX 3HAUYEHUSIX KOHIIEHTpaIllili cOOCTBEHHOE 3HAUYEHHE Aj
3 (4.41) cTosib BEMKO, 9TO OHO TepsteT (BPU3NIECKUH CMBIC 06PATHOIO BPEMEHH

OBICTPOIT peslakcaluu.

/\min

gl

&

0.995 1.000 1.005 1.010 1.015 1.020 1.02
Pucynok 4.2 — Haumenblliee coOCTBEeHHOE 3HAUYEHUE A,,;; MATPUILBI Q st N =

2,3,4 Kak pyHKINA Cq .

Bonbime 3nadenunst mapamMeTpa € B 00JIaCTH HU3KUX KOHICHTPAIIT MOYKHO
TACTHIHO YUeCTb, 3alicaB coOCTBeHHble 3HadeHns Mmarpurpl (4.40) B Buge A =
(1 + &) A u nepeiijis K ypaBHEHHUIO Ha cOOCTBeHHbIe 3HaYeHust A. [[J1s1 mpumepa MOK-

HO OTPAHUYNThCA MaTpuiieir pasmepa 4 X 4 u MoJyIuTh Takoe ypaBHeHue B (popme:

o2 — A ws s s
oS 2—AN  2s 2s 0 3

_ =0, s=——.

xS 2s 3—A 3s (1+¢)

oS 2s 3s 4—\

(4.42)

OjiHako, HecMOTPs Ha TO, 9TO § < 1 1mpu J100bIx KoHIeHTpanuax [IAB, stor meTon

He ycTpansgeT 3HaYUTEeIbHOIO0 PACXOXKIEHN CO CIEKTPOM MaTpuiibl M* .
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DddeKkTUBHBIM peleHreM Ipod/IeMbl OKa3bIBAETCsl MIPOLE/Lypa ITPUOINZKEHHO-
I'0 HaXOXKJIeHUsT HU3IINX COOCTBEHHBIX 3HAUEHUIT ¢ yIETOM KOHEYHOT'O YNC/Ia IIePBbIX
ciraraeMbIx B pasioxkennn (4.17), 4ro cooTBercTBYeT 06pesamiio MaTpuibl Q. Ha
pucynkax 4.2 u 4.3 nokasaHbl 3aBUCUMOCTU MUHUMAJIBLHOTO Apyip U CJEIYIONIErO 110
BEJINUNHE Aperr OOPATHBIX BPEMEH peJslaKCallii OT KOHIIEHTPAIUU ¢, PAcCUNTaH-
HbIE [IPH Pa3/IHIHBIX 00pe3aHnsix MATPHIBL () . [IpH HAXOKIEHHIH A,y OKA3BIBAETCS
JIOCTATOYHBIM YUIET MATPUILI pasmepa 3 X 3, pacuér ¢ marpuieit pazmepa 4 X 4
IpaKTUIEeCKN He MeHsIeT pe3ysbTaTa. PelleHne cOOTBETCTBYIONIEIO KyOMYIEeCKOIo

ypaBHEHUsT JACT aHAJUTUUECKOE BbIparKeHUe It A :

1
Mmin = 545 {02 45— 2 (a + Gay? — 5o 412y 4 7)°
200+ (18y2—15) '+ (108>~ 117y>+33) a®+180y>—20 (4.43)
2(act+60y? 5o +12y2+T7) 3 '

- sin [% + %arccos (

st Apert OKA3BIBAETCS JIOCTATOYHBIM YUET MATPUIBI pa3mepa b X 5.

A
12 et 3 X3

2/

0.995 1.000 1.005 1.010 1.015 1.020 1.025

Pucynoxk 4.3 — Curenytoiee 3a HaUMEHBIIUM COOCTBEHHOE 3HAUEHUE Ajepr MATPHILHI

A

Q ma N = 3,4, 5 Kak GyHKINA Cq .

Ha pucynke 4.4 moxkaszaHO CpaBHEHHE BBIYUCJCHHBIX TaKUM CIIOCOOOM 3Hade-
HUAN Apin M Apert (MYHKTHDHBIE JIMHUN) C PE3YJIbTATAME THCJICHHOTO pacdéra o

JIMHEApH30BaHHOMY ypaBHeHUo Bekkepa-/lépunra (KpacHbie JIMHUH).
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—

0.995 1.000 1.005 1.010 1.015 1.020 1.025

Pucynok 4.4 — JIBa HauMeHbIINX COOCTBEHHBIX 3HAUECHUST Ay U Apept IPH JIMHEHOM
IPUOIZKEHIN @y, JJTsT KYCOUHO-3aaHHOI paboThl arperamnun ¢ mapamerpamn (1.24)
(IyHKTHPHBIE JIMHUK OTHOCATCST K COOCTBEHHBIM 3HAYCHUSIM YCEUEHHO MaTPHUIIDT Q
npu € > 0, KpacHble JIUHUN [TOKA3BIBAIOT COOCTBEHHBIE 3HAYEHUs] MATPUIIHI M ) u
TPU HAMMEHBIINX COOCTBEHHBIX 3HAYCHUST MATPUIIBI Q niput € = 0 (CILIONIHBIE JINHUN)

KaK (PYHKITUHU C7 .

Kak cnemyer m3 pucynka 4.4, onmcanHasg B JIaHHOM pasjiesie Teopus Ipu
npousBosibHOM € > 0 (¢ JimneitnbiM mpubmkenneM (1.29) st kosdduiimeHToB
PUCOETMHEHUST () JAET OTJIMIHOE COTJIACHE C UHCJEHHBIMU DPEe3yJTbTaTaMu IS
JIMTHEAPW30BAHHBIX PA3HOCTHLIX ypaBHeHuit bekkepa-/lépunra. B To ke Bpems ana-
JIOTHYHOE corjiacue TPEX HAMMEHBINNX COOCTBEHHBIX 3Hauennit (4.41) marpuiipr Q

npu € = 0 Ha BCEM Juana3oHe KOHIEHTPAIUT He SBJISETCs YI0BJIETBOPUTEIbHBIM.

4.2.2 Cdeponanbaast Mojeab KO3 DUIMEHTOB ITPUCOETNHEHUS

MoKHO NpUMEHUTb NPUBEAEHHYIO B MPEIbILIYIIEM pPasjese CXeMy BbIYHCe-
HUl JJ1s1 OoJiee CJI0XKHOM W peajucTUIHON MOJIe/ I KOI(MDMUIINEHTOB IIPUCOeIMHEHUST

(1.30), mostyuenHoii B mpuiokeHnn A it Mojiesin ¢hepomIaIbHBIX arperatos. B
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TepMuHAX mepeMeHHbIxX (4.8) mepexos ot guneiinoit mogesn (1.29) x (1.30) cBouTes

K 3amene B (4.19) muOKHTERA (T 4 €) HA QYHKIMIO

3 ((1 b)) - 1)5
blog (1 Fbr ((1 +br)? — 1)%>

b=

fr)= (4.44)

B pesyibrare HaXOIMM:

= (i) = (%50, 70) ) (449
F. = (F(T),Lk(T’)) = f(T’),%) )

[TockobKy % = 0, umeem Ry; = 0, Fy = 0, orkylla, KaK U B IPeJblLLyIeM
paszjene, u3 ypasaenus (4.18) ciemyer:
0B
— =0. 4.46
o (4.46)

C y4déroM paBeHCTBa

R = (S 0 2 — (B f ) =R an

MOZKHO 3aME€TUTDL, 9YTO BEJINYMHDbI Bl n E,l BXOIAT B ypaBHCHHE Ha % <KOTOpO€

anajorngno (4.18)) B npexxueit Kombunarmn By + (1. — ng) &1

05,

—— = Fi[Bi+ (n. —no) &] + > Rp.B. (4.48)

=2

[Ipunimast Bo Bunmanue (4.35)-(4.37), mozkem nepenncarts (4.48) xak

0By

6’( —Och;Xl—l-ZRk lBl, k:1,2, (4.49)

=2
Coornorrerne (4.33) ObLIO 1OJIyUYeHO O€3 UCIOJIb30BAHUSI IBHOTO BHJIA KO-
urnenTos a, n ocraérest BepHbIM. VICIOIb3yst ero cOBMeCTHO ¢ ypaBHeHueM (4.48)
npu k = 1, MOXKHO MOJIY9UTDH CJeayloliee ypaBHeHNe Ha MepeMeHHyIo Xi, OIpe-

nenénnyio B (4.35):

ox:

2
= x°F, E R B;. 4.50
5 XX+« 1,157 ( )

=2
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et © L N =

@

0995 1.000 1.005 1.010 1.015 1.020 1.0251

Pucynok 4.5 — /IBa HamMeHBIINX COOCTBEHHBIX 3HAYCHUST Apyip U Apeyt KAK PYHKINN
C1 Uit cpeponaabHOM MOJIEIH Gy, (1.30). Kpacuble KpuBble MOCTPOEHBI JIJIsT COO-
CTBEHHBIX 3HAYEHNI MaTPHUIbI Q, a CHHUE KPUBbIE IIOKA3BIBAIOT COOTBETCTBYIOIINE
cOOCTBEHHbIE 3HAYEHM JIJIsl JIMHeApM30BaHHBIX Pa3HOCTHBIX ypaBHeHUi Bekkepa-

Hépunra.

Coornomenust (4.49) npu k > 1 u (4.50) o6pasyorT 3aMKHYTYIO CHCTEMY
ypaBHeHHil, KOTOPYI0 MOJKHO IHepenmcaTh B MaTpuanoM suje B dopme (4.39). Co-
OTBETCTBYIONIAA HOBas Marpuia () GyIer oupeie/sThes Bhlpazkerusmu (4.44) u
(4.45) m Gyner ornmuarbes or (4.40).

Bomonnennpiit B (9] pacuér moxasanm, 4To, KakK W B HPEJbIIYIIEM CTydae,
JUIsl HAXOZK/ICHNS] HAMMEHDIINX COOCTBEHHDBIX 3HAMEHHl MATPHIBL () JIOCTATOUHO
ICIIOJIB30BATh 0Ope3aHHyio MaTpuily m X m . CKOpOCTb CXOIAMMOCTH Pe3yJIbTaToB
C yBeJMYEeHHEeM Pa3MEpPHOCTH MATPUIBI M XyzKe B CAydae HOBOI MAaTpPHUILI, HO
PE3YJILTAT MO-IPEKHEMY HPAKTHUECKU COBIIAJIACT € NPSMBIME BLIYHCACHUSIMU 110
MaTpHuIle JHHeapu30BaHHbIX ypaBHeHuil Bekkepa-/lépunra ¢ koadduimentamu a,
I cpeporIaibHbIX arperaros. s HU3IIEro co6CTBEHHOIO 3HAYEHUS JIOCTATOY-
HBIM OKa3aJI0Ch MCIOJIb30BaTh m = 10, juid caeyiomero 3uadenus — m = 15. Ha
pucynke 4.5 HOKa3aHbl PE3YJIbTAThl 9TUX BbLIYHCICHUIA.

B nannoMm pasjesie ObLIO II0KA3aHO, YTO aHAJIUTHYECKOE OIUCAHME CTYIIEeH-

JaToil arperanuu U OBICTPOI PeaKcaruu MUJIMHAPUIECKIX MUIEIT B PacTBOpax
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ITAB moxkeT OBITH 3HAYNTEIHHO YIYUIIEHO C MOMOIIBIO CIIENNAIHLHOTO TPAHUTHO-
ro ycsioBus (00ecrednBaroIero coxpaHeHre o0IIero JIuca MUIE/LT) U 00pe3aHust
MaTPUIIBI Q OnucaHHbIN TIOJAXO0J] II03BOJIsIET HaiiTu HauOOJbIINEe BpeMeHa ObICT-
poiil pestakcalin Kak (pyHKIMNA PABHOBECHON KOHIIEHTPAIUI MOHOMEPOB (1in o011eit
kourenTpanuu [TAB) st siioboit Momenn KoabGUImUenToB Ipucoe IMHeHNsT J1JIsT -
JIMHApUYIecKuX MuIes1. st Mojiesn, JJMHERHOM 110 9uC/Iy arperamu, XapakTepHoe
BpeMsi ObICTPOIT pestakcalmi ObLIO HailjeHo aHajauTrdecKu. /s Gosee peasncTud-
HOII MOJeJN a, Teopusi ObLaa pacliupeHa Kak IojyaHajuTudeckas. CpaBHeHUe
00paTHOIO BPEMEHH, PaCCIUTAHHOIO C IOMOIIBIO /M depeHInaIbHBIX OlepaTOPOB,
1 00PaTHOrO BpEeMEHU, PACCUUTAHHOIO € IOMOIIbI0 KOHEYHO-PA3HOCTHBIX KIHETHIe-
cKux ypasHennit Bekkepa-/Iépunra, pu oJMHAKOBBIX @, MOKA3bIBAET IMPAKTHICCKIN
IIOJTHOE UX coBIajieHne. B oTiim4ne ot ciydast cepruiecKux MUIE/LI, OIMICaHHOTO
B IUlaBe 3, B JAHHOM IIOJIXOJIe He BO3HUKJIO HEOOXOIUMOCTHU HCIIOJIB30BATh TEOPUIO
BO3MYIIEHU, YTOObI MOJIYIUTH OTJIMIHOE COIVIaChe B IIMPOKOM JHalia30He OOIINX
kounenTpanuii ITAB BOu3u u Boime KKM. 910 ¢Bsi3aHO ¢ Tem, 4TO 4KCIa arpe-
raiun JJisi DUIHHIPUIEeCKIX MUIE/I CYIIeCTBEHHO 00JIbIle, YeM i1 ChepuIecKux,
II09TOMY 3aMeHa KOHEUHBIX pa3HOCTEell Ha IPOM3BOJHBIE CTAHOBUTCS OOJiee OIpaB-
JTAHHOIA.

OrnucaHHBII BBIIIIE ITOJXO0 JIEI'KO MOXKeT ObITh PACIpPOCTPAHEH Ha JAPYIHe MO-

Jie/in paboThl arperalni HAJIMHAPUIECKUX MUIE/LI.

4.3 Bseagenmne nousaTus 3(p@eKTUBHOTO IIOTEHIINAJIA, OMPeIesITIONIero
rnmapaMeTpbl OCHOBHOTO yYpaBHEHUS JJIs CIIEKTPa BPeMEH OBICTPOIl
peJjiakcalumn

[Ipex e yeM mepexoJnTh K pacuéTaM CIeKTpa OBICTPON pesraKkcalluul IHIH-
JIPUYECKUX MUIIEJIJI C UCIIOJIHb30BAHNEM OCHOBHOI'O ypaBHEHMs OBbICTPOI pesiakcaruu
(3.49) HeoOXOJMMO BBECTH BarkKHOE JIJIs JIQJIbHEIIero pasropopa moHsitie hdex-
TUBHOTO HoTeHImasa |11, Koropoe OyieT B JajbHERIIeM HCIOIB30BATHCST HE TOJIBKO
JUTST IAJIMHAPUIECKNX, HO U JJIsA C(OePUIECKIX arperaToB.

[Tosyuennoe B riiase 3 ypasaenue (3.49) sBIseTCS YHUBEPCATBHBIM C TOUKH
3peHus MO/ paboThl arperarui. 3aJ0KeHHOe IIPH ero BhIBOJIE TPUO/INKEHIE VN

Qyp — 1 He gaBasieTca H€O6XO,HI/IMBIM7 MO2KHO IIOBTOPUTDb BCE€ PacCCy>KACHUA, NCIIOJ/Ib3YAd
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BBIDAyKEHUE Ay, = ap, f (1) 11 K03 dunmenToB npucoemuenns. Buj ypaBHeHnst
(3.49) e usmernntesi, 1o BMecTo (3.23) st oneparopa H momyanm:

o)

Hlv(r)] = 5 D_ [f (rye ™D, {ewgr)v (7“)” : (4.51)

a Bmecto (3.20) u (3.21) maa sesmann U u y (1)

(0.9]

U= / fryedr, y(r)y=—e=2 D_ [f (r) e_w(r)} : (4.52)

3 Buna onepatopos D_ u D, B (3.19) saksrouaem, aro nipu Ang > 1 perie-
nue cucreMbl auddepeHnuaibibiX KUHeTHICCKUX YPABHEHNI MUIIE/ L1000 pa30BaAHNIST
(3.17), (3.18) BO3MOXKHO TOCTPOUTD, UCIOJIB3Ysl TEOPUID BO3MYIIEHUH [0 MAJIOMY
napameTpy Ains < 1.

B rimasHoM npubmzKeHnu 1mo MajaoMy Iapamerpy ALHS oneparopsl D ~ % n
D~ —%, i, cornmacHo (4.51), 3amaay (3.35) Ha cOOCTBEHHBIC 3HAUCHUS MOXKHO

3allliCaTb KaK

HOWY (r) = BP9 (r) (4.53)
B KOTOPOIl
HO (v (r)] ~ —% (f (r) %v (7”)) +Vr)v(r), (4.54)
e

Vi(r)= 1o (f (r) —w (r)) + 1f (r) (éw (r)>2 : (4.55)

20r or 4 or
Ypasuenne (4.53) nmeer BiJ| ypaBHEHUsT Ha COOCTBEHHBIE (DYHKITN U COOCTBEH-
HbIe 3HAYCHUST KBAHTOBOI JaCTUIIBI TlepeMeHHOI Macchl f (1) B [0JIe ¢ MOTEHITHAIOM
V (r) (4.55). Ono ocTaérest cripaBe TNBBIM KaK [T Corydast chepuIecKnx, TaK u JJIs
clydas MUIKHAPUIECKUX MULE/LT, HO B 9TUX PA3JINIHLIX CJIydasax OyIyT OTInIaThCsl

IpAHUYHbIE YCJIOBUSI, & TAKKe BbIPpayKeHUs Jijis norerimaia V (r) u macent f(1).

4.4 llouck cnekTpa OBICTPOIl pejlakcaliuu Mpu rmoMoIinu 3pdeKTuBHOTO
MMOTEHINAaJIa Ha MPpUMepe CUCTEMbI ITUJIUHAPUYIECKUX MUIELT

PaccmorpuM 3aiaay o Haxoxjienun crekrpa (4.53), (4.55) Jyist cucTeMbl 1i-

JHApIYecKux MutesiT [11] B paMkax KycodHO-3a/IaHHON MO/ PaOOTHI arperarin
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W, (1.20) u nuneitnoit mogesnn koddduienTos npucoegnuerus a, (1.29). Coot-

BeTCTBYIONWI moTeHnuan V (n) uzobpaxkén wa pucytke 4.6. B obmactu n > ng,

250 20 V
200 15
150
10
100
5
50 I/l*
n n
20 40 &0 100 2000 4000 6000 8000

Pucynok 4.6 — Ilorenmuan V' i1 DMIMHAPHYIECKIX arperaToB KakK (DYHKITUS YHCIa
arperaiun 1 B JIByX pa3/IMUHbIX MaclITadax IIPU KOHIIEHTPAIMUH MOHOMEPOB ¢ =

1.01, gro coorBercTByeT & = 0.4 .

olpeJIe/IAoNeil ClIeKTp BpPeMEH OBLICTPOIl pesiakcanuy, HabOJIIOAAeTCsT MeJIeHHbII
JINHEHBI POCT IMOTeHIHaJa V . DTOT pOCT OOYCJIOBJIEH HCKIIOUYUTEIbHO 3aBUCH-
MOCTbBIO KO3(DUINEHTOB IpHUCcOenHeHnus a, or n. Ilpun a, = const norennma’
V (n) — const npu GOJIBIINX 3HAYEHUSIX YUCE]T arperalii 7, U CHeKTP 3aJadn
CTAHOBUTCA HEIPEPbIBHLIM.

IIo cpaBHEHUIO ¢ MeIJIEHHOI CKOPOCTbHIO BO3pacTaHUsl IIOTEHIIIA I IIPI N > Ny
OBICTPHBIIl POCT TIOTEHINAJA TIPU N < 1) MOXKHO MOJICJIIPOBATH IOTEHITUAJIOM «TBEP-

JIO1 CTEHKU» :
Vi(n)~oo, n<ng. (4.56)

[Tepexojist K mepeMenHbIM (4.8), MOXKHO 3allHCATH JITHEITHYI0 MOJIeb KOdhPUImen-

TOB TIPUCOEINHEHUST B (popMe:

Ne — N 1

a(n) =ap, (1+vyr), y=h—2=Z r>0. (4.57)
no £

Kak cremyer u3 (1.20) u (4.8), pabora arperannun B TEepMHHAX TT€PEMEHHOI I B

obsactu r > 0 3amuchiBaerca B npocrom Bujge W (r) = Wy + r, a noreniman V

n omneparop H HaroTcs BhIpaXkKeHUsIMU

V(r):iyfrdri—%, (4.58)
H= —% [f (r) %] +V(r). (4.59)
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Kak u jij1s1 cpepuiecknx MuUlle/1ji, OCHOBHOE ypaBHeHHe ObICTPOI pesiakcalun
(3.49) omuceiBaeT crieKTp BpeMéH ObICTpoil pesakcanuu. [Ipu ero BeIBOIE [T IUJIHH-

JapudecKux Mmuresr BMecto (3.14) ckassipHoe TpousBejicHue OYAeT OMpeaeaaThCs
0.}

kak (v,q) = [v(r)-q(r) dr, B pamkax xotoporo omneparop H (3.23) spnsercs
0
CAMOCONPSIKEHHBIM 3a cuér yeiaosust (4.56). B ypasuennn (3.35) ma coberBeHmbie

dbyukiyn crapares rpanndnbie yeiaosus Py (0) = Py (co0) = 0. Bmecro ompejiee-
auit 7 (3.3) u T (3.16) ucnossytores (4.8). Torma i ciydas MUTHHAPTIECKIX

MUIEILT BBIPasKeHns Ul BeIMIUH 2 , Yy, S° 1 4 (r) IpuMyT BUj:

2 o0
2 = (SEyZ) . Y = / y(r)bp(r)dr, k=1,2,..., (4.60)
0
S* = e " (n, —ng)?, y(r) = —63% [f(r)e]=es(1+yr—y). (461)

B coornomenvn (4.61) Py n Ej — cobcrBenuble byHKINN 1 COOCTBEHHBIC 3HAYE-
rust oreparopa H B (4.59). DroT omeparop MMeeT BUJ ONEPATOPA OIHOMEPHOIO
JBUKCHNST KBAHTOBOU YaCTUIILI C JIMHEIHO pacTyIleil MacCoil B TPEyroJbHONI II0TeH-

nmasibHoii sme [52; 53):

0

~ 5 [(1 +v7) %] Py (1) + <iyr + i - %) Y (r) = Epdy (r) . (4.62)

Jtst mpub iKEHHOTO AHATUTUIECKOTO perennst ypasaerust (4.62) cyiecTBen-
HO 3HAYEHNE BXO/ISAIIETO B HETo mapamerpay . s 1ByX npejie/ibHbIX caydaeB y << 1
1y > 1 u3BECTHO TOYHOE PEIIeHne 9Toro ypasaenusi. B ciaydae y > 1 (e = % < 1)
1+ vyr = yr B (4.62), u pereHre 9TOro ypaBHEHUsI CBOJANUTCs K mojunHOMaM Jla-
reppa [34]. B paszmesne 4.1 6bu10 1mOKA3aHO, YTO TEOPHsI BO3MYIIEHUI IO MAJIOMY
napaMeTpy € He HPeJOCTAB/ISIET JIOCTATOUYHO XOPOIINX PE3Y/IbTATOB. DTO 00bICHS-
eTcsd rpadrKOM 3aBUCHMOCTHU 3TOTO ITapaMeTpa OT KOHIIEHTPAIUN €1 , IPUBEIEHHOM
Ha pucynke 4.7. Kak u cje0Baio oxKugaTh, COracHo pucyHky 4.7 suadenus (4.41)
HPUOJINKAIOTCS K TOYHBIM C POCTOM KOHIIEHTPAIMHU, HO OCTAIOTCs BCE »Ke JIOBOJIb-
HO JaJIEKUMHU OT HUX.

Hebonbime 3nadenns napaMerpa Y B IIMPOKOH 00JACTH KOHIIEHTPAIUN Ja-
10T OCHOBAHME JIJIs IOCTPOEHUsI TEOPUN BO3MYINEHHUI 110 3ToMy napamerpy. OjiHaKo
HEMOCPEJICTBEHHO MOJIOKUTE Y = 0 B (4.62) HeMb3s1, Tak Kak TOJIBKO mpu Y > 0
nMeeT MEeCTO HeoOXO/MMOe BOo3pacTaHue IIOTeHIaJa Ipu OoJbImX 7. UToOb Ipe-

0JI0JIETH 9TO 3aTPyjHEHNe, HyKHO NpuBecT ypasBHeHue (4.62) Kk Gojee ya1oO6HOMY
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Pucynok 4.7 — 3aBucuMocTb rmapamerpa y OT paBHOBECHOI KOHIIEHTPAIUN MOHOMeE-

POB (7 .

2

B ITPABYIO 9aCTh, Jie/isd 00e YacTh Ha (%) > nBBOIA X = (

Buy. [lepenocs  — X

MO2KHO IIOJIYYHUTh:

=

3
)

0 2 0 _
- [(1 + (2y)3 a:) al Vi () + 2Py () = Epy () (4.63)
rje )
_ 14 Y
Fo=lk—ats (4.64)
'Y3
[Tosarast v = 0 B (4.63), mosydaem ypaBHeHHe
2

KOTOpOe MMeeT TOUHOe pererne [53] co ciepyomumu coOCTBeHHBIME (DYHKIIHSMIE

u CO6CTBeHHbIMI/I SHAYCHUAMU:
Il)k (.T) = (l‘ — Ck:) y Ek = Ck: (466)

3necy @ (x) — dyukiua Diipu, (—{) — KopHu sroit pyukum: = 2.338,
Gy = 4.088, (3 = 5.5206, {4 = 6.787, (s = 7.944, .. .. Tleppas Py (z) = ® (z — (,)

u Bropas s (x) = @ (z — (o) coberBeHHble (DYHKIMN TPUBEEHBI HA pUCYHKe 4.8.
1

13 onpenesenuit (4.64) u z = (¥)*r crenyer:

Bxi-T+ (Mo wo-a(@)r-a).  wo
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Pucynok 4.8 — Ileppast \; () = @ (x — () u Bropas Py () = ¢ (z — {3) coberBen-

Hble (PyHKIMN oreparopa H Kak (QyHKINN ITepeMeHHON X .

3ameTnM, 9TO MpupaBHUBAHUE Y K HYJIO B ypasHenuu (4.63) He o3nadaer npenedpe-
JKEHUs 3aBUCUMOCTbBIO KO MUITMEHTOB MPUCOSTUHEHUS @, OT UNC/Ia arperamun 1 .
Kak BuiHO 13 BhIpazKeHus Jijisl IEPEMEHHON & = (%) %7’ , TpeHeOpeyKene ciaaraeMbIM
(2}/)% x B (4.63) Tpebyet x <K (2‘}/)7% w ke 7 <<y~ L . C yuérom onpesenenuii (4.8)
u (4.57), yr = %‘—TZO He sABJIsAeTCA PYHKIMEH KOHIICHTPAIH ¢1 , U CHJILHOE HEePaBeH-
cTBO © <K Y~ ! mpeobpasyercs B 1 — ng <K 3ng , KOTOPOE MOKET OBITH BBITIOIHEHO C
nocratodHoit cuioit. Kax Bujito us pucyska 4.8, dyukuus Py (x) jgokaamsoBana Ha
0 <z <5, aHepaBeHcTBO T K (21/)_% BoITToJIHsieTcs ipn Y < 0.06 . g paccMoT-
penus juanaszona 0.06 < vy < 0.2 HeoOXOIMMO TOCTPOUTH TEOPUIO BO3MYIIICHUI.
s yaéra oneparopa —(2}/)%6%x L2 g nesoit vacrn (4.63) npu y < 1 Mmoxk-

HO HCIIOJIB30BaTb TEOPUIO BOSMyHleHI/Iﬁ 1 IIOJIYYUTDb JJId IIOIIPpaBKHU K cOOCTBEHHBIM

(1)

suavennaM B, = (, — Ej caenyiolee BblpazKeHue:
« 2
(B, 2 (2 20) J @ (5P (1)) do
E(l)_—Q % k’ax x@x k)_ 9 %O 4.68
’ J (@ ()" dz
0

[ToscTaHOBKA YTOYHEHHOIO 3HaUYeHUs ), = (; + Eél) B (4.64) naér

L vy /v\3 — (1)
B> _Y @)( E). 4.69
r=7m 3 ) (Gt (4.69)
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C ucnospzoBanmeM bynknuii (4.66) 6buti BeIYMCACHB BenauHbl 25 (4.60).
Onn okaszajuch ObICTPO YOBIBAIONIUMU C YBEJIMYEHHEM HoMepa Kk, IOSTOMY IpH
HAXOZK/ICHUN HANMEHBINNX KopHeil ypasHenus (4.62) 10cTaToqHO OBLIO OrpaHUTN-
BaThCAd HEOOJBIINM YUCJIOM YIEHOB psja. i HauMeHbBIIEro KOpPHSI OKa3a/loCh
JIOCTATOYHBIM OCTaBHUTb J[Ba, CJAraeMbIX, JJIs CJEIYIONero — Tpu u Tak jajee. Ha
pucynke 4.9 1mokasaHa 3aBUCUMOCTb OT KOHIIEHTPAIUN IOJYUYEHHBIX TaKUM 00pa-
30M YeThIPEX HAaUMEHBIINX 00paTHBIX BPeMEH ObICTPOIT pestakcaini. AHAJIUTHIECKOe
perenue Jijisi HanMEeHbIIero coOCTBEHHOIO 3HAYCHIS ITPAKTUIECKH COBIIA/AeT C TOY-
HBIM Ha Bceil paccMoTpeHHOI obsiactu KoHmeHTpamuii: or KKM 10 koHnenTpaimn
¢1 = 1.023, npu kKotopoil crenensb Mutean3amnuu cocrapiger & = 0.91. Coracue
JUIst DoJiee CJIeIYIONINX BPEMEH HECKOJIbKO yXV/IaeTcs. BoipaykeHue Jijisi HanOo-

Jiee MHTepeCHOI'0, HanuMEHbLIICT'O COOCTBEHHOI'O 3HAYEHUs 3AllUCAHO B ABHOM BHUJIE

B (3.63).
1
A /
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Pucynok 4.9 — O0OparHble BpeMeHa peJaKCAIiy JIJisl IUJINHIPUIECKIX arperaron
Kak (QYHKIMN KOHIEHTPAIIMH MOHOMEPOB ¢1: aHAJUTHYECKHE Pe3y/IbTAThI (CILIOII-

HbIE 3€JICHbIe JII/IHI/II/I) 1 TOYHbIEC YUCJIEHHbIC OTBCTDhI (HyHKTI/IprIe JII/IHI/II/I).

Takum obpa3oM, B JJaHHOM pa3zJiesie OIMUCaH aJIbTepHATUBHDBIN METO/, peleHns
JINHeapu30BaHHOIO ypaBHeHus bekkepa-/lépunra i MUJINHAPUIECKUX MUIIETLT
IIPU IIOMOIIM TEOPUN BO3MYVIIIECHUII, OCHOBAHHBII Ha TOYHO PeEIIaeMOil KpaeBOil 3a-

Jadye B I'JIaBHOM HpI/I6JII/I}K€HI/II/I. Hpe;maraeTCH TOYHOE pelieHne KNHETHYCECKOI'O
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ypaBHEHUS Il UJINHIPUIECKUX MUIIEJJI Ha OCHOBE CBEJIEHUs UCXOJIHOM 3a/iaun K
ypasHenuto (4.65) st pynkimn Diipu. Bricokast crerneHb coriacust pe3yJibTaToB J7is
HaMEHbIIIEro OOPATHOTO BPeMeHU OBbICTPOIl pejakcallud ¢ TOYHBIMU 3HAYEHUSIMU

ObL/1a MPOJIEMOHCTPUPOBAHA, Ha BCEM JIMAIla30HEe PACCMaTPUBAEMbIX KOHIICHTPAIINI.
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I'nmaBa 5. llpumenenune meroga 3¢p@PeKTUBHOTO MOTEHINAJA JIJIST PacdeTa
CIIEKTPa BpPEeMEH OBICTPOIi pestakcanmum 0e3 MCIOJIb30BaAHUS
MpUOJIMXKeHuil Ay paboThl arperaiuu u K03 UuineHToB

MMpUCOeNHEHUST

5.1 Cdepuieckne arperaTbl

B janHom pasjiesie mpejiioyKeH MeTOo L PelieHnsi OCHOBHOI'O YpaBHEHUsT ObICTPOii
penakcaruu(3.49), MO3BOJSIONINI CBECTH TPOIELyPY HAXOXKJICHUST CIIEKTPA BPEMEH
pesakcalnyn MUTIE/UIAPHBIX CUCTEM K TIOJIX0JTY, B KOTOPOM YHCJICHHO PEeIaeTcs 3a/1a-
va [IITypma-JInyBuisa jist TMHeRHOTO onepaTopa, OnpeIeaseMoro aHaInTIHIeCKIM
3aJlaHreM paboThl arperaini U Kodh@uiuenToB npucoenHenns monomepos [TAB
K arperaraMm. Takoil 1Mojxo/i He IPUBsI3aH K AllIPOKCHMAINN PabOThl arperami B
OKPECTHOCTH MUHUMYMa paboTh! arperaiiun. Heobxommbre jiist perenns (3.49) cob-
crBerHble DYHKIMN Py, () 1 COOCTBEHHBIE 3HAUCHUSA F); ONPEIESIIOTCA PEIICHUSMIE
ypasrenus (4.53) ¢ rpammaapiM yesoBusiMn P (—oo) = P (00) = 0.

B paMKkax 3TOro MeTojia yxKe TJIaBHOE MPHUOJINKEHHE I10 ALns < 1 maér no-
CTATOYHO TOJHBIH yUéT crienuduk padoThl arperainn s KaykJ10il KOHKPETHO
Mune/IsipHoit Mojenn. B moapasgerne 5.1.2 npuBeséH pacdéT IMOIPaBOK IIEPBOIO
HOPSIJIKA K TVIABHOMY IPHUOJIMZKEHUIO, 3HAYUTEIbHO VIV coracue ¢ TOY-
HBIMU 3HAYEHUSIMU.

[IpuBeIEHHBIN TOXOM, ABJISETCHA JOCTATOYHO YHUBEPCAJIBLHBIM U IO3BOJISIET
IIPOBECTH aHAJN3 CIIEKTPa OBICTPOIT peslaKcallii B CUCTEMaxX ¢ Pa3JINIHbIMU BUIAMI
MUIEJIIPHBIX arperaTon, MPHU 9TOM OH 3aMeTHO ObICTpee, YeM PacdeéT CleKTpa 10

marpurie M (2.4), onncanuniii B riiase 2.

5.1.1 DddheKTnBHBIIN NOTEHINAJJ B KBa3UKalleJbHOI Moae
chepuiecKnx arperaTosn

B kadecTBe mpuMmepa MMeeT CMBICT PACCMOTPETh KBa3WKAIIEIbHYIO MOJEb

pabotsl arperaiyn (1.17), 11 KOTOPOit OBLIO TOJIYIEHO HANXY/IIIEE COTJIACHE AHATN-



83

TUYECKHUX IPeJICKa3aHnii BpeMEH ObICTPOIl pelakcallii ¢ Pe3y/IbTaTaMi YUCIEHHbBIX
pacuéroB. Kak u panee, Gyjem ucrosb3oBarh npepmnoiokerue f(r) = 1. Pac-
cMorpuM norentua (4.55), moaydaromuiics st cydas KBa3sHKAIETbHON MOJIe I

cpeprdecknx Murne/1, rpaguk KOTOPOro MpUBEJIEH Ha pucyHke o.1.

S vV B O O O

Pucynok 5.1 — Ilorennuan V (r) B KBasukamesbHOT Mojen Kak (DYHKIWs T TIPH

TPEX 3HaYeHUAX creneHn Munem3annn: 1 — npu &« = 0.0001, 2 — opu « = 0.1

(KKM), 3 —mp & = 0.8.

Pucynok 5.1 nokasbiBaeT 3aBUCHUMOCTb IOTEHIUAa V' OT IEepeMeHHOIl r 1pu
TpEX KoHIeHTparusx monoMepoB ITAB, oxBarbIBaronux Bech Juana3oH 3HAYCHUI
CTeleHn MUIe/n3anu. Kak BUJIHO W3 9TOr0 pUCYHKa, moreHimas V (r) umeer
JIBa MUHUMYMa IIpU 3aJlaHHOil KoHIeHTpamuu moHomepoB ITAB u coorsercTByio-
meit crenenn munesinsanun. IomoykeHnst 3TUX MUHUMYMOB Ha, OCH 7" OTJINYA€TCsI
OT TIOJIOYKEHUI MaKcuMyMa U MuUHHMyMa paboThl Ha pucynke 1.17. Ilpu yBennde-
HUU CTeTeHN MUIE/LTH3AIIN JIEBBIi 1 MpaBblil MUHIMYMBI Ha, KpuBoit (1) mig V (1)
pacxojsTces. [Ipun 9ToM BeJMdmHa JeBOI0 MUHUMYMa PACTET, a I0JIOYKeHUe U BeJId-
qUHA TPABOrO MUHUMYyMa ToTeHInaga V' (7) MpakTHYeCcKd He 3aBHCAT OT CTeleHH
vurenmsanun. Huxxke KKM J1eBbIit MUHMMYM 1 MaKCHMYyM ITOTEHIIUAJIA CIMBAIOT-
¢ B TOUKY Iiepernoa.

Mcrionnb30BaHHBIM paHee alllpOKCUMAIAM paboThl arperaiun cCOOTBETCTBYIOT

anmpokcnmanun norenrmaria V (n) . B wactroctn, (3.3) npuBoanT K KBaJApATHIHOL
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allpokcuMaluu rnorenuasa. Coryiacue noTeHnaaa ¢ ero KBaJpaTuiHoil n Kyonde-

CKOIl aIlllIpOKCUMAINAMI IPUBEJIEHO Ha PUCYHKe D.2.

14
121
10

8]

20 30 40 50 “66—70 80 90

Pucynok 5.2 — 3aBucumocts norenimaia V (n) B KBa3UKANEJbHOM MOJE/IH OT THCIa
arperaiuu n Mpy MOJTHON paboTe arperanun (KpuBas 1), eé KBajpaTudHOl (KpuBast
2) u KyOudeckoil (Kpuast 3) anmpoOKCUMAIUAX B OKPECTHOCTU MUHUMYMa PabOTHL.
['paduk mocTpoeH mpu KOHIEHTpaIun MoHOMEpPOB ¢; = 1.07, 9TO COOTBETCTBYET
crertenn Munesumm3ainn & = 0.69. [IpgambiMu JTUHUSAME TTOKa3aHbl TPU MUHUMAJIb-

HBIX 00paTHBIX BPpEMEHU OBICTPOIl peslaKcalny IIPU KBaAPATUIHOMN allllPOKCUMAIIN

W (r) B BbIpayKeHUN JJisT TIOTEHIIHAJIA.

Kpusast (1) ma pucynke 5.2 mocTpoeHa 1o 1oJjiHOi pabore arperaiunm W,
B KBasmKanesgpbHoi Mogean npu ¢; = 1.07. Kpusse (2) u (3) mocrpoens! npu
KBa[PATHIHON 1 KyOUTIecKoil anmpoKcuManusax paborsl arperanun W, | mpuBsi3am-
HBIX K TOYKE MHHHMyMa paboThl arperanni. V3 pucyHKa BHJIHO, 9TO HEU OJHO
13 COOCTBEHHBIX 3HAUCHUI ?\,(CO) (3.67) me momazaer B 00JIACTb, Ijle KBaJpaTHd-
Hast AITPOKCUMAIHST TIOTEHIHAJA SBJISETCS YI0BJIETBOPUTEILHOMN , IPIIEM CHTYAITHST
YXY/IIACTCS ¢ POCTOM HOMepa k . D10 00bsicHsAeT HabJ0[aBIIHiicst B pabote [31] poct
¢ yBesimaenneM k OTKJIOHEHHI BeINInH 7\,&0) OT TOYHBIX 3HAYCHU, IOy I€HHBIX DI
YICIIEHHBIX PACYETAX COOCTBEHHBIX 3Hadennil Marpurs M B (2.3). Yurennse B [§

MOMPAaBKU TPUBOJAT K XOPOIeMy OlucaHuio norernuana V (r) B obmactu r > 0,
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HO JINIITb YACTUIHO YJIYUIIAIOT CUTyaruio mpu 7 < 0, TodToMy UX y9IE€T JAaéT JINIIb
HE3HAYUTETbHOE YJIydIlIeHne COTJIACHS ¢ TOUYHBIMU 3HAYEHUSIMU.

Meto1 3cpdpekTrBHOTO MTOTEHITIA/IA TTO3BOISET MTOJTHOCTHIO YINTHIBATD BUJT Pa-
OOTBHI arperaiuu 1 Ko3(MOUIMEHTOB TprcoenHenns. Pemenne 3amadn (4.53) npu
MOTEHIAJIe, TTOCTPOEHHOM coryiacHo (4.55) o mosHoit pabore arperaiuu W, s
KBa3UKaIleJIbHOI MOJIe/n, Olpe/ie/IEHHOl cooTHOIeHustMu 1.17, ObL/I0 HalijIeHO Ync-
nerno 1o merony Pynre-Kyrror mpu ¢ = 1.058. Kak ciegyer us pucynka (5.1),
moJHbI oTentmalt V (1) 6bIcTpo BO3pacTaeT mp |r| — 00, MO9TOMY MpH PeIleHnH
ypasrenus (4.53) ucnosb3oBainck rpanndmbie yeaous Py (—oo) = Py (00) = 0. C
YIETOM HEOJIHO3HATHOCTH B HOPMHUPOBKE DEIIeHUs] OJHOPOJHOrO ypaBHenus (4.53)
peleHne MCKaJI0Ch ¢ Hada bHbIMI yestoBusivMu Py (0) = 1 u % = b. [Tapamerp
b 1 cobcTBeHHOE 3HaUYeHUe F) BbIOMPAINCH TaK, ITOObLI y,ZLOBJIeT]gggI/ITb IpaHUIHBIM
YCJIOBUSIM, & 3aTeM IOJTy9IeHHOe PelleHne HopMupoBasioch yeaosueM (Pg, hg) = 1.

Boeranciennbie coOCTBEHHbIE 3HAUEHUS Fj, OKa3a/uch MEHBITUMUI, YeM 3Hade-
HUS E,go) = 2k , oIy YeHHbIe IPU KBAIPATUYHO alllIPOKCUMAIINKI PAOOTHI arperanun
W, , 94To obbsicusiercs 6osbieii 3(peKTUBHON MOJTYIITMPUHON MOJTHOTO TOTEHITNAIA,
V' (r) OTHOCHTENIbHO MOJIYIINPHUHBI B OKPECTHOCTH BTOPOro MuHHMyMa. [IpuBeaém
B Ka4yecTBe IIpuMepa HalijleHHble 3HaueHns F), npn KonnenTpamnun Monomepos 1TAB
¢1 = 1.058 (crenenp munesmsannn & = 0.523), yKasbiBasg B CKOOKAX OTHOIIEHUE
?E—’Z: FEy =1.875 (1.07), By = 2.893 (1.38), E3 = 3.579 (1.67), £, = 4.823 (1.66),
Es = 5.947 (1.66) .

CpaBHeHIe pacCINTaHHBIX YHCIEHHO cOOCTBeHHBIX GyHKIUil Py, (1) ¢ hyHKIHN-
SIMU 1]),20) (r) = eféHk (r) (3.57) mpu kBagparnaHoil anmpoxkcumalmn w (1) B (4.55)
MOKA3AJI0, UTO, KaK M OXKIJIAJI0CH, Hanbosee 6au3kn dbyaknun Py (1) un Ll)go) (r),

KOTOpbIe TIpUBEJIEHbI HAa PUCYHKE 5.3.

5.1.2 Pacuér riraBHOrO NpmOJINKEHNUs 1 MePBOil MONPaBKU MIpU
nepexojie K HEMPEPHLIBHOMY OIIMCAHUWIO TP TOYHOM y4€Te paboThI
arperanuu

PaccMmorpuM peanmszalniuio mpejaaraeMoro mojixo/ia K OIMUCAHUI0 ObICTPOil pe-
JIaKCallnM B MUIEJUIAPHBIX CHCTeMaxX IPU YYETe cjlaraeMbIX TIJIABHOTO U IIEPBOTO

NOpsJIKa MaJIOCTU T10 ITapaMeTPy ﬁ . Corytacuo (4.51), y46T BTOPBIX CJIaraeMbIX B
S
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Pucynok 5.3 — CpaBhenne cOOCTBEHHBIX (QyHKITHIT ngo) (r) uw Uy (r) B KBA3UKAa-
nejbHOI Mojenu. ['paduk mosydeH nmpu KOHIEHTpamun MoHoMmepoB ¢; = 1.07, uro

coorBeTcTBYeT & = (.69.

oneparopax D_ u D, naét caenyomyio nonpasxy H k oneparopy H© (4.54):

3
H=H94H0  FO 1 (1 (8w) _wd Fwd aﬂ@) . (5.1)

2An, \ 4\ or or Or:  Or20r  Or Or?

Ormeriy, uaro oneparopst H© (4.54) u HY (5.1) mepexomsr B HCIOIB30BAHHDIE
[IPU [IOCTPOEHUH TeOpUU BO3MYIeHuil B pasjese 3.4 oneparopst (3.53), (3.54) upu
KBAAPATUIHON alnpokcuMaliyy paboThl arperanyn. B pacemaTpubaeMoil B 1aHHOM
pasjiesie TeOPUN BO3MYIIEHIH OTCYTCTBYIOT MONPABKH, POIOPIIMOHAIBHBIE €3 1 €4
(3.54), (3.56), MOCKOJIbKY Jijist pAOOTHI arperaliii TeOpusi BO3MYIIEHUH He HCIOJb-
3yeTcs.

[TonmpaBKu TIEPBOrO MOPSAJIKA, 11)21) u E,(Cl) Ha coOCTBeHHbIE (DYHKIINN ?)006—

1

cTBeHHble 3HaveHusl (3.35) BbIpaKalOTCA Uepe3 MaTpU4Hble 3jieMeHTbl H. ', =

J
<1|)§~0),[:I (1)4)](;))) oneparopa HW :

1 1 1 k 0
Eli):Hzi,La 1|)1(€):Z(0)+1|{§-)- (5.2)
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2
uarerpupoBanueM 1o 4acTsaM OJHON U3 TPOU3BOIHBIX % BbIpazKeHUe JIisl MaTpuy-

(1)

HBIX 3JieMeHToB H k I[IpUBOANTCA K ABHO CUMMETPHUYIHOMY BHJY:

Js

3 2
o [1[0w ow 0°w (0) ow d 0 0 (0
(“’j (1(5) T |V ) Gra g )| B)

[Ipu wmcsiennom perernu ypasaerns (4.53) merogom Pyrre-KyTTel, omcanabiM B

(0)

IpeJibLIyIIeM Iojpas/jere, ObUIN HailJleHbl He TOJILKO coOCTBeHHble 3HadeHns [,

coOCTBEHHBIC (PYHKINN 1])59, HO TaK»Ke W IPOU3BOJIHbBIE %1])]({30) , 9TO TTO3BOJINJIO BbI-
GUCUTH MATPUTIHBIE 3JIeMeHTRI (5.3), onpejesistionue monpasku (5.2).

Y100BI BOCTIO/IB30BATHCST OCHOBHBIM ypaBHEHUEM ObICTPOil penakcarmn (3.49)
1 HaiTH CIIEKTP BPEMEH OBICTPOIl peslaKcally JIjIsi MUIEJUIAPHON CUCTEMBbI, HYK-
HO ompejiesuTh Besanannbl i . Coryacuo (3.38) u (5.2), B epBoM TOPSIIKE TEOPUH

BO3MYIICHU NMeeM:

=y +yM, k=123 ..., (5.4)
rje
y = (y,tl),(f)> , (5.5)
H')
= () =3 gl 9
J#k Zk

©0) .1

Boipazkenus Jyist BeJIMUNH Y, ~ 1 Y, ' HO3BOJIAIOT PEMINTh ypasHenue (3.49) n naiitu
CIIEKTP OBICTPOIl peJiaKCaIluu.

B [10] 6buin mpoBejieHbI COOTBETCTBYIOIINE THCIEHHbIE PACIETHI I KBa3H-
KalleJIbHOM MUNE/IIpHON Moje n u upu f (7’) = 1 119 HEeCKOJBKUX KOHIICHTPAIINI
MOHOMepOB. B ommmune or caydas kBagparnanoii armmpokenvaim w (1) B (4.55),
B cJlydae T0JIHOTO noTeHruajia V (1) He TOJBKO BequdnHa ¥y B ypasaerun (3.49)
OKa3bIBAETCA HEe PaBHOIN HYJIO, HO U Bce Y, ¢ k > 1. Tem He MeHee, paccunTaHHbIE
0 HUM Ipu ToMornn onpeseaenns (3.61) Besmaunbl z; ¢ k > 1 oKa3bIBAIOTCS Ma-
JILIME 1 OBICTPO yObIBatoluMu ¢ poctoMm k. B KadecTBe mpumMepa MOXKHO ITPUBECTH
Habop 2, npu KoHmeHTpamun ¢ = 1.058: 21 = 1.191, 2o = 0.0281, 23 = 0.0373,
z4 = 0.00248 , z; = 0.000128 . Takoe yObIBaHUE TO3BOJISIET OTPAHUIUTLCS MIPU BbI-
YUCJIEHUSIX KOHEUHBIM YHCJIOM CIaraeMbix B cymme B (3.49).

Yucyienuble pacdéTbl 00pATHBIX BPEMEH PeIaKCAIuu Aj IIPU MTOMOIIN YpaBHe-
aust (3.49) 6buIn IpoBeieHbI It TPEX KoHreHTpanuii monomepos [TAB: ¢ = 1.04

(cremenp munemmmsaiu & = 0.280), ¢ = 1.058 (&« = 0.523) u ¢ = 1.07



88

(¢ = 0.686). B ocroBHOM ypaBHenuu ObicTpoil penakcanuu (3.49) yuuTBIBAIUCEH
5 MepPBBIX CJlaraeMbIX CYMMbI, YTO MO3BOJINIO ONPEIEINTh 5 HAUMEHBIIINX 3HAUCHUI
Ak . DTH 3HaYEHHUs], [TOJYUYEHHBIE B TJIABHOM U I€PBOM IPUOJINKEHUSAX [1PE/I/IOZKEH-
HOI1 BBIIIE CXeMbl TEOPUU BO3MYIICHUII, oOpaTHbIe BpeMeHa ObICTPOIl pesiaKCallii,
MOJIyUeHHbIe )T KBa3WKAINeIbHOM MO ¢ TMOMOIIBIO UNCICHHBIX PACUETOB COO-
crBennbiX 3Hadenuit marpuipl M B (2.3) ("rounbie"  sHauenms) mpH Tex ke
napamerpax MOJIENN, I BpeMeHa, HallJleHHble CIIoCOO0M, OMMCAHHBIM B pasjene 3.4,
npuBejenbl B Tabsimnax 1-3. IIporentamMu ykazano OTHOCHTE/IbHOE OTKJIOHEHUE pPe-

3yJbTaTOB OT TOYHBLIX 3HAYEHUIA.

CobcrBenHble 3HaYCHUA Al Ao A3 A4 As

Tounsle 2.058 2.573 3.419 4.635 6.070

B riiaBHOM 1opsijKe

B nepBoMm mnopsijike

2.273 (10.4%)
2.128 (3.4%)

2.844 (10.5%)
2.474 (3.8%)

3.603 (5.4%)
3.390 (0.8%)

4.855 (4.7%)
4.540 (2.0%)

6.234 (2.7%)
5.980 (1.5%)

Cortacno 3.4

2.194 (6.6%)

3.310 (28.6%)

4.291 (25.5%)

4.961 (7.0%)

5.252 (13.5%)

Tabsuna 1 — 3navenns A, (k=1,2,...,5) mpu ¢; = 1.04.

CobcTBeHHBIC 3HAUCHUSA

M

Ao

A3

Ay

As

Toumnnre

2.397

2.803

3.538

4.593

5.947

B riiaBHOM ropsijiKe

B nepBoMm mnopsijike

2.785 (16.2%)
2.387 (0.4%)

3.118 (11.2%)
2.855 (1.8%)

3.698 (4.5%)
3.546 (0.2%)

4828 (5.1%)
4.483 (2.4%)

6.148 (3.4%)
5.851 (1.6%)

Cortacno 3.4

2.714 (13.2%)

3.631 (29.5%)

4.364 (23.3%)

4.092 (10.9%)

5.457 (8.2%)

Tabsnmna 2 — 3navenns A, (kK =1,2,...,5) npu ¢; = 1.058.

CobcTBeHHBIC 3HAUCHUSA

M

Ao

A3

A4

As

Tounnre

2.521

3.073

4.035

4.704

6.099

B riiaBHOM ropsijKe

B nepBom mnopsijike

2.906 (15.2%)
2.447 (2.9%)

3.455 (12.4%)
3.139 (2.1%)

4.475 (10.9%)
4.210 (4.3%)

4.846 (3.0%)
4.632 (1.5%)

6.100 (0.01%)
5.777 (5.3%)

Cortacno 3.4

2.991 (18.6%)

4.409 (43.5%)

4.583 (13.6%)

5.171 (9.9%)

5.580 (8.5%)

Tabsuna 3 — 3uavenns A, (k=1,2,...,5) mpu ¢ = 1.07.

Kak BujHo u3 rabsmi 1-3, npejiaracMast cxeMa TeOpPUN BO3MYIIEHUIT T03BO-
JIsileT BeCbMa CYIIECTBEHHO CHU3UTH IOTIPEIIHOCTh OlIpejesieHnsi 00paTHBIX BPEMEH,
B psijie CJydaeB BILJIOTH JI0 TOYTH JIBYX MOPSIKOB 110 Beanmdune. [Ipu sTom mopamox

I[IOI'pEIIHOCTH HE MEHACTCe IIPpU O9€Hb 3aMETHOM U3MEHCHMN CTCIIeH MUIIEJIJIN3alll
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pacTBOpa U COXPaHSETCd IPUMEPHO OJIMHAKOBBIM JIJISI BCEX PACCMOTPEHHBIX 00paT-
HBIX BpeMEH ObICTPOIl pestakcanun. Tem He MeHee, IVIaBHOE IIPUOJIMZKEHIE TOXKe JTaéT
XOPOIINil pe3ybTaT, paBHOMEPHbIII OTHOCUTEIBHO CTENEHU MUIE/IU3allud U HOMe-

pa k coOCTBEHHOI'O 3HAYEHHSI Aj .

S . Amin

—— i —
s o

~/

: C1
1.02 1.03 1.04 1.05 1.06 1.07 1.08 1.09

Pucynok 5.4 — O0paTHoe BpeMsi ObICTPOIl peslaKcallui A,,;, B KBa3UKalleJbHOI MO-

JIeJTI MUTIEJIT KaK (PYHKIIUS KOHIEHTPAIIMH MOHOMEPOB C7 .

Ha pucynke 5.4 nmokazaHa 3aBHCHUMOCTb OT KOHIIEHTPAIUN ¢; 00PaTHOIO BpeMe-
HI OBICTPOfi peaKCaInn Ay, Critonmas kpusag (1) mokaseiBaer 3nadenns (3.66),
[OJIyYeHHbIE TIPU KBaJIPATHYHON AIPOKCUMAIINN PabOThl arperalii, MTPUXOBast
KpuBast (2) — pe3y/IbTaThl pACUY€TOB 110 OCHOBHOMY YPaBHEHHIO OBICTPOil peslaKCaIin
(3.49), mTpux-nyHKTHPHAS KpuBast (3) — TOUHbIC 3HAYCHUST (PE3YJILTAT BHIYUCICHIS
criekTpa MaTpuibt M B (2.3)). CumBosiamut "% 7 TIOKA3aHbI pE3YJIbTATHI, 0Ty 9€HHbIE
METOJOM, OIMCAHHLIM B JAHHOI TJlaBe, U BUIHO, YTO OHU BECHMa, XOPOIIO COIJIACY-
I0TCA € TOYHBIMU 3HAYCHUSIMIL.

Takum 0bOpaszoM, HPeIIOYKEHHBIH B IvlaBe 3 MOAXOJ ObLI MOIU(UITPOBAH
TaKIM 0Opas3oM, 9TOOLI CTAJIO0 BO3MOXKHBIM €ro HCIIOJIb30BaHue 6€3 NPUBI3KU K all-
IIPOKCUMAIK PabOThl arperanyui B OKPECTHOCTH MUHUMYMa, HPUIEM YiKe IIepBOe
HPpUOJINKEHNE JTaBaJIo ObI JIOCTATOYHO TOJIHBIN yUIET crennduKn padoThl arperaun
JUIST KazK 101 KOHKPETHON MUIIEJISIPHON MOJIEIN. DTOT MOIN(DUITMPOBAHHBII 110JIXO0/T
[IO3BOJISIET CYHIECTBEHHO IOBBICUTH TOYHOCTH Pacdéra BPEMEH peJaKcalii U yHI-
BEPCAJILHOCTL aHaJIN3a OBICTPOIl peslaKCallii B CUCTEMAX C Pa3IMYHbIMEI THIIAMI

MHUIIEJIJT 1 MOJIEKVYJIAPHBIX alr'perarosB.
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5.2 IIunuHjapudeckue arperarbl

Onucannplit B NpEJIbIYIIEM pas3jiesie MeTOJ BBIYUCJIEHNN BPEMEH OBICTPOIt
pesTaKCaIli TaKyKe BO3MOYKHO HpuMeHuTh [11] m K cucreme IMUIMHIPUIECKIX ar-
peratos. Vcmosb3yst B KauecTBe Mojie/in paborbl arperanuu W, seipazkenue (1.20),
paceMOTpuM Jijist KOG QUIMEHTOB IPUCOESINHEHNST ¢, KaK JInHeiHyt0 Mojiesb (1.29),
Tak n Oosiee CaokHyo cheponnmmmuapuieckyo (1.32).

[t qucyieHHOro MHTErpupoBaHust ypaBHeHus (4.62) MOXKHO HCIIOJIB30BAThH
noxos, npepiokenustii B [9]. [Ipu takom momgxoge muddepenimaibHoe ypaBHe-
nue sroporo nopsiaka —= [(1+vyr) Z] P, (r) + Ayr+1 -2 —E),(r) = 0
YUCJIEHHO peraioch MerojgoM Pynre-Kyrror ¢ rpanudabivn yesiousimu Py (0) =
Pi(00) =0nu %

r=

JIaCh TOCJIeIyIolIeil HOpMUPOBKOIi pemnienus. [logdoupasmck 3navenns F = Ej, upn

= b. IIponsBotbHOCTH BHIOOpaA b BO BTOPOM YCJIOBUM YCTPaHsI-
0

KOTOPBIX peleHne 3aTyXa 0 Ha OeCKOHeUYHOCTH, YTO U OTIPEJIEIIIO CIIEKTP COOCTBEH-
upix 3Hadenuit Fj. Ha ocnoBe HailleHHLIX COOCTBEHHBIX 3HAYEHUI 1 COOCTBEHHBIX
yHKIHIT OBbLTM BHIYUCIEHBI BeJIMAUHbI 2, (4.60). DTu BeJIMUINHBI OKA3a/UCh OBICTPO
yOBIBAIOTIIIMU C POCTOM HOMepa k , TOITOMY JIJId HAXOXKJIEHNA HAMMEHBINX KOpHeit
ypasuenus (3.49) ObLIO JOCTATOYHO yUéTa HECKOJBKUX MEPBBIX UJICHOB CYyMMBL.

OnucaHHbIil aJITOPUTM TTO3BOJIIT HANTH YUC/IeHHOe pererne ypapaerust (4.59)
Kak st mpoctoit (1.29), tak u misg 6ostee cioxuoit Mogenn (1.32) xkosdddurmen-
TOB Tpucoe HeHnst. OTMeTHM, 4TO B TIOCTEHEM Caydae Yr B ypasHenuu (4.62)
3aMeHsieTCsT Ha, OoJiee CJIOXKHYIO (DYHKIMIO 7", & CaMO yPaBHEHUE HECKOJBKO BUJIO-
U3MEHSEeTCS.

Ha pucynke 5.5 npuBejieHO cpaBHEHUE BBIYHCIEHHBIX TAKHIM METOJIOM 0OpaT-
HbIX BPEMEH peslaKcallid ¢ TOYHBIMM 3HAYEHUsIMU, IIOJYUYEHHBIMHU IIPU I[TOMOIIN
MaTpPUIIbI M B BeIpazKeHnu (2.3) s AByX Mojeseii KoadOUIMeHToB mprcoe/i-

HeHun. HyHKTI/IprIMI/I JIMHNAMW Ha PHCYHKE 5.0 MHOKa3aHbl TOYHBIE 3HAYEHUS —

(10 —730)2

g1 C OeJIbIo y4de€Ta IIe-

COOCTBEHHBIE 3HAMEHHS] MATPHUIBL M (YMHOKeHHBIE Ha
pexojia OT t K T), a cumMBojiaMu ” * 7 1OKa3aHbl 3HAYEHMsI, [I0JIyYeHHbIE Ha OCHOBE
metosia Pynre-Kyrror. Obe Mozie/n 1eMOHCTPUPYIOT Ka9eCTBEHHO [TOXO0XKYI0 3aBHUCH-
MOCTBH OOPATHBIX BPEMEH peIaKCallni OT KOHIEHTPAINW MOHOMEPOB, a HaileHHbe
B paMKaX JIaHHOI TJIaBbl PEIEeHNs] XOPOIIO COTJIACYIOTCA ¢ TOUYHBIMU JJIS BCEX TTPU-

BEJICHHBIX BPEMEH peJIaKCAlluU [IPU PA3JIMYHbIX 3HAYCHUAX KOHIEHTPAIUN.
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Pucynoxk 5.5 — ObparHble BpeMeHa ObICTPOIl pestaKcaly JIId TUJIMHIPUIECKIX ar-
peraToB Kak (BYHKIMKU KOHIEHTPAIIMA MOHOMEDOB ¢ HPHU YHUCJICHHOM PEIICHUU C
qHeitHoN (J1eBbiit rpaduk) n cdeporuInHAPIIecKoi (IpaBblii rpaduK) MOJIEIbIO

KO3 PUINEHTOB TPUCOCTUHEHIA Ay, .

[Ipentoxkennbrit B janHoil TyiaBe aJbTepPHATUBHBIN TOIXO/ K PEIIEHUI0 OC-
HOBHOTO ypaBHeHUsi ObIcTpoil penakcarun (3.49) mokasblBaeT XOPOIIee COIJIACHe
C TOYHBIMH 3HAYEHUAMU CIIEKTpa OBICTPON peakcalm Kak JJjis chepruiecKux,
TaK ¥ I NWJINHAPUYCCKUX arperaroB, SIBJIALACH IIPU 9TOM 3HAYUTEJIbHO MeHee
pecypcoéMkmM. [IpocToTa yuéra pasandnbix Mojesneil padboTsl arperamnun W, m Ko-
3D PUIIEHTOB TPUCOSTUHEHUS @), W ABJISICTCA OCHOBHBIM JOCTOMHCTBOM OITMCAHHOTO

110/1XO0/1A.
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SakJiroueHue

OcHoBHBIE pe3y/IbTaThl pAbOTHI 3aKIIOUAIOTCA B CJICYIOTIEM:

1. Ha ocHoBe MuHmMu3annyu pabOThHl arperamuu o mapaMerpaMm (HhopMbl cde-
PONMJIMHIPUIECKON MUIE/IbI TOJydYeHa MOJIEb PabOThI, OMUCHIBAIONIAS
rIaJIKuil 1mepexos oT ceprudecKux K IMMJINHAPpUYeCKuM arperatam. Jlis
KO3 DUIUEHTOB [IPUCOSMHEHNS UJINHIPUIECKIX arperaroB I0JIyYeHO
AHAJTUTUIECKOE pelenne Jjid cheponajibHoil MOJETn W MPUOIKEHHOE
JUIsE COEPOIMIIITHIPITIECKOI.

2. Haiineno perenne muHeapm30BaHubIX ypaBHeHnit bekkepa-/lépunra B Bue
pas/IozKeHUsI 10 COOCTBEHHBIM BEKTOpaM ollepaTopa dBOJIONUK. B 1oy deH-
HOM pEeIIeHNH BbIJIEJIEHbl CTaJIUN CBEPXOBICTPOM, ObICTPOil 1 Me/JIEHHO
pesiaKkcalii U Ha OCHOBE aHaJIM3a COOCTBEHHBIX BEKTOPOB OIPEJIEICHBI CO-
OTBETCTBYIOIIIE STUM CTAJINAM BPEMeHa PeJTaKCAIIH.

3. BbIBejieHO 0CHOBHOE ypaBHEHNE OBICTPOIT pe/TaKCaIl, TO3BOJIAIONIee Hal T
BpeMeHa peJIAKCAINN JIJIsT MUTE/IAPHON CUCTEMBI ¢ MPOU3BOJILHBIMU MO/~
JIsiMU paboThl arperanuu u KodpOUIMEeHTOB TPUCOEINHEHNST TIPU TTOMOIIH
TEOPUN BO3MYIIIECHUII.

4. OcHoBHOe ypaBHeHHe ObICTPOIl peslakcalny yCIenHo IIPUMEHEHO B aHa -
TUIECKUX U TOJyaHAJIUTHICCKIX PAcIéTax CIeKTpa OBICTPOil pesrakcarimm
TS cucTeM cepruiecKnX ¢ IUJINHIPUIECCKIX arperaToB € pas3TmIHbIMUA
MojieIsiMU KoaddurimeHToB npucoennernst. C ero moMoIbo Moy IeHbl pe-
3YJIBTATBI, XOPOIIIO COIVIACYIOIIUECs C IIPEJICKA3AHISIME, MTOJYIeHHBIMU TIPU
YUCJIEHHOM peliennn ypaBHenuit bekkepa-/Iépunra.

Hanbreiiee pa3BuTue TPUBEIEHHBIX PE3YJIHTATOB COCTOUT B NMPUMEHEHNN OMUCAH-
HOW TEOPWH K JPYTUM MUIE/IAPHBIM CHCTEMAM.

B szakjiodenwe aBTOp BbIpakaeT OJIaroJJapHOCTb W TIYOOKYIO MpPU3HATE b-
Hocth Ajpkemsny JI.II. 3a HaydHoe pyKOBOJICTBO, MPOJYKTHBHYIO COBMECTHYIO
paboTy, IeHHbIE COBETHI U COJIEHCTBIE Ha IPOTSXKEHUN BCEX JIET 00YUEHUs, a TaK¥Ke
[Mléxuny A. K. 3a HeomeHUMBIN BKJIaJl B PaOOTHI, KOTOPbIE JIETJIN B OCHOBY JIAHHOI
JINCCEPTAITNN.

OtnesbHy10 0J1ar0JapHOCTh aBTOP BbIPpakaeT CBOEil OECKOHEUHO TepIesnBOil
»kere Operonok B.JI. 3a monuManme, MoJijiepKKy 1 IOMOIIb B BBITUTKE U KOPPEK-

Type TeKCTa JUCCepTalluu.
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ITpunoxxenme A

Henmuneiitnbie momean Ko3dUIMEHTOB NPUCOEANHEHUS JIJIs
OUJINHAPUYIECKUX MUIIEJII

B kauecrBe Mo/ yCTPOHCTBA MUJIMHIPUIECKO Mutesuibl yacto [35;45] pac-
cMaTpuBaeTcs cdepormnaap. Bynem nojnarats, uro R — 910 pagnyc chepuueckux
KPBIIIEK 1 Tejia MIINHApa, a L — moyHas jymmHa arperara. [Ipenedperast moiBuzK-
HOCTBIO arperaTa 110 CpaBHEHHUIO ¢ HOABMKHBbIMI MoHOMepamu [TAB, morxkem cBectn
1pobJIeMy HaXOXKAeHUsT KOAPDUINEHTOB IIPUCOEIMHEHHST a,, K 3a/1a1e IOMCKa, IIOJTHO-
ro j1uddy31n0HHOTO II0OTOKa MOHOMEPOB Ha arperaT. K coxkajeHuio, cdepouimHIp
He sIBJISIETCS] KOOPAMHATHOI IIOBEPXHOCTDIO, a 3HAYHUT IIOCTaBJIeHHAs 3a/iada He IMe-
eT aHAJIMTUYIECKOrO PeIleHns, 3aT0 aHAJTUTHICCKII Pe3y/IbTaT MOYKET OBITH 101y YeH
JUTsl BRITSHYTOTO cheponjia. IlosTomy yo0HO criepBa paccMOTPETb UMEHHO 3TY, 00-
Jiee TpocTyto, 3ajady. TakumM ob6pas3oM, yioOHBIM OKa3biBaeTCs paccmorpenne [9;13]
NIUIHHIPHYIECKON MUIE/UIB KaK cheponia ¢ 6oJblueil oIyochlo ¢ = £ u MeHbIm-

2

Mu mosiyocsiMu b = ¢ = R.
. 2
[Ipuaumast Bo BHuManue dopmyy odbéma cheponaa V' = % n cunTas,
9170 00BEM Vg , IPUXOJISIIIICS Ha OJMH MOHOMED B arperare, He 3aBUCUT OT UNCJIA
arperaiun n , MoJIydaeM:

drtab?
n=_— . a_n (A1)
37}0

— 4mR? .
BT IJIe Ng = ~3.= — YHCJIO arperarii B cepudeckoit munesie pajimyca K.
[omaerit auddysunonnbiii morok P monomepos ITAB na nosepxnocTs S Hero-
JIBUYKHOM IMJIMHAPUIECKONH MUIE/IIBI MOYKET ObITh BbIPayKeH KaK
Jdcy (r
P=a,c,=D des (r) ds'. (A.2)
on |g

0 "
31ech 081_I(Ir) — MPOM3BOJIHASA JIOKAJBHON KOHIIEHTPAINI MOHOMEPOB ¢ (') 1O Ha-
S

IpaBJIEHUIO HOPMaJIiu N K IoBepxHocTH cdepouia, a D — koabdurumerT auddy3un
moHomepos ITAB.

JlokajibHast KOHIEHTPAIs MOHOMEPOB €1 (I') TOUUHSIETCS] CTAIMOHADHOMY
ypasuennto guddysun Acy (r) = 0 (31ech A — oneparop Jlamraca) ¢ rpaHITHBIME

yeaosusimu ¢ (r)|g = 0 1 ¢ (1) = ¢1 . Permenne takoii 3a/a9n ¢ rpaHUIHbI-

7—00

MHI YCJIOBHSIMI MOYKET OBITB HOJIYUEHO C NCIOJIBL30BAHIEM H3BECTHOTO [54] pernierns
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3aJIa41 O HAXOXKJIEHUN 3JIEKTPOCTATUIECKOrO MOTeHIua a @ (r) mpoBOJSIIEro cde-
poujia ¢ 3apsiyiom e. Takoil morenrnuas yjuosjaersopsier ypasaennto A@ (r) = 0 u

IPaHUYHBIM YCI0BUsAM @ (T)|g = @5, @ (1) — 0. Cpa3pb nostnoro 3apsijia che-

7—00

poujia e u noreHnuassa @ (r) ompesessieTcsi COOTHOIIEHNEeM, aHaTornaHbIM (A.2):

1L [ 0g(r)

— | T ds. (A.3)

S

e =

CorytacHo perennto, TpuBeIGHHOMY B [54], moTeH Al @¢ Ha MOBEPXHOCTH BbIpazKar-

eTcs Yepe3 MOJIHBIN 3apsty cepornga COOTHOIICHIEM

e 1 2 —1

Ps = AN flx) = : A4
R f(%) (@) log (z 4+ v? — 1) (A4)
Bajada quddy3un cBOIUTCA K 3aja4e 3JIEeKTPOCTATUKU IIPU ITOMOIIN 3aMeH
(M)=ci()—a, o= ~ (A5
r)=c(r) — = — s = C1. .
(Y 1 ¢, € At D (% 1

B pesyabrare mosydaem:

AThDE [/ 45 — 1
p— | (A.6)
a a?
log <§ + " 1)

B npenesne a — R Boipaxkenne (A.6) mpeBparmaeTcst B BbIpayKeHMe JIjIst CTalnoHap-

HOTO JINPPY3MOHHOIO TTOTOKA Ha HEIOJBUXKHYIO cdepy:
PUPh) — 4mbDé, . (A.7)

[Tosb3ysick cootHomennem P = a,¢; u pasenctBamu (A.1), (A.6) u (A.7),
MOYKEM HAINCATH BBIPAYKEHUE JJIsI Gy, B MOJICJIN BBITSHYTHIX CHEpONIOB B 00IACTH

C YuCJaMM arperamvum n > nyg:

x2—1 n
Ap = Qngy * Jspheroid \T) , spheroid \T) = y L= A8
o " fopheroia (T) s fspheroid (%) log (2 - Vo7 = 1) o (A.8)
C smmefinoii o (n — ng) TounocThio moaydaeM n3 (A.8):
1
an:an0<1—|—§(n—n0)+...>, (A.9)

YTO 1 O0BSICHSAET BBIOOD MHOXKHTENS h = % B BhIpazkenun (1.29).
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Bajiava HaxoxKIeHud JIuM@Y3MOHHOTO OTOKA Ha CQEpOImINHIP, KakKk U B
PaCCMOTPEHHOM BBIIIIe ciiydae ceporia, IKBUBAJICHTHA OMPEIeJIeHIo M0t @ (T)
3apsKeHHOTo cdepornuanaapa. Eé yaodHo pemarbh B chepudecKoil cucTteMe KOop-
JMHAT C TIOJIIPHOl OChIO (OCh Z), HAIPABJIEHHOl [0 OCH IUJIMHJpA, ¥ HAYAJOM
KOODJMHAT B IIEHTPE CUMMEeTPHUHN cheponmIniIpa. B cuiy cuMMmeTpun 3a1adu 1moJie
@ (r) 3aBUCUT TOJBKO OT MOJAPHOIO yria 6 U pacCTOsHUS T OT HAYAJIa KOODIH-
Har: @ (r) = @ (r,0). Cummerpust 3a/a9i OTHOCHTETHHO OTPAKEHUS 2 4> —Z
osuadaet, 9t0 @(7,0) = @ (r,7T—0), u TOrAA BBINOJHEHNE IPAHITHOIO YCIOBUS
¢ (r,0)|s = @, gocrarouno norpeboBaTh Ha MpaBoil IpaHuile cedeHust chepory-

JINHJIpa, TTOKA3aHHOI'O Ha pucyHke A.l.

A
<

Dp.k= == eF ==

Pucynok A.1 — Ceuenne chepormnunipa. 2KupHoii JuHueil mokazaHa rpaHuma, Ha

KOTOpOii craButcs yeiaosue @ (1) |g = @ .

(47‘[R3 +T(R2L>
Yucsio MOHOMEPOB B ¢epOIINHIPe 38/1a6TCs BhIPasKeHUEeM 1 = T
IIO03TOMY OTHOIIECHME
n 3L
—=1+= (A.10)
o 4R
3aBUCUT TOJIBKO OT % . B cumy macmTrabHoll mTHBAPHMAHTHOCTH OTHOIICHIE ;—" = 1];—"

n0 0
TaK»Ke 3aBUCHUT TOJIbKO OT 3TOrO IapaMeTpa, IO3TOMY BCE PACYEThI NPOBOIUJINCH

npu R = 1 ¢ COOTBETCTBYIONIUM I1€PEXOJIOM K apryMeHTy n% coryacuo (A.10).
Bynem uckarh perienme B BHUJE pPa3JIOKeHUs IO CUCTEME TapMOHUYECKUX

bynxuuit B, (r,0) = r~ 1P, (cos 0), rue P, (cos 0) = Q%M(?)(Cg%)n(cos% — 1)n — 110~

muHOMBI Jlexkauapa. Oyukimn P, (r, 0) ynosiaersopsitor ypasuenno A, (r,0) = 0
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u yciaosuio P, (r,0) — 0 npu r — oo. s Beinosnnenust yeaosusi @ (7, 0)
@ (r, 71— 0) Hy’KHO HCIIOJIB30BATH YETHBIE 3HAUeHHsT 1. TakuM 00pa3oM, 3anuiiem

peuieane B BUAE:

¢ (0,7) = @, ZAn r Py, (p), p=cosb, (A.11)
n=0
MHOZKHUTENb @ BbIICICH st yinobersa. [lpubmmkénnoe pernenne HaiiéM, OrpaHn-

q1UBasiCb B CYMM€ KOHEYHbBIM YHCJIOM CJlara€MbIX 10 N u BbI6I/IpaH KOS(beI/HH/IeHTbI
N

A, u3 TpeboBaHus HAMJIYUIIEro BLIIOIHEHUs yeiosusd . A, r; 172 Py, (ps) = 1,
n=0
e (rs, ps) — TOUKH, JexkKarnye Ha mnoBepxuoctn cdepormniapa. Vemnonssyem s

9TOrO METOJ HAMMEHBIITNX KBA/PATOB: BEIOEPEM Ha MOBEPXHOCTH HEKOTOPbI HAOOD
Touek [(rs)., (ps)i), K = 1,2, ...,M, M > N u naiinem xosbduruenrs: A,
2
—1-2n
MUHIMHU3UPYIOIINE BEJINUNHY Z [(Z A (7“5 ) Py, <pgk>>> — 1} . Uckomyio

k=1
CBsI3b IIOTEHIMaJIa Ha IIOBEPXHOCTU (Pg C IIOJIHBIM 3apdJOoM € IIPOIe BCEro HaﬁTI/I,

paccmatpuBast norernuat (A.11) B gasékoit obaactu. YuanteiBas, ato Py (p) = 1,
wHaxoanm u3 (A.11) crenyroree Boipaykenne: @ (0,71) ~ A—0;‘5, r — 00, KOTOPOE 1
OIIpeJIeNIsieT UCKOMYIO CBsi3b € = Ag @y .

TouHOCTD HOTYYEHHOrO PEIIeHIs OIEHNBAJIAChH 110 OTKJIOHEHUAM IIOTEHIAIA,
Ha nosepxuoctu @ (r,0)|g or 3nadeHns @ . st KOHTPOJIs OBLIO IPOBEJEHO CPaB-
HEeHUe aHAJOMMYHOIO HPHUOJIMKEHHOTO PAcdyéra I MO cheponia ¢ TOYHBIM
pemenneM (A.8). [TorpemnocTsh pacuéra Bo3pacrasia 1o Mepe yBeﬂquHMﬁ OTHOIIIE-
st % (1o ecrb ¢ pocrom ). Pacuérel ObL1it J1oBe1eHbL 210 sHaveHns 5 = 4 (e =14).
MaxkcumasbHast OTHOCUTEIbHAS IOrPenHoCcThL coctasuia 0.1% .

[IpencraBum pesyabrarst B Buje (1.28). @yuknus fs. (z) B obaactn 1 < x < %
(0 < % < 3) JOCTATOMHO XOPOIIO AIIPOKCUMHDYETCs HOIMHOMOM fo =~ 1 +
5 (z—1) —0.051 (z — 1)* (3aMeTuM, YTO MHOXKITE/Ib IPH JIMHEHHOM djIeHe TAKOil
xke, Kak 1 B (A.9)). COOTBeTCTBy}omee paziiozkenne QYHKIUH fspheroid () IMeeT Bu
fspheroia () =~ 1—|—% (x—1)—+ (v — 1) ¢ TeM JKe HauaJIbHBIM HaKJIOHOM. B obsactn

45
L o1

e L
x > % (3 > 5) oTHOmICHIE f”}r—&d)() XOPOIIO AIMIPOKCUMIPYETCs JTHHEHHO# (HyHK-
sc

npeit. Hopmupyst 91y yHKIHIO B TOUKe T = < (% = 1), B KOTOpPOii paccunTanHoe

i
3HAYEHNEe OTHOIIEHUSI MJ’;LE’;I)@) paBao 1.0114, moaydaeM OKOHYATEIbHO:

1+i(x—1)=0.051(z—1)*, 1<z<i
fSC (x) - 3fspheroid(x) 11 i : (A12)
Tol4 +0.021(z—175)° L~ %
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Takoe aHaJMTHIECKOE TIPEJICTABIEHNE Pe3yJibraTa yI00HO JIs JTaJbHeHIInx pacdé-
TOB 1 MOZKCT PACCMATPUBATLCH KAK SKCTPALOIALUs B 00/1aCTh 7 > 4 (1o Tex mop,
MoKa IolpaBKa B 3HamMenarese (A.12) He cTAHOBUTCS BeJIHKA).

Tounble pacuérsl [13| mokasbiBaoT, 4T0 KO(MDMUIUEHTH TIPUCOSJIUHEHUST J1JIsT
cheponmIMHIPOB BCIOAY MeHbIe KOI(MMUIUEHTOB JIJIsT BBITIHYTBIX 3JIJINIICONIOB
(ormmame Bo3pacTaer ¢ poctoM x u jtocturaer 6% npu x = 4). T0 MOKHO HHTEPIIpe-
TUPOBATH KaK CJEJCTBHE TOIO, UTO IPH OJMHAKOBBIX 00bEMAX ILIOMIAL Cheponia
bosbitie TIoMma I chepornaapa (Ipn o MHAKOBBIX 3Hadenusix R). IlompoGyem
y4ecThb 3T0T (GakT B BUje MOMPABOYHOrO MHOXKUTENs K (A.8).

[Ipeamostarast, 9To cpejHUE MOTOKK MOHOMEPOB Ha €JIMHUILY ITOBEPXHOCTH
cepormnpa 1 cheponya 6JU3KH, J100ABUM B BbIpaxKeHue JIA fopheroid (A.8)
IIOIPABOYHBII MHOXKHUTEJIb [3, paBHBI OTHOIIEHUIO ILIOIIAIel cheponmanHaa Sy,

1 cheponsia Sspheroid - YCI0BHE paBeHCTBa 00bEMOB cdepoluniapa 1 chepouia

21

3alliChIBaeTCA B BUJIE 4?”Rza = %”R?’ + mR%L , oTKy/a HEIOCPE/ICTBEHHO CJIeLy-
eT coorHoulenne L = %(a — R) . Ilnomanp noBepxuocTu cepornminaipa Ss. =
2nR(2R+ L) = @ (2R +4a), Torga Kak npn x = % > 1 mwioma/p HOBEPXHOCTH
ceponsia Sspheroid = 2 R? {1 + ;22_ - arcsin <V‘”;_1 } . Takum obpaszoM, moJjIyda-
eM:
S 2 1+ 22
p=—"" =2 - - . (A.13)
Sspheroid 31 + —~— arcsin ( YL _1)
X

B utore mMeeM clieiy oIy o animpoKCuMAaImio st fs. () :

vz —1 2 142
G —— g s Coe=t (A
log (z +va? —1) 314 2 - arcsin (” I;1> o

Ha pucynke A.2 uzobpaxkens! rpadukn HyHKIHN fg. (), TOTydeHHBIE TBYMST
criocobamMn — IpU TTOMOTIH BhIpazkenust (A.12) (criontHast JUHUA) ¥ DU TOMOIIHI
(A.14) (myuxTupHas quHns). Buano, 1o Beipazkenne (A.14) paboraer Xopormo: Max-
CUMaJIbHOE OTHOCUTEJIbHOE pasJ/indne JOCTUraeTcs npu & = 4 (9T0 COOTBETCTBYET
OYeHb OOJIBIIIM arperataM ¢ HU3KOil KOHIeHTparmeii) u paBHo Beero 6% .

Beipaxkerust (A.12) u (A.14) ucrob3yrorces I HAXOXKJICHNsT HANMEHBIIIEro
00paTHOrO BPEMEHU A, B CIEKTpe ObICTPOil pejakcaliny IUJINHIPUIECKIX arpe-

raroB B maBax 4 um 5. B kadecrBe Mojiesin pabOThl arperaii paccMaTpPUBaeTCst
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1.8]26
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Pucynok A.2 — 3aBucumoctb KoM GUIMEHTOB TPUCOLTIMHEHUST OT T =

% : CILJIOIII-
Hag U IIYHKTUPHAS JIUHUKM COOTBETCTBYIOT BeJIMUYUHE fg., MOJIYUIEHHON IIPU IOMOIIN

Boipazkennit (A.12) u (A.14) cooTBeTCTBEHHO.

Beipazkerie (1.20) co snavennsmu mapamerpon (1.24). 3aBucnMoctsb Ay, OT paB-

HOBECHOI KOHIIEHTpaIlul MOHOMEpOB IpuBejeHa Ha pucynke A.3. Bpewms 3mech
3ng(n.—nop)
a’noél

n3MepsieTcsd B eJUHUIAX T =

C1
0.995 1.000 1.005 1.010 1.015 1.020

Pucynok A.3 — 3aBucuMocTb MUHUMAJILHOIO 0OPATHOIO BpeMeHH ObICTPOIl peiakca-

I[UU OT PABHOBECHOI KoHIeHTpalun ¢; MoHoMepoB ITAB: cruiombast u nmyHKTHpHAS
JINHUH JIEMOHCTPUPYIOT PE3YJIbTATHI PACUETOB JIJIs1 CPEPONMIMHIPUIECKIX U chepo-

NJIHBIX arperarToB COOTBETCTBEHHO.

B paccmarpuBaemMoM Jiuania3oHe KOHIEHTPaIUii ¢; CTelleHb MUATIEIN3AINNI BO3-

pactaer oT 3HadyeHnsd & = 0.11 npu ¢; = 0.995 no &« = 0.83 npu ¢ = 1.02,
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B TO BpeMsi KaK CpeJHHUIl pasmep arperaroB BblpacTaeT OT 3Ha4YeHUusl n, = 94
10 n, = 215. 3amerum, 4TOo 00€ KpPHUBbIE, JEMOHCTPUPYIOIINE IOBEIEHUE Ay
BeIyT cebOsi CXOXKUM 0Opa3oM M MMEIOT CXOJHble 3HAUEHMsS, HO Pe3yJbTaT g cde-
POIMJIMHJIPOB Bcerjia Menblie, B cpeadeM Ha 10% , IOCKOJLKY 3HadYeHue d, s

cepolMINHAPUIECKIX aIPeraToB HECKOJILKO HIKE.
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ITpunoxenne b

HaxoxkgeHue criekTpa olieparopa pa3BUTHs BO BTOPOM IIOPsiJiKE T€OPUun
BO3MYIIIEHU

Jng maxoXjieHnsi cOOCTBEHHBIX (PYHKIUI W COOCTBEHHDLIX 3HAYEHUIl orepa-
Topa (3.52) BO BTOPOM TOpSIJIKE TEOPUU BO3MYIIEHUN TPeOyeTCsi BOCIOIb30BATHCS
CTaHaPTHBIMI (DOPMYJIaMHU, IPUBEIEHHBIME, Harpumep, B [52|. [Ipu sTom Ha10 yHau-
TBIBATh, 9YTO B JIAHHOM CJIydae OlepaTop BO3MYIIeHUsI B (3.52) COCTOUT 13 BKJIAIOB
MEPBOTO M BTOPOI'O TOpsijKa MaJsiocTu. [lompaBka mepBoro mopsijaka K COOCTBEHHBIM

SHa4YCHUAM HMeeT BUI:

1 1
B =Ha" (B.1)

3

Iie H]ZL — MaTPUYHBIC IJIEMCHTBI OIIEPATOPOB BO3MYIICHUA:
) 0) 5@ 0 .
i = (00 2O") | i=12. (5.2

YaureiBast, 910 oreparop (3.54) sBjsercsd HEUETHBIM M0 MEPEMEHHON 7', MOXKHO

SaKJ/IIOYUTL, 49TO
EY =0, V:ik>1 (B.3)
W_0, V:ik>1. .

HOHpaBKI/I BTOPOI'O IIOpsJdKa K COOCTBEHHBIM 3HAYECHUAM OIIPpEACJIAIOTCA BbI-

parKeHUAMUI
(2) _ (2)
Ek - Z E(o) B E(o) + Hk,kv (B'4)
J#k Tk J
B KOTOPBIX CyMMa — OObIYHAas IOIPaBKa BTOPOI'O IOPsJiKa, a BTOPOE cJlaracMoe —

BKJIaJ[ BTOPOTO MOpsiAKa, mopoxaaemblii H () .

Brrancsennst MATPHYHBIX 97I€MEHTOB ¢ moMomibio (3.54)-(3.56) mator

Hy(lz)c — k12 {& — ey + e3 (k+1)| 8 py1+
+v2k [% — 5e3+ qesk| &) k1t (B.5)

+3e3/(2k + 6) (2k + 4) (2k + 2) jy3+

+3eq/(2k — 1) (2 — 2) 2k5; 43
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B, = (e + 28+ e 46e )2 4 (— e — 9+ 23 k4 Hel] . (B.6)

[Toxcranoska (B.5) u (B.6) B (B.4), ¢ yuaérom (3.57) npuBoanT K OKOHYATEIHHO-
My BbIpazkeHuto (3.59) it mOMpaBKU BTOPOTO MOPsiJKA MAJOCTH K COOCTBEHHBIM
sHaueHusM. MoyKHO OTMETUTH IPOCTYIO 3aBUCHMOCTL OTBETa OT k2, BOZHUKIIYIO
OJ1aroapst 3HATUTEILHBIM YIIPOIIEHUSIM TIPU CJI0ZKEHUN JIByX BKJIaI0B B (B.4).
Cobcereennbie hyHKIII Py orepaTopa H B0 BTOPOM TOPSIJIKE TEOPUN BO3MY-

HIeHUIT ONpelesIdoTCs COOTHOIIEHUSIMU

b =)+ + 0, (B.7)

1 2
rae 1I)I(€) n II)]g) — IIOIIPpaBKM IIEPBOI'O 1 BTOPOI'O IIOPAJKa MaJIOCTH COOTBETCTBEHHO!

ot

(1) _ j, k (0)

by =D 70 E(O)ll)j ) (B.8)
Jj#k Tk
5 H]@) H(”H( )
1l)l(c) — Z ©) k(O) ‘l‘ Z Z ORI ONT=O) ©) 11)1
j#kE —E} l#k#k (B —E") (B, -E, (]59)
H(l H(l) :
-5 Gt 1Y E'@)?wk

[TepBoe caaraemoe B (B.9) anasoruano (B.8) ¢ TounocTsio 110 3aMenbr Hj(lli na H (2]1 :

J1s1 BIMMCIeHNS BEJIMYUH Yy, Oy/eT NCIOJIB30BAHO COOTHOIIEHUE Yy = [kgy,
nosiyaerntoe B (3.45). Ilpu Bbranciienubix Boime Ej 970 TpedyeT HAXOXK/ICHUs BEJIU-
auH g = (g, Px) A1 Bcex BO3MOXKHBIX k . Besmanna gy He mpeicraB/isier nHTepeca,
ocKoJIbKY Foy = 0, a, ciaegoBaresibio, 1 yg = 0 (ITO sSIBJISIETCST CTPOIUM PE3Y/IbTa~
TOM, CIIPABEJIJIMBBIM BO BCEX MOPSJIKAX TEOPUN BO3MYIIEHUIT).

[ns Berancienns g nias k # 0 Bo BTOPOM IIOpsIjiKe TEOPUH BO3MYIIEHMI
JOCTATOYHO MCIO0JIb30BaTh cootHomeHus (B.7)—(B5.9) u paznoxenne Besmaunb g (1)

JI0 BTOPOT'O HOPSIIKA:
g(r)=g" (r)+g" (r) + 4% (r) . (B.10)

N3 (3.30) u (3.31) mMoxkHO HaiiTH:

2 (B.11)
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Oynxmmm ¢ (r) u g (r) ynobno ncnons3oBaTh B BHjle PA3IOKEHHS 110 ll)l(co) ;

g ()= VIVZ0 gy = VT (30" + 6v20)" + 2v6w") . (B.12)

2 8
Kak cienyer u3 (B.12), B IVIABHOM IOPSJIKE TOTJIA MOXKHO ITOJIyYUTh:

0) _ ( 0) <0>> _ Vg B.13

9. g, 1-1)]{; \/§ k.1, ( )

(0)

TO €CTb TOJIBKO B€JIMYUHa ¢y~ OTJ/IM4YHa OT HYJIA. HepBaﬂ IIOIIpaBKa OIIpeaeIsA€T-

Cd CYMMOWA

g = (g w)") + (0 w) . (B.14)

[Tepsoe craraemoe naxoxnm u3 (B.12) ¢ yaérom (3.58):

1 4,0y _ VT &5 §5 @5 B.15
(g ,ll)k) 83\/§< 3 k70+2k,2‘|‘ 5 Ok | - (B.15)

Berancienne sroporo ciaaraemoro B (B.14) tpebyer Takxe yuéra (B.5) u (B.8). B

pesyJsibTaTe IoJydaeTcs:

(g(o)ﬂl);(fl)) = \\é—g [3825351@0 + (

[Toce mogcranosku (B.15) u (B.16) B (B.14) okoHYaTEJBHO MOy TaeM:

1 _ 3T \4/7_‘<1 3 )5,&, (B.17)

9. = — A 836k,0+\/§ An +§€3

V3
— . b.1
An. + 383) O 2 + 5 €304 (B.16)

Taxum obpazoM, MOIpaBKa MePBOro MOPAIKA MAJOCTH COJEPKUTCS TOJTBKO B BEJIH-
JUHEe gél) (kak OBLIO CKA3aHO BBIIIE, BEJIUTHHA g(()l) He TPEJICTaB/IsIeT MHTEPeca).
Benuuunsl g ¢ k > 2 He cojep:KaT HU IVIABHOI'O BKJIaJa, HU TEPBOIl TONPABKU 1
He JIal0T BKJIaJa B OCHOBHOE ypaBHeHue ObICTpoil pesakcanun (3.49), B KoTopoe oHU
BXOJAT B KBaJIpaTUdHON koMmOunanuu y: = FEigr.

Bropyro nomnpaBky HeOOXOIUMO BBIYHCIUTH TOJIBKO JIJIS BEJMIUHBI 1, OHA

COMEPKUT 3 BKJAJa;
g = (62 0") + (M w) + (67 0P) (B.18)
Ucnosbayst (3.57) u (B.11), MmoxkHO HaiiTu BeIpakenue Jijisi neporo Briaja B (B.18):

15V2y/m (7
(g, iy = —64‘/_ (Eag - 484) . (B.19)
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Ucnonpzosanne (3.58), (B.5), (B.8) u (b.12) nossossier Bropoit Briaan B (B.18)

HalliCaTb B BHAEC:

3V 2y 16
(g, Py = \/6;4ﬁ (A:’ + 53 5%) : (B.20)

Tperuit BKJ1a1 onpejiessieTcst ipu oMot cootromenuii (3.58), (B.5), (B.6), (B.9)
n (b.12):

0 gy Y2V (16 96ey 321, 5ol
(g 71'|)1 ) 64 (Ans)g ATLS 2 53 : ( : )

[Togcrasizas (B.19)-(B.21) B (B.18), moayuaewm:

@ V2ym [ 16 48¢
Y (Ang)?  Ang

YuursiBast nostydentbie pesyabrars ((B.13), (B.17) u (B.22)) u nepexomns k

+51e3 — 60 84) : (B.22)

Yr = Ej gi , npuxouM K mpuBeéHHbIM B (3.60) COOTHOIIEHUSIM.
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Introduction

Relevance of the topic: The phenomenon of formation of stable aggregates,
called micelles, in surfactants solutions has been known for over a century and
has found wide application in modern technologies as detergents, dispersants and
emulsifiers [1;2]. In contrast to nucleation and coagulation, which are irreversible
processes, micellization appears to be a reversible one. After initial transition to a
nonequilibrium state, self-aggregation in the micellar system leads to establishment
of a new stable aggregative equilibrium of micelles in the surfactant solution
via ultrafast [3], fast and slow relaxation [1; 4-7| phases, which should be
considered as hierarchical stages of micellization. The thermodynamics and kinetics
of micellization have been intensively studied over the past decades [4;6; 8-19].
However, up to nowadays many fundamental questions on the mechanisms and
principles of aggregation and relaxation in micellar systems have not yet been
answered, and the amount of research in this direction tends to increase.

Elaboration of the topic: The foundations of the theoretical description of
the micelle formation kinetics were developed in the works of Aniansson [4;20], where
the continuous Fokker-Planck approximation for the finite-difference Becker-Doring
equations [21], which describe the molecular mechanism of aggregation, was used.
The proposed approach implies using thermodynamic models of the minimum work
for micellar aggregates formation that determines the equilibrium distribution of
aggregates sizes, and, thus, the degree of micellization, the average aggregation
number and the dispersion of the aggregation number [15;22].

Thermodynamic models of the aggregation work for spherical micelles for
various types of surfactants and solvents were considered in [23-29]. The kinetic
description of spherical micelles relaxation, which was based on the narrowness
of their aggregates sizes equilibrium distribution, allowed one to obtain analytical
expressions for the slow relaxation time [20] and the fast relaxation time [16;30].
The most straightforward way to calculate the relaxation spectrum is a numerical
solution of the linearized Becker-Doring system of equations. However, despite the
universality of this approach, it is very computationally intensive. Such numerical
calculations were carried out within the framework of the droplet model of an
aggregation work in [31], where it was shown that the analytical theory for the

molecular mechanism of micellar relaxation in solutions with spherical micelles leads
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to a good agreement for a slow relaxation time but to a noticeably worse one for
a fast relaxation spectrum. In [32] a successful attempt was made to improve the
quality of analytical predictions of fast relaxation times for the droplet model of
aggregation work using perturbation theory, but applying the same method to the
quasidroplet work model did not provide a satisfactory result.

Another type of molecular packing in surfactant aggregates at higher
aggregation numbers leads to the formation of cylindrical micelles, which aggregation
numbers equilibrium distribution is significantly wider. New features, appearing in
the kinetic behavior of micellar systems due to the polydispersity of cylindrical
aggregates, require a specific analysis. In [33-36] an analytical kinetic theory of
micellar formation in cylindrical micelles surfactant solutions with the molecular
aggregation mechanism was considered. This theory demonstrated the existence of
a hierarchy of specific fast and slow relaxation times for systems with cylindrical
micelles and associated these times with micelles characteristics and surfactant
concentration. Despite good predictions of a slow relaxation time [4;37], analytical
predictions of fast relaxation times demonstrated bad agreement with numerical
results. An additional difficulty in the relaxation spectrum of cylindrical aggregates
analysis is a construction of aggregation work models and monomer to micelles
attachment coefficients, which increase with an aggregate sizes increasing becomes
very significant for the calculations in cylindrical micelles systems. While for
spherical micelles the explicit form of attachment coefficients [38] was calculated
in the random walk model, for cylinders the simplest [34] phenomenological model
of direct proportionality of attachment coefficients to the aggregation number in
the cylindrical micelles region, not convergent with the area of premicellar spherical
aggregates, was used.

The main goal of the research is to perform analytical calculations of a
fast relaxation spectrum for various micellar systems.

In order to achieve the goal the following tasks have to be solved:

1. Construction of the aggregation work model describing the smooth passing
from spherical to cylindrical aggregates. Generalizing the random walk
method to calculate realistic attachment coefficients for cylindrical micelles.

2. Identification of physically significant times corresponding to different
stages of relaxation from a relaxation spectrum found by a direct numerical

solution of the linearized Becker-Doring equations.
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3. Developing the general scheme for the passing to a continuous description
of micellar relaxation that does not use approximations for an aggregation
work and attachment coefficients.

4. Applying the developed scheme to calculate spectra of fast relaxation in
various spherical and cylindrical micelles systems.

Summary of the thesis:

Chapter 1 formulates the main statements of micelle formation kinetics,
introduces basic definitions, gives discrete Becker-Doéring kinetic equations which
describe relaxation of micellar systems and considers different models of an
aggregation work and attachment coefficients.

In chapter 2, the solution of the complete system of linearized Becker-Doring
equations is sought in the form of a decomposition on the evolution operator
eigenvectors. In the obtained solution, the stages of ultrafast, fast, and slow
relaxation are identified, and relaxation times corresponding to these stages are
determined via eigenvectors analysis. These relaxation times are used as verification
times for alternative, less resource intensive methods in the following chapters.

Chapter 3 discusses the general analytical approach to the passing from
the finite-difference Becker-Doring equations to the differential ones. Within the
framework of this approach, the equation determining the spectrum of fast relaxation
times of micellar systems is derived. Specific calculations are performed in the second
order of perturbation theory for the three models of spherical micelle aggregation
work.

Chapter 4 considers systems with coexisting spherical and cylindrical
aggregates characterized by the polydispersity of the aggregates. Two methods
of calculating fast relaxation spectrum in such systems are presented. The first
method is based on the traditional for such studies application of the Laguerre
polynomials. The novelty of the method consists in using these polynomials as a
basis for the evolution operator instead of directly using them as eigenfunctions of
the evolution operator [34]. An alternative method is based using of an effective
potential constructed for the given models of aggregation work and attachment
coefficients. The effective potential method is used in conjunction with the main
fast relaxation equation obtained in chapter 3, and appears to be universal for
various micellar systems.

Fifth chapter is devoted to the application of the semianalytical modification of

the effective potential method without using approximations of an aggregation work
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and attachment coefficients. The results of using this method for both spherical and
cylindrical aggregate systems are presented.

Appendix A contains the derivation of the nonlinear models of attachment
coefficients for cylindrical micelles. An exact analytical expression for the
spheroidal model of cylindrical aggregates and the approximated solution for
the spherocylindrical model are obtained .

Appendix B contains calculation details in the second order of perturbation
theory from chapter 3.

Scientific novelty: All calculations and main results are original and have
been published in several papers, in Russian and foreign journals.

Practical significance: The work has a theoretical nature.

Methodology and research methods: The work methodology is based
on the methods of nonequilibrium statistical physics, quantum mechanics, linear
algebra, and computer calculations. Maple 2017.0 and Wolfram Mathematica 10
computing environments were used for calculations and visualization of results.

Thesis statements to be defended:

1. The random walk model makes it possible to obtain an exact analytical
solution for spheroidal micelles attachment coefficients and to construct
an approximation for the spherocylindrical micelles attachment coefficients
based on this model.

2. Numerical solution of the linearized Becker-Doring kinetic equations allows
different stages of relaxation to be identified in the overall spectrum of
relaxation times by analyzing corresponding eigenvectors.

3. The problem of fast relaxation spectrum calculating can be formulated
in notation of a universal eigenvalue equation applicable to any type of
micellar system. An effective solution of this equation is based on solving
the problem of the motion of a quantum particle with a variable mass,
defined by attachment coefficients, in a field with a potential, defined by an
aggregation work.

4. The accuracy of relaxation times analytical predictions significantly
depends on the completeness of the accounting of an aggregation work, as
demonstrated in the methods proposed in this thesis.

The reliability of the obtained rigorous analytical results is ensured by the

rigor of mathematical calculations. The accuracy control of approximate analytical
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methods is carried out by comparison with the results of a full matrix equation

numerical solution.

Personal contribution of the author: All calculations and main results

were obtained by the author himself or with his personal participation.

Approbation of the research:

The main results of the work were reported at:

International conference ”Science and Progress 2017”7, November 13 - 17,
2017, Saint Petersburg;

International conference ” Lomonosov-2018", April 9-13, 2018, Moscow;
International conference ”V international conference on colloid chemistry
and physicochemical mechanics”, September 10 - 14, 2018, Saint Petersburg;
"International conference on self-assembly of colloidal systems 2018”7,
September 20 - 22, 2018, Bordeaux;

International conference ”Science SPbU — 2020”, December 25, 2020, Saint
Petersburg;

International conference ”Modern chemical physics at the intersection
of physics, chemistry, and biology”, November 29 - December 3, 2021,
Chernogolovka.

Publications: The main results of the thesis are presented in 6 printed papers
[8-11;13;14], 6 of which were published in the journals recommended by the HAC

and included in the Web of Science and Scopus abstract databases.

Thesis structure: The thesis consists of Introduction, 5 Chapters,

Conclusion, 2 Appendices and Bibliography. The thesis contains 103 pages, 37 figures
and 3 tables. The Bibliography includes 54 items.
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Chapter 1. Becker-Doring kinetic equations and thermodynamic models
of an aggregation work for micellar aggregates

1.1 The main statements of the kinetics of micellar formation

A surfactant molecules characteristic feature is the existence of their
hydrophilic and hydrophobic parts. At surfactant concentrations in the solvent
below the critical concentration of micellization (CCM), the surfactant exists in
the form of individual molecules named monomers. As the concentration increases,
the molecules first assemble into stable spherical aggregates, and then spherical
aggregates, by attaching more and more monomers, take more complex forms. In this
dissertation, the objects of study are micellar systems consisting only of spherical
micelles and more complex ones that include additionally cylindrical aggregates.

The subject of the study is the relaxation of micellar systems to a state of a
stable equilibrium. A special attention is devoted to one of the relaxation stages,
the fast relaxation, as a result of which a quasiequilibrium distribution in the region
of aggregates with sufficiently large aggregation numbers is established.

The relaxation process involves the emission and attachment of surfactant
monomers by aggregates. Such mechanism of relaxation is called molecular, or
stepwise one. The transitions along the aggregation numbers axis corresponding

to this mechanism can be written as follows:

A S 1) n=23 (1.1)

anC1

Aggregates consisting of n monomers will be denoted by {n} and called n-mers, and
n itself is the aggregation number, or just the size. Thus, the surfactant monomers
will be denoted by {1} . The value a, is the probability that an aggregate of size
n will attach a particular monomer per unit time. Then a,c; is the number of
surfactant monomers attached to the aggregate per unit time in a solution with
a monomer concentration of ¢;. Value b, has the meaning of the probability of
monomer emission per unit time by an aggregate of size n + 1. We will call a,, and
b, the attachment and emission coefficients, respectively.

Let us introduce distribution function ¢, of aggregates by aggregation number,

which is defined by a set of n-mers concentrations and depends on time ¢
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and aggregation number n. Taking into account the above described molecular
mechanism of aggregation number changing, an aggregate concentrations evolution

over time is described by the following equations:

dey,

_— = — Lln — L]hf’ 5 — 2, 3) cee 1-2
) s 12)
where J, is the flux along the aggregation number axis from {n} to {n+1}. Taking

into account (1.1) we can write expressions for fluxes J,, :
Jp = apcic, — by, n=2,3,.... (1.3)

System of equations (1.2) together with flux definition (1.3) is called the
Becker-Doring kinetic equations in a finite difference form and act as the basis
of the kinetic description of micelle formation and relaxation in micellar systems.
To close this system, an additional equation is required for the concentration ¢; of
surfactant monomers. If the total amount of surfactant in a unit volume is fixed,

the following equation is correct:

861 i 8cn
N iy (1.4)
o~ = ot

Substituting expression (1.4) into the right-hand side of (1.2), we can obtain an

equation for the concentration of surfactant monomers:

801 =
:égf — ‘_e]i - ;é;;t]ﬁ . <1'5)

The expression for J; should be considered separately. The first term in the
right-hand side of (1.3) is responsible for taking into account the total number of
acts of monomers and n-mers attachment per unit volume per unit time. Product
c1¢, has the meaning of the number of all possible combinations of pairs of monomer
— n-mer. In the case of an attachment of two monomers, the number of all possible

Cl(Cl

combinations is 271) . Assuming ¢; > 1 we get

— b262 . (16)

When an aggregative equilibrium is reached, all fluxes turn to zero (Vn :

J, = 0). We will denote equilibrium quantities here and further with the symbol 7~ .
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Assuming that emission coefficients do not depend on the monomer

concentration, we can express them as

~2 ~ o~

ac a,C1C

52:%, bpi1 = P =23, ... . (1.7)
C2 Cn+1

Thus, considering (1.3) and (1.7), fluxes J,, can be represented [36;39] as

1 iy C1Cy,
Jl = 5@1 (C% - ?02> ) Jn = Ay (Clcn - fl—canrl) , n= 27 37 cee (18)

Cn+1

Equilibrium concentration of aggregates ¢,, can be expressed using Boltzmann'’s
fluctuation formula through dimensionless (expressed in energy units k7" where k is
the Boltzmann constant and 7" is the absolute temperature of the system) minimum

work W, of {n}-mer formation and equilibrium monomer concentration ¢; [5;16;40]:
Gp = eV (1.9)

Here we assume W7 = 0.

In the ideal solution approximation, the entire dependence of an aggregation
work W,, on monomer concentration ¢; is expressed through term — (n — 1)logc; .
Then it is convenient to introduce W, — a dimensionless aggregation work at some

equilibrium concentration ¢; , conventionally taken as a unit, depending only on n:
W, =W, — (n—1)log(cy). (1.10)

With (1.10) relation (1.9) can be rewritten as follows:

Gp = e (1.11)

To determine the CCM, let us introduce degree of micellization & as
(1.12)

where M is the area of micellar aggregates in the aggregation numbers space. A
degree of micellization indicates what proportion of the total amount of surfactant
in a solution is contained in micelles. We will assume that the CCM is the surfactant
concentration at which & = 0.1 that is, micelles contain 10% of the total amount
of surfactant in the solution. In this thesis, we will consider surfactant monomer

concentrations that exceed the CCM.
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1.2 Spherical aggregates models

In this section, the solvent-surfactant system in the presence of only spherical
shape aggregates will be considered. For a complete formulation of the problem
definitions of an aggregation work W, and attachment coefficients a,, are necessary.

Let’s start with a definition of attachment coefficients. There are various
expressions for these coefficients [41-43], but size distribution of spherical micelles, in
contrast to cylindrical aggregates, is practically monodisperse, and we can assume
that all attachment coefficients are constant. Further we will assume them to be

equal to one, introducing the corresponding constant in the time normalization:

Vn: a,=1. (1.13)

Further we will consider several models of an aggregation work for spherical
micelles used for various combinations of surfactants and solvents, namely, two
models of direct spherical micelles (the droplet and the quasidroplet ones, described
in [24-27]), and the star model of spherical micelle [28;29]. The considered direct
micelles models assume that surfactant molecules has a relatively small hydrophilic
head and a longer hydrophobic hydrocarbon tail. The droplet model assumes that
molecules of the polar solvent do not penetrate hydrophilic crown and hydrophobic
core of the micelle. In contrast, the quasidroplet model of aggregates assumes a
partial penetration of solvent molecules between polar heads of the surfactant.
This model assumes that polar heads of surfactant molecules are smaller and their
hydrophobic tails are stiffer than in the case of the droplet model. The star model
is created for micelles formed in solutions of the diblock copolymers with a long

hydrophilic group and a short hydrophobic one.

1.2.1 The droplet model

The most commonly used model of direct spherical micelles is the so-called
droplet model for a spherical aggregate with a liquid-like core formed by hydrophobic
fragments of surfactant molecules, introduced by Tanford 23| and actively developed
and researched later (e.g., [24;25;27; 31]).
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An aggregation work W, as a function of an aggregation number is defined

in the droplet model as

W, =wi(n—1)

[SSIESS
win

+wy(n—1)+ws(n—1)3. (1.14)

The first, second, and third terms are related to the contribution of electric
repulsion in the electric double layer formed on the surface of an aggregate, to the
hydrophobic effect of hydrocarbon tails putting inside the aggregate, and to the
surface tension of an aggregate, respectively.

Let us choose parameters wy , we , w3 in the expression (1.14) with conditions
on position 7, of the minimum of the aggregation work W,,, on minimum value of
the aggregation work W, and on maximum value W, :

ns = 60, W, =10, W, = 20. (1.15)

From expressions (1.14), (1.15) one can get the model parameters:

w; = 1.011, wy = —8.213, ws = 17.305. (1.16)

Am,

—1
- -2

0 I ﬁ"" 1 1 TL"" 1 |
0 20 40 60 80 100 n

Figure 1.1 — Aggregation work W, as a function of aggregation number n in the

micelle droplet model in a polar solvent (1) and its parabolic approximation (2).

A plot of aggregation work W,, value with parameters (1.16) is shown in figure

1.1. Here 7, is the position of minimum W, = W, - of aggregation work W,, and
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Ay, characterizes the half-width of the potential well of work W, plot (we define
Ang as Ay = [75—2—).

V()

n=ng

This model of an aggregation work shows characteristic behavior that will

be further observed for the other models: the existence of a maximum at small
aggregation numbers (n = n.), a minimum — at large aggregation numbers (n = n)
and an increase in aggregation work for n — oo (as opposed to droplet formation
processes).

We will call region n < n. up to the top of the potential hump as the
premicellar region, area around point n. as the near-critical region, and region
In — ng| < Ang around minimum n = n, as the micellar region of an aggregation
work [5; 30; 43; 44].

Note that for the droplet model, the parabolic approximation describes well
the behavior of an aggregation work near the bottom of the well, which simplifies

the construction of an analytical method for finding fast relaxation times spectrum.

1.2.2 The quasidroplet model

The droplet model completely excludes penetration of water into a
hydrocarbon core. At the same time, it is known from experiments (and it was
recognized in the original work describing the droplet model [23]) that water
molecules can partially penetrate inside micelle. It turned out possible [26] to
build the model for a spherical molecular aggregate, allowing the penetration of
water molecules into aggregate and, therefore, implementing another version of
the structure of a hydrocarbon core. Constructed in [26] model of an aggregation

work looks as follows:
Wn:vl(n—1)2—|—v2(n—1)%—l—vg (n—1). (1.17)

Despite the changes that the contributions to an aggregation work have acquired, the
resulting work has the same characteristic features as the droplet work (see figures
1.1 and 1.2). Similarly (1.14), the contribution due to electrostatic repulsion prevents
unlimited growth of micellar aggregates, and the hydrophobic effect contributes to

the minimum formation in the aggregation work plot.
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In [19], the micelles size distribution in an aqueous solution of the zwitter-ionic
surfactant octylphosphocholine was obtained by the molecular dynamics method.
This distribution was used to find the aggregation work for micelles consisting of
2 -+ 40 molecules, and its dependence on the aggregation number was found to be
in agreement with expression (1.17).

For the convenience of comparing the quasidroplet model with the droplet
one, parameters vy , vg, v3 from expression (1.17) can be searched using conditions

(1.15), and then they will take the following values:
v = 0.0667, wy=—1.069, v3=4.445. (1.18)

Figure 1.2 shows a plot of the quasidroplet model of an aggregation work

using parameter values (1.18).
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Figure 1.2 — Aggregation work in the quasidroplet model (1) as a function of

aggregation number n , its parabolic (2) and cubic (3) approximations.

As can be seen from figures 1.1, 1.2, the general form of the graph has remained
unchanged, but the potential well of W,, graph in the case of the quasidroplet model
is less symmetric and characterized by a smaller half-width than in the case of the
droplet model. The quadratic approximation near the bottom of the potential well
appears to significantly misrepresent the real behavior of the aggregation work, and

the cubic term must be taken into account to partially correct this.
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1.2.3 Model for diblock copolymer micelles

Diblock copolymer molecules form spherical micelles with a small core of
hydrophobic tails and a crown of long hydrophilic heads on the outside. To describe
diblock copolymer spherical micelles, we will use the star model of an aggregation

work in the form discussed in [28]:

W, =wi(n—1)

njw
Wi

+wy(n—1)+ws(n—1)3. (1.19)

In this expression, the first term describes the free energy of the hydrophilic corona,
the second term describes the hydrophobic effect, and the third term takes into
account the surface energy of the core.

In [28] it was assumed that w; = 1, parameter ws can vary in range 20 = 50,
and the depth of the potential well is quite significant. As an example, let’s choose
the following parameter values in formula (1.19): w; = 1, wy = —15, w3 = 30.
The corresponding plot of aggregation work W, for the diblock copolymer micelles

model is shown in figure 1.3.
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Figure 1.3 — Aggregation work (1) and its parabolic approximation (2) in the model

of diblock copolymer spherical micelles as a function of aggregation number n .
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The graph of the aggregation work for diblock copolymer spherical micelles
has the same characteristic features as the corresponding graphs for the droplet
and quasidroplet models. This allows us to build a general analytical theory of fast

relaxation for all three cases.

1.3 Models for coexisting spherical and cylindrical aggregates

Due to aggregate polymorphism in micellar systems, it may be necessary to
build a more complex model of an aggregation work than the ones discussed above.
The simplest case of polymorphism is a surfactant solution in which spherical
premicellar molecular aggregates coexist with cylindrical micelles. The transition
from spherical to cylindrical shape of a surfactant molecular aggregate occurs with
increasing the aggregation number n and corresponds to a change in the way of
molecular packing in an aggregate [35;45;46]. In such a case, it is reasonable to
use a piecewise function, the first part of which represents one of the models of
spherical aggregates, and the second part, in accordance with the experimental and

theoretical results [47;48], should be a linear function of n.

1.3.1 The piecewise model

Following [36], we will use the following model of micelle aggregation work:

_ w n—1%+w n—1)+w n—lg, n<n,
W, = vl Ut el = 1) s (= ) . (1.20)
WO—F%__?:;LOO, n > ny

This model uses the spherical aggregate droplet model (1.14) for aggregates
of size n < ng. Parameters w; and ng should be chosen to provide continuity of
the aggregation work along with its first derivative over the aggregation number n .
Parameter n, has the meaning of the average size of cylindrical micelles in region

n > ng at monomer concentration ¢; = 1. Thus, the aggregation work in this region
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can be [43| written in the form:

W, =Wy + ——2 (1.21)
ne — Ny

where
Wo = Wy — (ng — 1) log & (1.22)

and
1

- log 51 .

Ny = No + — (1.23)

Ny —No

In order to provide continuity of the aggregation work and its first derivative,
to provide the correct behavior of the aggregation work graph in regions n < ny and
n > ng, and to obtain realistic values of the extremes of work W, (n, = 60, W, = 10

and W, = 20), one can choose the parameters in expression (1.20) as follows:

wy =1.011, wy=—8213, ws=17.305,

- i} (1.24)
Wo=10.027, ng=62.033, f,=100.

Note that since the extremum conditions were chosen to coincide with (1.15),

parameter values w; coincide with (1.16).

Wn_
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Figure 1.4 — Aggregation work for the piecewise cylindrical micelle model as a

function of aggregation number n .



129

A plot of the dependence of aggregation work W, on n with parameters (1.24)
is shown in figure 1.4. There are common features of this graph and the similar
graphs for spherical micelles (figures 1.1-1.3), that are the presence of the potential
well and the rather high potential hump (note that ny < ng but difference ny—n, is
small), but there are also significant differences. For the spherical micelles considered
in the previous section, the potential well was approximated by the parabolic
approximation quite good and was relatively narrow, so that the corresponding
equilibrium distribution (1.11) had an almost monodisperse form, whereas the right
side of the potential well in the case of cylindrical aggregates has a linear form,

which leads to a wider equilibrium distribution.

1.3.2 The smooth model

The model of an aggregation work described in the previous subsection (1.20)
has a significant drawback: its second derivative, and thus the potential used in
chapter 5, are not continuous at n = ngy. To eliminate this problem, we construct
the smooth model of W,, based on minimization of an aggregation work by the
parameters of the micelle shape. As an example, consider the proposed [14;49]
aggregation work for spherical micelles, on the basis of which the work model for

cylindrical aggregates will be constructed:

[S:11N)

V_Vn = Q1 (n — 1) Ssph
3_%).% (125)

-1yt R e )
 Ssph

Here R is the radius of a spherical micelle, ag is the area occupied on the micelle

—qﬂn—l)—(n—l)log(l—w)%—

surface by the head group of a surfactant molecule, Sy, is the surface area of a
spherical micelle. In expression (1.25) the third and fourth contributions correspond
to the effect of excluded area and interaction between head groups of surfactant
molecules on the micelle surface, and the fifth contribution — to the conformation
effect of surfactant molecule tails compressed in the micelle core, assuming constant
density of tail segments inside the micelle core. This model of an aggregation work

applies to both forward and inverse micelles in a nonpolar solvent in the absence of
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water, assuming weak electrostatic interaction, whereas in [23-27| this interaction
has played a key role in stabilizing micelles.
By doing the same reasoning as in [14], we can obtain a modification of formula

(1.25) for the case of spherocylindrical micelles:

_ 1L 2
W= 0= 1 0= 1) = (0= D10g (1 ) +

12 1.26
( B 1) (B_ZSSco)SSg N ( R2_AR_ | g2 5L ) ( B 1) ( )
n Ty B s R T B 3p ) (N ’

where L is the length of the cylindrical part of the micelle, R is the radius of the
spherical caps, S, is the surface area of an aggregate.

Assuming a constant density p of hydrocarbon tails inside the micelle, we can
find the relationship between R and L:

e (1 + %> = (1.27)

n
3 AR) o
Using (1.27), for fixed aggregation number n we can consider work model (1.26) as
a function of variable L only and determine for each n value L > 0 that provides
the minimum of aggregation work. This approach for the values of aggregation work
parameters ¢; = 1.73, ¢o = —8.2, g3 = 1.6 - 1073, a9 = 21, p = 4.65 - 1072 yields

R and L values shown in Figure 1.5.

{L, R}

80
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40 ncrit ///

20

Y ‘ ‘ ‘ N
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Figure 1.5 — Optimal values of parameters L (dashed line) and R (solid line) in

model (1.26) for various values of aggregation numbers n .

Figure 1.5 shows that initially the micellar aggregate grows as a sphere,

increasing radius R by law ns , and then, starting from aggregation number n..;; =
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21, the radius value almost stops changing and linear on n growth of length L
begins. Work (1.26) with this behavior of R and L is shown in figure 1.6.

Wi,
15 W,

10 m

nc ncrit nS n
0] 20 40 60 80 100

Figure 1.6 — The smooth aggregation work for a cylindrical micelle as a function
of aggregation number n at monomer concentration ¢; = 1.5, corresponding to
x=0.31.

The plot of aggregation work shown in 1.6 has the same characteristic behavior
as (1.20): linear in n growth at large values of n, large width of the potential well
and similar description of spherical premicellar aggregates. In this case, the found
aggregation work is smooth, which allows the analysis of a full relaxation spectrum

described in chapter 2.

1.3.3 Models of attachment coefficients

The increased width of the equilibrium aggregate size distribution in the case
of coexisting spherical and cylindrical aggregates makes it impossible to neglect
the dependence of attachment coefficients a, on aggregation number n in region

n > ng as was made when considering only spherical micelles (1.13). However, it is
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reasonable to assume that in region n < ng all attachment coefficients are still equal

to unit. The simplest approximation is the linear dependence of a,, on n.

Linear model of a,

Let us consider the attachment coefficients in region n > ng in the form:
an = ap, f (), =—. (1.28)
In the case of the linear model, function f(x) will take the following form:
fin(x) =1+ h(z—1). (1.29)

In further calculations we will assume h = % An explanation of this particular
choice of the this factor value will be given in the appendix A (see (A.9)).

The undoubted advantages of the linear approximation for attachment
coefficients, compared with more complex models, are the possibility of obtaining
analytical expressions for fast relaxation times and accelerating numerical

calculations.

Nonlinear models of q,

As a model of a cylindrical micelle, one can consider a so-called spherocylinder,
that is an aggregate with a cylindrical body and two half-spherical caps at its
ends [35;45] or a spheroid [9]. In order to obtain a more realistic model of the
monomer to micelles attachment coefficients, calculations of diffusion fluxes on
cylindrical micelles with different aggregation numbers were performed [9;13|. Using
the terminology (1.28), it is possible to obtain an exact analytical answer for the

spheroid, which has the form:

Faera () = —~
spheroid \T) = log (x—l—\/Tl)

For the spherocylindrical model of aggregates it is impossible to obtain exact

(1.30)

analytical answers, so a numerical calculations were performed instead. Their results
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are well approximated by the formula

(1.31)

.fspheroid(x) 11
Toli4+0.021z—1.75) * =~ 8§

1+1(2z—-1)-0051(z—1)?% 1<zl
fSC(x){ y i

It also turns out that these results are described with high accuracy by the following
analytical expression:

2 1+ 2x
31—|— 22 arcsin(“”;_l)’

fsc (ZL’) = fspheroid ($) (132)

z2-1

where the second factor has the meaning of the ratio of areas of a spherocylinder and
a spheroid of the same volume. The detailed derivation of relations (1.30), (1.31)
and (1.32) are given in Appendix A.

Thus, this chapter describes a number of thermodynamic models of
aggregation work, on the basis of which the full spectrum of relaxation times
and the modes corresponding to these times describing the relaxation process of

micellar solutions will be studied in the following chapters.
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Chapter 2. Numerical solution of linearized Becker-Doring equations

2.1 Solution of linearized Becker-Doring equations as a decomposition
on eigenfunctions of the self-adjoint evolution operator

When studying system of Becker-Doring equations (1.2), (1.5), (1.8), it is
of particular interest to consider the linearized form of these equations. We will
linearize over small deviations d¢;, (t) of concentrations ¢, (t) of aggregates from their
equilibrium values ¢, (t) ¢, (t) = &, (t) + d¢, (t) where b¢, (t) < ¢, (t), neglecting
the nonlinear on deviations &¢, (t) terms . As a result, we obtain an expression for
the fluxes in the linearized form:
dcy, (1)

Cn

(2.1)

Equations (1.2), (1.5) with flux definition (2.1) describe the system behavior the
better the more strictly inequality |&, ()] < 1, is satisfied. The problem of the
applicability of the linearized equations analytically and numerically has been
considered in [20;37;40; 50]. The following replacement of variables turns out to

be convenient for analytical calculations:

dcy (1)
Vo

and leads to the self-adjointness of the evolution operator of a micellar system.

Uy, (1) (2.2)

Substituting the definition (2.2) into the Becker-Doring system of equations, we

obtain the equation on vector w = {uy,ug,...}:

ou n

where M is a real coefficients symmetric matrix having a tridiagonal form with a

nonzero first row and first column:
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(o e o ° e o o \
e o o 0 000 ---
° o o ( 0020 -
e () o ° 000 -
R o ° 0O0O0 -
M = o (2.4)
e 00 0O e o (
e 0 OO0 --- @ @ @
e 0000 -0 o @ ---
Bold dots denote the nonzero elements of matrix M defined as
M1 =—-amé — ) ary,
k=1
M=M= (ai_lég? _ai) VGG, 1=2,3,...,
M272 = (%a@—é—l—@) 51, <25)

_ G L
Mi,i = (ailé—i—l—ai> c1, 1=3,4,...,

— = i :
Mi,i—i—l = Mi+1,i = a;Cq 51‘4:1 , 1=2,3, ...

To calculate the spectrum of relaxation times via matrix M, it must be
truncated at some sufficiently large size N . Since the plots of an aggregation work
W, show an increase as aggregation number n goes to infinity, it is always possible
to choose such N that Vn > N : ¢, =~ 0. The plot of an aggregation work for
cylindrical micelles has a linear growth, so we have to choose N ~ 5000. In the
spherical case, growth is noticeably faster, and it is sufficient to choose N ~ 200 .
In the following chapters, a numerically found spectrum of matrix M , which we
will call "exact will be used to check the accuracy of various methods of calculating
the relaxation spectrum.

Equation

> A b =Nl (2.6)

determines eigenvectors 1|)§f) and real eigenvalues A; of matrix M. Eigenvectors

corresponding to different Ay are orthogonal and can be considered orthonormal:

> WP = 8y - (2.7)

n=1
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Here and below &y ,,, is the Kronecker symbol.
The complete set of eigenvectors 11)7(1]{) forms an orthonormalized basis for any
vector u(t) corresponding to a distribution function, and thus the solution of (2.6)

can be represented as an eigenvector expansion:
(1) =Y bpbPle ™ (2.8)
k=1
where by, are given by initial conditions . (t) = u, (t=0):
b= 3 Uy 29)
n=1

Solution (2.8) describes the evolution of a micellar system with relaxation
times 7\,;1 and their corresponding modes w%k) . In the following we will study the
different contributions to this solution under different initial conditions for micellar
systems. Among the large number of times with a wide range of values, only the times
corresponding to the stages of slow, fast, and ultrafast relaxation are of interest.
These times can be identified by the localization of their corresponding eigenvectors
ll)q(lk) in the space of aggregation numbers, which depends on the initial state of
a micellar solution.

Let us illustrate the just stated arguments about localization of eigenvectors
on the example of a system with spherical micelles. Because of the common for
all considered spherical micelles models ((1.14), (1.17) and (1.19)) large difference
between potential hump and well in aggregation work W, (see figure 1.1, 1.2, and
1.3) the relaxation time spectrum is characterized by a hierarchy of time scales. First,
during the ultrafast relaxation stage [3] to the left (1 < n < nc) of the potential
work hump W, a quasiequilibrium distribution of aggregates is formed. Then, in the
fast relaxation stage, the quasiequilibrium distribution forms to the right (n > n,)
of the potential hump, and the total number of stable aggregates in this region
does not change. In the next stage, the slow relaxation, the overall equilibrium
distribution is established by transitions of aggregates through the potential hump.
The characteristic times of different stages differ by several orders of magnitude.

Let us consider two characteristic types of initial perturbations in this system:
first, the addition of a small amount of surfactant monomers to an equilibrium
surfactant system and, second, the uniform dilution of an equilibrium surfactant

solution.
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Let initial equilibrium distribution &\ of the surfactant, according to (1.11),

be given in the form:

&0 = (&§0>> e (2.10)

n

First, consider the case where nonequilibrium is created at initial moment ¢ = 0 by
adding a small amount Acgo) = Béi‘” of surfactant monomers, where p < 1. As a

result, the new distribution 07(10) at t = 0 will have the form:

Cgo) =&+ Acgo) =(14+p) 6&0) ,

nt 2.11
5510):(5@) e n>1. (2.11)

As a result, the system will relax to equilibrium distribution state ¢, given by (1.11).

Deviations 56%0) at t = 0 from distribution ¢, can be written as:

59 =0 e — W [(0) ] no1 212
If we introduce
5oy =& — & (2.13)
and linearize the expressions (2.12) on 8¢; , they will take the following form:

st = B — séy, (2.14)
- n n - n—1 .
6059) — e_Wn [(6&0)) — (650) + 661> :| = —G_W"’I’L (6&0)) 661 , n > 1.

Substituting expressions (2.14) into the condition of conservation of the amount of

surfactant in the unit volume ) nécq(lo) =0 we get
n=1
° n—1 -
pel? = 56,3 2 (é§0)> e W, (2.15)
n=1

Using equation (2.15), one can express tinitial deviations 60,(10) from final

equilibrium distribution ¢, in notation of parameter (3 but it appears more
convenient to express [3 through deviations &¢; from the final state monomer
concentration by substituting (2.15) into (2.14). The result is

5050) =8¢ (i n’ (ESO)>n_1 e Wn — 1) : (2.16)

n=1
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By replacing 5(10) in expressions (2.14) and (2.16) with concentrations ¢ in the

framework of linear theory, we obtain finally:

5" = o\"sé,

2.17
607(10) = (py(lo)éél , n>1, ( )
where
(pgo) = Z kQEIffle*W’“ -1, o0 = —né?*le*W" , n>1. (2.18)
k=1

Consider now as an initial perturbation an uniform dilution of the solution
(that is, a (1 + ) times decrease, where 3 < 1, of all equilibrium concentrations
of monomers and aggregates in the solution at initial time ¢ = 0). In this case,

instead of expressions (2.11) we obtain:
&0 = (14p)" (55‘”)”6—% L n>1. (2.19)
Accordingly, instead of (2.12) one can write:
5 = 0 _ g — W [(1 —B) (5§°>)n — (& + 551)71} =1, (220)
and (2.14) is replaced by
50 = —Be W (6(10))n — 5éne <5§0)>n_1 , n>1. (2.21)

Analogously,

n—1

B> ne <5§°>> — 55 Y ne (éi“’) . (2.22)
n=1 n=1
By eliminating 3 in (2.21) with (2.22), instead of (2.16) we arrive at
- n o0 - k
G_W” (5(10)> Z k26_Wk <5(10)>
k=1
00 _ k
> ke Wk (5(10))
k=1

-1

- n—1
—ne <5§0)> , n=1.

(2.23)

Similarly to the previous case, assuming 650) ~ ¢1, we get instead (2.17) and (2.18):

5l = eVse, n>1, (2.24)

n
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where .
e Wn 7 er*Wkélf_l 7
) = =l —ne @t n>1. (2.25)
S ke Wick
k=1

Relations (2.2), (2.9), (2.17) and (2.24) allow one to find solutions (2.8) for
the specific models of micellar system aggregation work, as it will be done in the

following sections for spherical and cylindrical aggregates.

2.2 Spherical aggregates

Consider a system of spherical aggregates with quasidroplet aggregation work
model (1.17) and parameter values (1.18), assuming that attachment coefficients a,
are independent of n (Vn :  a, = 1). We will search eigenvalues Ay and eigenvectors
11)2’“) numerically, truncating matrix M at size N = 250. All calculations were
performed at monomer concentration ¢, = 1.07, which is larger than CCM ¢{" =
1.019 and corresponds to & = 0.68.

The spectrum of calculated eigenvalues A; contains A; = 0 corresponding
to the mass conservation law incorporated into the system, and others, positive,
A >0, k= 23...,250 is convenient to number in a value ascending order.
The smallest of these positive eigenvalues — Ay = 1.13 - 1079 — is several orders of
magnitude different from the following one A3 = 0.0418 and represents the inverse
slow relaxation time. Figure 2.1 gives a general view of the eigenvalue spectrum in
the case of spherical aggregates.

In order to select among all values of A, the physically significant ones
describing the observable stages of relaxation, we find amplitudes b, , using definition
(2.9) and calculated eigenvectors ll)%k) . The results for initial conditions (2.17) and
(2.24) are shown in figures 2.2 and 2.3 respectively at different scales for convenience.
In the calculations, value 6¢; = 0.001 was used for certainty.

For both types of initial conditions we observe two groups of significant
eigenvectors: for small values of k (k < 15) and for large values of k (k > 70). In the
region with large k significant vectors are interspersed with almost insignificant ones.
For example, eigenvector 1|)7(1116) corresponding to A6 = 15.1708 have the largest
weight in its group b1 while its neighbors w,&“"” at A115 = 14.9435 and 1])%117) at
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Figure 2.1 — Eigenvalues A; of matrix M for spherical aggregates in ascending order.

A117 = 15.7785 have weights b115 and by17 that are nearly zero. Despite the proximity
of the corresponding eigenvalues, the appearance of these three eigenvectors is
dramatically different, which is shown in figure 2.4.

Figure 2.4 shows that significant eigenvector 1])%116) describes relaxation in the
premicellar region, in which this vector is completely localized. The other significant
eigenvectors from figures 2.2 and 2.3 from the group with large numbers k& show
similar behavior. Their localization area covers more and more part of the premicellar
region as number k decreases, until it reaches the position of maximum W, and

passes over it. Let us write down the eigenvalues corresponding to these vectors:

{Ar =357, A3 =395, Arg=4.24, Ag3=4.62, Agr=05.15, Ag» =5.88,

(2.26)
Aog7 = 6.94, Ajga =855, Ajgo = 11.18, Ay16 = 15.17, Ajg3 = 21.43}.

To illustrate the above, here are the examples of eigenvectors 1])%70) at A;p = 3.57
and 1]),(183) at Ag3 = 4.62 in figure 2.5

Taking into account the observed localization of eigenvectors 1])%70),, 1]);83) and
11)7(1116) in the premicellar and near-critical regions, we can claim that corresponding
large eigenvalues A;, (2.26) determine the inverse times of the ultrafast relaxation
spectrum [3]. Note that the search for the ultrafast relaxation times requires
calculations not over complete matrix M but only over its relatively small block [3].
Thus, calculations of eigenvalues on a square matrix of size N = 20 fully reproduce
the set (2.26).
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Figure 2.2 — Amplitudes by after adding monomers to the equilibrium system at

three different scales.

Next, let us see how initial distribution 560 = (py(lo)f)él given by (2.18) and

(2.25) is transformed by going through fast and ultrafast relaxation stages. By

analogy with (2.2), let us introduce uw? = 56—\/?

o
ul) =xWser, XV = \/Z—n

After the ultrafast relaxation stage, all exponents with eigenvalues (2.26) in

(2.27)

solution (2.8) will turn almost to zero, and the sum in (2.8) will be given mainly
by the first 10 modes, whose values will not change during the ultrafast relaxation
phase. Final distribution u%l) = xg)éél is given together with u%o) in figure 2.6 for
the both types of initial conditions. The black dashed line shows initial distributions
(2.18) and (2.25), the red dashed line shows how the distributions look like after
the ultrafast relaxation stage is complete. One can see that the distributions have
changed only in the premicellar region and that the noticeable differences that

existed in this region for the two initial conditions have strongly flattened out.
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Figure 2.3 — Amplitudes by after dilution of the equilibrium system at three different

scales.

Let us show that the flattening of the distributions noted above is related
to the fact that for both cases of initial conditions, a quasiequilibrium distribution
is established in the premicellar region after the ultrafast relaxation stage. Such
distribution c\? = <c§qe)>n e~ has the form of an equilibrium distribution (1.11)

. . (& ~ (&
with some monomer concentration c§q ) =&+ 6c§q ) therefore

507({16) Cglqe) — Cp & né?*le*W”éc(lqe) , 6c§qe) = nge) — 1. (2.28)

Or, in notation (2.2),
e 5\ (2.29)

Value 6cgq€) is determined by the condition of equality of the amount of surfactants
in the premicellar region at the initial moment and after the stage of ultrafast
relaxation, during which only redistribution of surfactants in this region occurs.

As a result, we have:

Z ndc? = ¢, Z ne = chqe) Z n2& e (2.30)
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Figure 2.4 — FEigenvectors 1y,

),, 1|)7(1H6) and 1|)7(1117) as functions of aggregation

number n . From here on, the vertical lines mark the values of n., n,, and 2n, — n.

(a point symmetric to n. with respect to ny).
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[ no n
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~0.1 ~0.1
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Figure 2.5 — Eigenvectors 1|)£l70) and 1])5183) as functions of aggregation number n .

| ser 3 kol

Substituting equation 6c§qe = —=——in (2.29) gives
> k2 le=Wk
k=1

n

nefe s 3 koy

u? =x{10er, X = ————
S 2kl
k=1

(2.31)
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Figure 2.6 — Changes in the initial distribution as a function of aggregation number
n after the ultrafast relaxation stage completion for two initial conditions: monomer
addition (left) and dilution (right).

Figure 2.7 shows a close-up of initial distribution X%O) (black solid line),
distribution xq(ll) formed after the ultrafast relaxation stage (black dashed line),
and quasiequilibrium distribution X%qe) (red dashed line). All of them are localized
in the premicellar region. Both for the initial distribution with (p%o) defined by
expression (2.18) and for case (2.25), the plots of ngl) and Xffm coincide in the
region of aggregation numbers 1 < n < 10, which confirms the establishment
of quasiequilibrium in this region. According to (1.8), the establishment of

quasiequilibrium in the premicellar region means that J, =~ 0 in region 1 < n < 10.

0.005 \ 0.005

0.004 \ 0.004

0.0031 | XV “\ 0.003

0.002 “\ 0.002

0.001 XN X 0.001 X

e ) n

5 10 i35 20 10 Y15 20

~0.001 —0.001 g

(@©)  ofter

Figure 2.7 — Establishment of the quasiequilibrium distribution ¥x
completion of the ultrafast relaxation stage for two initial conditions: monomer

addition (left) and dilution (right).

The ultrafast relaxation stage is followed by the fast relaxation stage, which
spectrum corresponds to significant eigenvectors with numbers & = 2,3, ...,10
in figure 2.1 (amplitude byy is already almost zero). Examples of eigenvectors

corresponding to fast relaxation times are given in figure 2.8.
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Figure 2.8 — Eigenvectors 1])7(13),, 1|)7(15) and 1|)7(17) as functions of aggregation number

n.

Number of oscillations of eigenvectors 1]),(1@ grows with number £ . In contrast
to the vectors associated with the ultrafast relaxation stage, eigenvectors 1|)£Lk)
considered now are also not equal to zero in the vicinity of bottom of the potential

well ng = 62 of an aggregation work W,, . The excess number of micelles (compared

to the equilibrium state) for all considered 1|)g€) is extremely small: ) 1])7(1k) Cn R

0, k=3,4,...,10. This fact corresponds to the well-known law of conservation
of the number of micelles at the stage of fast relaxation.
Let us write down the first few numerically obtained inverse fast relaxation

times:
{Ay =0.0405, A3=0.0521, A, =0.0698, A;=0.0766, A= 0.0957}. (2.32)

Unlike the ultrafast relaxation spectrum (2.26), there is no easy way to obtain
these values numerically. Chapter 3 of this thesis is devoted to obtaining analytical
predictions for the fast relaxation spectrum.

After the stage of fast relaxation, solution (2.8) takes form w,, (t) = b

(2)

2)
(
and the slow relaxation stage begins. Eigenvector 1])%2) and vector @, = Je are




146

shown in figure 2.9. The linear form of the right graph in the premicellar and micellar
regions indicates that a quasiequilibrium distribution has formed in these regions
by the end of the fast relaxation stage.

(2)

n (2)
0.2 20 “n
0.1 /\ 10
n /\ n
50{ 100 150 200 250 0 40 0 80 100
-0.1 -10
-0.2 -20

Figure 2.9 — The eigenvector 11)7(12) and the vector (p,(»?) as functions of the aggregation

number n .

For the dimensionless inverse time of slow relaxation in [4;31;37] the following

analytical expression was obtained:

—1

C Cyi?
A= | AL A : , (2.33)
J ¢+ Cuy [fﬁw + (Anyy) }
- (0] ioj En
where Cyy = > ¢, is the total concentration of micelles, 1y = ”:éjc — average
n=n, M
w ~
aggregation number in micelles, Any = > (n—ﬁM)Cf—L — the standard

g -1
deviation of the mean aggregation number, and J = & (Z an15n> — the
quasistationary flux through the potential hump of aggregation \7\7/151‘21{ W, at n = n,
The result of the calculations using expression (2.33) — A$" = 1.21 - 107% — is close
to the result of the numerical calculation of matrix M spectrum — Ag = 1.13-1076

Thus, for the case of spherical micelles, it is possible to separate a small number
of physically significant eigenvalues from the large numerically found spectrum of
eigenvalues, divide them into three relaxation stages, and predict the values of the
slow relaxation time and the ultrafast relaxation spectrum. Analytical predictions

of the fast relaxation spectrum will be discussed in chapter 3.
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2.3 Cylindrical aggregates

Relations (2.1)-(2.25) remain valid for cylindrical micelles, but to correctly
determine the relaxation times from equation (2.6) it is required to significantly
increase matrix M size up to N ~ 10000 at high concentrations. During the
relaxation to equilibrium of the solution of cylindrical micelles, the same stages
as for spherical micelles are realized and similar groups of eigenvectors are observed.
Examples of the eigenvectors describing the fast relaxation (with number k& = 4) and
the eigenvector describing the ultrafast relaxation stage (with number k = 1229)
are shown in figure 2.10. These vectors are localized near the potential well and

premicellar regions, respectively.

(4) (1229)

0.2,/%7n 0.2 n
0.1 0.1
/\ . ]
\/ 00 ~400 600 800 1000 20 40 60 80
-0.1 -0.1
-0.2 -0.2

Figure 2.10 — The eigenvectors 1]);4), and 1|)7(11229) as functions of the aggregation

number n .

Consider a system of cylindrical aggregates with an aggregation work (1.26)
at monomer concentration ¢; = 1.2 (& = 0.34). For such a concentration value, it
is sufficient to choose N = 4000. The ultrafast relaxation spectrum corresponding

to the eigenvectors localized in the premicellar region contains 4 eigenvalues:

(A5 =545, Agst =816, Arazg = 25.2, Agoo = 10402} . (2.34)

With an accuracy of three significant digits, all these values can be obtained by
selecting a submatrix of size 10 x 10 from matrix M and taking out the 4 largest
eigenvalues of the corresponding matrix.

After passing the stage of ultrafast relaxation, a quasiequilibrium distribution

is established in the premicellar region. A similar distribution is established in the



148

micellar region after passing the stage of fast relaxation, after which the stage of
slow relaxation begins, at which the type of deviation of the distribution from the

equilibrium distribution is entirely determined by eigenvector 1|)§?>, which in notation

of (p,(f) = 1\%2») has the form shown in figure 2.11. The plot is completely similar to
the figure 2.9 obtained for spherical aggregates.
(2)
10 (’Dn
5
\ n
20 4 60 80
-5
—-10
—15
-20

@

Figure 2.11 — Vector @,  as a function of aggregation number n for a system of

cylindrical aggregates.

The inverse slow relaxation time, just as for spherical micelles, can be
calculated by the formula (2.33). Result A" = 6.781- 107" is almost identical to
exact value Ay = 6.786 - 107°. The value turned out to be larger than in the case
of spherical micelles, because in this model of aggregation work the height of the
potential hump is slightly lower than for the quasidroplet model.

The characteristic fast relaxation times obtained in this way are about 5
times larger for cylindrical micelles than for spherical micelles. The reason for this
difference is the markedly increased width of the potential well of aggregation work.

Thus, in this chapter, we were able to identify physically significant relaxation
times for both spherical and cylindrical aggregates based on the analysis of

eigenvectors.
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Chapter 3. Analytical calculations of fast relaxation time spectrum for
spherical micelles

3.1 Basic assumptions required for analytical calculations of fast
relaxation times

A quantitative numerical analysis of a fast relaxation times spectrum as a
function of surfactant concentration was previously performed in [31] based on a
solution of equation (2.3) in the framework of the droplet model of spherical micelles.
Analytical calculations of fast relaxation time spectra (see [4;5;40;43|) were based
on the following assumptions:

. In 1 < n < n, region, a quasiequilibrium distribution of aggregates [3|

is established during the ultrafast relaxation, and fluxes .J,, in this region
turn to zero. Then condition J, = 0 leads to the conservation of the total

number of micelles at n > n. and, as a consequence, equation (1.5) takes

801 . i
= = > . (3.1)

n=n.

the form:

2. Aggregation number n is considered as a continuous variable of linearized
distribution of aggregates §,,, fluxes J,, attachment coefficients a, and
aggregation work W,,. Then the finite differences in equations (1.2) and

(2.1) can be replaced by the derivatives on aggregation number n at n > n,.:

oJ, &
an 5 Evn—l—l_an— an .

3. A summation over n for n > n. can be replaced by an integration.

Jn_Jn—l = —

(3.2)

4. A quadratic approximation near the bottom of the potential well at n = n

can be used for an aggregation work W,,:

B 2 _n—ng _ 2
W,=Ws+w(r), w(r)x~r", r_—AnS, AnSJ—(dZ%) . (3.3)

Comparison with the results of numerical integration of the Becker-Doring

n=ng

equations shows that the first and third assumptions are met at the stage of fast

relaxation with high accuracy. In addition, the dependence of attachment coefficients
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a, on aggregation number n can be neglected, since replacement of a,, by the value
taken at the bottom of the potential well has no significant effect on numerically
calculated relaxation times. For convenience, we will further assume Vn: a, = 1.

To eliminate significant differences (see curves (3) and (4) in figure 3.1) between
the results of the numerical calculation and the analytical results obtained in [31]
for the fast relaxation times for the droplet model of aggregation work, in [32] an
attempt was made to take into account the second derivatives in (3.2) and corrections
to the quadratic approximation of an aggregation work in equation (3.3). It was
shown that this approach eliminates degeneracy in the analytical spectrum and
improves agreement with numerical calculations. However, later it was found that
the method formulated in [32] gives significantly worse results as applied to the
quasidroplet model of spherical micelles [26]. This fact can be explained by the
greater asymmetry of the potential well in the quasidroplet model with respect
to the droplet model. Similar issues appeared to be observed for other models of
spherical micelles as well. Therefore, this chapter aims to modify perturbation theory
as applied to the linearized Becker-Doring differential equation so that it is applicable
to any model of aggregation work for micelles of various shapes as well as for other
aggregation phenomena with relaxation to an equilibrium state described by the
molecular mechanism.

In view of the above, in order to construct a qualitative analytical theory,
the first and third assumptions are retained in the analysis, and more accurate
decompositions are constructed instead of the second and fourth assumptions. On
the basis of the new assumptions, a more precise theory has been constructed,
which gives more qualitative predictions of a fast relaxation spectrum. Note that
the approach outlined in [31] represents a main approximation of the new theory,

and then the task is to find corrections to this main approximation.

3.2 General scheme of passing to the differential form of the linearized
Becker-Doring equations

In [8] a general scheme of passing from finite-difference equations (1.2) and

(1.5) to the differential ones was proposed, based on the relations

A~

Jy— Ju1=D"J, (3.4)
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Eni1 — &n = DMe,, (3.5)

where the operators are introduced as

+00
_0&

clﬁ——/Jndn, (37)

.08, am)

o _
e Y (3.8)
and flux (2.1) —

Jo = airén &1 = DVE, (3.9)

The lower integration limit in (3.7) has to satisfy conditions n_ > 1 and
n_ +00
> J, < [ Jydn. The choice of such n_ is always possible due to the exponential

n=1 n_
decrease of equilibrium distribution (1.9) standing as a factor in expression (3.9).

For the same reason we can extend the lower limit of integration to —oo .
If we define the scalar product of two arbitrary functions v, and ¢, as
(Una CIn) = / Uy * Gn dn, (310)
—00

A

then operators D™ and lA)Srn) are adjoint (D"™)+ = lA)Sfl):

~(n) ~(n)
UmD qn | = D* UnyQn |

] (+n) o (3.11)
vy, DVqy ) = D+ Uny qn

For the given equilibrium distribution, relations (3.7), (3.8) with taking into
account (3.9) represent a closed system of equations for value &; and function & (r)

(hereafter, variable r (3.3) will be used instead of aggregation number n). By writing

the desired quantities as a column vector & = ;El) , one can represent the
r
mentioned system of equations in the form % = —AE,. It is convenient to solve
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such a system using perturbation theory if the linear operator in the right-hand side
is self-adjoint, which can be obtained by doing a certain substitution of variables.

First, let’s define the scalar product of two arbitrary vectors

<>—(”m> <>—(q(”> (312
"Tlom ) T g |

(v,q) = vWq + (v,q) , (3.13)

by relation

where, by analogy with (3.10), we can write

o

(v,q) = /v (r)-q(r) dr. (3.14)

—0o0
Then the condition of self-adjointness of arbitrary operator A will be written in

the form

(v,flq) = (flv,q) . (3.15)
[t is convenient to make a passing from function & (r) to u (r) = & (r) /¢ (r)

and from &; to ut) = &, Aé—;L, and replace time t with variable

1
(Ans)Q
Equations (3.7), (3.8) then take the form:

T =

£ (3.16)

= — u /6(r) dr + (Ans)% / &;(T)]u(r) dr , (3.17)

A 1 - .
Qulr) _ (A py () — bolew b |2 s
ot 6(7’)
Ratio (3.17) was used to obtain the second term of the right-hand side of (3.11).

Operators D_ and lir in notation of variable r have the form:

D

i (—1)"
— k! (Ang)" Tt ork’

1~
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Smallness of parameter Az allows one to take into account a finite number

of terms in D+ and D_ with a given accuracy. An additional factor An, has

been included in the definition of these operators, so in the main approximation
N o~ 9 D, ~ 9
D- > =5, Dy = 5.

To reduce the size of formulas it is convenient to enter values

w. 3 WS T 7
S=e 2 (Any)?, U= - /6(7“) dr = /ew(r) dr, (3.20)
€1
i
y(r) = ——=D_[¢(r)] =¥ D[] (3.21)
¢1c(r)

and define operator H by the relation

D

¢(r) c(r)

By applying (1.9) and (3.3), expression (3.22) can be rewritten in a more convenient

: ! &(r) Ds [ v(r) ” . (3.22)

form:
A w(r)

A o) =

D_ [e_w(r)D+ {ewg) v (7“)” : (3.23)

Operator H is self-adjoint within a scalar product (3.10):

(”ﬁq) :ZO v(r) ¢§<—T)f? {6 (r) Dy { q;@)” dr =
- Leon. 5] o ] o o

The symmetry of the last expression with respect to permutation v <+ ¢ denotes
the self-adjointness of operator H . For the proof we used relation (3.11).
In notations (3.20)-(3.23) equations (3.17), (3.18) take the form:

1 +oo
352) = -US*uM + 8 [ y(r)u(r)dr,

(3.25)

8?)—(;) = Sy (T)u(l) — f]u(r)

In matrix form, system (3.25) can be written as

o [ )2 A 3.26
T(wm)‘ <um)’ (8.26)
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where linear operator A is given by matrix

;1_< U’ —5@/;---)). 507
—Sy(r) H

This operator is self-adjoint, i.e. it satisfies relation (3.15). Indeed, calculating the
left part of (3.15), we obtain:

(v, flq) = USPWgM — 5o (y, q) — Sq™V (y,v) + (v, ﬁq) - (3.28)

This expression, taking into account (3.24), is symmetric with respect to permutation
v & q.

Further we will need relations based on definitions (3.20)-(3.23), formula (3.11)
and obvious equations D, [1] = D_[1] =0, D [r] =1, D_[r] = —1 derived from
definition (3.19) of operators D, and D_:

H+\/E =0, (3.29)

ry/c(r)=re = | (3.30)
(y (r), /2 (r)) —0, (3.31)

(y(r),g(r)=U. (3.32)

Using these relations, we can find zero modes /ZICZ- = 0 of operator A vector

0
C]_ = < _w(r) > 5 (333)
e "2

corresponding to the law of conservation of the number of micelles, and vector

1
C2 = (S’I”ew;r) > ) (334)

corresponding to the law of conservation of the amount of surfactant.
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3.3 Passing to the matrix form of the evolution operator. General
form of the equation on eigenvalues, which determine the relaxation
times

Let Ej and Py (r) be the eigenvalues and normalized eigenfunctions of the

operator H:
HYy (r) = By (r), k=0,1,2,.... (3.35)

Using definition (3.22) and property (3.24), we can obtain a following representation

for E; eigenvalues:

By = (xpk,ﬁxpk) - ]oe(r) (D+ [%%})D dr, (3.36)

from which follows Vk : Ej, > 0. Let us assume that the eigenvalues Ej are

arranged in ascending order. According to (3.29) the minimal value Ey = 0 is realized

for the eigenfunction

Yo (r) = : (3.37)

Let us present y () and u (r) as eigenfunction expansions of operator H :

y(r) =Y ube, k= (y, ) (3.38)
k=0
w(r) =) upbr, w = (u,Py) . (3.39)
k=0
In this notation, scalar product (3.14) can be written in the form:
(v,q) = ka% ) (3.40)
k=0

and system of equations (3.25) will change to

[ee]
ag(:) = —US%uW + S Y yruy,
k=0

(3.41)

2w — Sy — By, k=0,1,2, ... .
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In matrix notation this system has the form of equation

ou "
—=-A 3.42
5 u (3.42)
for vector
(1)
u = ( " ) , (3.43)
("
where matrix
( US* —Syy —Sy1 —Sya -+ —Syr - \
—Sy() E() 0 0 cet 0
—Sy1 0 E1 0 s 0
A=| =Sy, 0 0 Ey -~ 0 .- (3.44)
—Sys 0 0 0 A

\

is operator (3.27) in H-representation.

It was obtained above (see (3.33) and (3.34)) that operator A has a twice
degenerate zero eigenvalue. Let us write explicitly the equation on the eigenvalues
of matrix (3.44). Using the eigenfunction of operator H expansion in (3.30) and

taking into account (3.35) we obtain

Uk =Ergr, 9= (9,%r) - (3.45)

Expression (3.45) shows that yo = 0 because Ey = 0. Thus, the second row and the
second column in the matrix (3.44) consist of zeros. This fact allows us to rewrite

characteristic equation

det(A—Al) =0 (3.46)
2 ) _ - (Syk)2 _
A (US* =) ; Bl =" (3.47)

where factor A on the left-hand side corresponds to the zero solution.

To simplify the equation for eigenvalues, we can use relation (3.32) in which
the scalar product is written as (3.40), and take into account (3.45). When both
parts are multiplied by S? we get relation

2 . (Syk)2 _
Us E 7 =0. (3.48)
k
k=1
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After subtracting (3.48) from the characteristic equation (3.47) divided by A, and
dividing by A again, we obtain equation for nonzero eigenvalues of the matrix (3.44),

which will be referred to hereinafter as the main fast relaxation equation:
- Syk
1 =0. 3.49
3 0

From (3.49) we see that all roots of this equation must be positive. Indeed, if we
put A < 0 in (3.49), then the left side of this equation cannot be equal to zero due
to the inequality Vk : E; > 0 (3.36).

To determine the values in this equation for the case of spherical micelles, in
section 3.4 we will use perturbation theory with the main approximation, in which
the spectrum of equation (3.35) is reduced to the spectrum of a quantum harmonic
oscillator. Taking into account the corrections allows one to significantly improve
the agreement with the exact values for the largest of the relaxation times. Further
development of this approach is proposed in 4.3 in the framework of perturbation
theory, in which the main approximation is reduced to the definition of the spectrum
of the one-dimensional motion operator of a quantum particle in the effective
potential determined by the aggregation work. The eigenvalues and eigenfunctions
of the corresponding operator are found in this approach using the Runge-Kutta
method. In subsection 5.1.2, first order corrections are found to them.

The basic equation for the fast relaxation remains the same for the cylindrical
micelle system. The effective potential used in this problem allows one to take
advantage of the solution to the problem of particle motion in a triangular potential
well, which is demonstrated in 4.2. The numerical solution of this problem is given
in 5.2.

3.4 Perturbation theory: a parabolic model of an aggregation work as
the main approximation

To analytically calculate the spectrum of fast relaxation times in [8], an
approach has been proposed, in which the expression for aggregation work W,, in

the equilibrium distribution in the region to the right of the potential hump (at

n > n.) can be written as a Taylor series expansion on variable r = % at

S
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the bottom of the potential well. Taking into account not only the quadratic, as
in expression (3.3), but also the subsequent terms of the expansion considered as

perturbations, we obtain:

W, =Ws+w(r), w(r)=r*+esrd e+, (3.50)
1
Cp, = 51€_WS_T2 (1 — £3r3 — 847’4 + 58%7“6 + .. > , (3.51)
where €;, © = 3,4, ... are the corresponding Taylor series expansion coefficients for

W, at corresponding powers of .

Let us calculate parameters Ej and y? included in main fast relaxation
equation (3.49) in the second order of perturbation theory (due to triviality of
corrections of the first order of smallness for Ej, (B.3). The following representation

of operator H will be used for this purpose:

A~

H=HY + Y 4+ g®@ (3.52)

where H©® is the operator in the main approximation, and HD and H® are the
first and second order correction operators. Two sources of corrections take place
when obtaining H® and H® operators. The first source is passing from discrete to
continuous equations. Considering Aing as a small parameter, we can limit ourselves
to taking into account the first three ferms in expressions (3.19) for operators D_ and

D, . The second source is an approximation (3.50) of the aggregation work W (r)
_ 103W(r)
—6 o

in the vicinity of the bottom of the potential well. Parameters e

r=0"
€4 = 2—14846?;4(74) in (3.50) will be considered as quantities of first and second order
r=0

smallness respectively. Then from (3.23) for operator HO and first order corrective
operator H® we obtain

. 2

70) — ot (2= 1) (3.53)

(1) 1 0* 90 2 2
H =X, _TW_E—HO(T —2)| +e3[3r(r—1)] . (3.54)

Operator H® can be written as a sum

A

A = g0 4 iy 4 o) (3.55)
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Here, the smallness of the second order in H® 9 is caused by corrections created by
taking into account the high derivatives, in H®?2) by corrections to the aggregation

work, and in HY by mixed corrections. As a result, we have:

A = L [_Ag__%rzg__rg L (7t - 24T2+3)},
HOD = & { 8p2.08 _ 3p0 4 92 (42 )} , (3.56)

H0.2) — e [%rﬂ + €4 [27“2(27“2 — 3)] .

Operator HO s related by formula HO = 25 — 1 with harmonic quantum

oscillator operator h = %(—g—; +7"2> written in dimensionless variables. This

allows one to find its eigenfunctions and eigenvalues:

A

AW =W, B =2k, WY =eTH(r), k=12 .., (357

. (_1)’c 2 gk .2 ) . .
where Hj, (r) = Wer 5% (e " ) are the Hermite polynomials normalized by

condition

(0 = 810 (3.58)

(0)

Note that the value of the smallest eigenvalue E;” = 0 is in fact, according to

T2 . .
(3.29), the exact result, and corresponding eigenfunction 1])(()0) = %6*7 coincides

with main approximation \% e~ for exact function Vg .
The calculations of Ej and y; in equation (3.49) are given in Appendix A.
With the required accuracy we have:
EY =2, E"=o0,
2
E,§>:_(( 2 6. + Zed — Gey) k2
0 — ﬁ\/ﬁél,ka
= /2 (383 + ﬁ) 02,k , (3.60)
——\/_\/_[ g§;+@e3——e4}.

As follows from (3.60), the main order contribution is present only in value

(3.59)

Y1 , the first order contributions of smallness are present only in ¥, . Values y? with
k > 2 in main fast relaxation equation (3.49) are fourth-order smallness values,
which means that the corresponding terms can be neglected if the lowest eigenvalue
Amin 1s of interest (in this case the denominators of corresponding terms are not

small). Equation (3.49) then takes a simple form:

21 29
14 + =0, z=
(Ey—A) ' (Ey—A) F

(3.61)
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Quantities 27 , 2o in the second order of perturbation theory with taking into account
(3.59), (3.60) are defined by the following expressions:

_ 3 —W 2 6eg _ 57e3  3gy
21 = /T (Ang) e (1 (Any)? ~ Dn, 16 4 )

(3.62)
2= VA (An) e (G + 4 4 51
By choosing the smallest root of equation (3.61), we find
1
}\mz’n — 5 [(El + 21 + E2 + 22) — \/(El + z1 — Eg — Z2)2 + 42122] . (363)

This root will hereafter be named the inverse fast relaxation time. Neglecting the

correction terms in (3.63), we obtain:

1 [— —
N =5 [BU + B - [BD - B, (3.64)
where
B =940 =24 E"-4 (3.65)
Value z%o) = m(An,)?e W is a monotonically increasing function of
monomer concentration ¢; and reaches the value z%o) = 2 at some concentration

¢; at which Ei‘)) = Eéo). Thus, we get:

—=0) (0 =
)\(O) { El —2+Zl , €1 X Cp, (366)

min Eéo) _ 4’ 61 > 8{

Concentration ¢j corresponds to the point of degeneration of eigenvalues in the
main approximation. At a sufficient distance from this point, where difference
Eﬁo) — Eéo)) significantly exceeds the value of the correction contributions, the root
in relation (3.63) can be expanded in series. However, this is unacceptable in the
vicinity of the degeneracy point, and expression (3.63) will be used hereafter over
the entire concentration range.

Note that by leaving in main fast relaxation equation (3.49) only the main
approximation for Fj and y; one can obtain the results given in [31]: the eigenvalues

will be given by expression
AD =240 A —9p (k=23 ..), (3.67)

and expression (3.66) will replicate the result for the smallest inverse fast relaxation

time.
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3.5 Calculations for the specific models of an aggregation work

As an illustration of the approach discussed in the previous section, we can find
a more precise analytical expression for the fast relaxation times for three models of
spherical micelles: droplet (1.14), quasidroplet (1.17) and diblock copolymer (1.19)
ones. The features of these models were discussed in 1.2.

The results of the calculations using expression (3.63) will be compared with

value AL of the largest fast relaxation time, found from the spectrum of eigenvalues

of matrix M of linear Becker-Doring equations (2.3). Inverse relaxation time A,
from expression (3.63), obtained in notation of time T, will be translated into "real"
time ¢ using relation At = Apin T, which, with taking into account (3.16), gives
Nin = (Ai—ls)zkmm . Both times — A;ﬁln and A%%n — describe the same relaxation, but
their dependence on surfactant concentration is obviously different.

Figures 1.1, 1.2, and 1.3 show plots of aggregation work W, and its power
approximations at the bottom of the potential well as a functions of aggregation
number n in the droplet, quasidroplet, and diblock copolimer models, respectively.

Inverse fast relaxation time A,,;, was calculated in all three models in range of
degree of micellization & = 0.10 = 0.97 which corresponds to range of equilibrium
monomer concentration ¢; = 1.01 =+ 1.10 for the two direct micelle models and ¢; =
0.87 +1.019 for the diblock copolymer micelle model. The parameters characterizing
the shape of the potential well of the aggregation work (see expressions (3.3) and
(3.50)) changed monotonically in this range in intervals Ang = 12.43 + 12.35,
g3 = 0.012 + 0.0036, ¢4 = —0.0052 -~ —0.0031 (for the droplet model), An, =
8.22 + 7.89, e3 = 0.081 + 0.066, ¢4, = —0.0042 +~ —0.0031 (for the quasidroplet
model) and Ang = 5.44 + 5.39, ¢3 = 0.015 = 0.0099, ¢4, = —0.0033 +~ —0.0023
(for the diblock copolymer model). Parameter S (3.20) changed most significantly:
in the intervals S = 0.4 - 5.8, S = 0.29 = 3.52 and S = 0.37 + 3.53 for the
three models respectively.

Figures 3.1, 3.2, and 3.3 show the dependence of A,,;,, on the degree
of micellization. Curves (1) and (2) show the behavior of eigenvalues in main
approximation (3.67), and the intersection of these curves at & = &* corresponds
to the degeneration point. Curve (3) illustrates the behavior of solution (3.64) of
equation (3.61) without correction terms, and curve (5) shows the behavior of

solution (3.63) of equation (3.61) with correction terms. Curve (4) was obtained
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Figure 3.1 — Inverse fast relaxation time in the droplet model as a function of degree

of micellization & .

by numerically determining the smallest fast relaxation eigenvalue of matrix M of
linearized Becker-Doring equation (2.3). Curve (6) was obtained using expressions
(3.62), (3.63) in which we put €3 = 0 (that is, neglecting the asymmetry of the
aggregation work potential well, as was done in [32]).

As follows from figure 3.1, in the droplet model the main approximation is in
good agreement with the exact calculation. Taking corrections into account makes
the agreement very good (much better than in [32]). But in the quasidroplet model
the difference between the main approximation and the exact values is very large and
reaches 50% at high concentrations. The fact that curve (5) is closer than curve (6)
to curve (4) in figures 1.1 and 1.2 shows that the improvement in A, calculation
results compared to the [32] results is related to the consideration of asymmetry
of an aggregation work.

As can be seen from figures 3.1, 3.2, in both models inverse fast relaxation
times show a monotonic growth with increasing of surfactant concentration (or of
degree of micellization). At the minimum degree of micellization considered & = 0.1

(a)
their ratio is A(’;;’” = 1.91, and at maximum degree of micellization & = 0.97 this

min

(9)
ratio drops slightly to % = 1.79 . The larger value of the fast relaxation time in the

min



163

-Am.?.'. . ‘
0.08

0.07

0.06

0.05

0.04

0.03

0.02

0.01

—~

f(x'l

0 1 1 1 1 1 1 1 =
01 02 03 04 05 06 07 08 09 &
Figure 3.2 — Inverse fast relaxation time in the quasidroplet model as a function of

degree of micellization & .

droplet model is provided by the larger width of the potential well of the aggregation

work. If we take this factor into account by passing to inverse relaxation time Ay, (in
(a)
notation of T), the ratio of times becomes closer to unit: A(T)” = 0.84 at & = 0.1 (this

is the value of the degree of micellization at which we can talk about the influence

of the form of aggregation work on relaxation times, because at this point the hump

-1
height and well depth are equal in both models), and then relaxation time (7\7(732”)

-1
becomes larger than <}\£763n> . This is related to the significant asymmetry of the

aggregation operation in the quasidroplet model, which increases the width of the
well on one side. If we calculate width of the well r, from condition w (r,) = 1 and
leave two terms in expansion w (r) = r? + e3r® from expression (3.50), then in the

o g

main approximation we get r, ’ = 1 and n,’ —ns = An, and with the correction, by

choosing a larger solution, we find 72 = 1 + |es| and (n, — ny)? = (Any)? (1 + |es))

q
Taking this result into account causes the ratio of times to be almost 1: }‘;m)'” ~0.9.

mwn

As can be seen from figure 3.3, curve (5) practically coincides with the
numerically found exact curve (4). Curve (6) is also close to (4), so it can be
concluded that in the case of the diblock copolymer model of aggregates the main

contribution to the corrections is given by taking into account the higher derivatives
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in passing to the continuous description, and the corrections due to taking into

account the asymmetry of aggregation work W, are a smaller part.
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Figure 3.3 — Inverse fast relaxation time in the diblock copolymer model as a

function of degree of micellization .

The main result of this chapter is an improved general scheme for the kinetic
description of fast relaxation in an ensemble of spherical micelles in surfactant
solutions. This scheme is based on reducing linearized Becker-Doring difference
equations (2.3) to an arbitrary order differential equation (3.25) and further
decomposing on basis functions of H operator (3.49). Fast relaxation equation (3.49)
will be further used as the main one for obtaining analytical results for the spectrum
of fast relaxation times of various micellar systems. This universality is possible due
to the fast decrease of values y;, present in this equation. It has been shown that
the solution of this equation can be found using perturbation theory, where the
main approximation corresponds to the Aniasson kinetic equation in the case of a
symmetric potential well of aggregation work.

To illustrate the application of the main fast relaxation equation, largest
fast relaxation time (3.63) was analytically calculated as a function of surfactant
monomer concentration in the second order of perturbation theory for the droplet
and quasidroplet models of direct spherical micelles and the star model of diblock

copolymer micelles. The results obtained for the droplet model and especially for
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the quasidroplet model shown in figures 3.1 and 3.2 show that accounting for the
asymmetry of aggregation operation significantly improves the results obtained
carlier in [32]. For the model of diblock copolymer micelles, an almost exact
agreement between the largest fast relaxation times obtained analytically within
perturbation theory and those found numerically from the linearized Becker-Doring

difference equations is achieved.
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Chapter 4. Analytical calculations of a fast relaxation time spectrum of
cylindrical micelles

4.1 Specific features of analytical calculations of fast relaxation times

In this chapter, we consider surfactant solutions in which spherical premicellar
molecular aggregates coexist with polydisperse cylindrical micelles. A numerical
study of micellization and relaxation to equilibrium in surfactant solutions with
nonionic cylindrical micelles based on the discrete form of the Becker-Déring kinetic
equations demonstrates as in the case of spherical micelles, the existence of a discrete
spectrum of characteristic micellar relaxation times [34] and a hierarchy of slow, fast,
and ultrafast relaxation times in such systems (see 2.3).

While the dependence of the characteristic slow relaxation time on the total
surfactant concentration is in good agreement with analytical calculations [4;37],
building an analytical theory to calculate the fast relaxation times is quite a
challenging task. This is related to a number of specific features of cylindrical
micelle models. The linear growth of an aggregation work leads to a wide range
of micelle sizes (polydispersity), which requires to take into account the dependence
of attachment coefficients a,, on aggregation number n (as will be shown in 4.4, in
a, = const model relaxation in the cylindrical micelle system is absent).

The potential well of aggregation work demonstrates strong asymmetry, so it
is convenient to consider a simplified model of work on the semi-axis of aggregation
numbers with an infinite wall on the left and linear growth in the region of cylindrical
micelles [6; 17; 18; 33; 34; 46; 48; 51|, and to neglect the surfactant accumulated
in premicellar spherical aggregates compared to the surfactant amount in the
cylindrical micelles. The simplest linear model (1.29) looks reasonable for the
attachment coefficients. In [34], fiu, = hx was put into this formula for reasons
of mathematical convenience, which allowed the spectrum of fast relaxation times
to be calculated using Laguerre polynomials. However, the spectrum obtained in
this way shows significant differences with the exact values found via (2.4).

In [9; 11] it was shown that the use of condition f;;, = hx causes the
mentioned differences. However, the rejection of this condition not only greatly

complicates the calculation of the spectrum, but also leads to a violation of the law
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of conservation of the number of cylindrical micelles during the fast relaxation stage.
This violation does not allow main fast relaxation equation (3.49) to be used directly,
requiring a revision of the definition of the scalar product on the semi-axis and the
self-adjointness condition of the evolution operator. In [9], a modification of the
mentioned approach was proposed using the Laguerre polynomials as basis functions
and boundary conditions were formulated to enforce the law of conservation of the
number of micelles. The results thus obtained are given in 4.2. The accumulated
experience made it possible to correctly formulate the problem of finding the
relaxation spectrum on the basis of equation (3.49). The corresponding results are
described in 4.4.

4.2 Formulation of the scalar product and the boundary condition on
the aggregation numbers semi-axis. Application of the Laguerre
polynomials as basis functions

4.2.1 The linear model of attachment coefficients

Let’s consider the problem on the example of the piecewise model of cylindrical
micelles aggregation work (1.20). As mentioned above, when considering systems
with cylindrical micelles, it is necessary to consider the dependence of the attachment
coefficients a,, on the aggregation number n. As the simplest model of this
dependence, let us choose linear model (1.29) that reflects the growth of a, with
the growth of n.

In this section the process of establishing quasiequilibrium in region of
cylindrical micelles n > ng is studied. Assuming that the much faster process of
establishing quasiequilibrium in the premicellar region with aggregation numbers
n < n. for spherical aggregates is completed, we can assume that in this region
J, = 0. Narrow region n. < n < ng will be effectively considered as a boundary
condition to region n > ny due to the requirement of preserving the total number
of micelles at the stage of fast relaxation.

In n > ng region, the analytical calculation of the relaxation time spectrum

is based on a passing to the continuous approximation, in which aggregation
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number n is assumed to be a continuous value. Using definition of & (2.1), the
linearized Becker-Doring differential kinetic equation in the Fokker-Planck form can
be obtained:

L Ok _0Jy
&,
Jn = Cbnélén (E,l — ai ) . (42)

The number of micelles in region n > ny is determined by integral cys (ng) =

f ¢ dn . As follows from the definition of & and (4.1), (%M—("O) = Jp, . Flux J,, is

Nno
non-zero, so the number of micelles in region n > ng is not conserved. At the same

time, if the initial point of integration is shifted even slightly to a region of smaller
aggregation numbers, equilibrium concentration ¢, in flux (4.2) becomes very small,
which leads to conservation of micelle number in region n > ng due to rapid growth
of an aggregation work. Using the narrowness of region n. < n < ng, one can take
into account its influence on region n > ngy by introducing Heaviside step function
0 (n —ng — 0) as an additional factor in (4.2):

Jp = (&1 - %) 0 (n—no—0). (4.3)

The boundary condition for J,, in (4.3) assumes that the aggregation work at n = ny
abruptly turns to infinity and the flux turns to zero.
Substituting (4.3) into (4.1), we obtain:

&,
ot

= RWE, + &,F,, (4.4)

where operator R™ acting on an arbitrary function v, and function Fj, are defined

by equations

A ¢ 0 ov,,

A0, =89 [0 0 n—ny—0
v ~nac(n ng )ém

018

= (4,60 (n — g — 0)] .

(4.5)

Note that within the framework of the following scalar product of two arbitrary

| n=-

functions v, and g,

(0e2) = [ &0, (46)

no
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operator R is self-adjoint:

<vn,}?<n>qn) A LT (4.7)

a’n mn
on on
no

Let us consider (4.4) within a linear approximation of coefficients ay, .
Substituting (1.28), (1.29) into (4.4) and (4.5) and using new variables

r= 20 : T= g 11 t, (4.8)
n. — ng no (n. — no)
one can get
o0& (r .
) Re(r) + (0o £F (1), (19
where )
Rv(r)=e" 2 [(r +e)e "0 (r—0) &(;Eﬂr)} : (4.10)
F(r)y=—e 2 [(r+e)e®(r—0)], |
and
L
= 4.11
= (n. — np) (4.11)
In notation of new variables r and T, scalar product (4.6) takes the form:
)= [ o) a ) dr, (1.12)
0
and self-adjointness condition of operator R (4.7) is replaced by
: [0 9 9 9
(v, fig) = —/e “aff”) (r+e) qaff) dr = —( “aff) (r+e) %i”) . (4.13)
0

In the space of functions with scalar product (4.12), the complete system of functions

are Laguerre polynomials Ly () satisfying equation

82Lk (7“) 8Lk (7“)
"o + (=) or

and orthonormality condition

= —kLk (7“) (414)

(L L) = Sjom - (4.15)
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In particular,

Lo(ry=1, Li(r)=-r+1, Ly(r)==(r"—4r+2). (4.16)

N | —

We will search the solution of equation (4.9) in the form of a Laguerre

polynomial expansion:

E(r)=Y BiLi(r), Br=(&(r),Li(r)) . (4.17)
k=0

Substituting (4.17) into (4.9), using (4.10), (4.11) and (4.15), the following equation
for B} coefficients can be obtained:

e.¢]

—— = RpBi+(no—no)&F,, k>0, (4.18)
=0

where

RkJ = (LkaéLZ) = - aLaLr(r): (T + 8) aLalf:r)) )
— OLy(r
Fe=(F (). L (r) = ((r+¢), 22) |
To calculate values (4.19) we use well-known relation for Laguerre polynomials

8Lk (7“)

(4.19)

= kL —kLi_ 4.20
— k(1) k-1 (4.20)
as well as relation
oLy (1)
= — L 4.21
or b ( )
1=0
following from equation
(9Lk (7“) aLk_l (7”)
=1y — —=. 4.22
or =l or ( )

Taking into account orthonormality condition (4.15), expression (4.21) allows one

to write

(aLgr(T), a%ﬁ”) = min{k, 1}, (4.23)

<6L8kr(7’) ,TaLalr(T)) =k 6k,l . (4.24)

Using (4.23) and (4.24), we can obtain from (4.19)

Rk,l = —k 6k,l — emin{k, l} , (425)
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=0, F=-l1-¢, Fy=—¢ k>1I. (4.26)

Substituting (4.25) and (4.26) into equations (4.18), we obtain

OB,
vro _ 4.9
OB >
a—_[l:—(lJre) [B) + (n. — no) Eﬂ—slz_;Bl, (4.28)
OB, =
—:—a[B1~|—(n*—no) El]—k(l—FE)Bk—S Z mm(k,l)Bl, k>1. (429)
ot 1=2, 1k

The equation on &; can be obtained by passing in (1.4) to deviations & :

GEL+ Y EmEy =0. (4.30)

n=2

By differentiating this relation by time and replacing the summation over n by

integration, we obtain, taking into account (1.9), (1.21), and (4.8):

9k _ —e o (n / (r —1) (n. — n0)] e_r&ir dr . (4.31)
0

ot ot

Taking into account (4.12), (4.16), and (4.17), equation (4.31) can be rewritten as

351 . W 830 8B1
5 = € (ny —np) [n* 5 (ne — ny) 5 | (4.32)
from where, using (4.27), we obtain
2 S 2 0B,
5 = © (ny —np) o (4.33)

Let us pass from variables By and &; to their more convenient linear

combinations. As the first one, we choose the preserving, according to (4.33), value:
Xo =& —e " (n, —ng)” By (4.34)

Taking into account that values &; and Bj exist in same combination B+ (n.—mng) &
in the right-hand sides of equations (4.28), (4.29), it is reasonable to choose this sum
as second independent variable x; . To obtain a symmetric notation of the evolution

1

operator, we need to introduce additional factor o«™" into this variable:

X1 = o [Br+ (n. —ng) &1 (4.35)
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where
a=(1+5%2, SP=e"(n,—ng)’. (4.36)

Finally, using (4.28), (4.35), and (4.36), we can obtain an equation for x; :

8)(1 2 =
o=« (1+5)X1—o¢el22;31. (4.37)

And equations (4.29) then take the form:

0By,

W:_ocg,xl_/<;(1+a)Bk—a > min(k,0)B;, k>1. (4.38)

1=2, 14k

Relations (4.37), (4.38) form a closed system of equations for set of variables
X1, B2, Bs, .... Considering this set as column vector v, we write the system of

equations in the matrix form:

ov A
% — _Qv; U= {X17 BQ7B37 e '}7 (439)

where matrix @ has the form:

[P (1+e) o 3 3 \
e 2(1+¢) 2¢e 2¢
Q= oe 2 3(1+¢) 3e U (4.40)
oe 2¢ 3¢ 4(1+¢)

\ z s : /

The eigenvalues of matrix Q determine the spectrum of relaxation times. In [34]
this spectrum was calculated under the assumption that inequality n, >> ng is
satisfied. In this case, parameter € defined in (4.11) is small (¢ << 1). At e =0

matrix (4.40) is diagonal and has eigenvalues
M=o A=k k>1, (4.41)

which is consistent with the result obtained in [34].

As follows from (1.23), value n, is an increasing function of concentration ¢ ,
but parameter ¢ becomes small (¢ ~ 0.31) only at the right end of concentration
values interval ¢; = 1.025, while at CCM ¢ =~ 5.83. The results of the calculation of
the inverse fast relaxation times using @ matrix will be compared with the inverse

times that can be found from linearized Becker-Déring equations (2.3). In view of
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Figure 4.1 — The two smallest eigenvalues of matrix M* for the linear approximation
of a, (dashed lines) and the three smallest eigenvalues of matrix Q at & = 0 (solid

lines) as functions of equilibrium monomer concentration ¢ .

(4.39), one need only to pass to scaled time T and rewrite (2.3) as %—"T‘ — M*u where,

according to (4.8), matrix M* is defined as M* = %M

Figure 4.1 shows a comparison of concentration ¢; dependence of the three
eigenvalues obtained at ¢ = 0 (4.41), (solid lines) and two lowest eigenvalues A,
and Aer¢ (dashed lines) of matrix M* of linearized Becker-Déring equations (2.3). In
the numerical determination of the latter, the matrix was truncated at sizes N X N,
and number N was increased until the considered eigenvalues practically ceased to
change (in this case, values N > 10000 were chosen). As can be seen from figure 4.1,
eigenvalues A, and A,qp¢ of matrix M* become close to values Ay =2and A3 =3
of (4.41) at the right edge of considered equilibrium monomer concentrations ¢ . At
such large values of concentrations, eigenvalue Ay of (4.41) is so large that it loses
the physical meaning of the inverse fast relaxation time.

Large values of € parameter in the low concentration region can be partially
accounted for by writing the eigenvalues of matrix (4.40) in form A = (1 + ¢) A and

passing to the equation on A eigenvalues. For example, we can truncate matrix at
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Figure 4.2 — The smallest eigenvalue A,,,;;, of matrix Q for N = 2, 3,4 as a function

of 51.

size 4 X 4 and obtain such an equation in the form:

o> — A «s s s
2—-A 2 2
- 7 S - 0, s= c . (4.42)
xS 2s 3—AN 3s (1+¢)
oS 2s 3s 4—\

However, despite the fact that s < 1 at all surfactant concentrations, this method
does not eliminate a significant difference with the spectrum of M* matrix.

An effective solution of the problem is the procedure of approximate search of
the lowest eigenvalues, taking into account the finite number of the first terms in
expansion (4.17), which corresponds to the truncation of matrix Q . Figures 4.2 and
4.3 show the dependences of minimum A,,,;, and next largest A,.,; inverse relaxation
times on the concentration ¢ , calculated at various truncations of matrix Q . When
finding A,,;, it is sufficient to take into account matrix 3 x 3, the calculation with

matrix 4 x 4 practically does not change the result. The solution of the corresponding
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cubic equation gives an analytical expression for A, :

Mmin = 155 {0 45 = 2 (ot + Ga?y? — 5o + 1242 4 7)’
2oc6+(18y215)oc4+(108y3117y2+33)a2+180y220>:| } (4.43)

3
2

- sin % + %arccos
2(o 462y —5a?4+12y247)

For A, it is sufficient to consider matrix 5 x 5.

Anex
127 t 3 X3

10 ----- 4 x4

0.995 1.000 1.005 1.010 1.015 1.020 1.025

Figure 4.3 — The next lowest eigenvalue A,.,; of matrix Q for N = 3,4,5 as a

function of ¢; .

Figure 4.4 shows a comparison of the calculated values of A, and A,ext
(dashed lines) with the results of the numerical computation by the linearized
Bekker-Déring equation (red lines).

As follows from figure 4.4, the theory described in this section for arbitrary ¢ >
0 (with linear approximation (1.29) for attachment coefficients a,,) gives excellent
agreement with numerical results for linearized Becker-Doring difference equations.
At the same time, an analogous agreement of the three least eigenvalues (4.41) of

matrix () at € = 0 over the entire concentration range is not satisfactory.
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Figure 4.4 — The two smallest eigenvalues A,,;, and A,.; under the linear
approximation of a, for the aggregation work with parameters (1.24) (the dashed
lines refer to the eigenvalues of truncated matrix Q at € > 0, the red lines show the
eigenvalues of matrix M *) and the three lowest eigenvalues of matrix Qate=0

(solid lines) as functions of ¢; .

4.2.2 The spheroidal model of attachment coefficients

We can apply the calculation scheme given in the previous section to the more
complex and realistic attachment coefficient model (1.30) obtained in Appendix A
for the spheroidal aggregates model. In terms of variables (4.8), passing from linear
model (1.29) to (1.30) is reduced to replacing in (4.19) factor (r + ¢) by function

Py = 3 <(1 +or)? — 1) i N o

blog (1 b+ ((1 +br)? - 1)) "o

As a result, we find:

Rk,l = (LkaRLl> = - 8L3’€7~(r)7f(r) 8Laly)> )
Fo=(F (). Ly (r) = (f (), 2%2) .

(4.45)
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Since % = 0, we have Ry ; = 0, Fp = 0, from where, as in the previous section,

it follows from equation (4.18)

830

o =0. (4.46)

Taking into account equation

Riy = — <8L§T(T),f(7“) 8L81T(r)> (8Lk( r) i )> R (1.47)

we can see that values B; and &; enter the equation on % (which is similar to
(4.18)) in former combination By + (n. — ng) &,

0By

S = Fi[Bi+ (n. — o) &1] + Z Ry.1B; . (4.48)

Taking (4.35)-(4.37) into account, we can rewrite (4.48) as

OBy -

— = oF] Ry B k=12, .... 4.49

ot OCkXHrZ; k151, y 4 (4.49)
Relation (4.33) was obtained without using the explicit form of coefficients a,

and remains true. Using it together with equation (4.48) at k = 1, we can obtain

the following equation for variable x; defined in (4.35):

5’)5{1 = o’ Fix1 + (XZ Ry, B . (4.50)

1=2

Relations (4.49) at k > 1 and (4.50) form a closed system of equations which
can be rewritten in matrix form as (4.39). Corresponding new matrix Q will be
defined by expressions (4.44) and (4.45) and will be different from (4.40).

The calculation performed in~[9] showed that, as in the previous case, to find
the smallest eigenvalues of matrix Q it is sufficient to use truncated matrix m x m .
The rate of convergence of the results with increasing matrix dimension m is worse
in the case of the new matrix, but the result is still almost the same as the direct
calculations using the matrix of linearized Becker-Déring equations with coefficients
a, for spheroidal aggregates. For the lowest eigenvalue it was sufficient to use m =
10, for the next value — m = 15. Figure 4.5 shows the results of these calculations.

In this section it was shown that the analytical description of the stepwise

aggregation and fast relaxation of cylindrical micelles in surfactant solutions can
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Figure 4.5 — The two smallest eigenvalues A,,;, and A,.¢+ as functions of ¢; for
the spheroidal model of a, (1.30). The red curves are plotted for the eigenvalues of
matrix Q and the blue curves show the corresponding eigenvalues for the linearized

Becker-Doring difference equations.

be greatly improved by using a special boundary condition (ensuring that the total
number of micelles is conserved) and truncating Q matrix. The approach described
above makes it possible to find the largest fast relaxation times as functions of
the equilibrium monomer concentration (or total surfactant concentration) for any
model of the attachment coefficients for cylindrical micelles. For a model linear on
aggregation number, the characteristic fast relaxation time was found analytically.
For the more realistic a, model, the theory was extended as semi-analytical. A
comparison of the inverse time calculated using differential operators and the inverse
time calculated using the finite-difference Becker-Doring kinetic equations for the
same a, demonstrates their almost complete coincidence. In contrast to the case
of spherical micelles described in chapter 3, this approach did not require the use
of perturbation theory to obtain excellent agreement over a wide range of total
surfactant concentrations near and above the CCM. This is related to the fact that
the aggregation numbers for cylindrical micelles are significantly larger than for

spherical ones, so replacing finite differences by derivatives becomes more valid.
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The described above method can be easily extended to other models of

cylindrical micelle aggregation work.

4.3 Introduction of the concept of an effective potential, which
determines the parameters of the main fast relaxation equation

Before proceeding to calculations of the fast relaxation spectrum of cylindrical
micelles using main fast relaxation equation (3.49), it is necessary to introduce the
important concept of an effective potential [11|, which will be further used not only
for cylindrical but also for spherical aggregates.

Equation (3.49) obtained in chapter 3 is universal in terms of the model of
an aggregation work. Approximation used in its derivation Vn : a, = 1 is not
necessary, we can repeat all the calculations using expression a,, = a,, f (r) for the
attachment coefficients. The form of equation (3.49) will not change, but instead

of (3.23) for operator H we get:

N ew(’") A B ~ w(r)
Hp ) =S—D_ [f (r)e @ p, {e ; U(T)H , (4.51)
and instead of (3.20) and (3.21) for values U and y (r) we get:
U= / FEe™dr, yr)=—FD_[fre] . @m

From the form of operators D_ and D, in (3.19) we conclude that at
Ang > 1 the solution of the system of differential kinetic equations of micellization
(3.17), (3.18) can be constructed using the perturbation theory on small parameter
e < L

In the main approximation on small parameter A%Lg operators ZA)JF ~ % and
D~ —% and, according to (4.51), problem (3.35) on eigenvalues can be written as

HO (r) = M0 (1) | (4.53)
in which

HO (v (r)] ~ —% (f (r) aiv (r)) +Vr)v(r), (4.54)
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where

2
V=5 ( Cran (r)> F2 () (%w (r)) . (4.55)

Equation (4.53) has the form of an equation on eigenfunctions and eigenvalues

of a quantum particle of variable mass f (r) in a field with potential V' (r) (4.55).
It remains valid for both spherical and cylindrical micelles, but in these different

cases the boundary conditions as well as expressions for potential V' () and mass
f(r) will be different.

4.4 Finding of a fast relaxation spectrum using an effective potential
at the cylindrical micelles system example

Consider the problem of finding spectrum (4.53), (4.55) for the system of
cylindrical micelles [11] within the piecewise model of aggregation work W), (1.20)
and linear model of a,, (1.29). Corresponding potential V' (n) is shown in figure 4.6.

250V 20 V
200 15
150
10
100
5
50 nO n*
n n
20 40 60 80 100 2000 4000 6000 8000

Figure 4.6 — Potential V' for cylindrical aggregates as a function of aggregation
number n at different scales at monomer concentration ¢; = 1.01, which corresponds
tox=0.4.

In region n > ny determining the fast relaxation times spectrum, a slow linear
growth of potential V' is observed. This growth is caused entirely by the dependence
of attachment coefficients a,, on n. At a, = const potential V' (n) — const at large

values of aggregation numbers n, and the spectrum becomes continuous.
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Compared to the slow growth rate of the potential at n > nyg, the rapid growth
of the potential at n < ng can be modeled by the "solid wall" potential:

Vi(n)~oo, n<ng. (4.56)

Passing to variables (4.8), we can write a linear model of the attachment coefficients

in the following form:

a(n) =ap, (1+vyr), thn*_ =—, r>0. (4.57)

As follows from (1.20) and (4.8), the aggregation work in notation of variable r
in region r > 0 is written in simple form W (r) = Wy 4 r, and potential V' and

operator H are given by

V(r):%erri—%, (4.58)
H——%[f()i]qLV() (4.59)

As for spherical micelles, main fast relaxation equation (3.49) describes the

spectrum of fast relaxation times. In its derivation for cylindrical micelles instead
o0

of (3.14), the scalar product will be defined as (v,q) = [v(r) - ¢ (r) dr within
0

which operator H (3.23) is self-adjoint according to condition (4.56). In equation
(3.35), boundary conditions Py, (0) = g (c0) = 0 are set on the eigenfunctions.
Instead of (3.3) and (3.16) we use ( 4.8). Then, for the case of cylindrical micelles,

the expressions for 23, yz, S% and y (r) will take the form:

:/y(r) Wi (1) dr, k=1,2, ..., (4.60)

S = e Molm —no)’, y(r) = i [f()e] = i1 byr—y).  (461)

In relation (4.61) V¥ and Ej, are eigenfunctions and eigenvalues of operator H in
(4.59). This operator has the form of the one-dimensional motion operator of a

quantum particle with linearly growing mass in a triangular potential well [52;53]:

ST[(MFW) ]W() <ivr+i——>¢k() B (r) . (4.62)
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For the approximate analytical solution of equation (4.62), the value of
parameter v included in it is essential. For two limiting cases y < 1 and y > 1, the
exact solution of this equation is known. In case y > 1 (¢ = %/ < 1) 14+vyr~vyrin
(4.62), and the solution of this equation is reduced to the Laguerre polynomials [34].
In 4.1 it was shown that the perturbation theory by small parameter ¢ does not
provide good enough results. This is explained by the plot of the dependence
of this parameter on the concentration ¢; shown in figure 4.7. As one would
expect, according to figure 4.7 values (4.41) approach the exact ones with increasing

concentration, but still remain quite far from them.

oY
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Figure 4.7 — Dependence of y parameter on equilibrium monomer concentration ¢; .

Small values of parameter vy in a wide region of concentrations give a basis for
the perturbation theory on this parameter. However, one cannot directly put y = 0
in (4.62) because only at y > 0 there is a required growth of the potential at large

r. To overcome this difficulty, it is necessary to reduce equation (4.62) to a more

convenient form. By carrying le — ¥ to the right-hand side, dividing both parts by
(¥)® and introducing z = (¥)®r, we can obtain
L <1+(2)§)81b(>+ Py, (2) = Epby, () (4.63)
— o x) — )+ x) = x _
a:U y aaj k k EYE 9
where -
_ E,— >4+ 1X
By=——1—1 (4.64)
v3

Assuming vy = 0 in (4.63), we obtain equation

_ % b () + 20k (2) = By () | (4.65)
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which has the exact solution [53] with the following eigenfunctions and eigenvalues:

Uy (2) = (x — G), Ex= G (4.66)

Yoo Yoo
/ \\

A
\ ]
_02\ '
. \ !
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| /

A !
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-_J. ~s

Figure 4.8 — The first ¥y (z) = ® (z — () and the second Py () = (v — (o)

eigenfunctions of H as a functions of x .

Here ® () is the Airy function, (—(;) are the roots of this function: {; =
2.338, (o = 4.088, (3 = 5.5206, ¢4 = 6.787, (5 = 7.944, .... The first Py (x) =
® (x — ;) and the second s (x) = ® (z — () eigenfunctions are shown in figure

1

4.8. From definitions (4.64) and = = (¥)*r follows:

Bxi-T+ (Mo wo-a(@)r-a). e

Note that setting y to zero in equation (4.63) does not mean neglecting the
dependence of attachment coefficients a,, on aggregation number n . As it can be seen
1

from the expression for variable z = (¥)?r, the neglect of term (2}/)% x in (4.63)

requires r < (2}/)_% or r < y~1. Taking into account definitions (4.8) and (4.57),
Yr = 7%;7;‘) is not a function of concentration ¢;, and strong inequality » < y~!

converts to n — ng < 3ng, which can be met with sufficient force. As shown in
figure 4.8, function Py () is localized at 0 < x < 5, and inequality © < (2]/)_% is
satisfied at y < 0.06. To consider range 0.06 < vy < 0.2 it is necessary to construct
a perturbation theory.

To take into account operator —(2\/)%%x % in the left part of (4.63) at y < 1

we can use perturbation theory and obtain for eigenvalue correction E,gl) = (,— By,
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the following expression:

9 (. Tm(%@k (x))de
EY = —(2y)" (q)k’(%) (x@%q)k)) = (2y)i L ’ —. (4.68)
ho TR Of(cpk (2))? da

Substituting refined value Ej, = (i + E,il) into (4.64) gives

B ~ i -2+ (%) (a+E") . (4.69)

Using functions (4.66), values zj (4.60) were calculated. They were found to
decrease rapidly with increasing number of &k, so it was sufficient to use a small
number of terms in the series to find the smallest roots of the equation (4.62). Two
terms were sufficient for the smallest root, three for the next one, and so on. Figure
4.9 shows the concentration dependence of the four lowest inverse fast relaxation
times obtained in this way. The analytical solution for the smallest eigenvalue
practically coincides with the exact one in the whole range of concentrations
considered: from the CCM to the concentration ¢; = 1.023, at which the degree
of micellization is @« = 0.91. The agreement for times with higher numbers is
somewhat worse. The expression for the most interesting, smallest eigenvalue is
written explicitly in (3.63).

Thus, this section describes an alternative method for solving the linearized
Becker-Doéring equation for cylindrical micelles by perturbation theory based on
the exactly solvable boundary value problem in the main approximation. An exact
solution of the kinetic equation for cylindrical micelles based on the reduction of
the original problem to the equation (4.65) on the Airy function is proposed. A
good agreement between the results for the smallest inverse fast relaxation time and
the exact values has been demonstrated over the entire range of concentrations

considered.



185

il L N=A

o

Cy

1.000 1.005 1.010 1.015 1.020

Figure 4.9 — Inverse relaxation times for cylindrical aggregates as a function of
monomer concentration ¢;: analytical results (solid green lines) and exact numerical

answers (dashed lines).
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Chapter 5. Application of the effective potential method to calculate a
fast relaxation times spectrum without using approximations for an
aggregation work and attachment coefficients

5.1 Spherical aggregates

In this section, we propose a method for solving main fast relaxation equation
(3.49), which reduces the procedure of finding the relaxation time spectrum of
micellar systems to an approach in which the Sturm-Liouville problem for a linear
operator defined by the analytical definitions of an aggregation work and attachment
coefficients is solved numerically. This approach is not related to the approximation
of aggregation work in the vicinity of its minimum. Eigenfunctions 1V (r) and
eigenvalues Fj required to solve (3.49) are determined by solutions of equation
(4.53) with boundary conditions Py, (—o0) = Py, (00) = 0.

Within this method, even the main on ALRS < 1 approximation gives a
sufficiently complete consideration of the aggregation work specificity for each
micellar model. In subsection 5.1.2 the calculation of first-order corrections to main
approximation is given, which significantly improves an agreement with the exact
values.

This approach is sufficiently universal to analyze the fast relaxation spectrum
in systems with different types of micellar aggregates, and it is noticeably faster

than the spectrum calculation using M matrix (2.4) described in chapter 2.

5.1.1 Effective potential in the quasidroplet model of spherical
aggregates

As an example, it is reasonable to consider the quasidroplet model of
aggregation work (1.17), for which the worst agreement of analytical predictions
of the fast relaxation times with the results of numerical calculations was obtained.

As previously, we will use the assumption f(r) = 1. Let us consider potential
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(4.55) obtained for the case of the quasidroplet model of spherical micelles, the plot

of which is shown in figure 5.1.

SO NN B O & O

—6 =4 =2 N
Figure 5.1 — Potential V' (r) for the quasidroplet model as a function of r for three

values of the degree of micellization: 1 —at & = 0.0001, 2 —at &« = 0.1 (CCM), 3 —
at & =0.8.

Figure 5.1 shows the dependence of potential V' on variable r at three
surfactant monomer concentrations, covering the entire range of degree of
micellization values. As can be seen from this figure, potential V (r) has two
minima at given concentration of surfactant monomers and corresponding degree of
micellization. The positions of these minima on r-axis differ from the positions of the
work maximum and minimum in figure 1.17. As the degree of micellization increases,
the left and right minima on curve (1) for V (r) move away from each other. The
value of the left minimum grows, while the position and value of the right minimum
of potential V' (r) practically do not depend on the degree of micellization. Below the
CCM, the left minimum and maximum of potential merge into an inflection point.

The previously used approximations of the aggregation work correspond
to approximations of potential V' (n). In particular, (3.3) leads to a quadratic
approximation of the potential. The agreement of the potential with its quadratic

and cubic approximations is given in figure 5.2.
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Figure 5.2 — Dependence of potential V' (n) in the quasidroplet model on aggregation
number n at full aggregation work (curve 1), its quadratic (curve 2) and cubic
(curve 3) approximations in the vicinity of the minimum work. The graph is plotted
at monomer concentration ¢ = 1.07 (degree of micellization & = 0.69). The
straight lines show the three minimum inverse fast relaxation times for the quadratic

approximation of W (r) in the expression for the potential.

Curve (1) in figure 5.2 is plotted using full aggregation work W, in the
quasidroplet model at ¢ = 1.07. Curves (2) and (3) are plotted with quadratic
and cubic approximations of aggregation work W, near the point of aggregation
work minimum. The figure shows that none of eigenvalues 7\,&0) (3.67) lies in the
region where the quadratic approximation of the potential is satisfactory, and the
situation worsens with increasing number k. This explains the observed in [31]
growth with increasing k& of deviations 7\,&0) from the exact values obtained by
numerical calculations of the eigenvalues of matrix M in (2.3). The corrections taken
into account in [8] lead to a good description of potential V (r) at region r > 0,
but only partially improve the situation at » < 0, so their consideration gives only
a slight improvement in the agreement with the exact values.

The method of an effective potential allows us to fully take into account the
form of aggregation work and attachment coefficients. The solution of problem (4.53)

at the potential constructed according to (4.55) using the full aggregation work W,



189

for the quasidroplet model defined by relations 1.17 was found numerically using the
Runge-Kutta method at ¢ = 1.058 . As follows from figure (5.1), full potential V' (r)
increases rapidly at |r| — oo, so when solving equation (4.53) boundary conditions
Wi (—o0) = Wi (c0) = 0 were used. Taking into account the ambiguity in the
normalization of solution of homogeneous equation (4.53), the solution was sought
with initial conditions VP, (0) = 1 and %L_O = b. P arameter b and eigenvalue
E}. were chosen so as to satisfy the boundary conditions, and then the obtained
solution was normalized by condition (P, Py) = 1.

Calculated eigenvalues Ej; turned out to be smaller than values E,go) =
2k obtained by the quadratic approximation of aggregation work W, , which is
explained by a larger effective half-width of full potential V' (r) relative to the half-
width in the vicinity of the second minimum. Let us give as an example found
values Fj, at surfactant monomer concentration ¢ = 1.058 (degree of micellization
& = 0.523), indicating in brackets ratio %—i : By = 1.875 (1.07), Ey = 2.893 (1.38),
FE3 = 3.579 (1.67), Ey = 4.823 (1.66), E5 = 5.947 (1.66) .

1
(0) ]
Y (r) 0.8
—— ) O8]
0.4f /,/ \\\
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1-0.8
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Figure 5.3 — Comparison of eigenfunctions 1l)§0) (r) and P (r) for the quasidroplet

model. The graph is obtained at monomer concentration ¢ = 1.07 (& = 0.69).

Comparison of numerically calculated eigenfunctions Uy () with functions

ll)g)) (r) = e‘éHk (r) (3.57) obtained in the quadratic approximation of w (r) in
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(4.55) showed, as expected, that the closest functions are P (r) and 1|)g0) (r) which

are shown in Figure 5.3.

5.1.2 Calculation of the main approximation and first correction for a
continuous description passing with taking into account exact
aggregation work

Let us consider the realization of the proposed method to describe the fast
relaxation in micellar systems when taking into account the main and first order
terms of smallness on the parameter ALHS . According to (4.51), taking into account
the second terms in operators D_ and DJF gives the following correction HY to
operator H© (4.54):

3
H=H94+ g0 fo 1 (1(810) ow & 9w I 8w82w> C6.)

2An, \4\ar) —ororr  or2or  or or?

Note that operators H(® (4.54) and H® (5.1) pass into the perturbation theory used
in 3.4 to operators (3.53), (3.54) in the quadratic approximation of the aggregation
work. In the perturbation theory considered in this section there are no corrections
proportional to €3 and €4 (3.54), (3.56) because perturbation theory is not used
for aggregation work.

First-order corrections ng) and E,gl) to eigenfunctions and eigenvalues (3.35)

are expressed via matrix elements H](llz = (1])5.0), H (1)1|)](€0)> of operator o .

0
— 2w, (5.2)

By integrating in parts one of derivatives 8—2, the expression for matrix elements
ar

HﬁC is reduced to an explicitly symmetric form:

3 2
o [1[0w ow O~w (0) ow d ) 0 (0
(‘J’j 7(1(5) “arae | Yo ) Gra g )| )

In the numerical solution of (4.53) by the Runge-Kutta method described in the

previous subsection, we found not only the eigenvalues Elgo) and eigenfunctions 1])20) :

1
1
H]{,Z -
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but also derivatives %11)12;0)7 which made it possible to compute matrix elements
(5.3) determining corrections (5.2).

In order to use main fast relaxation equation (3.49) and find the spectrum
of fast relaxation times for micellar system, it is necessary to determine values y; .

According to (3.38) and (5.2), in the first order of perturbation theory we have

=y +yY, k=123, ..., (5.4)
where
gy = (y,tl),(f)> : (5.5)
H')
y = (y,ll)i”) = Z ) - (0)y§0)' (5.6)
‘=B - E

j
Expressions for y,io) and y,(:) allow us to solve equation (3.49) and find the fast
relaxation spectrum.

In [10], corresponding numerical calculations were performed for the
quasidroplet micellar model at f(r) = 1 for several monomer concentrations.
In contrast to the case of the quadratic approximation of w (r) in (4.55), in the
case of full potential V' (r) not only y; value in equation (3.49) turns out to be
non-zero, but all y; with & > 1. Nevertheless, values z; with £ > 1 calculated
using definition (3.61) turn out to be small and rapidly decreasing with increasing
k. As an example, here is the set of z; at concentration ¢; = 1.058: z; = 1.191,
29 = 0.0281, 23 = 0.0373, z4, = 0.00248 , z5 = 0.000128 . Such a decrease makes it
possible to limit in the computations to a finite number of terms in the sum in (3.49).

Numerical calculations of inverse relaxation times Ay using equation (3.49)
were performed for three concentrations of surfactant monomers: ¢; = 1.04 (degree
of micellization & = 0.280), ¢; = 1.058 (& = 0.523), and ¢; = 1.07 (& = 0.686). In
main fast relaxation equation (3.49), the first 5 summands were taken into account,
which allowed us to determine the 5 lowest values of A,. These values obtained
in the main and first approximations of the proposed above perturbation theory
scheme, the inverse fast relaxation times obtained for the quasidroplet model using
numerical calculations of M matrix eigenvalues in (2.3) ("exact" values) with the
same model parameters, and the times found in the way described in 3.4 are given
in tables 1-3. The percentages indicate the deviations of the results with respect

to the exact values.
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Eigenvalues

A

Ao

A3

A4

As

Exact

2.058

2.573

3.419

4.635

6.070

In main order

In first order

2.273 (10.4%)
2.128 (3.4%)

2.844 (10.5%)
2.474 (3.8%)

3.603 (5.4%)
3.390 (0.8%)

4.855 (4.7%)
4.540 (2.0%)

6.234 (2.7%)
5.980 (1.5%)

According to 3.4

2.194 (6.6%)

3.310 (28.6%)

4.291 (25.5%)

4.961 (7.0%)

5.252 (13.5%)

Table 1 — Eigenvalues Ay (k=1,2,...,5) at ¢; = 1.04.

Eigenvalues

A

A

A3

Ay

As

Exact

2.397

2.803

3.538

4.593

5.947

In main order

In first order

2.785 (16.2%)
2.387 (0.4%)

3.118 (11.2%)
2.855 (1.8%)

3.698 (4.5%)
3.546 (0.2%)

4828 (5.1%)
4.483 (2.4%)

6.148 (3.4%)
5.851 (1.6%)

According to 3.4

2.714 (13.2%)

3.631 (29.5%)

4.364 (23.3%)

4.092 (10.9%)

5.457 (8.2%)

Table 2 — Eigenvalues Ay (k=1,2, ...,5) at ¢; = 1.058.

Eigenvalues

M

A

A3

Ay

As

Exact

2.521

3.073

4.035

4.704

6.099

In main order

In first order

2.906 (15.2%)
2.447 (2.9%)

3.455 (12.4%)
3.139 (2.1%)

4.475 (10.9%)
4.210 (4.3%)

4.846 (3.0%)
4.632 (1.5%)

6.100 (0.01%)
5.777 (5.3%)

According to 3.4

2.991 (18.6%)

4.409 (43.5%)

4.583 (13.6%)

5.171 (9.9%)

5.580 (8.5%)

Table 3 — Eigenvalues Ay (k=1,2,...,5) at ¢; = 1.07.

As can be seen from tables 1-3, the proposed scheme of perturbation theory
allows one to reduce the inverse time determination error very significantly, in some
cases up to almost two orders of magnitude. At the same time, the order of the error
does not change with a very appreciable change in the degree of micellization of
the solution and remains approximately the same for all considered inverse times of
the fast relaxation. Nevertheless, the main approximation also gives a good result,
uniform with respect to the degree of micellization and number k of eigenvalue A .

Figure 5.4 shows concentration ¢; dependence of the inverse fast relaxation
time Apin. The solid curve (1) shows values (3.66) under the quadratic approximation
of the aggregation work, the dashed curve (2) shows the results of calculations by
main fast relaxation equation (3.49), the dashed curve (3) — exact values (result
” show the

results obtained by the method described in this chapter, and one can see that they

of calculation of the spectrum of matrix M in (2.3). The symbols ”

agree very well with the exact values.
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Figure 5.4 — Inverse fast relaxation time A,,;, for the quasidroplet micelle model as

a function of monomer concentration ¢y .

Thus, the approach proposed in chapter 3 has been modified so that its use
without approximation of the aggregation work in the vicinity of the minimum
has become possible, and even the first approximation would give sufficiently full
consideration of the aggregation work features for each specific micellar model. This
modified approach allows one to significantly increase the accuracy of the calculation
of relaxation times and the universality of the analysis of fast relaxation in systems

with different types of micelles and molecular aggregates.

5.2 Cylindrical aggregates

The method described in the previous section for calculating fast relaxation
times can also be applied [11] to a system of cylindrical aggregates. Using expression
(1.20) as a model of aggregation work W,,, let us consider both linear model (1.29)
and more complex spherocylindrical model (1.32) for attachment coefficients a,,.

For numerical integration of equation (4.62) we can use the approach proposed
in [9]. In this approach, second-order differential equation —2 [(1+yr) &] Py, (r)+
(iyr + i — 2 — E) Py (r) = 0 was solved numerically by the Runge-Kutta method
with boundary conditions P (0) = 1Py (00) = 0 and %)r—o = b. The arbitrariness
of the choice of b in the second condition was eliminated by subsequent normalization

of the solution. Values F = £}, were chosen in the way that the solution decays at
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infinity were chosen, which determined the spectrum of eigenvalues E}. Based on
the found eigenvalues and eigenfunctions, values z; (4.60) were calculated. These
quantities turned out to decrease rapidly with increasing number k, so it was
sufficient to take into account the first few terms of the sum to find the smallest
roots of equation (3.49).

The described algorithm made it possible to find a numerical solution of
equation (4.59) for both simple (1.29) and more complex model (1.32) of attachment
coefficients. Note that in the latter case, yr in equation (4.62) is replaced by a more

complex function of » and the equation itself is somewhat modified.

A, ,’I 5 A

6 , ! ,l 4 /,II/,
5 97, yy
4 / 3 //*/ 7 //

4

3 '—‘——/:/” - : - 2 ___—"”:::::”:::’/;: ,///

2E:::EEEEEEEEEEE:::::::::::::::::: ——————— s 1 EEEEEEEEEEEEEE:::::::: ________ *

l::: ————————————————— % - _—— 5

Cq 1

1.000 1.005 1.010 1.015 1.020 1.000 1.005 1.010 1.015 1.020

Figure 5.5 — Inverse fast relaxation times for cylindrical aggregates as a function
of monomer concentration ¢; at numerical solution with the linear (left graph) and

the spherocylindrical (right graph) model of attachment coefficients a,, .

Figure 5.5 shows a comparison of the inverse relaxation times calculated by
this method with the exact values obtained using M matrix in expression (2.3) for

two models of the attachment coefficients. The dotted lines in figure 5.5 show the

(n*fno)2
ano 61

show values obtained via the

exact values that are eigenvalues of matrix M (multiplied by to take into

account passing from ¢ to T), and the symbols 7 % ”
Runge-Kutta method. Both models show qualitatively similar dependence of the
inverse relaxation times on the monomer concentration, and the solutions found
within this chapter agree well with the exact ones for all the given relaxation times
at different concentrations.

The alternative approach proposed in this chapter for solving main fast
relaxation equation (3.49) shows good agreement with the exact values of the
fast relaxation spectrum for both spherical and cylindrical aggregates, while being

significantly less resource-intensive. The simplicity of taking into account different
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models of aggregation work W), and attachment coefficients a,, is the main advantage

of the described approach.
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Conclusion

The main results of the work are as follows:

1. Based on the minimization of an aggregation work by the shape parameters
of a spherocylindrical micelle, a work model describing the smooth
transition from spherical to cylindrical aggregates was obtained. For the
attachment coefficients of cylindrical aggregates, an analytical solution
for the spheroidal model and an approximate solution for the spherical-
cylindrical model were obtained.

2. The solution of the linearized Becker-Doering equations in the form of an
expansion of the evolution operator’s eigenvectors was found. In the solution
obtained, the stages of superfast, fast, and slow relaxation are identified,
and the relaxation times corresponding to these stages are determined based
on the analysis of the eigenvectors.

3. The main fast relaxation equation has been derived which makes it possible
to find relaxation times for a micellar system with an arbitrary models of
aggregation work and attachment coefficients by perturbation theory.

4. The main fast relaxation equation has been successfully applied to
analytical and semi-analytical calculations of the fast relaxation spectrum
for spherical and cylindrical aggregates systems with different models of
attachment coefficients. The results obtained via this equation are in
good agreement with predictions obtained by numerical solution of the
Becker-Déring equations.

Further development of the presented results consists in the application of the
described theory to other micellar systems.

In the end, the author expresses his gratitude and deep appreciation to
Adzhemian L.Ts. for scientific guidance, productive collaborative work, valuable
advises and assistance during all the years of author’s study, and to Shchekin A. K.
for invaluable contribution to the works that formed the foundation of this thesis.

The author would like to express special gratitude to his infinitely patient wife,
Oreshonok V. L., for her understanding, support, and assistance in proofreading of
the text of the thesis.
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Appendix A

Nonlinear models of attachment coefficients for cylindrical micelles

A spherocylinder is often [35;45| considered as a model of a cylindrical micelle.
Let us assume that R is the radius of the spherical caps and body, and L is
the total length of the aggregate. By neglecting the mobility of the aggregate as
compared to that of mobile surfactant monomers, we can reduce the problem of
finding attachment coefficients a,, to the problem of finding the total diffusion flux
of monomers per aggregate. Unfortunately, a spheroid is not a coordinate surface,
so the problem has no analytical solution, but an analytical result can be obtained
for a prolate spheroid. Therefore it is convenient to start with this simpler problem.
Thus, it is convenient to consider [9;13] a cylindrical micelle as a spheroid with a
larger semi-axis @ = £ and smaller semiaxes b = ¢ = R.

2

Taking into account the formula for volume of spheroid V = dnab?

3
considering that volume vy per monomer in the aggregate does not depend on

and

aggregation number n, we obtain

drtab?
p= . a_n (A1)
37)0

where ng = % is the aggregation number in a spherical micelle of radius R .

Total diffusion flux P of surfactant monomers to surface S of a fixed cylindrical

0
=a,c1 =D / i (
801(1’)

Here 3—n‘ is the derivative of local monomer concentration ¢ (r) in the direction

micelle can be expressed as

(A.2)
S

of normal n to the spheroid surface and D is the diffusion coefficient of surfactant
IMONOMErs.

Local monomer concentration ¢ (r) satisfies stationary diffusion equation
Acy (r) = 0 (here A is the Laplace operator) with boundary conditions ¢; (r)|g = 0
and ¢; ()|, = ¢ . The solution of such problem with boundary conditions can
be obtained using the well-known [54] solution to electrostatic potential ¢ (r) of a
conducting spheroid with charge e. Such potential satisfies equation A@ (r) = 0

and boundary conditions @ (r)|g = @,, ¢ (r)],_,, — 0. The relation between total
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charge of the spheroid e and potential @ (r) is determined by relation similar to
(A.2):

1 [ O¢(r)
= i~ Sds. (A.3)

According to the solution given in [54], potential @, on the surface is expressed

e =

through the total charge of the spheroid by relation

o= @) r (A4
s —_ — . 7 , X — . .
R f(%) log (z 4+ Va? — 1)
The diffusion problem is reduced to the problem of electrostatics by
substituting
—P
_ — = —-— s pr— C . A
e(r)=ci(r)—2c, e 1D’ % C1 (A.5)

The result is
AThDE /& — 1
P = : (A.6)
log <}% + g—z — 1)

At limit @ — R, expression (A.6) turns into expression for the stationary diffusion

flux on a static sphere:
PUrh) — AmhDé . (A.7)

Using relation P = a,¢ and equations (A.1), (A.6) and (A.7), one can write

expression for a, to the prolate spheroid model in region n > ng:

x?—1 n
Apn = Qngy * Jspheroid \L) , spheroid \T) = , T =—. AR
0 fph d() fph d() 10g(:1:+ /—:132—1) no ( )
With linear on (n — ng) accuracy we get from (A.8)
1
an:a%(l—i—g(n—no)—l—...), (Ag)

which explains the choice of factor h = 3 in expression (1.29).

The problem of finding the diffusion flux on the spheroid, as in the previously
considered case of the spheroid, is equivalent to the definition of field @ (r) of the
charged spherocylinder. It is convenient to solve it in a spherical coordinate system

with the polar axis (axis z) pointing along the cylinder axis and the origin in the
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center of symmetry of the spherocylinder. Due to the symmetry of the problem,
field @ (r) depends only on polar angle 6 and distance r from the origin: @ (r) =
@ (1,0). The symmetry of the problem with respect to reflection z <> —z means that
@(r,0) = @ (r,t—0) and then boundary condition @ (r, 0) |s = @, is sufficient
to require at the right boundary of the spherocylinder section shown in A.1.

A
i<

k= == e ==

Figure A.1 — Section of a spherocylinder. The bold line shows the boundary where
condition @ (r) | = @5 is set.

The number of monomers in a spherocylinder is given by expression n =
(42 mr2L)

~ , so ratio

n 3L
— =14+ — A.10

depends only on }% . Due to scale invariance, relation c?TLO = PP_,Z) also depends only on
this parameter, so all calculations were performed at R = 1 with a corresponding
passing to argument ;t according to (A.10).

Let’s find the solution as a decomposition on harmonic functions ¥, (r,0) =
r 17" P, (cos 0), where P, (cos0) = Z%M(Q)(Cf%)n(cos% — l)n are the Legendre
polynomials. Functions 1, (r,0) satisfy equation Ay, (r,0) = 0 and condition
P, (r,0) — 0 at r — oo. To satisfy condition ¢ (r,0) = ¢ (r,m1 — 6) one must

use even values of n. Thus, we write the solution in form

@ (0,7r) = @s ZA” r Py, (p), p=cosO, (A.11)
n=0
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factor @ is introduced for convenience. Let us find an approximate solution by

limiting the sum to a finite number of terms up to N and choosing coefficients A,

N
from the requirement of the best fulfillment of condition >~ A, r; 172" Py, (ps) =1,

n=0
where (rg, ps) are points lying on the spherocylinder surface. Let us use the method

of least squares for this purpose: we choose some set of points [(7s)., (Ps).]
k=1,2,...,M, M > N on the surface and find coefficients A,, , minimizing the

M N ®
value of ) [(Z Ap(rs)

k=1 n=0
potential on the surface @, and total charge e is easy to find by considering potential

2
2n
P, (pgk))> — 1] . The required relation between

(A.11) in the distant region. Given that Py (p) = 1, we find the following expression
from (A.11): @ (0,r) ~ %, r — oo, which determines the required relation
e = Ay@s.

The accuracy of the obtained solution was estimated by the deviation of
potential on the surface @ (r,0)|¢ from the value of @, . To control it, we compared

a similar approximate calculation for the spheroid model with exact solution (A.8).

The calculation error increased as ratio % increased (i.e., as e increased). The
calculations were brought to value £ = 4 (;+ = 4). The maximum relative error

was 0.1%.

Let us present the results in form (1.28). Function f. (x) in region 1 < < 3

8
(0 < }% < %) is approximated quite well by a polynomial: f,. ~ 1 + % (x—1) —

0.051 (x — 1)* (note that the factor at the linear term is the same as in (A.9)). The

corresponding expansion of function fypheroid () 18 fopheroia (x) =~ 1 + % (x—1) —

(z — 1)? with the same initial slope. In region z > 1 (£ > 1), relation f”}—(;)@)

is well approximated by a linear function. Normalizing this function at point z =

(£ = 1), where the calculated value of ratio fp}’—(xd)(x) is 1.0114 | we finally obtain

PN}

L (A.12)

1+L(2z—1)-0051(z—1)7% 1<zl
fse (z) = { y

fsphe'r‘oid(x) Q
TO114+0.021(z—1.73)° * = 8

This analytic representation of the result is convenient for further calculations and

can be considered as an extrapolation to region nﬂo
in the denominator (A.12) does not become large).

> 4 (as long as the correction

Accurate calculations [13] show that the attachment -coefficients for
spherocylinders are smaller than the ones for prolate ellipsoids (the difference
increases with increasing x and reaches 6% at x = 4). This can be interpreted as a

consequence of the fact that at the same volume the area of the spheroid is larger
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than the area of the spherocylinder (at the same values of R). Let us try to take
this fact into account via a correction factor to (A.8).

Assuming that the average monomer fluxes per unit surface of the
spherocylinder and spheroid are close to each other, we include in the expression
for fspheroia (A.8) correction factor 3 equal to the ratio of areas of the
spherocylinder S;. and the spheroid Sgpneroia. The condition of equality of
volumes of the spherocylinder and spheroid is written as ‘FR*a = A*R® + nR2L,
wherefrom relation L = %(a — R) directly follows. Surface area of spherocylinder
S¢e = 2MR(2R+ L) = @ (2R +4a), whereas at x = % > 1 surface area of

spheroid Sgpheroia = 2 R? [1 + \/;”Tz—_l arcsin <—””;_1)} . Thus, we obtain

Sse 2 1+ 22

f=—"-—=—- - . (A.13)
Sspheroid 3 1+ # arcsin (—VCU::_I)
As a result, we have the following approximation for f.(x):
22 —1 2 1+ 2z n
fsc(x) = i - , r=—. (A14)
og (¢ 4 VD) 31y ein ()T

1.8];0

1.6
1.4

1.2 ”

X
1.0 15 20 25 30 35 40

Figure A.2 — Dependence of the attachment coefficients on x = % : the solid and

dashed lines correspond to the value of fy. obtained using expressions (A.12) and

(A.14), correspondingly.

Figure A.2 shows function fs. (z) obtained in two ways — from expression
(A.12) (solid line) and from (A.14) (dashed line). We see that expression (A.14)
works well: the maximum relative difference is reached at x = 4 (which corresponds

to very large aggregates with low concentration) and is only 6% .
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Expressions (A.12) and (A.14) are used to find the smallest inverse time A,;,, in
the fast relaxation spectrum of cylindrical aggregates in chapters 4 and 5. Expression

(1.20) with parameter values (1.24) is considered as a model of aggregation work.

The dependence of A,,;, on the equilibrium monomer concentration is shown in
3ng(n«—ngp)
anoél

figure A.3. Time here is measured in units T =

C1
0.995 1.000 1.005 1.010 1.015 1.020

Figure A.3 — Dependence of the minimum inverse fast relaxation time on equilibrium

concentration ¢; of surfactant monomers: the solid and dashed lines show the results

of calculations for spherocylindrical and spheroidal aggregates, correspondingly.

In the considered range of concentration ¢;, the degree of micellization
increases from value « = 0.11 at ¢; = 0.995 to &« = 0.83 at ¢, = 1.02, while
the average size of aggregates grows from value n, = 94 to n, = 215. Note that
both curves showing the behavior of A,,;, act similarly and have similar values, but
the result for spherocylinders is always smaller, on average 10% because the value

of a, for spherical aggregates is slightly lower.
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Appendix B

Finding the spectrum of the evolution operator in the second order
perturbation theory

To find the eigenfunctions and eigenvalues of operator (3.52) in the second
order of perturbation theory, one must use the standard formulas given, for example,
in [52]. It should be taken into account that in this case the perturbation operator
n (3.52) consists of contributions of the first and second orders of smallness. The

correction of the first order to the eigenvalues has the form:
1 1
Bl =1, (B.1)

where H (ZBC are the matrix elements of the perturbation operators:

)= (W AOY) =12, (B.2)

Taking into account that operator (3.54) is odd on the variable r, we can conclude
that
EV=0 V:ik>1. (B.3)

Second-order corrections to the eigenvalues are determine by expressions

‘H('lfif
(2) Ji (2
EY =3 — g + H

) (B.4)
7B - B !

in which the sum is the usual second-order correction and the second term is the
second-order contribution generated by H®
Calculation of the matrix elements with (3.54)-(3.56) gives

H} = VT 2[5~ dea+ fea (k4 )] 800t
+V2k [ﬁ — &3+ qe3k | 8 41t (B.5)

+§€3\/(2k +6) (2k +4) (2k +2); 13+

+3es0/(2k — 4) 2k — 2) 28, 13,

= (i i+ i) (- BB 09
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Substituting (B.5) and (B.6) into (B.4) and taking into account (3.57), leads to
final expression (3.59) for the second-order eigenvalue correction. One may note
the simple dependence of the answer on k% due to significant simplifications at the
summation of the two contributions to (B.4).

Eigenfunctions 1, of operator H in the second order of perturbation theory

are defined by relations

P =+ + P, (B.7)

where 1]),(;) and tl)l(f) are first- and second-order corrections, correspondingly:

1) L
o Js
S gt .
gk T T B
(2) HE () a1
1l)k; — jgé:k E,§°>—E§°>¢J + ;{jjé:k (E](Co) EJ(O))(E(O) E! o) 11)1
1 B.9
¥ H{H ) O 1 |4, O (B.9)
o (Elg())_El(0)> l 2‘7,7'é (E](co) EJ((])) k

The first term in (B.9) is similar to (B.8), up to Hj(lli replaced with Hj(zlz

Ratio yr, = Eigy obtained in (3.45) will be used to calculate values y. With Fj,
calculated previously, this requires only finding values gr = (g, V) for all possible
k. Value gy is of no interest since Ey = 0 and hence yy = 0 (which is a rigorous
result valid in all orders of perturbation theory).

To calculate g, for k£ # 0 in the second order of perturbation theory, it is

sufficient to use relations (B.7)-(B.9) and the expansion of ¢ () to the second order:

g(r) =g (r) + gV (r) +g® (r) . (B.10)

From (3.30) and (3.31) we can find

2 2

gV (r)=re7T, gV (r) = —geyrle 7,

,
o o 2 (B.11)
g (r) =3 (53 — deqr ) 2

Functions ¢(*) (r) and ¢! () are convenient to use as a decomposition on tl)g)) ;

9" (r) = 6/%2\/511)9, o0 () = — YT (308" + 6v2ul” + 2v6u)") . (B.12)

8
As follows from (B.12), in the main order one can then obtain:
0 _ ( 0) <0>> _ Vg B.13
9r g 71|)k \/§ k,15 ( )
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that is, only value g%o) is non-zero. The first correction is determined by sum

g = (9" )") + (9 w)) . (B.14)

We find the first term from (B.12) with (3.58) taken into account:
(1) (0)> _ VT ﬁ@ §5 @5 B.15
(9 by 83\/5 3 k70+2 k2t 5 Ok | - (B.15)

Calculating the second term in (B.14) also requires taking into account (B.5) and
(B.8). The result is

0 ) = V| _3V2 ! V3
(g ,ll)k> \/5[ 3 835k,0+ Ans+3€3 6k,2‘|‘ 5 835/@4 . (B.16)

After substituting (B.15) and (B.16) into (B.14), we finally obtain the following:

(1) 3/ {7?(( 1 3 )
= — O 2

9 =74 835k,0+ﬁ —€3
(1)

+
Ang = 2
Thus, the correction of the first order of smallness is contained only in value g,

(as stated above, value gél) is of no interest). Values g; with & > 2 contain

(B.17)

neither the main contribution nor the first correction and do not contribute to
main fast relaxation equation (3.49) into which they enter in quadratic combination
ve = Eigi.

The second correction needs to be calculated only for value g1, it contains

3 contributions:

g = (9% 1) + (g7 01") + (90, 0) . (B.18)

Using (3.57) and (B.11), we can find an expression for the first contribution in (B.18):
15v/2y 7

(9@, p)") = %T (583 - 4e4) . (B.19)

Using (3.58), (B.5), (B.8) and (B.12) allows the second contribution to (B.18) to

be written as

3v2 (16
(gW i) = \/6_4\/7_[ < A;?’ + 53 ag) .

The third contribution is found using relations (3.58), (B.5), (B.6), (B.9), and (B.12):

(4 w@)):ﬁs/% 16 96es 321,
e 64 (Ang)?  Ang 2 )

(B.20)

(B.21)
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Substituting (B.19)-(B.21) into (B.18), we obtain

@ V2Um 16 48¢; )
= -~ —~ —~ . B.22
% 64 ( (Ang)?  Ang 00 &4 ( )

Taking into account the results obtained ((B.13), (B.17) and (B.22)) and

passing to yr = Ej gr we arrive to the relations given in (3.60).
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